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ABSTRACT 

In t h i s paper we p r e s e n t a Branch and Bound 
(B&B) f o r m u l a t i o n f o r f i n d i n g t h e min lmax v a l u e o f 
a game t r e e and show, t h a t in case a subset w i t h t h e 
b e s t bound i s chosen f o r b r a n c h i n g , t h e r e s u l t i n g 
a l g o r i t h m i s i d e n t i c a l t o t h e SSS* a l g o r i t h m w h i c h 
Stockman [ 1 ] has shown to be b e t t e r t h a n t h e A l p h a -
Beta a l g o r i t h m f o r game t r e e s e a r c h i n g . We propose 
p a r a l l e l I m p l e m e n t a t i o n s o f B&B s e a r c h f o r t h e m i n i -
max e v a l u a t i o n o f game t r e e s w h i c h l e a d to a p a r a l 
l e l i m p l e m e n t a t i o n o f SSS*. The Branch and Bound 
app roach p r o v i d e s a u n i f i e d way o f f o r m u l a t i n g and 
a n a l y z i n g t r e e s e a r c h i n g a l g o r i t h m s such as SSS* and 
A l p h a - B e t a . V i e w i n g SSS* t h i s way, i t s c o r r e c t n e s s 
p r o o f I s much e a s i e r t h a n g i v e n i n Stockman, a s i s a 
c o r r e c t n e s s p r o o f f o r p a r a l l e l I m p l e m e n t a t i o n s o f 
SSS*. 

I n t r o d u c t i o n 

V i e w i n g game t r e e s as And/Or t r e e s i t can be 
shown [ 1 ] t h a t s e a r c h f o r t h e min lmax v a l u e o f a 
game t r e e i s e q u i v a l e n t t o s e a r c h i n g f o r t h e maximum 
v a l u e d s o l u t i o n t r e e , where t h e v a l u e o f a s o l u t i o n 
t r e e i s d e f i n e d t o b e t h e minimum o f a l l i t s t i p 
v a l u e s . The a l g o r i t h m , SSS*, based on S t a t e Space 
S e a r c h , was i n t r o d u c e d by Stockman f o r comput ing t h e 
min lmax v a l u e o f game t r e e s and shown to be b e t t e r 
t h a n A l p h a - B e t a . We f o r m u l a t e a g e n e r a l Branch & 
Bound p r o c e d u r e t o f i n d t h e opt imum s o l u t i o n t r e e i n 
t h e space o f a l l p o s s i b l e s o l u t i o n t r e e s r e p r e s e n t e d 
by a game t r e e and show t h a t SSS* can be v iewed as a 
p a r t i c u l a r p r a c t i c a l I m p l e m e n t a t i o n o f t h e B&B p r o 
c e d u r e . W e a l s o i n d i c a t e b r i e f l y how t h i s f o r m u l a 
t i o n a p p l i e s t o t h e d e f i n i t i o n and a n a l y s i s o f A l p h a -
Be ta and p a r a l l e l SSS*. 

A B&B p r o c e d u r e can be v iewed as a t e c h n i q u e 
f o r f i n d i n g t h e opt imum v a l u e (maximum o r minimum) 
o f a r e a l v a l u e d f u n c t i o n f , ove r a p o s s i b l y i n f i 
n i t e domain S , w i t h o u t compu t ing t h e v a l u e o f t h e 
f u n c t i o n f o r e v e r y member o f t h e doma in . The o r i g -
i n a l s e t i s r e p e a t e d l y decomposed ( b r a n c h o p e r a t i o n ) 
i n t o s m a l l e r and s m a l l e r s e t s . Lower and upper 
bounds o f t h e f u n c t i o n f f o r t h e s e s e t s a r e c a l c u 
l a t e d . Assuming we a r e s e a r c h i n g f o r t h e maximum, 
i f t h e l owe r bound on f f o r a se t X exceeds t h e u p 
per bound f o r any o t h e r se t Y, se t Y can be I g n o r e d 
( b o u n d i n g o p e r a t i o n ) s i n c e some member o f se t X w i l l 

a lways have a h i g h e r f v a l u e compared to a l l mem
b e r s o f s e t Y . I f i t can b e shown t h a t f o r any 
member x of s e t X t h e r e e x i s t s y as a member of se t 
Y such t h a t f ( y ) ^ f ( x ) , t h e n Y dom ina tes X and se t X 
can b e e x c l u d e d f r o m f u r t h e r c o n s i d e r a t i o n w i t h o u t 
l o s s o f o p t i m a l i t y . T h i s dominance r e l a t i o n was 
used i n K o h l e r & S t e i g l l t z [ 2 ] and i s f u r t h e r d i s 
cussed i n I b a r a k i [ 3 ] . B ranch and Bound p r o c e d u r e s 
have been w i d e l y used f o r c o m b i n a t o r i a l o p t i m i z a 
t i o n p r o b l e m s . Our s t u d y o f p a r a l l e l SSS* (and 
p a r a l l e l A l p h a - B e t a ) s u g g e s t s t h a t o t h e r B&B p r o 
cedu res f o r v a r i o u s o p t i m i z a t i o n p rob lems can a l s o 
b e implemented i n p a r a l l e l . 

A B ranch & Bound P rocedu re f o r SSS* 

L e t S d e n o t e t h e s e t o f a l l s o l u t i o n t r e e s r e 
p r e s e n t e d by a game t r e e , TT d e n o t e t h e c o l l e c t i o n 
o f s e t s o f s o l u t i o n s t r e e s under c o n s i d e r a t i o n f o r 
b r a n c h i n g and b o u n d i n g , U be t h e upper bound d e 
f i n e d on a s e t o f s o l u t i o n t r e e s and D be t h e d o m i -
ance r e l a t i o n . The s e l e c t i o n o f t h e s e t w i t h m a x i 
mum upper bound , f r o m IT , is deno ted by S(TT) . The 
f o l l o w i n g B&B a l g o r i t h m t e r m i n a t e s w i t h t h e opt imum 
s o l u t i o n t r e e : 

1. ( I n i t i a l i z e ) TT «- S; U(S) «■ + «>. 
2 . ( S e l e c t ) Choose t h e se t w i t h t h e h i g h e s t upper 

bound: M «- S ( T T ) . 
3 . (Dominance T e s t ) I f t h e chosen s e t dom ina tes 

o t h e r s e t s e l i m i n a t e them. 
4 . ( T e r m i n a t i o n T e s t ) I f a l l t h e s o l u t i o n t r e e s 

r e p r e s e n t e d by t h e s e t M have some u n e x p l o r e d 
t i p nodes i n common, g o t o s t e p 6 ; e l s e i f t h e 
s e t i s a s i n g l e t o n , t e r m i n a t e — t h e opt imum d e 
c i s i o n t r e e has been f o u n d . I f t h e s e t i s n o t 
a s i n g l e t o n and does n o t have common t i p s go to 
s t e p 5 . 

5 . (B ranch) D i v i d e t h e se t M I n s e v e r a l s u b s e t s . 
A s s o c i a t e w i t h each g e n e r a t e d subse t t h e upper 
bound a s s o c i a t e d w i t h t h e p a r e n t se t M . Put 
a l l t h e g e n e r a t e d s e t s i n t o IT. 

6 . ( E v a l u a t e ) E x p l o r e t h e t i p node t i w h i c h i s 
common t o a l l s o l u t i o n t r e e s i n t h e s e t and u p 
d a t e t h e upper bound : U(M) * Min ( U ( M ) , 
V a l u e ( t l ) } ; pu t t h e se t back i n t o TT and go to 
s t e p 2 . 

F i g u r e s 1 & 2 show how t h e a l g o r i t h m w o r k s . 

* T h i s r e s e a r c h was s u p p o r t e d by NSF Grant ECS-78-
22159 t o The L a b o r a t o r y f o r P a t t e r n A n a l y s i s . 
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The a lgor i thm terminates w i t h the optimum solu-
t i o n t ree because ve s t a r t w i t h the complete set of 
so lu t i on t rees , d i v i de i t i n t o smal ler and smaller 
se ts , and e l im ina te a set only i f we are c e r t a i n 
that the optimum t ree does not l i e in i t . Termina
t i o n occures when a s ing le ton set having been com
p l e t e l y explored ( i . e . , i t s upper bound i s i t s t rue 
value) is chosen in step 2 as a set w i t h the h igh 
est upperbound. At tha t po in t one can be ce r t a i n 
that no other set has a so l u t i on t ree be t te r than 
the one chosen. The a lgor i thm is bound to t e r m i 
nate because we s t a r t w i t h a f i n i t e set of f i n i t e 
s ize so lu t i on t rees . In each i t e r a t i o n of the a l 
gor i thm we are e i t he r e l im ina t i ng some set of s o l u 
t i o n t rees from fu r t he r cons iderat ion or eva luat ing 
some unevaluated t i p s of some s o l u t i o n t rees . 

The de ta i l ed presentat ion of SSS* in Stockman 
[1] is not as t ransparent as the above B&B formula
t i o n but i t can be eas i l y seen that SSS* is equiva
l en t to the B&B procedure presented above. SSS* 
maintains a l i s t o f s ta tes of t rave rsa ls ( ca l l ed 
OPEN), each represent ing a set of s o l u t i o n t rees 
and the current upperbound associated w i t h i t . 
State expansion d i r e c t l y corresponds to branching, 
and purging of s ta tes from OPEN corresponds to e l im 
i n a t i n g the dominated sets of s o l u t i o n t rees . Thus 
SSS* can be considered a p r a c t i c a l Implementation 
of the above B&B procedure. SSS* is of i n t e r e s t be
cause it was proved by Stockman that i t never ex
plores a node that Alpha-Beta can Ignore. For prac
t i c a l d i s t r i b u t i o n s o f t i p value assignments Stockman 
exper imental ly showed that SSS* explores s t r i c t l y 
fewer game t ree nodes than Alpha-Beta. We have 
shown tha t by de f i n i ng a p a r t i c u l a r depth f i r s t 
s t ra tegy fo r se lec t i on in the above procedure, one 
gets the w e l l known Alpha-Beta a lgo r i t hm. With a 
d i f f e r e n t choice of s e l e c t , branch and evaluate 
func t ions we can come up w i t h the "SCOUT" a lgor i thm 
proposed by J. Pear l [ 4 ] . Several other competing 
a lgor i thms also can be der ived in t h i s manner. The 
above Branch & Bound method provides a u n i f i e d ap
proach to formula t ing and analyz ing var ious search 
algor i thms f o r AND/OR t rees . 

An Asynchronous P a r a l l e l Procedure; 
Pre l im inar ies 

While performing set d i v i s i o n s (node expansions 
in SSS*) i f the upperbounds o f a l l sets (of s o l u 
t ions t rees) under cons iderat ion are reduced to some 
value U ' , then the B&B procedure w i l l s t i l l f i n d the 
t rue optimum s o l u t i o n t ree i f i t s value happens to 
be less than U v . However i f the value of the o p t i 
mum t ree is greater than or equal to U' then the 
a lgor i thm w i l l terminate w i t h the value U \ Let 
BB(S,U') be the value returned by B&B if at some 
time before i t terminates upperbounds o f a l l sets 
are lowered to U ' - and l e t U* be the value of the 
optimum t r e e . Then 

U* < U' BB(S,U f) - U*; 
U* >- U' BB(S,U') - U\ 

The v a l i d i t y of t h i s statement can be eas i l y proven 
by t h i nk ing of the act of lower ing the upperbounds 
of the sets as adding an ex t ra lea f node w i t h value 
U' to a l l the s o l u t i o n t rees under cons idera t ion . 
Since the optimum value of a s o l u t i o n t ree is the 
minimum o f a l l the values a t the t i p s , t h i s m o d i f i -

ca t ion w i l l keep the optimum value i n t a c t i f i t was 
already below U ' . 

I t is easy to show that the number of t i p 
nodes evaluated by B&B (or SSS*) Is a monotonical ly 
increasing func t ion of the i n i t i a l bound associated 
w i th the s t a r t i n g set o f so lu t i on t rees . The i n i 
t i a l bound represents the guessed value of the op
t ima l so lu t i on t r e e . The more accurate t h i s guess, 
the more e f f e c t i v e the dominance r e l a t i o n becomes. 
In Alpha-Beta, t h i s corresponds to making more 
cu to f f s when be t te r alpha and beta bounds are 
known. Experiments have shown that if game t ree 
node values are chosen Independently from a uniform 
d i s t r i b u t i o n between 0 and m, then the dependence 
of the number of nodes expanded on the i n i t i a l 
bound is as shown in Figure 3. As long as the 
chosen bound is above the t rue minimax va lue , the 
smaller bound provides the cor rect minimax value 
at a s i g n i f i c a n t l y lower cos t . This fac t can be 
used in a seemingly very e f f i c i e n t asynchronous 
p a r a l l e l procedure for searching game t r ees , which 
compares favorably w i t h Baudet's p a r a l l e l imple
mentation of Alpha-Beta [ 5 ] . 

P a r a l l e l Implementation of SSS* 

Let us assume that the minimax value of a game 
t ree l i e s between -m and -Hn w i t h uniform p r o b a b i l 
i t y . If we have j u s t one processor we would s t a r t 
B&B w i t h -Hn as the i n i t i a l upper bound for the com
p le te set of so l u t i on t rees . As branching and node 
expansion proceed, upper bounds fo r var ious gener
ated subsets would become lower and lower. At t e r 
minat ion we would f i n d that the upper bound of a 
set (which has j u s t one completely explored s o l u 
t i o n t ree) becomes equal to i t s own optimum value 
and Is higher than the upper bounds of a l l the 
other se ts . 

With m u l t i p l e processors we could s t a r t sev
e r a l B&B procedures, one on each ava i lab le proces
sor , each w i th a d i f f e r e n t i n i t i a l upper bound as 
shown in Figure 4. Any time a process lowers i t s 
current g loba l upperbound it can be guaranteed that 
the minimax value is less than or equal to t h i s 
lowered g loba l upper bound. Thus in F ig . 4, i f 
process * n ' manages to lower I t s upper bound we can 
guarantee that the minimax value l i e s between -m 
and Bn where Bn is the current g loba l upper bound 
of process n. If process n is al lowed to proceed 
i t w i l l terminate w i t h the cor rec t minimax va lue. 
(Note that In the beginning we could only guarantee 
that process 1, w i t h the i n i t i a l g loba l upper bound 
of +m, would terminate w i t h the cor rec t optimum 
va lue ) . I t is c lear that processes 1 through n-1 
can sa fe ly reduce t h e i r g loba l upper bounds to some 
values below Bn and thus perform the look ahead 
func t ion which was prev ious ly performed by proces
ses 2 to n. Thus among the n processes at leas t 
one is guaranteed to f i n d the optimum value and the 
others perform a look ahead f u n c t i o n . At any time 
a process searching in a lower range f inds tha t i t s 
g loba l upper bound is c o r r e c t , i . e . , i t can be low
ered, it can take over as 'master ' and the other 
processes can perform the look ahead. These p a r a l 
l e l processes work independently and communicate 
only i f the bounds are lowered. Therefore t h i s 
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