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A b s t r a c t 
A counterpart to von Neumann and Morgenstern' expected 
utility theory is proposed in the framework of possibility 
theory. The existence of a utility function, representing a 
preference ordering among possibility distributions (on the 
consequences of decision-maker's actions) that satisfies a 
series of axioms pertaining to decision-maker's behavior, is 
established. The obtained utility is a generalization of 
Wald's criterion, which is recovered in case of total 
ignorance; when ignorance is only partial, the utility takes 
into account the fact that some situations are more plausible 
than others. Mathematically, the qualitative utility is 
nothing but the necessity measure of a fuzzy event in the 
sense of possibility theory (a so-called Sugeno integral). 
The possibilistic representation of uncertainty, which only 
requires a linearly ordered scale, is qualitative in nature. 
Only max, min and order-reversing operations are used on 
the scale. The axioms express a risk-averse behavior of the 
decision maker and correspond to a pessimistic view of what 
may happen. The proposed qualitative utility function is 
currently used in flexible constraint satisfaction problems 
under incomplete information. It can also be used in 
association with possibilistic logic, which is tailored to 
reasoning under incomplete states of knowledge. 

1 I n t r o d u c t i o n 

Standard approaches to decision under uncertainty are based 
on maximum expected uti l i ty theory. The expected uti l i ty 
criterion is particularly appealing since it can be justif ied on 
the basis of an axiomatic approach [von Neumann & 
Morgenstern, 1944]. However, its application requires that 
both numerical probabi l i t ies and ut i l i t ies about the 
consequences of actions are available. The representation of 
incomplete states of knowledge has led Art i f icial Intelligence 
to introduce non-probabilistic models ot" uncertainty such as 
Shafer's theory of evidence, possibi l i ty theory, and 
nonmonotonic logics. These approaches seem particularly 
suitable for the representation of states of partial ignorance 
in an unbiased way; see [Dubois et al . , 1994c] for a 
discussion. On the basis of a careful distinction between 
reasoning tasks (where consequences of the actual state of 
information are only propagated) and decision tasks (where 
choices are elaborated taking into account both uncertainty 
and preferences), it can be advocated that the probabilistic 
approach can st i l l be used at the decision level even if 
another framework is used for knowledge representation and 
reasoning purposes; thus Smets [1990] has proposed a so-
called "pignistic" transformation for computing meaningful 
probabilities (in a decision-theoretic perspective) from belief 
functions representing the available information. 

Possibility theory provides a faithful representation of par
tial ignorance, but its core is also qualitative in nature since 

it only requires a scale where max, min and order-reversing 
operations can be defined. This qualitative nature agrees with 
the fact that only poor and incomplete information is avai
lable in many practical situations. In order to cope with such 
situations, several proposals for a qualitative decision theory 
have been recently presented by Pearl [1993], Tan & Pearl 
[1994a,b] on the one hand and by Bouti l ier [1994] on the 
other hand. Both approaches are connected with default rea
soning for the handling of uncertain pieces of knowledge; 
the former, which relates to Spohn [1988] ordinal conditio
nal "kappa" functions, requires the use of scales where the 
sum or the product are meaningful, while the latter some
what gets rid of uncertainty by considering the most plau
sible states of the world only, when making a decision. The 
possibilistic approach which is presented in this paper is 
different in various respects. First, possibilistic util ity obeys 
a series of axioms which may be regarded as a qualitative 
counterpart to von Neumann & Morgenstern [1944] axioms. 
Second, uncertainty and preferences are both estimated on 
ordinal scales where the only meaningful operations are 
max, min and the reversing of the ordering. Th i rd , the 
proposed decision theory is closely associated wi th an 
approach to the modell ing of uncertainty, here the theory of 
possibility introduced by Zadeh [1978]. Fourth, a k ind of 
commensurateness assumption between possibil i ty levels 
and preference levels is made, such that a decision rates all 
the better as it makes undesirable states of affairs less possi
ble. This assumption leads to a framework where decisions 
under incomplete information can be completely ordered, 
although without resorting to numerical representation. 

The next section presents the axioms proposed as a basis 
for qualitative utility when uncertainty is modelled by means 
of possibi l i ty distr ibut ions. Section 3 establishes the 
existence of a qualitative uti l i ty function and explains how 
to compute it. Section 4 provides a brief discussion of the 
qualitative expected util ity which has been obtained. Section 
5 illustrates the usefulness of the qualitative uti l i ty function 
in order to estimate the degree of satisfaction of a flexible 
constraint under uncertainty. Section 6 discusses how 
uncertainty and preference can be jo in t ly handled using 
possibilistic logic and possibilistic uti l i ty theory. 

2 A x i o m s f o r a Q u a l i t a t i v e U t i l i t y T h e o r y 

Let X be a set of situations (states of the world), supposedly 
finite. After Savage [1974], an act is a function f f rom X to 
C, the set of possible consequences of the act. This function 
is attached to a particular decision and specifies what is the 
consequence of being in situation x when the decision is 
made; f(x) is sometimes interpreted as the expected pay-off 
of the act, when x€ X is the situation. It is supposed that 

1924 REASONING UNDER UNCERTAINTY 



DUBOIS AND PRADE 1925 



1926 REASONING UNDER UNCERTAINTY 



DUBOIS AND PRADE 1927 



plausibil ity and low uti l i ty value. 
When is the characteristic function of an ordinary subset 

A of X, i.e., when all the situations encompassed by the 
belief state are equally plausible, as already said the util ity 
u(π) simplif ies into where we recognize 

Wald [1950]'s pessimistic criterion which leads to decisions 
maximizing the minimal pay-off. In the general case, u(π) 
takes into account the fact that all the situations arc not 
equally plausible in the set 

Several authors have proposed definit ions of ut i l i ty 
funct ions in the presence of possibi l ist ic uncertainty, 
including the form described in the theorem. Yager [1979] 
has introduced the possibilistic extension of the optimistic 
maximax cr i ter ion of the form dual to (1), i.e., u(π)= 

which is the degree of possibility 
of a fuzzy set [Zadeh, 1978]. The possibilistic counterpart of 
Wald maximin criterion of the form proposed here, has been 
introduced by Whalen [1984], in terms of "d isut i l i ty" 
function where is given by (1). D(π) 
takes the form of the degree of possibility of the fuzzy set F 
(the fuzzy complement of F) of less preferred situations. 

As already pointed out (e.g., [Inuiguchi et al., 1989]), the 
expression of the necessity of a fuzzy event is a particular 
case of a fuzzy integral in the sense of Sugeno [1974]. 
Namely can be shown to be equal to (for V= 
U=[0,1]) 

wi th which is a particular case of 
Sugeno integral 

with and g is a set function monotonic 
with respect to set inclusion, such that 
Sugeno integrals can be regarded as qualitative counterparts 

to Choquet integrals of the form Sugeno 

integrals in general have been recently considered by 
Hougaard & Keiding [1994] for the util ity representation of 
preferences on the set of non-additive set functions. 

The ut i l i ty function advocated in this paper relies on the 
notion of possibi l is t ic mixture (as it can be seen in 
part icular in A x i o m 5), the result of the possibil ist ic 
mixture of and , w i th max , being equal to 

. Namely if is a possibility 
measure such that for al l events = 

then is 
again a possibi l i ty measure; see Dubois & Prade [1990]. 
This is a particular case of extended mixtures of decompo
sable measures (which are a family of set functions encom
passing probabi l i ty measures and necessity and possibility 
measures as particular cases), as studied in [Dubois et al., 
1993] where application to uti l i ty theory is pointed out. 

Last ly , it should be emphasized that the proposed 
approach to qual i ta t ive u t i l i ty closely parallels von 
Neumann & Morgenstern' theory and that there is some 
similar i ty between the two sets of axioms underlying the 
two approaches. Clearly, there are other ways of "distorting" 
classical u t i l i ty theory. For instance, one of the authors 
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in the above examp le , the ru les are not c o n f l i c t i n g . In the 
case of c o n f l i c t i n g ru les one may use the method developed 
by Benferhat et a l . [1992] for encoding except ion-prone rules 
in poss ib i l i s t i c l og i c . 

7 C o n c l u d i n g R e m a r k s 

We have proposed a u t i l i t y -based , ax iomat i ca l l y -g rounded , 
dec is ion theory w h i c h on l y requires o rd ina l scales f o r the 
assessment o f uncer ta in ty and preferences. T h e proposed 
approach opens the road to a genuine decis ion theory in the 
f r a m e w o r k o f poss i b i l i t y theory , a l ong term goal w h i c h 
was al ready at the basis of the w o r k of the Eng l i sh econo
m is t Shack le [ 1961 ] . I t can be appl ied in prob lems where 
the i n f o r m a t i o n is very r o u g h and qua l i t a t i ve , i n c l ud i ng 
dec is ion- theore t ic p l ann ing . I f we can a f fo rd scales w i t h a 
s o m e w h a t r i c h e r s t ruc tu re , we m a y , f o r ins tance, as 
suggested at the end of Sect ion 4, use a product-based rather 
than a min-based approach. D u e to the equivalence between 
"max -p roduc t " poss ib i l i t y theory and Spohn [1988] 's ord inal 
cond i t iona l "kappa" funct ions up to a rescal ing (see [Dubois 
& Prade, 1991 ] ) , i t w o u l d lead to a dec is ion- theore t i c 
f r a m e w o r k fo r kappa func t ions , whose ax iomat izat ion cou ld 
be invest igated bo th in the poss ib i l i s t i c sett ing and in the 
von N e u m a n n - M o r g e n s t e r n f r a m e w o r k ( w i t h in f in i tes ima l 
lot ter ies). Th is is a topic for fur ther research. 
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