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Gauge Dependence in Higher Derivative Quantum Gravity
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Abstract.We examine the gauge dependence in higher derivative quantum gravity and
find that the change of gauge condition leads to the variation of the effective action that is
proportional to the conformal shift of the classical action. From this follows that one can
not explain the appearance of the nonconformal counterterms in the Weyl gravity as the
effect of a "bad” gauge. The last claim is the serious resoning in favour of the anomaly
origin of Weyl gravity. Moreover we consider some new version of (induced) conformal
gravity and find that the gauge dependence in this theory also has not relation to the

existence of a nonconformal divergencies.
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1 Introduction.

Higher derivative quantum gravity (HDQG) is, along with others, quite a useful model
for the investigation of quantum gravitational effects. The main attractive feature of this
model is the renormalizability [1,2] and the related opportunity to use the renormalization
group methods for the study of the asymptotical behaviour of HDQG and the GUT models
with HDQG [3 - 11]. At the same time HDQG is not unitary within the usual perturbation
scheme. We shall not discuss the untarity problem here, restricting ourselves by pointing
out the known referencies [1,4,5,13,14]. One can find the gencral review of HDQC in [12}].
The unsolved problem of untarity doesn’t allow one to consider HDQG as the fundamental
and universal theory of gravity. At the same time one can use this theory as a model
for the investigation of some aspects of quantum gravity. Present paper is devoted to
the problem of the gauge dependence of the counterterms and to the discussion of the
anomaly origin of the conformal version of the HDQG which is usually named as Weyl

gravity. The last theory have the classical action of the form

Sw = W\%&,\IQ CopuC®™ 4 (surface terms), (1)

where C,p,, is the Weyl tensor which is noted below as C. (1) is the particular case of
the general action of HDQG.

1 1
Sup = \ d'2y/=5{ 57 Copun C — .,mmw ~ (= 20)} + (surface terms).  (2)

Note that the surface terms are necessary for the renormalizability (see, for example,
discussion in [12]). w, A are the dimensionless couplings of the gravitational interaction.
Both theories (1),(2) possess the general covariance. Moreover the Weyl gravity (1) is

invariant under the conformal transformation
2
ht:l&:\ = Guwe (), va

The possible sourse of the anomaly is that the path integral, which correspond to the
quantum theory, contains the divergencies and therefore one have to introduce the reg-
ularization scheme [25,26]. Since all known kinds of regularization violate one of the
symmetries, the appearance of the anomaly is possible (see [15] for the review of the
anomalies in quantum field theory). Such an arguments are usual in discussion of the
anomaly origin of Weyl gravity. However there is no formal proof of the anomaly exis-
tence and the only known fact in a favour of this is the result of the one - loop counterterms

calculation in [5].
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dimension as the classical action, we get

Sunlen) = g f(ai) (11)

and therefore 5
Dei) = T + [ d'ov/=gf (@) g — (12)
Guv

Thus we find that the change of the gauge condition in the HDGT is equivalent to the

conformal shift of the classical action S. This fact leads us to some important sequences.
So we get that in the Wey! gravity (1) the effective action does not depend on the gauge
parameters ans hence the only reason for the nonconformal counterterms is the conformal
anomaly.

Let now say some words about the known possibility to reject the conformal anomaly,
which was proposed in [5,9] (see also early papers (21,22] and the book [12}). Introducing

the new scalar quantity Plg,.] which satisfy the equation

oP = w RP (13)

we construct the conformal invariant metric

9w = ﬁu_b_ Guv- (14)

As far as R(§,,) = 0 one can kill the conformal noninvariant counterterms if the back-
ground metric g, is substituted by g,,. In such a way we can restore the conformal
invariance on the quantum level and so provide the renormalizability of the Weyl gravity.
Of course the described method is formally uncorrect becouse in fact the anomaly exist.
For example, we are not able to make the renormalization in terms of the bare fields g,
but only with the use of some initial conditions of ¢q.(13).
Now we use eq.(12) for the investigation of the gauge dependence in the general version
of HDQG (2). It is known that
2
,SEQT\IIQ\N ) = —6/—¢(OR). (15)

8G9,

Since the conformal and surface terms in (2) don’t contribute to the extremal, we obtain
4 1 2w
() = I'm + \& 2v/=g/(a){~—(R - 4A) - S-OR}. (16)

K
And so, we can conclude, that the values of ai,a2,a3 (4) do not depend on the gauge
parameter values unlike a4, a5,a6 do. Note, that one can evidently construct the new

parameter a; = ag + Aas which is gauge independent.! Hence the combination KA is

2 )
10f course, the values wnh ~ x%as and ;Pcf + 5 ag ate also gauge-independent

5

essential coupling constant (terminology of S.Weinberg [23)). The renormalization of this
coupling is gauge-independent.

The eg.(13) is the general form of the gauge dependence of the theory (2). The explicit
form of the function f(a, 3,7) is derived in the Appendix.

3 Gauge dependence in induced conformal gravity.

Let's fistly call in mind the main elements of the induced action derivation [19] (see also
(18,20} and [12]).The starting point is the theory of free massless fields of spin 0 (with
conformal coupling), 1 and 1 in an external gravitational field. Vacuum guantum effects

lead to the conformal anomaly trace of the energy-momentum tensor (17
T=<T,}>= kC? + kyE + k30R, (17)
where the values of ky,2,3 are determined by the number of fields of different spin (see,

for example [12]). (14) leads to the equation for the effective action

2 6T
v—9 il 894

One can solve eq.(18) within the following scheme (18,19]. Put g, = guezp(20), where

() is the metric with fixed determinant, and o(z) is conformal factor. Then (18) takes

=T (18)

the form _
Al (G,vexp(20)]

do

which have the following nonlocal solution

= e " T(guexp(20)) (19)

—JMQ‘:\H = rm.n—@p:;‘f
[dtev=gdtn/=a, (k" + Sl - wasr%_sﬁm - m%:l

2
+ [ d'ay/=glhe + 3h) K (20),
where G(z,y) is the Green function for the Hermitian conformal covariant fourth-order

operator 9
A =0 420V, V, - sRO+ WAQSS

A:G(z,y) = 8z — y). (21)

The solution (20) contains the arbitrary conformal invariant funtional S, , which is the

integration constant for the equation (18) . Now we discuss the form of some possible terms
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removed by the transformation of the form
¢ =p 427,

@D =q+2] (31)

Then it is easy to sce that the divergencies of I'(a;) are removed by the renormalization

transformation, if 2’ and 27" in (31) are substituted by the values

=2+ f(a)

5= 2+ g (earle) (32)

4 Conclusion.

We have investigated the gauge dependence in two kinds of gravity theories. In HDQG
the variation of the gauge condition leads to the change of the divergent part of the
effective action that is proportional to the conformal shift of the classical action. The
explicit form of the gauge dependence in general (nonconformal) HDQG have been found.
Since the Weyl gravity is the conformal invariant version of HDQG the conformal shift
of the classical action here is equal to zero and therefore it is not possible to relate the
nonvanishing nonconformal counterterms of Refl.[5] with the eflect of conformal nonco-
variant background gauge. So we recognize that the conformal anomaly in the theory
(1) really exist. In a new, induced conformal gravity the variation of gauge condition is
not equivalent to the conformal shift of classical action, but leads only to some change
of the renormalization transformations. However, this change does not effect the possible

anomaly counterterms.

5 Appendix

In this appendix we make the explicit calculation of the function f,,(a;) (10), using the
method of [24] with some modifications which are necessary in higher derivative theories.
The starting point is the theory with classical action S that is a functional of the fields

g". The gauge transformations and the Noether identities have the form

5™ = Voes,
68

T (A1)

e,V =0, e, =

Let now introduce the gauge fixing action for the theory of HDQG is the form
1 v
Ser =73 \%a,\éxb\‘ X

Xu = Xu(as), Y™ =Y (). (A.2)

Here a; are gauge parameters. As we have scen from eq.(10) the weight operator can
also depends on a gauge parameters in higher derivative theories. The propagators of the

fields ¢™ and ghosts are defined by the relations
Fin G™ = §F, M,pK" = mw_ (A.3)

where 5 5
ﬁ..w: = Iwﬁltv\t.\

dgnbg* " bgn dg*’

X" m
M,s=G,, 7 V- (A.4)
From (A.1) and (A .4) follows the Ward identity
8 "
wrier — X _grre OV gon (A5)
@ bg* ég*

In a one - loop approximation the effective action I' is given by the expression
1
il = IWH# In Fin +Tr In Myp — m%w In G*». (A.6)

Suppose that the weight operator Y** and the gauge x, depend on arbitrary
parameter t. Taking the derivative of (A.6) on ¢ and taking into account (A.5) we find

8V
!

Qx.\\ mv.
gr (o) o+ 2¥o ()0 (A7)

i = Iinmu
where the touch denote the derivative on ¢.
Now we can derive I'(a;) with the help of (A.7) and the general formula
s % NG 0)
il (o) = ﬂ.:pmsv+M\~.m23,...bmw_:_. %) o (A8)

i=1
i o?

The equations (A.7),(A.8) give the general form of the gauge parameters dependence of
the effective action in higher derivative gravity theories (including the dilaton theories
like (24)). Now we consider (as an example of such dependence) the concrete theory (1)
with the gauge fixing term (7). Since we have used the conformal gauge h = 0 there are
only two gauge parameters « and 7.

K = —ag” 07 + a(l - Wvﬂ&:u-_ ,
2

10
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