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ABSTRACT 

Some f a m i l i a r j u s t i f i c a t i o n s f o r c o n c l u d i n g 
t h a t a da ta e lement D is an unaccep tab le match to a 
p a t t e r n e lement P a r e examined f o r t h e i r 
s u i t a b i l i t y f o r p a r t i a l - m a t c h i n g a p p l i c a t i o n s . A l l 
o f these a b s o l u t e c r i t e r i a a re found t o be 
u n a c c e p t a b l e i n t h a t t hey r u l e out some p l a u s i b l e 
p a r t i a l matches. A p a r t i a l ma tch ing p rogram, 
REIAX, i s d e s c r i b e d which j u s t i f i e s the c o n c l u s i o n 
t h a t a data e lement D is an unaccep tab le match to 
a p a t t e r n e lement P on the grounds t h a t some o t h e r 
da ta e lement Db is a b e t t e r match to P. The use of 
such r e l a t i v e c r i t e r i a makes i t p o s s i b l e t o compute 
a l l o f the k i n d s o f mappings t h a t K l i n g [ 9 ] has 
c la imed are r e q u i r e d t o account f o r i n t u i t i o n s 
about s i m i l a r i t y . The a b i l i t y t o form 
u n r e s t r i c t i v e mappings a l l o w s RELAX to c o n s t r u c t 
g e n e r a l i z a t i o n s t h a t have e luded o t h e r approaches 
[5, 6 ] . 

I INTRODUCTION 

The work d e s c r i b e d in t h i s paper grows ou t o f 
a n a t t emp t t o s i m u l a t e the b e h a v i o r o f j u n i o r - h i g h 
s c h o o l s t u d e n t s l e a r n i n g geomet ry . An e x a m i n a t i o n 
o f the geometry t e x t b o o k t hey were u s i n g [ 8 ] made 
i t c l e a r t h a t s t u d e n t s were expected t o a p p r e c i a t e 
the s i m i l a r i t y o f t h e i r e x e r c i s e prob lems t o the 
examples p r o v i d e d in the t e x t , and to use those 
examples as a gu ide i n f i n d i n g s o l u t i o n s . P r o t o c o l 
ana lyses o f s t u d e n t s u s i n g t h i s t e x t suggests t h a t 
s t u d e n t s do o f t e n ( b u t no t a lways ) a p p r e c i a t e the 
s i m i l a r i t i e s t h a t a re i n tended [ 3 ] . 

One way to model such b e h a v i o r is to r e p r e s e n t 
the worked-ou t examples as <condition1,.........> => 
< a c t i o n 1 , . . . > r u l e s , where the l e f t - h a n d s i d e 
d e s c r i b e s the example problem and the r i g h t - h a n d 
s i d e i n d i c a t e s t he s teps r e q u i r e d f o r i t s s o l u t i o n . 
The d e s c r i p t i o n of an e x e r c i s e problem can then be 
compared a g a i n s t the l e f t - h a n d s i d e s o f these 
r u l e s . I n t e r p r e t i n g these r u l e s a s p r o d u c t i o n s 
would imp ly t h a t the d e s c r i p t i o n o f the e x e r c i s e 
problem would have t o c o m p l e t e l y s a t i s f y a l l 
c o n d i t i o n s o f one o f the r u l e s b e f o r e any a c t i o n 
c o u l d b e taken towards f o r m u l a t i n g i t s s o l u t i o n . 
I n o t h e r words , a f u l l - m a t c h compar ison u s i n g t h i s 
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r e p r e s e n t a t i o n cou ld o n l y account f o r a s t u d e n t ' s 
a b i l i t y t o remember the s o l u t i o n s t o prob lems t h a t 
have been so lved p r e v i o u s l y . However, i f i n s t e a d 
o f me re l y l o o k i n g f o r a f u l l match we a re a b l e to 
f i n d a r u l e whose l e f t - h a n d s i d e " c l o s e l y 
a p p r o x i m a t e s " the d e s c r i p t i o n o f t he e x e r c i s e 
p r o b l e m , then we may be ab le to p r o v i d e a 
c o m p u t a t i o n a l account of what happens when a 
s t u d e n t recogn izes the s i m i l a r i t y o f a n e x e r c i s e 
problem to a p r e v i o u s example. 

Even i f t h i s can be done, however , the success 
i s ach ieved a t the c o s t o f a c o n s i d e r a b l e 
c o m p l i c a t i o n i n the n o t i o n o f e x e c u t i n g the 
r i g h t - h a n d s i d e o f a r u l e . I n those cases where i t 
t u r n s ou t t h a t a f u l l match i s ach ieved t o a r u l e ' s 
l e f t - h a n d s i d e , e x e c u t i n g the r i g h t - h a n d s i d e 
amounts o n l y to a s t r a i g h t f o r w a r d e x e c u t i o n of a 
f u l l y i n s t a n t i a t e d p r o c e d u r e . However, i n cases 
where o n l y a p a r t i a l match has been a c h i e v e d , t h e 
r i g h t - h a n d s i d e a c t i o n s w i l l need t o b e m o d i f i e d t o 
r e f l e c t the d e p a r t u r e s f rom a f u l l ma t ch . T h i s 
paper w i l l o n l y b e concerned w i t h the q u e s t i o n o f 
how to p a r t i a l - m a t c h problem d e s c r i p t i o n s in a way 
t h a t p r o p e r l y models s t u d e n t s ' a b i l i t i e s t o d e t e c t 
s i m i l a r i t i e s between p rob lems . 

II SOME ABSOLUTE CRITERIA 

An approach which m igh t be expected to y i e l d a 
s a t i s f a c t o r y p a r t i a l matcher would be to examine 
the o p e r a t i n g p r i n c i p l e s o f a f u l l matcher f o r a 
p r o d u c t i o n system and to de te rm ine which p r i n c i p l e s 
c o u l d be r e t a i n e d and which p r i n c i p l e s would have 
to be d i s c a r d e d . Each c o n d i t i o n i n the l e f t - h a n d 
s i d e o f a p r o d u c t i o n r u l e i s a p r o p o s i t i o n wh ich 
can c o n s i s t o f c o n s t a n t s , v a r i a b l e s ( e x i s t e n t i a l l y 
q u a n t i f i e d ) , o r o t h e r p r o p o s i t i o n s . As an example 
we have ( b e l i e v e s V s u b j e c t ( f l a t e a r t h ) ) , where 
( f l a t e a r t h ) is an embedded p r o p o s i t i o n . The V 
p r e f i x i n d i c a t e s t h a t V s u b j e c t i s a v a r i a b l e . We 
m igh t choose to i n t e r p r e t the c o n s t a n t s b e l i e v e and 
f l a t as p r e d i c a t e s and the c o n s t a n t e a r t h as an 
argument o f the p r e d i c a t e f l a t , bu t t h e r e i s n o 
need f o r the matcher to be concerned w i t h these 
semant ic i s s u e s . As the term p r o p o s i t i o n s u g g e s t s , 
( b e l i e v e s V s u b j e c t ( f l a t e a r t h ) ; can b e t r u e o r 
f a l s e , bu t what i s more i m p o r t a n t f rom the p o i n t o f 
v iew o f the matcher i s whether t h e r e i s some 
p r o p o s i t i o n i n the da ta base l i k e ( b e l i e v e s B i l l 
( f l a t e a r t h ) ) wh ich can serve a s i t s i n s t a n t i a t i o n . 

A f u l l matcher uses the f o l l o w i n g c r i t e r i a t o 
d e c i d e whether a s e t o f i n s t a n t i a t i o n s c o n s t i t u t e s 
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a s a t i s f a c t o r y match to the l e f t - hand side of a 
product ion r u l e : 

1. There must be an i n s t a n t i a t i o n of each 
c o n d i t i o n p r o p o s i t i o n . 

2. The constants contained in a cond i t i on 
p r o p o s i t i o n must a lso be contained in 
i t s i n s t a n t i a t i o n . 

3. There should be a one-one func t i on tha t 
assoc iates each va r i ab l e w i th a unique 
b ind ing so tha t a l l cond i t i on 
p ropos i t i ons conta in ing that va r i ab le 
have i n s t a n t i a t i o n s conta in ing i t s 
b i n d i n g . 

4. Each cond i t i on p ropos i t i on should have 
the "same" s t r uc tu re as i t s 
i n s t a n t i a t i o n . In the simplest case 
they should have the same number of 
terms and corresponding terms should be 
in the same order . In some product ion 
systems allowances are made f o r unequal 
numbers of arguments or symmetric 
p red ica tes ; however, the important po in t 
is tha t there is never any ambiguity 
about whether an i n s t a n t i a t i o n has the 
proper s t r u c t u r a l requirements and those 
t ha t don ' t are simply unacceptable. 

A. F a i l u r e of the Absolute C r i t e r i a 

We now examine each of these c r i t e r i a in t u rn 
t o determine t h e i r s u i t a b i l i t y f o r p a r t i a l 
matching. We w i l l f i n d tha t wh i le each cons t i t u t es 
a worthwhi le goal f o r a p a r t i a l matcher to attempt 
to achieve (so tha t a f u l l match w i l l be found i f 
one is a v a i l a b l e ) , none of these c r i t e r i a can be an 
absolute requirement if we want to be able to 
detec t the same s i m i l a r i t i e s that students can 
de tec t . 

1 . Every cond i t i on has an i n s t a n t i a t i o n 

Textbooks sometimes provide more in fo rmat ion 
in the statement of example problems than is 
s t r i c t l y requi red f o r t h e i r s o l u t i o n . This ex t ra 
i n fo rmat ion would prevent the examples from being 
seen as re levant to the s o l u t i o n of exerc ise 
problems not shar ing those i nessen t i a l features i f 
we were to r e t a i n the f u l l -ma t ch c r i t e r i o n tha t a l l 
p ropos i t i ons in a problem desc r i p t i on must receive 
an i n s t a n t i a t i o n . 

Many f u l l matchers w i l l a l low two va r iab les to 
be bound to the same constant ; however, a d d i t i o n a l 
mechanisms are then required to deal w i th the 
i n e v i t a b l e cases where t h i s is i napp rop r i a te . 
These a d d i t i o n a l mechanisms play no ro le in p a r t i a l 
matching, so i t s i m p l i f i e s the d iscuss ion to make 
the one-one assumption. 

2. Constants 

Students f i n d problems i n v o l v i n g the a lgebra ic 
r e l a t i o n "<" very reminiscent o f the " > " vers ions 
of those problems. In such cases p a r t i a l matches 
between these problems would have to v i o l a t e the 
f u l l -ma t ch c r i t e r i o n tha t a cond i t i on and i t s 
i n s t a n t i a t i o n conta in the same constants . The 
u n s u i t a b i l i t y of f u l l - m a t c h c r i t e r i a (1 ) and (2) 
f o r p a r t i a l matching i s not c o n t r o v e r s i a l . A l l 
four a lgo r i t h ims reviewed in [ 4 ] f o r inducing a 
general d e s c r i p t i o n of a concept from examples can 
deal w i th these kinds of departures from a f u l l 
match. 

3. Var iab le Binding Requires 1-1 Funct ions 

Imagine a person who has seen many Nat iona l 
League basebal l games, but is watching American 
League basebal l f o r the f i r s t t ime. In the 
Nat iona l League, besides p lay ing in the f i e l d , a 
p i t che r takes h is tu rn at bat ; in the American 
League, however, the p i t che r is replaced in the 
b a t t i n g l ineup by the designated h i t t e r . I f the 
basebal l fan t r i e s to i n s t a n t i a t e h is pa t te rn f o r 
Nat iona l League basebal l using the l ineups f o r t h i s 
game should he bind the va r i ab l e V-NLpl tcher to the 
p i t c h e r or to the designated h i t t e r ? The co r rec t 
answer seems to be bo th ; to the p i t che r if he is 
i n s t a n t i a t i n g p ropos i t i ons descr ib ing the Nat iona l 
League p i t c h e r ' s ro l e in the f i e l d , but to the 
designated h i t t e r when i n s t a n t i a t i n g p ropos i t i ons 
about the Nat iona l League p i t c h e r ' s ro l e as a 
b a t t e r . On the other hand, an American League fan 
watching Nat iona l League basebal l f o r the f i r s t 
t ime has the problem of too few p layers ra ther than 
too many. He is in the p o s i t i o n of having the same 
constant , NLp i tcher , as the b ind ing of two 
d i f f e r e n t v a r i a b l e s , V-ALpi tcher and 
V -ALdes igh i t t e r . 

1 _b 
F i g . 1: &) Prove RN * OY. b) Prove R'XN' - O'XY'. 

Marked ob jec ts are known to be congruent. 

F i g . 1 shows two problems tha t some students 
can see as qu i te s i m i l a r — F i g . 1b being j u s t an 
angle vers ion of the problem in F i g . 1a. This 
apparent ly requ i res tha t a p a r t i a l matcher accept 
the p ropos i t i on (angle VR' VX VO') as an 
i n s t a n t i a t i o n of the p ropos i t i on (segment VR VO). 
That segment can be matched by angle is j u s t 
another example of matching one constant to 
another . What is more i n t e r e s t i n g is tha t the 
second argument, VO, of segment must be bound to 
the t h i r d argument, VO/, of angle ra ther than to 
the second argument, VX. 
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DP p red i ca tes . A lso , when a v a r i a b l e such as 
V-NLpl tcher receives a second b ind ing , a l l of the 
p ropos i t i ons ment ioning tha t v a r i a b l e , whether they 
a l ready have an i n s t a n t i a t i o n using the f i r s t 
b ind ing or no t , are checked to see if they have an 
i n s t a n t i a t i o n using t h i s new b i n d i n g . Thus RELAX 
computes a l l of the k inds of mappings tha t K l i ng 
c la ims are necessary f o r cap tur ing the 
correspondences between s i m i l a r problems and does 
so using "best use" c r i t e r i a which express 
preferences tha t are meaningful only to a program 
tha t is aware tha t i t has these opt ions regarding 
the form of i t s mappings. 

A. Best Use of the Cond i t ion 

One use f o r the output from p a r t i a l matching a 
set of cond i t i ons to a set of data is in computing 
a g e n e r a l i z a t i o n , i . e . , a new set of cond i t i ons 
which receives a f u l l match when i n s t a n t i a t e d by 
e i t h e r the o r i g i n a l cond i t i ons o r the o r i g i n a l 
data* Since the o r i g i n a l cond i t ions and the 
o r i g i n a l data p lay e n t i r e l y p a r a l l e l r o les i n the 
d e f i n i t i o n o f g e n e r a l i z a t i o n , one is led ra the r 
n a t u r a l l y (though not Inescapably) to the idea tha t 
the output of the p a r t i a l match should not depend 
in any essen t i a l way on which set of p ropos i t i ons 
we c a l l data and which set we c a l l cond i t i ons . In 
f a c t , in implementing RELAX we found tha t there are 
computat ional advantages to v iewing the matching 
process as searching f o r cond i t ions to i n s t a n t i a t e 
data at the same time as i t is searching f o r data 
to i n s t a n t i a t e cond i t i ons . For example, t h i s 
v iewpoin t suggests tha t in a d d i t i o n to the 
requirement tha t each i n s t a n t i a t i o n be the best 
a v a i l a b l e use of i t s data p r o p o s i t i o n , there should 
a lso be a complementary requirement tha t each 
i n s t a n t i a t i o n be the best a v a i l a b l e use of i t s 
cond i t i on p r o p o s i t i o n . I n t h i s t h i r d (and l a s t ) o f 
RELAX's r e l a t i v e c r i t e r i a f o r p a r t i a l matching, 
cost is again measured in terms of m u l t i p l e 
assignments; but s ince in t h i s context cond i t i ons 
are thought of as i n s t a n t i a t i o n s of data 
p r o p o s i t i o n s , a m u l t i p l e assignment means tha t a 
constant in the data is the b ind ing f o r more than 
one cond i t i on v a r i a b l e . The two i n s t a n t i a t i o n s 
mentioned above f o r (male V-NLpl tcher) are equa l l y 
good in t h i s respect s ince both ALpi tcher and 
ALdes igh i t t e r are b ind ings of only one v a r i a b l e ; 
thus both i n s t a n t i a t i o n s are permi t ted in the 
p a r t i a l match. However, any attempt to get a 
second i n s t a n t i a t i o n f o r (male V-KLcatcher) would 
be ruled out by t h i s new c r i t e r i o n . 

IV SOME EXAMPLES 

A. A Genera l i za t ion Example 

F i g . 2 shows the g e n e r a l i z a t i o n problem that 
led Hayes-Roth & McDermott to be concerned w i th 
m u l t i p l e assignments f o r v a r i a b l e s . The 
gene ra l i za t i on tha t Hayes-Roth A McDerraott wanted 
but were unable to get SPROUTER to produce was: 

There is a smal l square above a smal l 
c i r c l e and one of these smal l f i gu res is 
i ns i de a la rge t r i a n g l e . 

When p a r t i a l matching the d e s c r i p t i o n of Example 1 
us ing the d e s c r i p t i o n of Example 2 as da ta , the 
v a r i a b l e V s q r 1 requ i res two b ind ings so tha t we can 
have both of the i n s t a n t i a t i o n s 

These two i n s t a n t i a t i o n s are taken from Table 1 
which shows the f u l l set found by RELAX. The 15 
i n s t a n t i a t i o n s in Table 1 are the su rv i vo rs of the 
185 i n s t a n t i a t i o n s that RELAX considered in 
computing t h i s match. Of these 185 p a i r i n g s , 100, 
or 54% were re jec ted by the "best use" c r i t e r i a 
w i thout the need f o r any search at a l l . In 21 
cases, pa i r i ngs which s a t i s f i e d these c r i t e r i a when 
f i r s t made subsequently were re jec ted by them as 
the match proceeded and be t te r uses were found fo r 
t h e i r cond i t i ons o r t h e i r da ta . 

Table 1: The set of i n s t a n t i a t i o n s found as the 
p a r t i a l match of the examples in F i g . 2. 

The demonstrat ion tha t t h i s p a r t i a l match w i l l 
lead to the co r rec t gene ra l i za t i on w i l l have to be 
postponed u n t i l a l a t e r sec t i on which g ives the 
d e t a i l s of the approach taken toward d i s j u n c t i o n s . 
However, there are a number of th ings we can say at 
t h i s po in t to defend the view tha t t h i s is the 
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cor rec t p a r t i a l match f o r these examples. The f ac t 
tha t exac t l y the same correspondences are obtained 
when Example 2 is t rea ted as the set of cond i t ions 
and Example 1 is t rea ted as the data provides a 
demonstrat ion tha t RELAX at l eas t func t ions as 
In tended. However, how can correspondences such as 

be defended? The answer to t h i s is tha t there is 
an obvious a l t e r n a t i v e to v iewing F i g . 2 as two 
examples in need of a g e n e r a l i z a t i o n . That 
a l t e r n a t i v e is to see Example 1 as the s i t u a t i o n at 
t ime _t1 and Example 2 as the s i t u a t i o n at a l a t e r 
t ime t2, where the task is to character ize the 
t rans fo rmat ion tha t has occurred. One 
c h a r a c t e r i z a t i o n of the t ransformat ion tha t changes 
Example 1 i n t o Example 2 i s : 

The t r i a n g l e tha t o r i g i n a l l y contains the 
square moves down to conta in the c i r c l e . 

The quest ionable correspondences mentioned above 
have an obvious relevance f o r cha rac te r i z i ng t h i s 
t r ans fo rma t i on . 

B. A Transformat ion Example 

The next example comes from observat ions of 
two sub jects l ea rn ing to program in LISP made by 
John R. Anderson and h i s col legues at CMU. As an 
exerc ise in t h e i r textbook [10] these subjects had 
to w r i t e a LISP f u n c t i o n to compute the powerset 
( i . e . , the set of a l l subsets) of the set (YALL 
COME BACK). This problem is qu i te d i f f i c u l t f o r 
novices and both subjects had l i t t l e success u n t i l 
they h i t upon the representa t ion f o r the problem 
shown in Table 2. Once in t h i s form, i t appeared 
tha t both subjects simply d id some pa t te rn matching 
to a r r i v e at the f o l l o w i n g s o l u t i o n : POWERSET(YALL 
COME BACK) requ i res two copies of P0WERSET(C0ME 
BACK) and the second copy must have YALL CONSed 
onto the f r o n t o f a l l o f i t s s u b l i s t s . 

Table 2: The r e s u l t s of successive c a l l s 
to the f unc t i on POWERSET(L). 

In pa t te rn matching terms, the need f o r one 
copy is t r i v i a l — i t r e s u l t s from a f u l l match of 
the sets in P0WERSET(C0ME BACK) using the sets in 
POWERSET(YALL COME BACK) as data. The need f o r the 
second copy, however, requ i res a p a r t i a l match of 
P0WERSET(C0ME BACK) to the remaining sets in 
POVERSET(YALL COME BACK). 

When the problem of f i n d i n g t h i s p a r t i a l match 

F i g . 3: The p a r t i a l match obtained f o r the l i s t s 
in Table 2. Lowercase e n t r i e s are from 

POWERSET (COME BACK); uppercase from 
POWERSET (YALL COME BACK). 

was given to RELAX the r e s u l t s were as shown in 
F i g . 3. Here each s u b l i s t was success fu l l y matched 
s t a r t i n g from the l e f t end up u n t i l the po in t where 
the YALL was encountered and also was success fu l l y 
matched s t a r t i n g from the r i g h t end u n t i l the YALL 
was encountered. Extending the match from the l e f t 
end any f a r t h e r was ru led out by the 
bes t -use -o f - t he -da ta and bes t - use -o f - t he - cond i t i on 
c r i t e r i a . 

I f the r e s u l t s o f t h i s p a r t i a l match could be 
used as data by other r u l e s , then we could 
const ruc t a r u l e tha t would recognize tha t an atom 
had been CONSed onto each s u b l i s t because the 
c h a r a c t e r i s t i c t rans fo rmat ion produced by CONS is 
found in each case. In genera l , however, w i thout 
some no t ion of a c o n s t i t u e n t , REIAX would not be 
able to detect o ther cases where a l i s t ( r a t h e r 
than an atom) has been CONSed onto each s u b l i s t . 
Thus, wh i le REIAX f a l l s shor t o f accounting f o r a l l 
of the p a t t e r n matching tha t subjects can d isp lay 
in an exerc ise l i k e t h i s , i t does appear to be a 
promising beg inn ing. 

Exc lus ive d i s j u n c t i o n s a r i se in two d i f f e r e n t 
ways in the process of forming gene ra l i za t i ons . 
What we might c a l l ex te rna l d i s j unc t i ons have t h e i r 
source in the f a c t tha t f o r any set of examples e^ , 
. . . , _e_ there is the l o g i c a l l y c o r r e c t , but 
u n i l l u m l n a t i n g , g e n e r a l i z a t i o n o r o r . • . 
The goal of g e n e r a l i z a t i o n programs tha t attempt to 
account f o r ex te rna l d i s j unc t i ons [ 7 , 11 ] is to 
merge as many of the as poss ib le i n t o 
con junc t i ve genera l i za t i ons so as to minimize the 
number o f d i s j u n c t s in the r e s u l t i n g d i s j u n c t i v e 
normal form g e n e r a l i z a t i o n . 
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I n t e r n a l d i s j u n c t i o n s , by con t ras t , do not 
emerge u n t i l a p a r t i a l match has been computed 
between two examples e i and e j. Then each 
i n s t a n t i a t i o n in the p a r t i a l match 

y i e l d s the again l o g i c a l l y c o r r e c t , but 
u n i l l u m l n a t i n g , gene ra l i za t i on 

Just as in the case of ex te rna l d i s j u n c t i o n s , the 
way to produce p leas ing genera l i za t ions seems to be 
to remove as many d i s j unc t i ons as poss ib le . The 
s implest case of t h i s is the reduct ion o f a l l 
d i s j u n c t i o n s of the form (c or c) to the s ing le 
constant £. Less obvious cases where d i s j unc t i ons 
can be removed are best understood by reference to 
F i g . 4a which shows a po r t i on of the f u l l network 
of b indings tha t can be ext racted from Table 1. 

F i g . 4: A summary of selected v a r i a b l e bindings 
ja) from Table 1 and b) from F i g . 3. 

REIAX operates on t h i s network in order to 
determine a way of r e a l i z i n g each of these b ind ings 
in a g e n e r a l i s a t i o n . The goal is to choose a 
d i f f e r e n t l abe l f o r each l i n k in t h i s network, 
where poss ib le l abe ls are the terms at e i t h e r end 
of a l i n k or the d i s j u n c t i o n of those terms. Link 
x in F i g . 4a receives the l abe l Vsqr1 because three 
"condit ions are s a t i s f i e d : 1) Vaq2 has only one 
connect ion to the network, 2) Vaqr1 can have the 
b ind ing Vsqr2 in a f u l l match, and 3) the l abe l 
Vsqr1 is not a l ready used as the l abe l f o r some 
other l i n k . Link z receives the l a b e l Ver lg 
because these cond i t ions are a lso s a t i s f i e d the re . 
Link y is then forced to have the l a b e l (Vsqr1 or ,f Vc jJ 2 ) because both of i t s endpoints have al ready 
been used as l a b e l s . 

Table 3: The gene ra l i za t i on r e s u l t i n g from 
the p a r t i a l match in Table 1 . 

REIAX produces the gene ra l i za t i on in Table 3 
from the i n s t a n t i a t i o n s in Table 1. It can be seen 
tha t Table 3 contains p ropos i t ions expressing the 
gene ra l i za t i on that Hayes-Roth & NcDermott wanted 
f o r the examples of F i g . 2. 

Example 1 from F i g . 2 producea a f u l l match to 
t h i s gene ra l i za t i on by matching the f l r a t member of 
every d i s j u n c t i o n , wh i le Example 2 produces a f u l l 
match by matching the second member of every 
d i s j u n c t i o n . In f a c t , there is a new fu l l -ma tch 
c r i t e r i o n requ i r i ng tha t the same p o s i t i o n be 
matched in a l l d i s j unc t i ons in a r u l e . Now i t 
should come as no supr ise tha t when p a r t i a l 
matching we w i l l want to v i o l a t e t h i s c r i t e r i o n and 
match d i f f e r e n t pos i t i ons or even both pos i t i ons of 
some d i s j u n c t i o n s . However, t h i s an t i c i pa tes an 
approach to p a r t i a l matching d i s j unc t i ons tha t 
there is i n s u f f i c i e n t space to e laborate on here. 

Although the na tu ra l way of v iewing the 
p a r t i a l match found in the POWERSET example 
presented above is as a cha rac te r i za t i on of the 
t ranaformat ions required to go from POWERSET(COME 
BACK) to POWERSET(YALL COME BACK), it is also 
in fo rmat i ve to look at the gene ra l i za t i on tha t 
would r e s u l t from t h i s p a r t i a l match. F i g . 4b 
shows the pa t te rn of b indings found f o r the p a r t i a l 
match of the s u b l i s t (COME) to the s u b l i s t (YALL 
COME) and ind ica ted convergences tha t should lead 
to d i s j u n c t i o n s . The gene ra l i za t i on obtained f o r 
t h i s s u b l i s t ( i gno r i ng the need f o r type- token 
d i s t i n c t i o n s ) i s : 

(before Lparen (Come or Y a l l ) ) 
(before (Lparen or Ya l l ) Come) 
(before Come Rparen) 

This gene ra l i za t i on provides a d i s j u n c t i v e 
representa t ion of the fac t that YALL ia an op t i ona l 
f i r a t element of these l i s t s . In the case where 
the YALL's are present , the second p o s i t i o n of 
every d i s j u n c t i o n is matched and the f i r a t two 
p ropos i t ions o f t h i s gene ra l i za t i on are 
i n a t a n t i a t e d by (before Lparen Ya l l ) and (before 
Y a l l Come), r e s p e c t i v e l y . On the other hand, when 
the YALL's are absent, the f i r s t p o s i t i o n of every 
d i s j u n c t i o n is matched so in t h i s case these two 
p ropos i t i ons are both i n s t a n t i a t e d by the s ing le 
p ropos i t i on (before Lparen Come). 

A• Imp l i ca t i ons f o r Semantic Approaches 

Obtain ing a sens ib le gene ra l i za t i on f o r t h i s 
problem is important because i t helps b o l s t e r our 
confidence in the unorthodox correspondences made 
by REIAX in p a r t i a l matching these l i s t s . I f a 
l e f t parenthesis must be matched to the atom YALL 
to get the cor rec t g e n e r a l i z a t i o n , then what about 
pa r t i a l -ma tch ing programs tha t compare the semantic 
ca tego r i za t i on of terms before making assignments? 
Surely these two terms are s u f f i c i e n t l y d i f f e r e n t 
semant ica l ly tha t such programs should be re l uc tan t 
to see them aa corresponding. 

How ser ious a problem t h i s poses depends 
l a r g e l y on whether these p a r t i a l matchers use 
semantic re latedness as an abeolute c r i t e r i o n or aa 
a r e l a t i v e one. Programs such as K l i n g ' s ZORBA 

[ 9 ] which make semantic relatedness an absolute 
c r i t e r i o n w i l l e i t h e r r e j e c t the assignement o f 
LPAREN to YALL or w i l l have to decrease the amount 
of semantic relatedneas requi red to the po in t where 
t h i s c r i t e r i o n h a s l i t t l e a b i l i t y l e f t t o 
d i sc r im ina te use fu l from useless matches. On the 
other hand, in Winston's program [12 ] the c loser 
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two terms are semant ica l ly the more "po in t s " that 
assignment con t r ibu tes to an ove ra l l match score 
which determines the best p a r t i a l match. By making 
semantic relatedness a r e l a t i v e c r i t e r i o n in t h i s 
manner, Winston al lows fo r the p o s s i b i l i t y that 
o ther f ac to rs can compensate fo r the semantic 
divergence of two terms. (Winston's p a r t i a l 
matcher r e l i e s t o t a l l y on one-one mappings, so 
presumably there is no way f o r h is program to 
produce the cor rec t genera l i za t ion f o r t h i s 
p a r t i c u l a r example, however.) 
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VI THE LAST ABSOLUTE CRITERION 

Now RELAX does obey one absolute c r i t e r i o n , 
namely, tha t a p ropos i t i on and i t s i n s t a n t i a t i o n 
must have the same s t r u c t u r e . However, as was 
discussed above, the problem in F i g . 1]3 may be 
seen as a vers ion of the problem in F i g . 1a using 
angles instead of segments. Detect ing the 
s i m i l a r i t y of these problems requires that the 
cond i t i on (segment VR VO) have the i n s t a n t i a t i o n 
(angle VR' VX VO ' ) . To enable RELAX to f i nd the 
co r rec t p a r t i a l match f o r t h i s example we fol lowed 
the lead of Hayes-Roth & McDermott ( c f . t h e i r use 
of SCR's) and switched to a more f ine-gra ined 
rep resen ta t ion . Finer g ra in was obtained by 
"exp lod ing" each p ropos i t i on in the desc r ip t i on of 
these problems in such a way that every l i n k in the 
semantic network representa t ion of that p ropos i t ion 
i t s e l f becomes a f u l l p ropos i t i on in the exploded 
v e r s i o n . Thus (segment VR VO) becomes the set of 
p ropos i t i ons 

(Rel segment VsegRO) 
(Arg1 VR VsegRO) 
(Arg2 VO VsegRO). 

For these cond i t i on p ropos i t i ons , RELAX f i nds the 
i n s t a n t i a t i o n s 

(Rel segment VsegRO) -> (Rel angle VangR'XO') 
(Arg1 VR VsegRO) -> (Arg1 VR' VangR'XO') 

(Arg2 VO VsegRO) -> (Arg3 VO' VangR'XO'). 
No use is made of the data p ropos i t ion (Arg2 VX 
VangR'XO'). 

RELAX was able to ca lcu la te the cor rec t 
p a r t i a l match f o r the two problems in F i g . 1 when 
they were described in t h i s d e t a i l . In the 
process, Arg2 was matched to Arg3 f i v e times and to 
Arg2 three t imes. This success suggests tha t the 
r e l a t i v e c r i t e r i a ou t l i ned in t h i s paper are also 
adequate, a t leas t in p r i n c i p l e , f o r matching 
d i f f e r e n t s t r u c t u r e s . However, f i n d i n g the 36 
i n s t a n t i a t i o n s in the f i n a l match required searches 
to evaluate 230 candidate i n s t a n t i a t i o n s . Thus i t 
was c lear tha t by recoding whole problems i n to t h i s 
f i ne -g ra ined representa t ion we had placed a large 
computat ional burden on REIAX. Work is in progress 
on de f i n i ng p r i n c i p l e s tha t would permit the 
program to swi tch dynamical ly to the more 
f i ne -g ra ined representa t ion f o r j u s t those por t ions 
of the problem desc r i p t i on where i t is requ i red . 
This c a p a b i l i t y would e f f e c t i v e l y f ree RELAX from 
the need to r e l y on any absolute c r i t e r i a 
whatsoever. 

REFERENCES 
[ I ] Anderson, J.R. 

Language, memory, and thought . 
Lawrence Erlbaum Associates, H i l l s d a l e , N . J . , 

1976. 
[ 2 ] Anderson, J.R. and K l i n e , P.J . 

A Learning System and i t s Psychological 
I m p l i c a t i o n s . 

Proc. of 6 th IJCAI : 1 6 - 2 1 , 1979. 
[ 3 ] Anderson, J .R . , Greeno, J .G . , K l i n e , P . J . , 

and Neves, D.M. 
A c q u i s i t i o n o f Problem Solv ing S k i l l . 
I n Anderson, J .R. , e d i t o r , Cogn i t i ve S k i l l s 

and t h e i r A c q u i s i t i o n . Lawrence Erlbaum 
A s s o c , H i l l s d a l e , N . J . , 1981. 

[ 4 ] D i e t t e r i c h , T.G. and M i cha l sk i , R.S. 
Learning and Genera l isa t ion of Cha rac te r i s t i c 

Descr ip t ions : Evaluat ion C r i t e r i a and 
Comparative Review of Selected Methods. 

Proc. of 6 th IJCAI :223-231, 1979. 
[ 5 ] Hayes-Roth, F. and McDermott, J. 

Knowledge A c q u i s i t i o n from S t r u c t u r a l 
Desc r ip t i ons . 

Proc. of 5th IJCAI :356-362, 1977. 
[ 6 ] Hayes-Roth, F. and McDermott, J. 

An In te r fe rence Matching Technique f o r 
Inducing Abs t rac t i ons . 

CACM 21(5) :401-410, 1978. 
[ 7 ] I b a , G.A. 

Learning D i s j u n c t i v e Concepts from Examples. 
A . I . Memo 548, M . I .T . , Sept . , 1979. 

[ 8 ] Jurgenson, R.C., Donnel ly, A . J . , Maier, J . E . , 
and R i s i n g , G.R. 
Geometry* 
Hough ton -M i f f l i n , Boston, 1975. 

[ 9 ] K l i n g , R.E. 
A Paradigm f o r Reasoning by Analogy. 
A r t i f i c i a l I n t e l l i g e n c e 2:147-178, 1971. 

[ 10 ] S i k l ossy , L. 
L e t ' s t a l k LISP. 
P r e n t i c e - H a l l , Ehglewood C l i f f s , N . J . , 1976. 

[ I I ] Vere, S.A. 
I nduc t i ve Learning of Re la t iona l Product ions. 
In Waterman, D.A. & Hayes-Roth, F., e d i t o r , 

Pa t te rn -D i rec ted In ference Systems. 
Academic Press, 1978. 

[ 12 ] Winston, P.H. 
Learning and Reasoning by Analogy. 
Communications of the ACM 23(12):689-703, 

1980. 

303 


