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ABSTRACT: A system l e a r n i n g concepts from t r a i n i n g samples c o n s i s t i n g of s t r u c t u r e d ob­
j e c t s i s d e s c r i b e d . I t i s based on d e s c r i p t i o n s i n v a r i a n t under i somorph ism. I n order 
to get a u n i f i e d mathemat ica l fo rma l i sm recent graph t h e o r e t i c r e s u l t s are used- The 
s t r u c t u r e s are t rans fo rmed i n t o f e a t u r e v e c t o r s and a f t e r t h a t a concept l e a r n i n g a l ­
go r i t hm d e v e l o p i n g d e c i s i o n t rees i s a p p l i e d which i s an e x t e n s i o n o f a l g o r i t h m s found 
i n p s y c h o l o g i c a l e x p e r i m e n t s . I t cor responds t o a g e n e r a l - t o - s p e c i f i c d e p t h - f i r s t 
search w i t h reexamina t i on o f past e v e n t s . 
The g e n e r a l i z a t i o n a b i l i t y is demonstrated by means of the b locks w o r l d example and i t 
i s shown t h a t the a l g o r i t h m can s u c c e s s f u l l y handle p r a c t i c a l problems w i t h samples o f 
about one hundred o f r e l a t i v e l y comp l i ca ted s t r u c t u r e s in a reasonab le t i m e . 
A d d i t i o n a l l y , the problem of r e p r e s e n t a t i o n and l e a r n i n g con tex t dependent concepts is 
d iscussed i n the paper . 

1 . I n t r o d u c t i o n 
Concept l e a r n i n g on se ts of s t r u c t u r a l de­
s c r i p t i o n s has become one of the most 
c h a l l e n g i n g problems i n A l - r e s e a r c h i n 
the l a s t decade / 1 / , / 3 / , / 7 / , / 9 / , / 1 0 / , 
/ 1 3 / , / 1 4 / . 
There is i n c r e a s i n g success of programs 
tha t make use of d o m a i n - s p e c i f i c know l ­
edge l i k e DENDRAL and METADENDRAL. But 
there remain a r e a s , where a p r i o r i k n o w l ­
edge may be not or on ly p a r t i a l l y a v a i l ­
ab le or the a q u i s i t i o n and a p p l i c a t i o n o f 
knowledge would be d i f f i c u l t as in con ­
s t r u c t i n g r u l e s from l a r g e se t s o f emp i r ­
i c a l da ta . 
On the o the r hand in order to leave the 
e m p i r i c a l s tage and to e s t a b l i s h t h e o r e ­
t i c a l f ounda t i ons A I has to d i scove r gen­
e r a l p r i n c i p l e s and t o f i n d a p p r o p r i a t e 
f o r m a l i z a t i o n s f o r them. There fo re u n i ­
f i e d mathemat i ca l models should be ap ­
p l i e d as f a r as p o s s i b l e -
There are p r a c t i c a l a p p l i c a t i o n s o f con ­
cept o r d i s c r i m i n a t i o n l e a r n i n g in which 
f i r s t the s t r u c t u r e s and t r a i n i n g samples 
are l a r g e , second the concepts may be 
d i s j u n c t i v e s e t s o f subconcepts and t h i r d 
matching is comp l i ca ted because of the 
e x i s t e n c e of many isomorph ic d e s c r i p t i o n s 
( a l p h a b e t i c v a r i a n t s ) . 
I t i s f e l t t h a t i n such cases w e l l e l a b o ­
ra ted g e n e r a l a l g o r i t h m s such as the i n ­
d u c t i v e g e n e r a l i z a t i o n i n the p r e d i c a t e 
c a l c u l u s and even the v e r s i o n space meth­
od / 8 / would face problems of combina­
t o r i a l e x p l o s i o n , (Ref inements o f the 
p r e d i c a t e c a l c u l u s - b a s e d methods are de ­
ve loped i n our l a b o r a t o r y / 5 / w h i c h , i t 
i s hoped, w i l l overcome some o f the d i f ­
f i c u l t i e s i n d e a l i n g w i t h p r a c t i c a l p r o ­
b lems. ) 
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are supposed to d e s c r i b e the same r e a l 
s t r u c t u r e EW and t o a r i s e from us ing d i f ­
f e r e n t cod ing s t r a t e g i e s . (The re fo re they 
must be long to the same c l a s s in the case 
o f c o n s i s t e n t t r a i n i n g samples . ) I d e n t i ­
f y i n g i somorph ic d e s c r i p t i o n s i s e s p e c i a l ­
l y i n p r a c t i c a l a p p l i c a t i o n s a ve ry impor ­
t an t t a s k . As enove l approach to t h i s p r o ­
blem in our system d e s c r i p t i o n s i n v a r i a n t 
under isomorphism are used in o rder to get 
e f f i c i e n t concept d e s c r i p t i o n s , matching 
and g e n e r a l i z a t i o n p o s s i b i l i t i e s . An i n ­
v a r i a n t c h a r a c t e r i z a t i o n o f a s t r u c t u r e 
would be the set o f a l l n ! d e s c r i p t i o n s 
generated from a d e s c r i p t i o n g iven in the 
t r a i n i n g sample (o r as t e s t i t em to be 
matched) by pe rmu ta t i ons of the nodes. 
But t h i s se t i s , i n g e n e r a l , much too 
l a r g e . 
(A n o r m a l i z a t i o n to a s tandard d e s c r i p ­
t i o n by a l p h a b e t i c o r d e r i n g would h ide 
s i m i l a r i t i e s o f s t r u c t u r e s which a re used 
i n the c o n s t r u c t i o n o f e f f i c i e n t concept 
d e s c r i p t i o n s , see be low . ) 
To reduce the number of d e s c r i p t i o n s ge­
nera ted a method used in a l g o r i t h m s de ­
t e c t i n g isomorphism o f graphs / 4 / was 
adopted*"*") 
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r i n g i n the t r a i n i n g sample a re c o n s t r u 
ted (o r s e q u e n t i a l l y updated) and enume 
a t e d * These t r i p l e s cor respond to eleme 
t a r y p r o p o s i t i o n s w i t h the l a b e l s u ,w 
i n d i c a t i n g complex semant ic f e a t u r e s o f 
case arguments and r e l a t i o n s r e s p e c t i v e 
Another p o s s i b i l i t y o f d e f i n i n g f e a t u r e 
f o r the graph c l a s s i f i c a t i o n task con­
s i s t s i n choos ing subgraphs o f s e v e r a l 
o rde rs ( g e s t a l t f e a t u r e s ) . A method of 
s e l e c t i n g subgraphs and us ing them as 
t e s t s t o b e b u i l t i n t o d e c i s i o n t r e e -
c l a s s i f i c a t o r s has been developed in ou 
l a b o r a t o r y s u c c e s s f u l l y and a p p l i e d to 
p r a c t i c a l problems / l l / -



4 . Concept l e a r n i n g 

As an a l g o r i t h m f o r concept l e a r n i n g a 
method of s e q u e n t i a l l y c o n s t r u c t i n g hypo*-
theses in form o f d e c i s i o n t r e e s i s used, 
which is more a p p r o p r i a t e to problems 
w i t h l a r g e f e a t u r e vec to rs# I t i s a gen­
e r a l i z a t i o n of human behav iour observed 
in l e a r n i n g concepts rep resen ted by p r o -
p o s i t i o n a l f u n c t i o n s / 1 2 / and i t i s s i m i ­
l a r t o the a l g o r i t h m o f l e a r n i n g d i s c r i ­
m ina t i on ne ts f o r s y l l a b l e s desc r i bed i n 
/ 2 / . I t cor responds t o a g e n e r a l - t o - s p e ­
c i f i c d e p t h - f i r s t search w i t h reexamina­
t i o n of past e v e n t s . (Due to l i m i t e d STM 
c a p a c i t y human beings a re keep ing on ly 
one hypo thes i s per s t ep in memory. Th is 
method is p r e f e r r e d to a p o s s i b l e 
b r e a t h - f i r s t search s i n c e i n case o f 
l a r g e s t r u c t u r e s , l a r g e t r a i n i n g samples, 
and d i s j u n c t i v e concepts the number of 
hypotheses to be pursued s i m u l t a n e o u s l y 
would be p robab ly to l a r g e even in the 
case of the l a t t i c e - t h e o r e t i c approach 
used i n / 8 / . I n l a r g e samples i t i s a l s o 
not easy t o get i n i t i a l c l u s t e r s f o r d i s ­
j u n c t i v e c o n c e p t s . ) S ince the d e c i s i o n 
t r ees are b u i l t up s e r i a l l y by add ing no 
more than one new t e s t a t t r i b u t e ( t e s t 
node) per s t e p to the t r e e , the se t o f 
a t t r i b u t e s A = { v , . . . , v } c o n s t i t u t i n g 

the f e a t u r e v e c t o r s i s a p r i o r i reordered 
by some e lementary d i s c r i m i n a t i o n measure 
known in p a t t e r n r e c o g n i t i o n . ( I n a more 
s o p h i s t i c a t e d approach t h i s procedure i s 
a p p l i e d to each branch of the t r e e r e p r e ­
s e n t i n g the c u r r e n t h y p o t h e s i s . ) 
The a l g o r i t h m can be d e f i n e d in terms of 
s imp le data d r i v e n p r o d u c t i o n r u l e s . I n 
the case o f f i n i t e c o n s i s t e n t t r a i n i n g 
samples i t can b e proved / 1 2 / t h a t i t r e ­
s u l t s in a f i n a l hypo thes i s which matches 
a l l t r a i n i n g i ns tances c o r r e c t l y . I n / 1 2 / 
ex tens ions to the case o f i n c o n s i s t e n t 
t r a i n i n g samples, p r o b a b i l i s t i c d e c i s i o n s , 
and c o n t i n u o u s l y v a r y i n g a t t r i b u t e s ( a l ­
g o r i t h m i c c o n s t r u c t i o n o f f e a t u r e i n t e r ­
v a l s d u r i n g l e a r n i n g ) can a l s o be f o u n d . 
G e n e r a l i z a t i o n 
F i r s t , one ge ts a s imp le g e n e r a l i z a t i o n 

b y means o f t h e f a c t t h a t t h e c o n s t r u c t i o n 
a l g o r i t h m , i n g e n e r a l , s t o p s b e f o r e a l l 
a t t r i b u t e s a r e e x h a u s t e d o n each p a t h . 
S e c o n d , i r r e l e v a n t a t t r i b u t e s i n t h e t r e e 
( o r c o n d i t i o n a l l y i r r e l e v a n t a t t r i b u t e s 
i n s u b t r e e s ) may b e c o n t a i n e d l e a d i n g t o 
s y m m e t r i c b r a n c h e s w h i c h can b e d e t e c t e d . 
A n e q u i v a l e n c e t r a n s f o r m a t i o n o f t h e t r e e 
i s t h e n p e r f o r m e d u s i n g a c a l c u l u s f i r s t 
d e s c r i b e d b y MCCARTHY / 6 / f o r o p t i m i z i n g 
p r o p o s i t i o n a 1 f u n c t i o n s i n t r e e - f o r m . A t ­
t r i b u t e s b e i n g d e p e n d e n t o n o t h e r s a l r e a d y 
used o n a c e r t a i n p a t h a r e a l s o d e t e c t e d 
and e l i m i n a t e d t h u s g e t t i n g a d d i t i o n a l 
r u l e s d e s c r i b i n g f e a t u r e d e p e n d e n c i e s and 
t h e s t r u c t u r e o f t h e d o m a i n . 
Now l e t u s c o n s i d e r t h e t r e e i n f i g . 4 
w h i c h r e p r e s e n t s a h y p o t h e s i s i n a c o n ­
c e p t l e a r n i n g p r o b l e m o n s t r u c t u r e s . A 
t e s t node i s l a b e l l e d b y a t r i p l e z , i . e . 

l f z e x i s t s i n t h e s t r u c t u r e t o b e m a t ­
c h e d , t h e s t r u c t u r e p a s s e s t h e 1 - b r a n c h , 
i f n o t i t p a s s e s t h e 0 - b r a n c h . Each p a t h 
i n t h e t r e e r e p r e s e n t s a s u b c l a s s ( s u b -
c o n c e p t ) b y a c o n j u n c t i o n o f t h e z ' s ( 1 -

l a b e l l e d b r a n c h e s ) o r t h e i r n e g a t i o n s ( 0 -
l a b e l l e d b r a n c h e s ) , t h e w h o l e c o n c e p t 
b e i n g t h e d i s j u n c t i o n o f a l l p a t h s w i t h 
t e r m i n a l nodes l a b e l l e d b y t h e c o n c e p t . 
(The e x t e n s i o n o f t h e f o r m a l i s m t o m u l t i -
c l a s s d i s c r i m i n a t i o n p r o b l e m s i s o b v i o u s . ) 
S i n c e t h e z ' s c o r r e s p o n d t o t r i p l e s d e s ­
c r i b i n g a n aVc t o g e t h e r w i t h i t s a d j a c e n t 
n o d e s , u n a m b i g u o u s l y i d e n t i f i e d "by t h e i r 
c o l o u r s ( p o s s i b l y w i t h a d d i t i o n a l n u m b e r s ) , 
t h e p o s i t i v e z ' s on a p a t h can be c o m b i ­
ned i n t o a s u b g r a p h c h a r a c t e r i z i n g t h e 
c o n c e p t ( f i g . 4 ) . The n e g a t e d z ' s on 

t h i s p a t h c o r r e s p o n d t o t h e "must n o t " 
c o n d i t i o n s o f / 1 4 / i . e . t h e y a r e f o r b i d ­
den i n t h e s u b s t r u c t u r e . 

F i g . 4 : D e c i s i o n t r e e and d e s c r i p t i o n o f 
a s u b c o n c e p t 

G e n e r a l i z a t i o n o n node and edge f e a t u r e s 
G e n e r a l i z a t i o n o n node and edge f e a t u r e s 
may depend o n t h e p l a c e i n t h e s t r u c t u r e 
whe re t h e e l e m e n t a r y o b j e c t o r r e l a t i o n 
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The d e s c r i b e d a l g o r i t h m c o n s t r u c t s com­
p l e x f e a t u r e s t o c h a r a c t e r i z e a l l e l e ­
ments o f t h e t r a i n i n g s a m p l e ( s e e 2 . ) . 
The d e c i s i o n t r e e a p p r o a c h s e l e c t s o n l y 
t h o s e t e s t s f r o m t h e s e t o f t h e a p r i o r i 
r e o r d e r e d a t t r i b u t e s t h a t i t needs t o 
i d e n t i f y a l l t r a i n i n g e x a m p l e s -
The r e s u l t s a r e i l l u s t r a t e d i n f i g . 6 . 
The d e c i s i o n t r e e r e s u l t i n g f r o m t h e sam­
p l e t h a t does n o t c o n t a i n t h e s t r u c t u r e 
shown i n f i g . 5 b ) i s i l l u s t r a t e d i n f i g . 
6 a ) . I t c o n t a i n s o n l y one node f e a t u r e . 
The l a b e l ' 2 ' i n t h e t e s t o f t h e d e c i s i o n 
t r e e m e a n s / t h a t t h e r e must b e a t l e a s t 
two nodes ' o f t h a t t y p e ' i n a s t r u c t u r e . 
The a l g o r i t h m p r o d u c e s t h e d e c i s i o n t r e e 
shown i n f i g * 6 b ) , i f t h e t r a i n i n g s a m ­
p l e c o n t a i n s a d d i t i o n a l l y t h e s t r u c t u r e 

shown i n f i g . 5 b ) . The s e l e c t e d a r c f e a ­
t u r e ( f i g . 3 ) d i s c r i m i n a t e s a l l a r c h e s 
f r o m t h e n o n - a r c h e s . ( N o t e t h e g e n e r a l i ­
z a t i o n o n t h e f o r m o f t h e t o p o b j e c t . ) 

Our p r o g r a m i s w r i t t e n e n t i r e l y i n 
FORTRAN and c o n s i s t s o f a b o u t 3 000 e x e ­
c u t a b l e s t a t e m e n t s . I t r u n s i n 150 K 
b y t e s o f memory on t h e BESM-6 c o m p u t e r . 

6 . A p p l i c a t i o n 

I n p h a r m a c o l o g y t h e r e i s t h e p r o b l e m t o 
f i n d a toms o r g r o u p s o f a toms ( s u b s t r u c ­
t u r e s ) i n c h e m i c a l compounds n e c e s s a r y t o 
evoke a s p e c i f i c b i o l o g i c a l a c t i v i t y . The 
k n o w l e d g e of s u c h s u b s t r u c t u r e s may be a 
s t a r t i n g p o i n t f o r t h e s y n t h e s i s o f new 
d r u g s . 
As an e x a m p l e a t r a i n i n g s a m p l e o f 89 
c a r b o x a m i d e s t h e s t r u c t u r a l f o r m u l a s o f 
w h i c h we re known was i n v e s t i g a t e d . These 
compounds s c a l e d b y t h e i r b i o l o g i c a l a c ­
t i v i t y w e r e d i v i d e d i n t o f o u r c l a s s e s . 
The s t r u c t u r a l f o r m u l a s o f t h e compounds 
w e r e t r a n s f o r m e d i n t o c o l o u r e d g r a p h s -
Each a t o m o r g r o u p o f a toms i s c o n s i d e r e d 
a s a node i n t h e g r a p h , each t y p e o f bond 
as an e d g e * 
Our a l g o r i t h m d e s c r i b e d a b o v e was a p p l i e d 
t o t h i s f o u r - c l a s s p r o b l e m * From 8 9 g raphs 
( o b j e c t s ) t h e c o m p u t e r g e n e r a t e d b y t h e 
p e r m u t a t i o n o f some o f them 103 d e s c r i p ­
t i o n s w i t h a l t o g e t h e r a b o u t 300 comp lex 
f e a t u r e s ( t r i p l e s ) i n c l u d i n g t h e c o n t e x t 
a f t e r t h e s e c o n d i t e r a t i o n ( s e e 2 * ) . 
A d i s j u n c t i o n o f c h a r a c t e r i s t i c s u b s t r u c ­
t u r e s was o b t a i n e d f o r each c l a s s . Our 
r e s u l t s w e r e c o n f i r m e d b y t h e e m p i r i c a l 
k n o w l e d g e o f c h e m i s t s . 
The c e n t r a l p r o c e s s o r t i m e needed o n t h e 
BESM-6 was a b o u t 20 m i n u t e s . 

7 . Summary and c o n c l u s i o n s 

A c o n c e p t l e a r n i n g s y s t e m has been d e ­
s c r i b e d w h i c h i s based o n d e s c r i p t i o n s o f 
s t r u c t u r e s i n v a r i a n t u n d e r i s o m o r p h i s m 
and t r a n s f o r m a t i o n i n t o f e a t u r e v e c t o r s . 
The g e n e r a l i z a t i o n a b i l i t i e s a r e demon­
s t r a t e d i n case o f t h e b l o c k s w o r l d e x ­
a m p l e . 
The a l g o r i t h m can t r e a t t r a i n i n g s a m p l e s 
o f a b o u t one h u n d r e d o f r e l a t i v e l y com-
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i s embedded , t h e r e f o r e a p r i o r i g i v e n g e ­
n e r a l i z a t i o n h i e r a r c h i e s o n e l e m e n t a r y 
f e a t u r e s may n o t b e h e l p f u l . Fo r i n s t a n c e , 
i t may b e i r r e l e v a n t f o r t h e c o n c e p t 
" a r c h " ( f i g . 1 ) , w h e t h e r t h e t o p o b j e c t 
( and o n l y t h i s ) i s a b r i c k o r w e d g e . 
T h e r e f o r e , g e n e r a l l y , t h e s y s t e m has t o 
l e a r n c o n t e x t d e p e n d e n t g e n e r a l i z a t i o n 
h i e r a r c h i e s . 
I r r e l e v a n t f e a t u r e s o f such k i n d l e a d t o 
s u b s t r u c t u r e s i n t h e t r e e s c o n s t r u c t e d b y 
ou r a l g o r i t h m h a v i n g a n " a n a l o g o u s " compo­
s i t i o n i n t h e sense t h a t t h e s u b s t r u c t u r e s 
can b e made i d e n t i c a l and merged b y i n t r o ­
d u c i n g v a r i a b l e s f o r c o r r e s p o n d i n g c o n ­
s t i t u e n t s i n c o r r e s p o n d i n g t r i p l e s . T h i s 
p r o c e d u r e i s t h e t r e e - a n a l o g u e o f VERE's 
a l g o r i t h m o f i n d u c t i v e g e n e r a l i z a t i o n i n 
t h e p r e d i c a t e c a l c u l u s / 1 3 / . 

5 * E x p e r i m e n t s 

T o i l l u s t r a t e g e n e r a l i s s u e s and t e c h n i ­
ques o f o u r a p p r o a c h one p a r t i c u l a r c o n ­
c e p t l e a r n i n g p r o b l e m , o r i g i n a l l y d i s c u s ­
sed b y WINSTON / 1 4 / w i l l b e d e s c r i b e d . I t 
i n v o l v e s t h e l e a r n i n g o f how t o i d e n t i f y 
s i m p l e c l a s s e s o f s t r u c t u r e s b u i l t o f c h i l ­
d r e n ' s b l o c k s . The t a s k i s t o l e a r n t h e 
c o n c e p t o f a n a r c h , w i t h a s e r i e s o f b l o c k 
s t r u c t u r e s b e i n g g i v e n , each l a b e l l e d a s 
e i t h e r a n a r c h o r a n o n - a r c h . I n c o m p a r i -
s i o n w i t h WINSTON^s w o r l d o u r s a m p l e i s 
s u p p l e m e n t e d b y a d d i t i o n a l s t r u c t u r e s . I t 
c o n s i s t s o f 1 0 o r 1 1 e l e m e n t s ( s e e f i g . 5 ) . 



p l i c a t e d s t r u c t u r e s in a reasonab le t ime. 
Since the use o f a l l p o s s i b l e f e a t u r e s 
(g raph p r o p e r t i e s ) c h a r a c t e r i z i n g a 
s t r u c t u r e would lead to c o m b i n a t o r i a l ex ­
p l o s i o n , subsets o f f e a t u r e are e x t r a c t e d 
by a u n i f i e d p r i n c i p l e . G loba l c h a r a c t e r ­
i s t i c s (subgraphs) r e l e v a n t t o the concept 
are subsequen t l y syn thes i zed in the form 
o f Boolean f u n c t i o n s c o n s t i t u t i n g the f i ­
na l concept d e s c r i p t i o n . Complex o r e l e ­
mentary f e a t u r e s i r r e l e v a n t to the con ­
cept and ye t i n c l u d e d in the f i n a l hy ­
p o t h e s i s can be e l i m i n a t e d by a second­
a ry g e n e r a l i z a t i o n and o p t i m i z a t i o n p r o ­
c e d u r e . 
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