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Abstract: Decomposition ordering is a well-founded monotonic
ordering on terms. Because it has the subterm and the deletion
properties, decomposition ordering is useful to prove termination

of rewriting systems. An algorithm comparing two terms is given.1
1. Introduction

In this paper, a term is a pair formed by an operator and a list
of terms. In other words, no restriction exists on the arity of
operators. Here are some definitions about ordering on terms.
More information can be found in [1] and [4].

» An ordering on terms is monotonic if for all operators f

a<t implies F..a,.)<H..1..}
* it haa the subterm property ¥

s<t..a..)
* It has the delation property if

... .)<K....8....)

* A monotonic ordering which has the subterm property and
the deletion property is a simplification ordering.
» An ordering is well-founded if there exists no infinite strictly

decreasina seauence

LT B B0 £ -

Derahowitz [1} proved that it {R,—L.} is & rewriting system
for which exists o simplification ordering < such that for all | iand
for all ground substitutionse, ofL)<a(R), then = Is
well-founded, which masns no  infinite  sequence

to—rty—*.~el =»... exiats. The : stem s sald to have the

termination property. However, Huet and Lankford [5] showed
that the termination problem for rewriting systems is undecidable;
therefore no uniform method based, for instance, on orderings
can exist. But proving termination of particular rewriting system is
an essential problem in many areas where rewriting systems are
used.
terminate. In the KnuthBendix method, proving termination of the

In simplification systems this insures that the process will

1 This work was supported by National Science Foundation and Centre National
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system is necessary, to deduce global confluence from local
confluence [7]. For example the system {A—B, A—C, B—A,
B—+D} is locally confluent but not globally confluent. If the
Knuth-Bendix algorithm is used to transform a set of rewrite rules
into a canonical one, Huet [3] showed that uniform termination
ordering is necessary for all rules which appear in the process.
Several authors propose simplification orderings based on
syntactical properties of terms: ordering based on weight by Knuth
and Bendix [7],
Plaisted [10],
non-ascending property by Pettorossi [9],
path ordering by Kamin and Levy [6]. In this paper a new ordering

recursive path of subterms ordering by
11

generalized recursive

recursive path ordering by Dershowitz

called the decomposition ordering is defined. Its definition is
relatively simple, it allows efficient implementation and it has
interesting generalizations which are currently being worked
upon. As do the other cited orderings, it derives from an ordering
on operators. It is based on a decomposition of terms in three
parts, on which comparisons are recursively performed. When the
basic ordering is total, decomposition ordering is equivalent to the
But their

A comparative

orderings proposed by Plaisted and Dershowitz.
respective implementations are quite different.
analysis of these methods is proposed in [6] for monadic terms.
Here, only decomposition ordering on terms without variables, on
a totally ordered set of operators, is given. Such an ordering can
be used in simplification systems.

2. Definition of decomposition ordering

Let T(F) be the set of terms on the set F of operators. F is
assumed to be totally ordered by €. The decomposition ordering

is denoted =.

euls,..8,) is & Ishweighted term W s,..8, we
leHi-weighted and 8,~...=<s_. where s=<t means for left-weighted
thats<torsis equaltot.



in order to compare two terms U and v, sorl the lerms from
loaf to rools, vielding » and t Il a=t, then u and v are
decomposition squivaient, which means m=n and there sxists a
permutation o on [1..m] such that u, is decomposition equivalent
to Vo) Otherwise compare & and  t uaing the decomposition
ordering method. In this and the foltowing section, asauma that st
tarms are laft-welghted.

The decomposition of a lefl-weighted term 8 is the unique
tripie [f,; ¥ ;8" (13)] such that s = 8"{f,(8,".....8, )} where 8"(v} is the
terms given by substituting term v in place of 03, whare [_ is the
first occurrence of the maximal operator in 8 on its most left
branch, 3’ =<8,’....s," is a sequence of terms and 8™(0J) is a
term with & unique constant sublerm denoted by the aymbol L;
the sai of such terms will be written T(F;0J). It will be assumed that
the term [ is leas than any other term,

For ingtance, the following term:
a
/ \
b b
/\ |
b a a

decompases into [bi<b,a>a(ll,b(a))], as described by the
following figure.

{ « 8'{0)

LI
(b)
T <GB o

Note that s”'([1) is not left-waighted. Except for the flirst
immediate sublterm, tha term is left-weighied; this is recursively
true for each first subterm of this term. Such terms will be called
almost-left-weighted.

Detinition 1: A term s of T(F.[1) is almost-feft-weighted iff
s=00
ors=i(s,...8.)
and g, is left-weighted for all i>2
and s, is aimost-tefl-weighted
and for all i,] 1 <i<jgm implies 8, =,

Note that a term is almost-ioll-weighted il it is lett-weighled. The
decompoagition ordering can be given for almost-left-weighted
terms of T(F.0) as foilows:

Definition 2: The decomposition ordering on aimost-left-weighted
terma & and t is defined ae:
a=<t |
ssdandt20]

or <,

of f,nf, and <a,’,.. B, D<K ygy Sty

orf et andda),..a Dt 1D

and 8" () <t"{00)

where ~<;.. ia the lexicographic ordering deduced from <

3. Animplementation of decomposition ordering

Lising this definition, it is possible to associate with sach
term, & tertn on & heteropeneoiss algebea with five phyls: operater
{the operators of F), triple (rapressnting the dacomposition of
ielt.weighted torma), st (representing the (sl of the
decompasitions of the aimost-lefit-weighted termsa), almost_triple
(represanting the decompositions of almost-leit-weighted terma),
aimost_list (representing the list ol decompositions, the first
slement in tha lat baing the decomposition of an almost-lelt--
weighted term). Five helerogeneous operators are piven:

¢ : {operalor, Hst, amost_triple)
~+ tripie

i : {triple*) — liat

0:¢{) - almosi_triple

al : (oparator, almost_Hst, aimosi_triple)
— gimost_triple

al: (asimosi_triple, triple*)
= aimosi_list

# must be noticed that the two opsrators i and af are pasociative,
which means their profilo is not & tupie on phyla but any sagquence
having & given farm: tor i any sequance on triple, and lor af any
sequence beginning by aimost_triple lollowed by any sequence
on Lripls. The decomposition of the term of the previous example
is reprasented by:

/\
7 \ /1\
b/!i\a |/tli\l'.'l /I
b/k!\l:l
|

l/:'l \D



The mapping associating a tree with its decomposition term is
one-to-one. To compare two decomposition terms, traverse them
in prefix order until the first difference appears. This first
difference can occur in one of three cases.

1) The operators are different. Then the leaser operator
belongs to the lesser term.

2) In the traversal, one list finished before the other one.
Then the shorter list belongs to the lesser term.

3) A subterm with phylum almost J riple corresponds to CJ
in one decomposition term and corresponds to a term with a root

at in the other one. Then O bolongs to the lesser term.

The structure presented is voluntarily redundant for

pedagogical reasons. It could be encoded by a linear list

containing only relevant information.
4. Conclusion and Perspectives

Decomposition ordering gives an easy way to order a pair of
terms. It boils down to comparing two decomposition terms using
a simple algorithm studied by Flajolet and Steyaert in their analysis
of pattern matching [2]. They consider the Catalan statistics
where the average performance of the algorithm io determined
over the set of all possible shapes of decomposition terms of given
sizes. They show that, before termination, this algorithm performs
on the average a constant number of tests for that statistics. In [8]
we use a statistics where all terms of T(F) are equiprobabie. By
elementary methods, we prove that on monadic terms, the
algorithm stops after approximately 1 + 1/v ¢ 1/nv + ¢ testa
when one term has length 1, the other has length n and, the set F
has v elements and where e is O{n/v® as n /=) . It would be
interesting to adapt Flajolet and Steyaert's method to this more
natural statistics. On the other hand we are currently designing an
efficient algorithm to build the decomposition term from term on
T(F). Generalizations of decomposition ordering to terms with
variables on partially ordered set of operators are possible, but the
definitions are more complex [11). For instance, the concept of
"left-weighted” term does not exist anymore and must be

extended.
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