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I n t h i s c o m m u n i c a t i o n t h e t e r m i n o l o g y 
and t h e n o t a t i o n s o f t h e p a p e r o f M a r t e l l i 
[ 1 ] a r e u s e d t h r o u g h o u t . A s i m i l a r t r e a t 
ment i s g i v e n i n t h e book o f N i l s s o n [ 2 ] . 
F a m i l i a r i t y w i t h a t l e a s t one o f t h e s e 
w o r k s i s assumed t o r e a d t h i s p a p e r . 

1 . A n i m p r o v e d v e r s i o n o f M a r t e l l i ' s a l g o -
r i t h m B 

M a r t e l l i i n h i s a l g o r i t h m B i m p r o v e d 
t h e c l a s s i c a l a l g o r i t h m A f o r f i n d i n g a 
m i n i m a l c o s t p a t h i n a g r a p h u s i n g h e u r i s 
t i c e s t i m a t e s b y i n t r o d u c i n g a g l o b a l v a r i 
a b l e F w h i c h g i v e s t h e g r e a t e s t r v a l u e s 
a c h i e v e d u p t o t h a t s t e p b y a c l o s e d n o d e . 
F i s u s e d t o c o n t r o l w h e t h e r t h e r e m a i n i n g 
c o s t s p r o m i s e d b y t h e h e u r i s t i c e s t i m a t e s 
a r e i n a c c o r d a n c e w i t h t h e p r o p a g a t i o n o f 
t h e a l g o r i t h m s o f a r . A l g o r i t h m B uses t h e 
h e u r i s t i c e s t i m a t e s o n l y i f t h e y p r o m i s e 
t o i m p r o v e t h e g l o b a l F v a l u e , o t h e r w i s e 
i t uses o n l y t h e g - e s t i m a t e s . T h i s way a l 
g o r i t h m B a v o i d s t h e p o s s i b l e e x p o n e n t i a l 
r u n n i n g t i m e o f t h e o r i g i n a l a l g o r i t h m A 
even i f t h e c o n s i s t e n c y a s s u m p t i o n does 
n o t h o l d . N e v e r t h e l e s s , some p a r t i c u l a r l y 
w r o n g h e u r i s t i c e s t i m a t e s c a n m i s l e a d t h e 
s e a r c h o f a l g o r i t h m B , a s w e l l . F i g . 1 . 
d i s p l a y s a n examp le o f M a r t e l l i f o r w h i c h 
a l g o r i t h m A r e q u i r e s 0 / 2 * 1 / node e x p a n s i o n 
and a l g o r i t h m B r e q u i r e s o n l y 0 / N * 7 e x p a n 
s i o n s . 

The i m p r o v e d a l g o r i t h m , l e t u s c a l l 
i t a l g o r i t h m B ' , i s b a s e d o n t h e o b s e r v a 
t i o n t h a t e x p a n d i n g a node may r e s u l t i n 
a p o s s i b i l i t y t o i m p r o v e t h e h e u r i s t i c e s 
t i m a t e o f t h a t n o d e , and p e r h a p s a l s o o f 
i t s son n o d e s . E . g . i n t h e g r a p h o f F i g . l . 
a f t e r e x p a n d i n g node n , t h e h e u r i s t i c e s 
t i m a t e o f n , c o u l d have been s e t 1 9 i n 
s t e a d o f z e r o s t i l l m a i n t a i n i n g t h e u p p e r 
bound p r o p e r t y o f t h e h e u r i s t i c e x t i m a t e , 
b u t t h i s change w o u l d h a v e a v o i d e d s e v e r 
a l r e o p e n i n g s o f node n . p e r f o r m e d b o t h b y 

a l g o r i t h m A * and B . O n t h e o t h e r h a n d , i f 
e . g . t h e h e u r i s t i c e s t i m a t e o f r u / a l s o i n 

the graph of F i g . l . / had been 2 3 i n s t e a d 
o f z e r o , a f t e r expanding n . the h e u r i s t i c 
es t ima te of n, cou ld have been se t 12. 
Th is o p e r a t i o n would have saved s e v e r a l 
reopen ings , as w e l l . 
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The complex i ty of a h e u r i s t i c search 
a l g o r i t h m is measured by the number of node 
expansions and not by the number of elemen
t a r y ope ra t i ons requ i red t o per form the a l 
g o r i t h m . Th is approach / a l s o taken in [l] 
and [ 2 ] / is mot iva ted by the f a c t in most of 
the a p p l i c a t i o n s t h a t the most t ime con
suming ope ra t i on is genera t ing the succes
sors of a node / i . e . the node expansion/ 
and c a l c u l a t i n g t h e i r h e u r i s t i c e s t i m a t e s , 
a l l o the r a d m i n i s t r a t i v e a c t i v i t i e s o f the 
search a lgo r i t hms are of n e g l i g i b l e com
p l e x i t y . 
Theorem 2. For every graph a l g o r i t h m B' 
expands each node at most as many t imes as 
a l g o r i t h m B , i f both a lgo r i t hms reso lve 
t i e s in the same way . -

This theorem looks very p l a u s i b l e be 
cause i n a l l cases o f i n c o n s i s t e n c i e s a l 
go r i thm B improves i t s h e u r i s t i c e s t i m a t e s , 
and in no o ther cases. However, b e t t e r heu
r i s t i c es t imates alone do not war rant b e t 
t e r per formance. I f e . g . the h e u r i s t i c es 
t imates o f the graph i n F i g . l . were a l l 
ze ro , a l g o r i t h m B would expand each node 
on ly once. On the o the r hand, a l g o r i t h m B' 
may change the o rder of expanded nodes 
d r a s t i c a l l y compared w i t h a l g o r i t h m B. In 
s p i t e o f the p l a u s i b i l i t y o f Theorem 2 . , 
the author cou ld f i n d on l y a f a i r l y long 
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I f the comp lex i t y o f a search a l g o 
r i t h m is measured by the number o f d i s -
t i n c t expanded nodes, t h i s o p t i m a l i t y p r o 
p e r t y o f A * w i l l s t i l l h o l d . But i n our 
case the comp lex i t y of a search a l g o r i t h m 
is measured by the t o t a l number of node 
expans ions , and in t h i s case the f o l l o w i n g 
theorem can be p roved : 
Theorem 5, Le t M be an a l g o r i t h m f o r f i n d -
i n g the minimal""cost pa th i n graphs us ing 
the h e u r i s t i c i n f o r m a t i o n a t tached t o the 
nodes of the g raphs . There e x i s t s an a l g o 
r i t h m s N and a graph G s o , t h a t a l g o r i t h m 
N a l so f i n d s the min imal cos t pa th i n a l l 
graphs and N r e q u i r e s fewer node expan
s ions than M when a p p l i e d to G.g 

The p r o o f o f t h i s theorem c o n s i s t s o f 
a se t o f consecu t i ve counterexamples r e 
s u l t i n g i n a graph f o r which i t i s proved 
t h a t a t l e a s t one o f i t s nodes must be 
expanded a t l e a s t tw i ce by an o p t i m a l a l 
g o r i t h m . Then an a l g o r i t h m is c o n s t r u c t e d 
which a l s o f i n d s always the min ima l cos t 
pa th bu t expands each node o f t h i s p a r t i 
c u l a r graph o n l y once. 

4 . Conclus ions 

A n improved v e r s i o n o f M a r t e l l i ' s a l 
g o r i t h m B has been d e s c r i b e d . Th i s a l g o 
r i t h m can improve i t s h e u r i s t i c es t ima tes 
d u r i n g i t s r u n . The improved a l g o r i t h m 
never r e q u i r e s more node expansions than 
the o r i g i n a l a l g o r i t h m , and i t s wo rs t case 
behav iour i s a l s o a t l e a s t tw ice b e t t e r . 
Fu r the rmore , t he re are cases , when the 
o r i g i n a l a l g o r i t h m r e q u i r e s O/N / node 
expansions f o r an N-node g raph , w h i l e the 
improved v e r s i o n r e q u i r e s o n l y 0 /N / ex 
pans ions . 

Another r e s u l t i s t h a t i f the com
p l e x i t y o f the a l g o r i t h m i s measured by 
the t o t a l number of node expans ions , no 
o v e r a l l o p t i m a l search a l g o r i t h m e x i s t s . 

The p r o o f s o f the theorems s t a t e d in 
t h i s communication w i l l be g iven i n a 
fo r thcoming paper , now in p r e p a r a t i o n . 
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