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ABSTRACT 

A m o d i f i e d v e r s i o n of PHR~- r e s o l u t i o n 
c o m p r i s i n g n e g a t i v e h y p e r - r e s o l u t i o n and 
pa ramodu la t i on i s i n t r o d u c e d t o reduce t he 
search o f s ta tements t h a t c o n t a i n t r a n s i ­
t i v e r e l a t i o n s . 

L e t R be a symbol of t r a n s i t i v e 
r e l a t i o n and l e t a nuc leus c o n t a i n t he 
l i t e r a l t R p , and l e t a f a c t o r o f an e l e c ­
t r o n be of t h e fo rm C V n t , R t 2 . M o r e o v e r 
l e t us suppose t h a t tU = t , U , where U is a 
s imu l taneous most g e n e r a l u n i f i e r f o r t he 
c o r r e s p o n d i n g c l a s h . Then the r e s o l v e n t 
o f t h i s c l a s h c o n t a i n s t he subc lause 
(C V p R t 2 ) U . Th i s r u l e o f d e d u c t i o n i s 
s a i d to Be TPHR - r u l e . 

I t i s shown t h a t TPHR"- r e s o l u t i o n i s 
comp le te . More p r e c i s e l y , i t i s shown t h a t 
t he empty c l ause a can be deduced f rom a 
se t G o f c l auses wh ich c o n t a i n s t h e axiom 
o f t r a n s i t i v i t y T r f o r t h e r e l a t i o n R 
by u s i n g PHR""- r e s o l u t i o n i f f can be 
deduced f rom the se t G - { T r } by u s i n g 
TPHR"- r e s o l u t i o n . 

The e f f i c i e n c y of t h e use of TPHR~-
r u l e i s i l l u s t r a t e d b y examples. 

The p o s s i b i l i t y f o r t h e s t r a t e g y o f 
p o s i t i v e h y p e r - r e s o l u t i o n was shown in 
L"3] to reduce t h e search to some e x t e n t . 
Some f u r t h e r ideas on t h i s s u b j e c t can be 
found in Cl ] . In t h e p r e s e n t paper we 
show how to a v o i d t h e e x p l i c i t use o f t r a n ­
s i t i v i t y axiom w i t h i n t h e s t r a t e g y o f neg ­
a t i v e h y p e r - r e s o l u t i o n . T h i s s t r a t e g y i s 
chosen because i t can be combined w i t h 
pa ramodu la t i on as i t i s shown in C2] and 
because each d e r i v a t i o n o f t h e empty 
c l ause can b e e a s i l y t r a n s f o r m e d i n t o 
d i r e c t p r o o f o f t he s ta temen t i n q u e s t i o n 
b y u s i n g n e g a t i v e h y p e r - r e s o l u t i o n 
( c f . [4]. 

R e c a l l t h a t under n e g a t i v e hype r -
r e s o l u t i o n s t r a t e g y w e d i v i d e t h e s e t o f 
a l l c l auses i n t o two p a r t s : c l auses o f 
nuc leus ( wh ich c o n t a i n one or more pos ­
i t i v e l i t e r a l s ) and e l e c t r o n s ( w h i c h 
c o n s i s t o f o n l y n e g a t i v e l i t e r a l s ) . Re­
s o l v e n t s a re a lways e l e c t r o n s . 

The i dea deve loped below i s as f o l ­
l o w s . L e t some e l e c t r o n c l a u s e C c o n t a i n 
l i t e r a l t 1 R t 2 T h i s means t h a t s ta temen t 
t 1 R t 2 shou ld Be p r o v e d . I f a nuc leus c o n ­
t a i n s a p o s i t i v e l i t e r a l o f t h e fo rm 
t1.,Rt' and U is t h e most g e n e r a l u n i f i e r 
o r t h e terms t1 , and t ' t hen t h e s ta temen t 
( t ' R t 2 ) U m igh t b e proved i n s t e a d o f t h e 
o r i g i n a l one. Now we f o r m a l l y deve lop a l l 
t h e c o n s t r u c t i o n s necessa ry . 

2. TPHR""- RULE 

F i r s t we f o r m u l a t e t h e so c a l l e d PHR-
r u l e o f r e s o l u t i o n t ype wh ich compr ises 
b o t h n e g a t i v e h y p e r - r e s o l u t i o n and p a r a ­
m o d u l a t i o n . As u s u a l l y , n e g a t i v e c l auses 
a re e l e c t r o n s , a l l t h e r e s t a re n u c l e u s . 
F a c t o r i z a t i o n i s a l l o w e d o n l y f o r t h e 
e l e c t r o n s . 
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where v , c , y , z are v a r i a b l e symbols, A , E , 
z are cons tan t symbols, f , , f2 are 
Skolem f u n c t i o n s , R, SS, P, OS are 
b i n a r y r e l a t i o n symbols. The l a t t e r s are 
o f the f o l l o w i n g meaning 

R(x,y) stands f o r " x i s i n c l u d e d i n y " 
SSIA,E) stands f o r "A is a subset of E" 
P(x,A) stands f o r "x is a p o i n t o f A" 
OS(v,x) stands f o r "v is an open sphere 

w i t h cen te r i n x " . 

Due to t r a n s i t i v i t y of r e l a t i o n R we use 
the i n f i x n o t a t i o n , i . e . we w r i t e xRy 
i n s t e a d o f R ( x , y ) . 

I n o rde r to prove the theorem the s t r a t e g y 
of nega t i ve h y p e r - r e s o l u t i o n has been 
a p p l i e d f o r . wh i l e t h i s done t h r e e l e v e l s 
o f p o s s i b l e r e s o l v e n t s have been ob ta i ned 
(see Table 1 ) . 

Note t h a t due to unforeseen c i rcumstances 
nucleus 1 d i d not p a r t i c i p a t e in the 
d e d u c t i o n . 

L i t e r a l l S S (A,E) i s p resen t i n a l l 
c l a u s e s , bu t r e s o l u t i o n w i t h nucleus 2 
e l i m i n a t e s i t . S o hav ing ob ta i ned r e ­
s o l v e n t ( T S S ( A , E ) } t he p roo f seek ing 
process i s cons idered to be s u c c e s s f u l l y 
t e r m i n a t e d . 

Note t h a t c lause 15 is subsumed by 
c lause 14 . 

Having n o t i c e d t h a t no f u r t h e r pos­
s i b i l i t i e s f o r r e s o l u t i o n are a v a i l a b l e 
nuc leus 1 was c a l l e d i n t o t he process 
and the deduc t ion went on . Namely, the 
number of r e s o l v e n t s of l e v e l n+3 was 
of n! The empty c lause D was ob ta ined at 
t he e i g h t h l e v e l . 

Yet i f we go on w i t h the deduc t ion 
by us ing TPHR-rule we o b t a i n the r e ­
s o l v e n t s presented i n Table l a , which i s 
the c o n t i n u a t i o n o f Table 1 . 

I t i s e v i d e n t t h a t the hereby desc r ibed 
deduc t i on i s much s imp le r than t h a t w i t h i n 
which nucleus 1 i . e . the t r a n s i t i v i t y 
axiom o f r e l a t i o n R is used. 

4 . 2 . Le t us now take a theorem f rom the 
f i e l d o f commutative r i n g s hav ing the 
f o l l o w i n g t e x t . 

" L e t R be a commutat ive r i n g w i t h u n i t 
e lement . L e t a,b€R. The i d e a l generated 
by the element a is denoted as a.R. Le t 
xea.R i f f a l x (where a | x means t h a t a 
d i v i d e s x , i . e . azx=a .z . Here • i s the 
b i n a r y o p e r a t i o n o f m u l t i p l y i n g i n the 
r i n g R. 
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Note t h a t the b i n a r y r e l a t i o n symbol 
I is t r a n s i t i v e , though the axiom 

c l a i m i n g t h i s p rope r t y i s absent . 
The p roo f o f the theorem, i . e . the deduc­
t i o n of □ by the use of TPHR-rule con­
s i s t s of 79 r e s o l v e n t s ( i n c l u d i n g subsu-
mat ion ). 

The d e r i v a t i o n t r e e c o n t a i n i n g on l y the 
necessary r e s o l v e n t s i s shown on F i g . l . 

However i f the t r a n s i t i v i t y axiom o f 
I is a t tached to the above se t o f 

c lauses the number o f r e s o l v e n t s w i l l be 
more than 100 ( i n c l u d i n g subsumation)on 
the seventh l e v e l a l r e a d y . 
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