Regularizing towards Causal Invariance: Linear Models with Proxies

Supplementary Materials

The supplementary materials are organized as follows

* (Section A): First, we give a simple 1D example to
build intuition for the theoretical results.

* (Section B): In the context of Section 3.1, we give a
concrete example to demonstrate the non-identifiability
of Qyy, defined in (12). We focus on the simple case
when W is one dimensional, and the matrix Qy re-
duces to a single number py = B3, /(83 + o),
indicating the signal-to-variance ratio of W. We give
an example of an observed distribution for which pyy is
not identified, and moreover, the optimal predictor with
respect to the robustness set C'4() is not identified
(see Figure 10).

* (Section C): Proofs for results stated in the main paper.

* (Section D): Additional results (and proofs) for Proxy
Targeted Anchor Regression (PTAR) and Cross-Proxy
TAR, deferred from the main paper.

* (Section E): Details for implementation of all experi-
ments

¢ (Section F): Additional synthetic experimental results

A. An example for building intuition

To illustrate the problem, consider the following setup,
where we observe A, XY at training time, and wish to
learn a predictor § = o + ~yx that will generalize to a new
environment where Py, (A) # Py.(A).

A
Figure 9. Simple example where X,Y, A € R.

Suppose that our data is generated under Py, as follows

A =€y, EANN(O,l)
X = A+ex, ex ~N(0,0%)
Y = A+ ey, ey ~ N(0,0%),

where €4, €x, €y are jointly independent. This simple ex-
ample demonstrates a few concepts:

* Assuming o3 > 0, the conditional expectation E[Y |
X changes as the distribution of A changes.

« We can write the residuals Y — Y as a linear function
in A and the noise variables. This holds, even if the
errors are non-Gaussian.

* The test population MSE is a convex function of «, 7.

In particular, we will see that the parameters «,~ trade
off between the variance of A and ex: There exists an
invariant solution, where o = 0,~* = 1, such that the MSE
is completely independent of A, but this is only optimal in
the setting where Var(A4) — oo.

Conditional Expectation depends on A Starting with
the assumption that A, XY are multivariate Gaussian, we
can write down the optimal predictor in the target environ-

ment, supposing that at test time P;.(A) @ N(pa,o?).
Covie(X,Y)
E [V | X = 2] = By [Y] + -\ 2 ) (0 R, (X
WY 1 X =] = Buly] + e o Bulx)
2
— IA (-
_MA+G?4+U§( (x — pa)
——
8!
= pa(l =) +z,

where if ex = 0, then v = 1 and the optimal solution does
not depend on the parameters of A, and is given by

Ei[Y|X = 2] = z. (18)

However, for any o2 > 0, the optimal solution under ;. (A)
depends on p4,0%.

Rewriting residuals Regardless of whether the Gaussian
assumption holds, for a given predictor Y =a+ yx, we
can write the error Y — Y as a function that is linear in A
and the noise variables

Y-V =(A+ey) —v(A+ex) —a
=A(l—7)+ (ey —yex — ).

Optimizing for a known target distribution The mean

2 . .

squared error E[(Y —Y") ] can be written as a function of
«, 7, and the mean and variance of A under P;.(A). Here,
all expectations are taken with respect to the test distribution.

]Ete[(y - 3?)2] = ]Ete[Ete[(y - Q)z | A”
a? — 20E . [Al(1 — )
+ (1= )’ Ere[A%] + 7702 + 02 (19)

By first-order conditions, this expression is minimized by

o%
s 20
(e i 20)

*

a’ = pa(l =77

When 0124 — 00, then v* — 1 from Equation (20). This is
intuitive, because in Equation (19), v = 1 renders the MSE
functionally independent of the distribution of A.



Regularizing towards Causal Invariance: Linear Models with Proxies

Optimizing for a worst-case distribution Equation (20)
shows the optimal solution under a known target distribu-
tion, if 4, 0124 were known in advance. However, a similar
intuition applies to the case where P (A) is unknown, but
we expect it to lie in a particular class. Consider interven-
tions of the form do(A := v), where we constrain v to lie
in the set of random variables C'(\) == {v : E[v?] < A}. In
this case, our worst-case loss is given by
)

Sup Eu[(y - Y) }
veC(\)

= sup (1—7)[—2aE[]+ (1 —)E[?]]
+a® +7%0% + oy,

where the last line does not depend on v. We observe that
a® = 0, by analyzing two cases. First, if v = 1, then
the first term is eliminated, and the only term that depends
on v is a2. Second, if v # 1, then (1 —~)* > 0, the
first term is partially maximized when E[v?] = ), and
if & # 0, then the expression can be made even larger
by choosing a deterministic = ++/)\ (instead of e.g., a
random v ~ N (0, \?)), depending on the sign of a(1 — ).
From this (and the presence of the o term in the second
line) it follows that a* = 0, in this case as well. When a =
0, the supremum is obtained by any random or deterministic
v such that E[?] = \.

With o* = 0 and taking E[v?] = X in the supremum, this
expression simplifies to
\ 2
sup E,[(Y —Y)]
veC ()
= (1=9°A+720% + 07
Differentiating with respect to vy, we obtain

A
0% + A

*

"’/:

Here, A trades off accuracy and stability; As A — oo, we
recover the solution where v* = 1, but for situations where
ag( is large and A is bounded, we are better off choosing
v < 1.

B. Example: Non-identifiability of (2,

Overview In the context of Section 3.1, we give a con-
crete example to demonstrate the non-identifiability of Qyy,
defined in (12). We focus on the simple case when W is one
dimensional, and the matrix 2y reduces to a single number
pw = B3 /(8% + o¥,), indicating the signal-to-variance
ratio of . We give an example of an observed distribution
for which pyy is not identified, and moreover, the optimal
predictor with respect to the robustness set C'4(\) is not
identified (see Figure 10).

Setup If (X,Y, W) € R? is distributed multivariate nor-
mal with zero mean, then their covariance matrix fully deter-
mines the observed distribution. Let that covariance matrix
be denoted by ¥(x y,w) € R**3, which gives us six ob-
served moments of the distribution

E[X?] .
Sxyw) = | E[XY] E[Y?] ‘ )
EWX] EWY] E[W?

where we only show the lower triangular portion, since the
matrix is symmetric. Suppose that we knew that this ob-
served distribution was generated by the following SCM,
but that we do not know the values for the parameters

(Bw, Bx, By, , 0y, 0%, %)
A=€y ea ~N(0,1)
W = BwA+ew ew ~N(0,0%)
X =BxA+ex ex ~N(0,0%)

Y =aX +ByA+ey EYNN(O7O')2/),

where €4, ey, €x, €y are jointly independent. We can at-
tempt to identify the parameters using the following rela-
tionships implied by the SCM, and matching these to the
moments that we observe

However, as we will see, this does not identify the pa-
rameters. In particular, there is a set of parameterizations
which all give rise to the same observed distribution, and
which imply different values of the signal-to-variance ratio

pw = By /(B + ofy)-

A class of observationally equivalent SCMs Let 6 =
(Bw, Bx, By s, 0%, 0%,0%) € R be the parameters of
the SCM, and let & = f() be the covariance matrix over
(X,Y, W) implied by these parameters.

For any covariance matrix X, there exists a subset C' C [0, 1]
such that for any py € C, we can write the parameters as
a function of py, such that f(0(pw)) = X. The set C is
constrained by the observed moments: In particular, as we
show below, pyr > corr(W, X)? due to the constraint that
O'g( > 0, and the condition that O'%/ > 0 also imposes a
lower bound. In particular, for the covariance matrix below,

we demonstrate numerically that [0.06,1] C C.

9 3 1
E(X,Y7W) = 3 9 2
1 2 9
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Figure 10. (a) SCM parameters that all give rise to the same observational distribution, and observe that (b) the parameter y4r(4) (as if A
were observed) can diverge substantially from the solution vp 4 r(w), When a single proxy is available. A = 5 for this example.

We now give a strategy for constructing 0(py ), given a
desired pw (including checking the constraint that this
pw € C). Suppose that W and X are positively corre-
lated, as in this example. Fixing some py € [0, 1], we start
by writing By, ow as functions of py, where

Bw = VE[W?2]pw
oy = E[W?(1 - pw).

The first constraint, that ag( > 0, can be captured as fol-
lows. Let px = % /E[X?]. Observe that \/pxpw =
corr(W, X). This implies a lower bound on pyy, given by
pw > corr(W, X)?, since px < 1 due to 0% > 0. This
also implies that px is determined uniquely by py, and is
given by px = corr(W, X)?/pw . From this we can write

Bx = VE[X?]px
0% =E[X?](1 - px).

These choices for (8w, 0%, Bx, 0% ) match the observed
moments E[X 2], E[W?2], E[W X]. Then the rest of the pa-
rameters can be found as follows, where Sy, Bx are fixed
as above

_ 1  E[XY]E[WX]
= = (V- S )

_ E[XY] - ByBx

T EXY

0% = E[Y?] - 2 — 208y fx — o*E[X?]

where all of these are functions of pyy, in that 8y, Bx are
functions of pyy . It remains to verify that for a given choice
of py, we satisfy the constraint that o3- > 0. For simplicity,
we check this constraint computationally in the context of
Example 1, for a range of values of py, and we give the
set of observationally-equivalent parameters in Figure 10a,
where valid values of py range over [0.06, 1].

Next we show that the Proxy Anchor Regression estimator,
YPAR(W)» differs from the Anchor Regression estimator,
YAR(A)> and more so when py, becomes small. This is
shown in Figure 10b, for A = 5, and we give the relevant
computations here.

Solution to PAR(WW) If we have a single proxy, then we

can write down the optimization problem Equation (10) as
min E[(Y —7X)?] + AE[(Y — vX)W]E[W?] !
v

=minE[Y?] — 29E[Y X] + v*E[X?]
Y

+ AE[YW] - 1E[XW])’E[W?] ",
from which we obtain the optimal solution

_ E[YX|E[W?] + AE[Y W]
TPARW) = BIX2E[W?] + AE[X W]

Solution to AR(A) First, we can write the residual as
Y -Y =Y -—~X
=aX + PyA+ey —vBxA—vex
=a(fxA+ex)+PrA+ey —yBxA—yex
= A((a = 7)Bx + fy) + (@ = 7)ex + ey,

such that the expected squared error is given by
N
IEdo(A::z/) (Y - Y)
= ((a = )Bx + By)’E[*) + (a = 7)°0% + 0%, @D)

and when v € {v : E[v?] < (1 + \)}, taking the supre-
mum involves replacing E[?] with (1 + \). Optimizing
Equation (21) with respect to v, we obtain

0

gy (= MBx + 8" A+ N + (@ =)ok +oF

= —2Bx(aBx —Bx + By)(1 + A) — 2(a —7)o%,
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which implies that
0= Bx(aBx —Bx + By)(1+X) + (a =)ok

= (aB% + BxBy )1+ \) —B% (1 + \) + ack — vo%,

so that the optimal choice of y is given by

(af% + BxBy)(1 + ) +aok

B3 (1+ X))+ 0% '
If A = —1, this recovers the causal effect of X on Y, and if
A — 00, this recovers a set of coefficients that are invariant
to variation in A, as can be seen by plugging the resulting
coefficient v = o + By /Bx into Equation (21).

YAR(A) =

C. Proofs
C.1. Auxiliary results

First, we show that the proof of Theorem 1 of Rothenhéusler
et al. (2021) can be decomposed into two parts, and use this
observation to simplify the proof of our Theorem 1. Propo-
sition A1 establishes that £ p; g can be written as a quadratic
form in the structural parameters w,I M 4. Proposition A2
is a straightforward generalization of the techniques used in
Rothenhdusler et al. (2021), and establishes that any regular-
ization term that can be written in this way naturally implies
a robustness guarantee.

By Assumption 1, our SCM can be written in the following
form, where € 1L A, and all variables are mean-zero and
have bounded covariance.

X
Y | = (Id—B) ' (MsA+e).
H

In this context, we use the following notational shorthand,

(22)

>
wyi= (d=B)gly, —~ "= B, ) @Y

such that we can write the residual as a function of both the

exogenous noise € and A as
R(y) =Y —y"X =w](e+ MaA), (24

under the training distribution. (This identity explains the
valley in the loss landscape displayed in Figure 3: If d4 > 2,
for any parameter -y, there exist an orthogonal intervention
direction v € (w;r M )L, to which the loss is invariant.)

Proposition Al. Under Assumption 1,
lprs(X,Y, A;y)
= w) MAE[AATM jw,, (25)
and
Cprs(X,Y,W;y)
— w MAE[AW TJEWW ] ' E[WAT|Mfw,, (26)

where w., is defined by Equation (23).

Proof. The first statement follows from Equation (6) and
the observation that
E[R(y)AT] = Ewy (¢ + MaA)AT]
= wIIE[eAT] + wIMA]E[AAT]
=w, MAE[AAT],
where we used ¢ 1L A. Similarly
lprs(X, Y, W;7)
= E[R()W EWWT] EWR() ]
— Efw! (e + MAW JEWW ] 'E[WR(y)"]
— w! MAE[AW T EWW ] EWAT M w,,

where the first equality follows from Equation (6), and the
final equality follows from the fact that e I TW. O

Proposition A2. Under Assumption 1, for any A\ and any
real, symmetric §) such that 0 < E[AAT] + \Q, any loss
function of the form

0y, A) == Lrs(X,Y;7y) + Awy MaQM jwy,  (27)
where w., is defined by Equation (23), is equal to the follow-
ing worst-case loss under bounded perturbations

2
E(’Ya)‘) = Sup Edo(A::u)KY - ’YTX) ]a
veC(\)

where

C\) = {v:Epw'] <E[AAT] + AQ}.

Proof. We have, making use of the fact that ¢ 1. A, and
Ele =0

2
sup IEdo(A::u) |:(Y _’YTX) }
veC ()

2
= Ssup IEdo A=v ('wT(6 + MAV))
veC(n) (4:=v) [ 7 }
=E (w,—yre)2 + sup E[(w;rMAV)Q]
- - veC(\)

=E (wWTE)2 + sup wIMAIE[Z/VT]MATwW
- - veC(\)

=B |(w )] + w] Ma(EAAT] + AQ) M4 w,

=K »(wIG)Q- + wIMAE[AAT]MATwﬁ,

+ Aw] MaQM 4 " w,,

= E [(w] (e + MAA))Z} + ] MAQMA T w,
= lrs(X,Y37) + Awg MaQMa ' w,

=L(7, ),
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where in the fifth line we used the definition of C(\). The
supremum is achievable even if v is a deterministic vector,

since we can take v = \/% where S = E[AAT] + \Q

and b == M4 "w,. Then the supremum value is achieved

T T T
by v, as vl = i’ﬁ’sf and b Th = % =bT 9.

To show that vvT < S, such that v € C()), we can take
any conformable vector x to see that

TaoppT
T T T x' Sbb' Sz
z (S—w'z=z Sx—w
_ (,b)?
- <Jf,x> <b, b>
>0

)

where we use the fact that (e, f) := e Sf defines an inner
product, and we apply Cauchy-Schwarz: (z,z)(b,b) >
(z,b)2. O

In the proofs for Section 3, we will occasionally make use
of the following fact, which we prove here to simplify expo-
sition later on.

Proposition A3. In the setting of a single proxy (i.e., under
Assumptions 1 and 2) let Qv be defined as follows

Qu =EAWTEWW ] 'EWAT]. (28

Then Qy, < E[AAT]. Furthermore, if Elew el is posi-
tive definite, then this inequality is strict, that is, Qw <
E[AAT].

Proof. Recall that E[AAT] and E[WW 7] are invertible
(and hence positive definite) by assumption.

The inequality Qy < E[AAT] is equivalent to showing
that § := E[AAT] — E[AW T JE[WW | "E[WAT] = 0.
Observe that S is the Schur complement of the matrix

.
A A 1 . .o, . .
<W> (W) 1 . The matrix K is positive semi-

definite (PSD) if and only if E[AAT] is positive definite
(true by assumption) and .S is PSD (see Zhang (2006, Theo-
rem 1.12b)). Since K is PSD by construction, as the covari-
ance matrix of A, W, this implies that S > 0.

Similarly, K is positive definite (PD) if and only if E[AAT]
and S are both PD (see Zhang (2006, Theorem 1.12a)).
Under the condition that E[ey €];,] is full-rank, then K is
PD, and the second inequality follows. O

K =E

C.2. Proof of additional results
Proof of Equation (9). It follows from Proposition A1 that
lprs(X,Y, A7) = wy MaQa M w,
KPLS(X7 Y7 W7 FY) = wIMAQWMXw’W

where Qyy = E[AWT|E[WW ] 'E[WAT] and Q4 :=
E[AAT] are both full rank because E[AWT] =
E[AAT]Bw and by assumptions that E[WW "], E[AAT]
and By are full rank. Hence both {p;s(X,Y, A;v) and
lprs(X,Y,W;r) are zero exactly when w] My = 0. O

C.3. Proof of main results

C.3.1. SECTION 3

Proof of Theorem 1. We use the fact that € is mean-zero and
independent of both A and W. Recall that

Lpar(Wiv, A) =Lrs(y) + Mprs(W;7),

where we suppress the dependence on X, Y in the notation.
Letting w., be as defined in Equation (23), it follows from
Equation (26) that

lprs(X,Y,W;7)
— w] My E[AW T EWW ] E[WAT] M w,.

Qw

The statement then follows from the application of Propo-
sition A2, and the fact that Qy < E[AAT] (by Proposi-
tion A3), such that E[AAT|+AQy = Oforall A > —1. [

Proof of Proposition 1. Recall that the guarantee regions
are given by
Ca(\) ={v:E[ww'] <E[AAT] + AE[AAT]}
Cw\) = {v:Epw'] < E[AAT] + A}
Cors = {v:Elw ] <E[AAT]},

IA

where
Qu = E[AWTIEWW ] 'E[WAT].

The fact that EWW )™ » 0 implies Qy = 0, and
this implies that Cors C Cw(\) for A > 0. Showing
Cw (X) C Ca(X) amounts to showing that Qy < E[AAT],
which holds by Proposition A3 when E[eyej};] > 0.

Next, we prove that C'yy is monotonically decreasing in the
noise E[ey €}, in the sense that if E[eyefy,] < E[nwnyy]
then

-1
E, [AW T IE,[WW ] E,[WA]
< EJAWTE[WW ] 'E W AT,
where E,, is the expectation in the SCM where W := B}, A+
nw (and similar for E.).

Suppose that Elewel,] =< Elnwnyl. Then
E,[WWT]™" < EJWWT]™", and since E,[AW ] =
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E.JAW T], for any vector z € R%4 it holds that,
(B[ WA J2) E,[WWT] " (E
< (B WA |2) E[WWT] ' (E

This establishes the matrix inequality.

o [WAT]z)
(WA z).

To conclude the proof, suppose that E[eyeqy,] = 0, da =
dw and that By has full rank. It then follows that

Qw = E[AWTEWW ] 'E[WAT]
= E[AAT 8w (B E[AATBw) Bl E[AAT]
= E[AAT 18w By E[AAT] B, Bl E[AAT]
=E[AAT],
such that Cyy () = E[AAT] + AQw = (1 + N\)E[AAT] =
Ca(N). O

Proof of Theorem 2. Let w~ be defined as in Equation (23).

We can write the population quantity as follows, making use
of the fact that €, €z, and €y are jointly independent, and
that all errors have zero mean.

U (W, Z;7)
=E[(Y —TX)WTIE[ZW ] E[Z(Y =47 X)
= E[w] (MaA+ W E[ZWT]
E[Z(ATM] + ¢ u,)
= wl MAR[AW T E[ZzW ] 'E
= wy MAE[A(AT Bw + ey )]
E[(85 A+ ) (AT Bw + )]
E[(Bz A+ ez)ATIM jw,
— w] MAEIAAT 8w (BJEIAAT)8w)
BZE[AATIM j w,
= vaMA]E[AAT]ﬁWﬂEVIE[AAT]_l
SJE[AATIM fw,
= w] MAE[AAT|E[AAT]"
= w] MAE[AATIM{w,

]

[ZAT]MXUJW

65"
E[AATIM j w,

The result follows from Proposition Al. O

In the main text, we state that the XPAR(W, Z) objective is
convex in 7y and has a closed form solution. We give the
proof here:

Proposition A4. Under Assumptions 1, 3 and 4, the loss in
Equation (14) is convex in vy, and its minimizer is given by

Vipar = CEXXT]+ML+LT) "

(2E[XY 7] + \(K; + Ka))

where we define

L:=EXWT|E[ZW ] 'E[ZX ],
K :=EXWTEZW | 'E[ZY ]
Ky :=E[XZEWZ | 'EWY].

Proof. By  Theorem 2 and  Equation  (7),
buparW, Z;v,N) = Lar(X,Y,A;v,)\), and the
latter is convex in <, since it is the sum ¢ g, which is
convex, and Mprs(X,Y, A;~), which is a quadratic form
by Proposition Al and hence convex.

Consequently optimal solution can be found by taking the
gradient of £y par(W, Z; v, \) = €15 + M« with respect
to v and equating it to 0. Letting D := E[ZW "]}, we
can differentiate ¢, p o g term wise, using Equation (13) to
rewrite £ :

0=2y EXXT]-2E[YXT]
— AE[YW |DE[ZX "]
—AE[YZTIDTEWXT]
+M(L+LT),
where L = E[XW'T|E[ZWT]7'E[ZXT]. Defin-
ing K; = E[XWT]DE[ZYT] and K, :=
E[XZT]DTE[WY T], and rearranging, we obtain:
YTREXXT]+ ML +LT))
=2E[YX "]+ \K| + K, ),

so by transposing and solving for 7, we get the expression
from the statement. [

C.3.2. SECTION 4

Proof of Proposition 2. Let w.,, be defined by (23) and for
any -y let bI = w,j M 4. We can write the loss as follows

2
Egoaen)[(Y =7 X —a)]

E((w] (e + Mav) — )]

[(w €+ U)TMAI/ - a)2]

2

d”n«:[( )] + E[(w] Mav — )]

= E((w] ¢)"] + E[(w] MaA)’]

—El(w] MaA)] + E[(w] Mav — a)’]
= l1s(7) — E[(b] A)°] + E[(b] v — )]
=/lps(7) —bJE[AAT]b,

+ b:'y—IEl[w/T]b,y - 2]E[b;'—1/]04 + o?
=lrs(7)+b) (Evw'] —E[AAT]) b,
— 2E[b1—u]a + a?
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=lrs(v)
+b] (B[] - E[AAT]) b, — (b E[v))*
+ (T EW)” - 2B[b] v]a +
2
=Llrs(y) + b:yr (2, —X4)by + (b,—yr]E[z/] — a) ,
where for any value of ~y, that minimizing with respect
to « yields o* = b E[v], where b] = w] M4. Given
that we can write the structural relationship Y — 4" X =

bIA + wVTe, and knowing that E[e] = 0 and that e 1. A, we

know that bIA is the conditional expectation of R(v) given
A. O

In the main text, we note that Equation (16) (the objective
function {74 g) is convex in 7, «, and has a closed form
solution. We prove that result here.

Proposition AS. Under Assumption 1, the minimizer
Vi AR Crar of Equation (16) is given by
v = (E[XX ]+ E[XATIQE[AX "))
(EXY "] +E[XAT]QE[AY T])
ot = b;ul,,

where Q) = IE[AAT]fl(EV - EA)E[AAT]A, and b] is
defined in Equation (15).

Proof of Proposition A5. Let w., be as defined in Equa-
tion (23) and let b:yr = w;'—MA. Since E[(Y — yTX) |
Al = Elw] [MaA + €] | A] = b] A, for any v, b] is the
linear regression coefficient of (Y — ' X) onto 4, so we
may write b = E[(Y — " X)AT|E[AAT]~". Plugging
in the optimal value () := b, 1,,, we obtain

Crar(A; piy, X,y (7))

=lrs(y) +b) (S, —Sa)b,

-
=lrs(y) +E[(Y =7  X)ATIQE[A(Y — 7" X) ]

This objective is convex in . The derivative of the loss with
respect to -y is

—2E[(Y =" X)X ] +E[(Y -+ X)AT]QE[AX ),
and equating to 0 and solving for -y yields

7' = (EXXT] + E[X ATIOE[AX )"

(E(XY "] +E[XAT]QE[AY ']).
O

We also claim in the main text that if v is a constant, then
the minimizer of Equation (16) can be found by performing
OLS using both X, A as predictors, and then plugging in
the known value v for A in prediction. We prove that result
here.

Proof. If v is a constant, then we can write the first two
terms as follows, where w,, is defined in Equation (23).

lrs —b] Sab,

— B[(w] (MaA +€))"] —w] MAE[AAT|M ] b,
= E[(w] (MaA + )] — E[(w] MaA)]

~ El(w]¢)]

which is equivalent to the objective for the loss when
Y, X are residualized with respect to A (see Section 8.6
of Rothenhiusler et al. (2021)). By the Frish-Waugh-Lovell
theorem (Lovell, 1963; 2008), this yields the same coeffi-
cients 7y for X as if we had performed regression on X, A
together. For this value of 7, bI is the coefficient that we
would obtain for A in the joint regression, because it equals
the regression coefficients for Y — " X on A. O

Proof of Proposition 3. We use v to denote the random
shift. Let v € T'(u,,, 2,,), or equivalently, let v == p,, + 9,
where y1,, is fixed and J satisfies the constraint that E[66 "] =<
>, where Y, is a symmetric positive definite matrix. Let
w,, be defined by (23) and for any v let b = w.] M 4. We
can write the loss as follows

2

]

sup Edo(A::y) [(Y - ’VTX - O[)
veT

= sup E[(wj(e + Mav) — a)Q}
veT

= sup ]E[(w,—yre + w,—erAl/ - a)2]

veT
= E{(w]e)’) + supBftw] Mav — )]
= El(w] ¢)’] + E[(w] M4A)’]
~ El(w] MaA)'] + sup El(w] Mav = a)’]

2] -+ sup E[(b:yrz/ — 04)2],

=Llrs(v) — ]E[(bIA) up

where on the fourth line we used the fact that E[ev] = 0 by
the fact that v = p,, + 4§, and ¢ is independent of €. In the
last line we replaced wI My by b,I. We can re-write the
last term as follows, where the supremum with respect to §
is constrained in the set E[§6 '] < %,

sup ]E[(b:ly—l/ - a)Q]
veT

= sup
S:E[55T]=S,

= sup E[(b] 6 + b] i, — )]
)

E[(b] (5 + 1) — )]

= supE[(0]0)"] + 2B[(b] 0))(b] o — @) + E[(b] py — 0)°

2
= by Buby +2 byl - |05 1w — @ + (by  — @),



Regularizing towards Causal Invariance: Linear Models with Proxies

where [|b, ||y, = /b]X,b, is the norm induced by the
inner product defined with respect to 3,,. In the last line,
we have used the fact that the expression is maximized
(subject to the constraint) by the deterministic distribution

0 = i\/% where the sign depends on the sign of
(b,j,uy — ) 0, satisfies bj(;*éjb,y = bIZubw, maximizing
the first term. Further, the second term is also maximized
by d., because if any other random or deterministic ¢ satis-
fies [Eb 6| > b, 6./, it follows by Jensens inequality that
E[(bjy—é)Q] > (E[(bjy—é)])Q > (b:';é*)z = bIEybv, such that
E[66T] = %,, so § is not in the set over which the supre-
mum is taken. Consequently, the supremum is attained at
0+, because 0, maximizes both terms.

Using this expression for the supremum, we can write the
objective as

2
sup IEdo(A::u) [(Y - ’YTX - a) ]
veT
=lrs(y) +b) (2 —Za)b,
2
+ 2|6yl - |b:/rMV - 0" + (b;r:uu —a),

for which the optimal choice of a* is given by b:'; Ly, for
any v, and for this choice of «, we can see that y* =
argmin,, £1,5() —|—b:yr (X, —3a)bsy. O

D. Targeting with proxies

Definition 6 (Proxy Targeted Anchor Regression). Let ji ==
Ego(a:=1)[W] denote the mean of W under intervention,

and let ¥y = Covgo(a:—,) (W) denote the covariance. We
define

ZPTAR(W;/]@ SW777O[) (29)
< ~ 2
:[Ls(’)/)'i‘c:yr (Ew—zw) C,Y—i—(cjy—,u—a) ,

where ¢] = E[R(y)W T |Zw .

As mentioned in the main text, Equation (29) is not generally
equal to Equation (16), and does not generally yield the
optimal predictor under the targeted loss. A simple example
is given in Proposition A6.

Proposition A6. Assume Assumptions 1, 2, and that
Elew ey ] is full rank. Let v @ay 7 for the deterministic

vector nT = E[R(7%.5)A "], where @ indicates equality
of distribution, and assume 1n # 0. Then, the minimizers of
Equations (16) and (29) differ, in that

* *
aprar < OTAR
and if dww = da = 1, and A has unit variance, then

Shran — gy, where pry = By /(B + Elel ).

Proof. The assumption that v = A + 7 implies that 3, —
¥4 =0, and E[v] = n. That is, we have changed the mean
of the distribution, but not the covariance. This implies

E[W] = BwE] = Biyn
S — Ew = B (S, — Sa)Bw =0,
where in the second equation we use the fact that Yy =
WwEIAAT]Bw + Eleweyy] (and similarly for Xy;,), and

the ey terms cancel in the subtraction. We can then write
both objectives as follows

Cprar(W,W;7,q)

= trs(y) + (c] Bin — @)’

= (25(7) + (BIR()AT)8w S5 Biyn — )
brar(A,v;vy, )

=lrs(y) + (byn— a)2

= trs(7) + (E[R()ATIS ' — a)

This gives the optimal value of « in both cases as the value
that minimizes the second term

aprar = E[R(Vprar)AT1(Bw Sy By )n
o ar =E[R(viar)ATIEL " n,

and since the second term can be made equal to zero by
these choices of «, the optimal ~y in both cases is identically
YprAr = Yrar = Yors the value of v that minimizes
the first term £, (7). Hence, we can write the difference
between these terms as

Oé*TAR — Qprar
=E[R(Ls)ATI(EL" — BwEy) B )E[AR(YSLs)],

where we have replaced n with the assumed value of
E[AR(v5g)]- By assumption, ¥ 4 is full-rank, so that
matrix Q = (X' — BwXy/ Byy) is positive definite if
and only if 3 423 4 is positive definite. Working with this
representation, we can see that

YaA0YA =34 — SaBw iy By Ea
=E[AAT] —E[AW T EWW ] 'E[WAT]
=0,
where the last line follows from Proposition A3. In the case

where dyy = d4 = 1, and A has unit variance, then let
pw = B3, /(B3 + Eleiy]), and observe that

* 2 * _ 2
OprAR =T PW Qrap =1 -
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Proposition A6 describes a worst-case mean-shift in A,
where 7 is taken in the direction that maximizes the loss of
the OLS solution 7, ¢. This is also a particularly simple
case to analyze for building intuition, because the optimal
solution to both Equations (16) and (29) is to take v = 7515
and to estimate an intercept term « equal to the bias incurred
by the shift in the mean of A. However, the noise in W re-
sults in under-estimating the impact of the shift, and the gap
to the optimal solution depends on the signal-to-variance
relationship in W, which (as discussed in Section 3) is not
generally identified.

We also prove that the Cross-Proxy Targeted Anchor Re-
gression objective is equal to that of Targeted Anchor Re-
gression.

Theorem 3. Under Assumptions 1, 3, and 4, for all v €
R, a € R,

JR 2
Curar(W, Z; i, Bw, 7, @) = Ego(amn) [(Y =77 X = a)7]

where [i = Ego(a.—y,)[W] is the mean of W under interven-

tion, and Sy is the covariance Sy = Covgo(a: ,,)(W).

Proof of Theorem 3. We have

= E[R()ZTEWZT])"
E[R(7)(AT Bz +€;)]

E[(By A+ ew)(BFA+ez) ']

(
(

= [R(V)AT]Bz(ﬂwE[AATWz)
E[R(7)AT)(E[AAT]) (BF)
while
i = B ElV]
Sw — Sw = By (S — Ta)Bw-

With b:/r = w;r M 4 and w., defined by (23), we have that
al—,& = b:';E[V}
G/I(EW - ZW)G"y = bI(ZV - ZA)b,y,
which is equivalent to 7 ar(A; iy, Xy, v, &) (Definition 4,

Equation (16)). The proof is complete by Proposition 2. [

Note that the argument is symmetric for using an observed
shift in either Z or W, so it suffices to know the anticipated
shift with respect to one proxy.

E. Details for experiments

E.1. Details of Section 5.1

We outline the details of the simulation experiment in Sec-
tion 5.1.

Summary We simulate a training data set Dy, from a
SCM that induces the structure in Figure 2, fix A := 5 and
fit estimators PAR(WW) and xPAR(W, Z). We consider the
intervention Pyo( 4.,y with v = (—2.83,0.35,0.71) ", and
simulate a test data set Die from that distribution. We then
compute the intervention mean squared prediction error
(MSPE) EdO(A:V)[(Y — 7T X)?] both for PAR(W) and
xPAR(W, Z). We repeat this procedure m = 10° times for
several signal-to-variance ratios = (not including 0), and
display the quantiles of the losses in Figure 5. We also plot
the population losses Ego(4.—,)[(Y — 7T X)?] for PAR(W)
and xPAR(W, Z), as well as AR(A) and OLS.

Technical details We let E[AAT] = 3 = Id and
Eleweyy] = s21d, such that W = BT A + s - €. Then
Qw as defined in Equation (11) simplifies to

Qw = E[AAT]B(8"E[AAT]5 + Eleweyy]) '8 E[AAT]
1
= ——Id.
14 s?
We call z = (1 + s?)~! the signal-to-variance ratio, and
we can obtain a given signal-to-variance ratio x, by setting
(1—2a)/x.
For each n € {150,500} and signal-to-variance ratio
x € {1/20,2/20,...,20/20}, we set s = /(1 —x)/x
and sample a data set ths fori: =1,...,5000, each with
sample size n, from the structural equations:

A:i=¢€y (30)
W.=A+s-ew
Z=A+s-¢ez

(Y,X,H):= (Id—B)""(MA +e),

WheredA :dW :dZ :dX :3,dy :dH = 1. M and
B are given by

1 0 -2 0 -2 2 0 1
0 2 1 0 0 000

M=|-1 3 o0o/|,B=|0 0 00 0f,
2 2 -3 30 00 1
0 -2 2 0 0 00 0

and all noise variables are i.i.d., €4, ew, €z, € ~ N (0, Id).
For every combination (2, s) we have 5000 data sets D}, , ,
1 =1,...,5000. For each data set, we compute the proxy
estimators 7;,5,W and ’y;z,s,W; 4, using one or two proxies
respectively, and we simulate 5000 corresponding test data
sets of size n from Py, 4.—,) (using the structural equations
above, except for changing the assignment for A to A =
v). The prediction MSE for the i’th test data set is then
+ 3001 (Y; =~ T X;)?, resulting in 5000 values of the MSE

for each comb1nat1on of (n,s).

At each combination of (n, s) we plot the median by a line
of the estimated worst case losses, and by a shaded region
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indicate the interval between the 25% and 75% quantiles of
the observed distribution. We plot the median instead of the
mean since for small z, s? = 1_Tx is large, and especially
for WCLZ)S(VV7 Z) and n = 150, the mean will be driven
very much by outliers for small x.

The population versions of losses for any s is computed
first by computing the population estimators  from the
parameter matrices M, B, and then computing the loss
at v by Egoam)[(Y — 7" X)?] = w) Mvv™ M w, +
w.) Elee ' w,.

E.2. Details of Section 5.2

We outline the details of the simulation experiment in Sec-
tion 5.2.

Summary We analyze the effect of applying anchor re-
gression with one proxy, PAR(W), when the signal-to-
variance ratio is potentially misspecified. To do so, we sim-
ulate data from the same SCM as in Section 5.1 (n = 10%),
and in particular from a range of true (unknown) signal-to-
variance ratios = € (0, 1]. To each data set, we apply an-
chor regression with one proxy, PAR(W), and with A := 5.
We further assume the signal-to-variance ratio to be 40%
— independently of its true value. This means, by Proposi-
tion 1, that we assume that PAR(WW) minimizes the worst
case mean squared prediction error (MSPE) over the region
C :={vv" 2 (1+0.4-\)E[AAT]}, with the worst case
MSPE for being equal to the optimal value of the PAR(W)
objective function. If x = 0.4, then PAR(W) indeed mini-
mizes the worst case MSPE over C' and the estimated worst
case MSPE over C'is close to the actual worst case MSPE
over C'. But if x # 0.4, the estimator minimizes the worst
case MSPE over a different set, and then expect that the true
worst case MSPE over C' differs from its estimate. Figure 6
shows that this is indeed the case: We observe that if the true
signal-to-variance ratio is larger than the assumed 40%, our
estimate of the MSPE is too conservative. On the contrary,
if the true signal-to-variance ratio is smaller than assumed,
our estimates of the MSPE over C are too small, meaning
that we underestimate the worst case MSPE in the region

C.

Technical details For a fixed signal-to-variance ratio z,
we simulate a training data set Dy, (n = 10%) from the
same procedure as in Section E.1, i.e. using the structural
equations in Equation (30), and with the same parameters
M and B. We fit the PAR(W) estimator to the data using
A := b5, and the estimated worst case mean squared predic-
tion error (MSPE) over C is then the value of the objective
function in the estimated parameter (by Theorem 1).

To find the actual worst case MSPE over C for a given

estimator A\, we use the fact from Equation (24) that
Eao(a=n) (R =7 X)?*] = (byv)* +wjw,, (1)

where we use that Efee'] = Id, w, is given by Equa-
tion (23) and b:'y— = w:{r M 4. The second term doesn’t de-
pend on v, and since C'is spherical, the worst case MSPE
over C is attained in the direction v o b,, with v normal-
ized such that ||v||? = (1 + 0.4 - \) (that is v lies on the
boundary of C'). Using the known M and B, we compute
W~ , by, and the actual worst case MSPE over C is given by

Equation (31) plugging in v = b, - /(1 4+ 0.4 - X)/||b, .

We compute also the worst case MSPE over C' when us-
ing an OLS estimator for the prediction. We fit 4ors
from Di,qin, and, as for the actual MSPE of PAR(W),
the worst case MSPE over C' using OLS can be com-
puted, by computing vectors by, s, W5, s- Again the
worst case MSPE over C using Yo is attained by set-
ting v = b55,5 - /(14 0.4- A)/[[b5,, || and plugging v,

b40.s and ws,,, . into Equation (31).

For every signal-to-variance ratio « € {1/20,...,20/20},
we repeat the procedure m = 1000 times, for each comput-
ing the estimated and actual MSPEs. In Figure 6 we plot the
median MSPE as well as the interval from the 25% quantile
to the 75% quantile.

E.3. Details of Section 5.3

We outline the details of the simulation experiment in Sec-
tion 5.3.

Summary We demonstrate the ability of Proxy Anchor
Regression to select invariant predictors, in a synthetic set-
ting where predictors X may contain both causal and anti-
causal predictors. We simulate data sets (n = 10°) from a
SCM with the structure shown in Figure 7 (top), where one
anchor, A1, is a parent of the causal predictors, while the
other A, is a parent of the anti-causal predictors.

We consider two identically distributed noisy proxies W, Z
of A := (A1, Ay). The challenge, in this scenario, is that A
is measured with significantly more noise than A;, across
both proxies. As a consequence, proxy anchor regression
with one proxy, PAR(W), puts more weight on anti-causal
features: the noise in W is mistaken for fluctuations in
Ao, resulting in X causal Mistakenly appearing invariant to
shifts in A,. In contrast, when two proxies W, Z are avail-
able, the estimator xPAR(W, Z) asymptotically equals that
of anchor regression with observed anchors, and its regres-
sion coefficients puts more weight on the causal predictors;
see Figure 7 (bottom).

Technical details With ds, = da, = dw = dw = 6,
AX s = DX e = S and dy = 1, we simulate data from



Regularizing towards Causal Invariance: Linear Models with Proxies

the SCM in Figure 7 (top) which amounts to simulating
from the following structural equations:

Ay i=€4,
Asi=€a4,
W= (A1, 42)" + (ew,ew2)
Z = (A1, A2)" + (ez1,€22)"
Xeausal := M1 A1 + €x

Y = 'Yc—gusalXcausal + €y
XZ = MQAQ + ’Yanti—causalY + €X,

anti-causal *

Here M; € R%awa*%41 and My € R%umicusa %42 are
matrices with 1 in every entry, Yeausa = (1/4,1/4,1/4)7
and Yang-causast = (4,4,4)7 (such that the regression
coefficients of Y onto Xcausal, Xanticausat are of simi-
lar magnitudes). All noise terms are independent and
€A1 €As 5 € Xeuusa ) € Xantivcausal » €Y 7 N(07 Id)’ and ew,1,€z,1 ™~
N(O, Id), EW,Q, 6272 ~ N(O, 32 . Id)

We simulate a data set D (n = 10°) from these structural
equations, and fit the proxy anchor regression estimators
(W) and v(W, Z) from Section 3. We repeat this m = 10*
times, and display the mean absolute value of the regres-
sion coefficients (that is the entries of the vectors (W) and
~v(W, Z)) in Figure 7 (bottom), as well as the standard devi-
ation of the absolute value of the regression coefficients as
error bars.

E.4. Details of Section 5.4

Summary We demonstrate the trade-off made by Tar-
geted Anchor Regression (TAR) versus Anchor Regression
(AR), considering the case when A is observed for simplic-
ity. We simulate training data and fit estimators yoLs, YAR
and ytar, wWhere yrar is targeted to a particular mean and
covariance of a random intervention do(A := v), and we se-
lect A for yagr such that this intervention is contained within
Ca()). We then simulate test data from two distributions:
Pgo(a:=v) (i.€., the shift occurs), and P (where it does not),
and evaluate the mean squared prediction error (MSPE). The
results are shown in Figure 8, and demonstrated that TAR
performs better than AR and OLS in the first scenario, but
this comes at the cost of worse performance on the training
distribution.

Technical details The entire procedure below produces
a prediction MSE for each of three methods and two set-
tings, and we repeat this m = 10° times, to produce the
histograms of MSEs shown in Figure 8.

We simulate a training data set Dypin (Mirain = 10%) from the

structural equations

A= €A
(Y, X,H) = (Id—B) Y (MA + ),

where dg = dx =2 and dy = dy =1, €a,¢e ~ N(0,1d)
and M and B were selected by a simulation resulting in:

2 1 0 —0.06 007 0.04
0 1 005 0 019 0.03

M=12 2"P=1 011 —o11 0o o1
0 3 002 002 009 0

We consider the target distribution do(A := x| A+n) where

~(F90-0)

targeted AR  estimator
(Vtargeted-AR s Qtargeted-AR)  from  Equation (16), where
the covariance of the anticipated shift is given by
Y, = Kk E[AAT]k, and the mean shift is simply 7.
We also fit OLS estimates yorLs(X,Y) and var(X,Y, A)
where for AR we select A such that (1 + \) equals the
largest eigenvalue of k'E[AAT]x + nn', such that
E[(kTA+n)(kTA+n)T] 2 (1+ NE[AAT].

We then simulate a test data set (15, = 10°) both from 1)
the training distribution (i.e. same simulation procedure as
for the training set) or 2) by changing the structural equation
for Ato A := k€4 + 7, and keeping all other quantities as
for the simulation of training data (i.e. the test distribution
is the anticipated distribution). We evaluate the prediction
MSE on each of the data sets by ;.- .(V; — 7' X;)?

J
(including the term Quargeted-ar for the targeted AR).

and so we fit the

E.5. Details of Section 6

Features The dataset contains time-stamps as well as sea-
son indicators, which we do not use anywhere as features.
The remaining features are Dew Point (Celsius Degree),
Temperature (Celsius Degree), Humidity (%), Pressure
(hPa), Combined wind direction (NE, NW, SE, SW, or CV,
indicating calm and variable), Cumulated wind speed (m/s),
Hourly precipitation (mm), and Cumulated precipitation
(mm).

Data Processing Each city has PM2.5 readings from mul-
tiple sites, which we average to get a single reading, and we
take a log transformation. For Precipitation (Cumulative)
we subtract off the (current hour) precipitation to avoid co-
linearity. We take a log transformation of the variable for
Wind Speed, Precipitation (Hourly) and Precipitation (Cu-
mulative), due to skewness. We drop all rows that contain
any missing data.
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Proxies (Temperature) We use temperature as our proxy
variable, and treat it as unavailable at test time. We con-
struct two synthetic proxies of temperature to serve as
W, Z, adding independent Gaussian noise while control-
ling the signal-to-variance ratio (in the training distribution)
at Var(A)/Var(W) = 0.9. This results in different standard
deviations of the Gaussian noise across different environ-
ments, because of differences in the training distributions
across training seasons and cities. The standard error of the
noise varies between 2 and 5 degrees, to maintain the same
signal-to-variance ratio.

Training Details (PAR, xPAR) For the distributional ro-
bustness approaches described in Section 3, we choose
A € [0, 40] by leave-one-group-out cross-validation on the
three training seasons, using the first year (2013) of data.
For Proxy Anchor Regression using Temperature directly,
there is heterogeneity in the cross-validated choice of A:
In 9 out of 20 scenarios, A = 40 is chosen, but in the re-
maining 11, A = 0 is chosen, which is equivalent to OLS.
We saw a similar result when the maximum value of A was
20, and increased the maximum limit to 40 without seeing
much difference, so we did not increase it further. Con-
cretely, with A in [0, 20], there are some scenarios where
PAR (TempC) has slightly worse or slightly better MSE
(vs. A in [0, 40]), but the differences are all less than 0.001.
The only observable difference in Table 1 when running
with A in [0, 20] is that the “best” performance is -0.040
(A = 20), as opposed to -0.041 (A = 40) [where lower is
better, rounded to nearest 0.001]. For Proxy Anchor Re-
gression using W and for Cross-Proxy Anchor Regression
(xPAR) using W, Z together, we use the same values of A
as above, for comparability.

Training Details (PTAR, xPTAR) For the targeted ap-
proaches described in Section 4, we use the mean and vari-
ance of the temperature in the test distribution to target our
predictors, and similarly use the distribution of the proxies
when using Proxy Targeted Anchor Regression (PTAR) with
W and Cross-Proxy TAR (xPTAR) with W, Z. Note that
xPTAR (unlike xPAR) is asymmetric in the proxies, but in
this case the proxies are distributed identically.

Benchmarks As described in the main text, our primary
benchmark is OLS, trained on the three training seasons,
evaluated on the held-out season. We also include two other
baselines: First, OLS that has access to temperature during
both train and test, which we denote OLS (TempC), and
OLS that includes temperature during training, and attempts
to estimate a bias term by plugging in the mean (test) value
for temperature during prediction.

In Table 2 we give the full results over all 20 scenarios,
which includes the 11 scenarios where A = 0 is chosen

Table 2. MSE (lower is better) over 20 scenarios consisting of five
cities and four held-out seasons. Average difference to OLS esti-
mator (lower is better) given in the second column, and minimum
/ maximum difference in remaining columns.

Estimator Mean Diff Min Max
OLS 0.457

OLS (TempC) 0.455 -0.002 -0.028 0.026
OLS + Est. Bias 0474 0.018 -0.072 0.150
PAR (TempC) 0.454 -0.003 -0.041 0.006
PAR (W) 0.454 -0.002 -0.037 0.006
xPAR (W, Z) 0.454 -0.003 -0.039 0.007
PTAR 0.450 -0.007 -0.061 0.002
PTAR (W) 0.452 -0.005 -0.038 0.001
xPTAR (W, Z) 0.450 -0.007 -0.059 0.003

by cross-validation, rendering the PAR and xPAR solutions
equivalent to OLS.

Regularization paths In Figure 12 we have shown how
the solution in the “best” scenario differs for Proxy Anchor
Regression (PAR) with A = 40 versus OLS (i.e., A = 0). In
Figure 13, we show how the coefficients change in-between
these two extremes: for every integer value of A in [0, 40] we
show the difference in the PAR vs. OLS coefficients for each
feature. Increasing A further does not make a significant
difference for this particular example.
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oLs .
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(XX}

PAR (TempC); X

PTAR (TempC); ¢

0.70 0.75
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0.80 0.85

Figure 11. Best performance for Proxy Anchor Regression (PAR)
and Proxy Targeted AR (PTAR), corresponding to Summer in
Beijing. Variance estimates generated by bootstrapping the test
residuals of the fitted models.
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Figure 12. Comparison of learned coefficients. All variables were
standardized to unit variance. The intercept for OLS and AR is the
same (by construction) at o = 4.087 while the intercept for TAR
is lower at o« = 3.885.
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Figure 13. Coefficient path, showing the difference between the
PAR and OLS coefficients in Figure 12 for different values of A.
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F. Additional experiment: Signal-to-variance
ratio

To examine the effect of the signal strengths Sy, and
Bz, we scale the signals By, = [z = sld for s €
{0,/2/3,0.8}, which for the single proxy estimator 4par
amounts to optimizing over worst case loss in the robustness

regions C'(\) = {voT = (1 + Alfr%) Id}.
For s € {1, 3}, such that the signal-to-variance ratio 1_‘?_%

equals either 10% or 50%, we simulate a training data set
Dirain With two proxies W and Z from the structural equa-
tions A := e, (X, YT HNT := (1 - B)"}(M,A +
€, W = ﬂVTV,sA + ew and Z := ﬂ;SA + €z where all
noise terms are i.i.d with unit covariance and M 4, B are
given by:

2 1 0 -0.57 0.73 0.37

0 1 0.53 0 1.91 0.33
M= 2 2 B = 1.14 -113 0 096

0 3 -0.22 016 087 0

Since for this experiment we are not interested in finite
sample properties of the estimators, we use sample size
n=107.

For each data set we fit estimators 4par(w) (using only one
Proxy), yxparw, z) (using both proxies), Yar(a). and JoLs,
and evaluate the estimators at data sampled from interven-
tional distributions Pg,(4.—,) for several interventions v of
increasing strength (i.e. increasing distance from E[A] = 0).

As the signal to variance ratio increases, the PAR(W)
loss approaches the AR(A). Further we observe that
xPAR(W, Z) coincides with the AR(A) estimator for both
signal-to-variance levels. This is illustrated in Figure 14.

0 1 2 3 4
Intervention strength

Signal-to-variance — Any --- 50% -~ 10%

—OLS — AR(W)
— AR(A) — AR (W, 2)

Figure 14. Anchor and proxy estimators for different levels of
signal-to-variance ratio B(E[WW T])~!3T. A training data set
(n = 107) with two proxies W, Z is simulated and the esti-
mators Ypar(A). YxPAR(W,Z)» YAR(A)> and AoLs are fitted using a
fixed A. Interventions v of increasing strength is sampled, and
for each a new data set (n = 10°) is sampled from plo(A=v)
and for each estimator 4, the prediction mean squared error
Edo(a:=(v1,0o) [(Y — ’yTX)Q} is computed. This procedure is
repeated for signal-to-variance ratios 10% and 50%.



