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Abstract

An algorithm for minimizing a nonlinear function subject to nonlinear inequality
constraints is described. It applies sequential quadratic programming techniques to
a sequence of barrier problems, and uses trust regions to ensure the robustness of
the iteration and to allow the direct use of second order derivatives. This framework
permits primal and primal-dual steps, but the paper focuses on the primal version
of the new algorithm. An analysis of the convergence properties of this method is
presented.
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1 Introduction

Sequential Quadratic Programming (SQP) methods have proved to be very efficient for
solving medium-size nonlinear programming problems [12, 11]. They require few iterations
and function evaluations, but since they need to solve a quadratic subproblem at every
step, the cost of their iteration is potentially high for problems with large numbers of vari-
ables and constraints. On the other hand, interior-point methods have proved to be very
successful in solving large linear programming problems, and it is natural to ask whether
they can be extended to nonlinear problems. Preliminary computational experience with
simple adaptations of primal-dual interior point methods have given encouraging results
on some classes on nonlinear problems (see for example [27, 14, 29, 1]).

In this paper we describe and analyze an algorithm for large-scale nonlinear program-
ming that uses ideas from interior point methods and sequential quadratic programming.
One of its unique features is the use of a trust region framework that allows for the direct
use of second derivatives and the inaccurate solution of subproblems. The algorithm is
well suited for handling equality constraints (see [4]), but for simplicity of exposition we
will only consider here inequality constrained problems of the form

min £(2)
subject to g(z) <0,

(1.1)

where f: R” — R and g : R” — R are smooth functions.
Following the strategy of interior point methods (see for example [13, 28, 19]) we
associate with (1.1) the following barrier problem in the variables z and s

min flz) — uZln s
’ i=1

subject to g(z) + s =0,

(1.2)

where p > 0 and where the vector of slack variables s = (3(1), . ,s(m))T is implicitly
assumed to be positive.

The main goal of this paper is to propose and analyze an algorithm for finding an
approximate solution to (1.2), for fixed u, that can effectively enforce the positivity con-
dition s > 0 on the slack variables without incurring in a high cost. This algorithm can
be applied repeatedly to problem (1.2), for decreasing values of yu, to approximate the
solution of the original problem (1.1). The key to our approach is to view interior point
methods from the perspective of sequential quadratic programming and formulate the
quadratic subproblem so that the steps are discouraged from violating the bounds s > 0.
This framework suggests how to generate steps with primal or primal-dual characteristics,
and is well suited for large problems. Numerical experiments with an implementation of
the new method have been performed by Byrd, Hribar and Nocedal [4], and show that
this approach holds much promise. We should note that in this paper we do not address
the important issue of how fast to decrease the barrier parameter, which is currently an
active area of research.



We begin by introducing some notation and by stating the first-order optimality con-
ditions for the barrier problem. The Lagrangian of (1.2) is

L(z,s,)\) = f(z) — fj Ins® + AT(g(z) + s), (1.3)
i=1

where A € R™ are the Lagrange multipliers. At an optimal solution (z, s) of (1.2) we have

Vol(2,5,A) = Vf(z) + A(z)A = 0 (1.4)
VL(z,5,)) = —uS e + A =0, (1.5)
where
Aw) = (Vg (@),..., Vg™ (z)) (1.6)
is the matrix of constraint gradients, and where
1 s
1 s(m)

To facilitate the derivation of the new algorithm we define
(= ) — 1S In s
- ( ! ) o(2) = f(@) = > Ins, (18)
i=1

c(z) = g(z) + s, (1.9)
and rewrite the barrier problem (1.2) as

min ()

1.10
subject to ¢(z) = 0. (1.10)

We now apply the sequential quadratic programming method (see for example [12, 11]) to
this problem. At an iterate z, we generate a displacement

o= ()

min Vo(2)'d+ 3d"Wd
subject to  A(z)Td + ¢(z) =0,

by solving the quadratic program

(1.11)

where W is the Hessian of the Lagrangian of the barrier problem (1.10) with respect to z,
and where A" is the Jacobian of ¢ and is given by

A= (A@)T 1). (1.12)
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Note that (1.10) is just a restatement of (1.2), and thus from (1.4)-(1.5) we have that

(1.13)

V2. L(z,s,\) 0
— 72 — TT )9y
W =V:,L(z,s,\) ( 0 1S ) .

To obtain convergence from remote starting points, and to allow for the case when W
is not positive definite in the null space of AT, we introduce a trust region constraint in

(1.11) of the form
d
S—1d,

where the trust region radius A > 0 is updated at every iteration. The step in the
slack variables is scaled by S~! due to the form uS~2 of the portion of the Hessian W
corresponding to the slack variables. Since this submatrix is positive definite and diagonal,
it seems to be the best scale at the current point; see also [4] for a discussion of how this
scaling is beneficial when using a conjugate gradient iteration to compute the step.

From now on we simplify the notation by writing a vector such as z, which has « and
s-components, as z = (x, s) instead of z = (27, s")T. In this way an expression like that
in (1.14) is simply written as

(8] boa

The trust region constraint (1.14) does not prevent the new slack variable values s+ dj
from becoming negative unless A is sufficiently small. Since it is not desirable to impede
progress of the iteration by employing small trust regions, we explicitly bound the slack
variables away from zero by imposing the well-known fraction to the boundary rule [28]

<A, (1.14)

. (1.15)

s+ds>(1—1)s,
where the parameter 7 € (0, 1) is chosen close to 1. This results in the subproblem

min Vo(2)'d+ 3d"Wd

subject to  A(z)Td + ¢(z) = 0, (1.16)
|(de, S71s)[| < A
ds > —Ts.

We will assume for simplicity that the trust region is defined using the Euclidean norm,
although our analysis would be essentially the same for any other fixed norm. It is true
that problem (1.16) could be quite difficult to solve exactly, but we intend to only compute
approximate solutions using techniques such as a dogleg method or the conjugate gradient
algorithm. Due to the formulation of our subproblem these techniques will tend to avoid
the boundaries of the constraints s > 0 and will locate an approximate solution with
moderate cost. To see that our subproblem (1.16) is appropriate, note that if the slack
variables are scaled by S, the feasible region of the transformed problem has the essential



characteristics of a trust region: it is bounded and contains a ball centered at z whose
radius is bounded below by a value that depends on A and not on z.

It is well known [26] that the constraints in (1.16) can be incompatible since the steps
d satisfying the linear constraints may not lie within the trust region. Several strategies
have been proposed to make the constraints consistent [7, 6, 24], and in this paper we
follow the approach of Byrd [3] and Omojokun [20], which we have found suitable for
solving large problems [18].

The strategy of Byrd and Omojokun consists of first taking a normal (or transver-
sal) step v that lies well inside the trust region and that attempts to satisfy the linear
constraints in (1.16) as well as possible. To compute the normal step v, we choose a
contraction parameter 0 < £ < 1 (say £ = 0.8) that determines a tighter version of the
constraints (1.16), i.e., a smaller trust region radius £A and tighter lower bounds —¢7.
Then we approximately solve the problem

min [|A(2) "o + e(2)]|

subject to | (vg, S~ vg)|| < €A (1.17)
vg > —ETS,
where here, and for the rest of the paper, || -| denotes the Euclidean (or £3) norm. The

normal step v determines how well the linear constraints in (1.16) will be satisfied. We
now compute the total step d by approximately solving the following modification of (1.16)

mdin Vo(z)Td+ 3d"Wd

subject to  A(z)7d = A(z)To (1.18)
[(de, 571s)]| < A
ds > —Ts.

The constraints for this subproblem are always consistent; for example d = v is feasible.
Lalee, Nocedal and Plantenga [18] describe direct and iterative methods for approximately
solving (1.18) when the number of variables is large.

We now need to decide if the trial step d obtained from (1.18) should be accepted, and
for this purpose we introduce a merit function for the barrier problem (1.10). (Recall that
our objective at this stage is to solve the barrier problem for a fixed value of the barrier
parameter p.) We follow Byrd and Omojokun and define the merit function to be

P(zv) = @(2) + v[c)], (1.19)

where v > 0 is a penalty parameter. Since the Euclidean norm in the second term is not
squared, this merit function is non-differentiable. It is also exact in the sense that if v is
greater than a certain threshold value, then a Karush-Kuhn-Tucker point of the barrier
problem (1.2) is a stationary point of the merit function ¢. The step d is accepted if it
gives sufficient reduction in the merit function; otherwise it is rejected.

We complete the iteration by updating the trust region radius A according to standard
trust region techniques that will be discussed later on.

We summarize the discussion given so far by presenting a broad outline of the new
algorithm for solving the nonlinear programming problem (1.1).



Algorithm Outline

Choose an initial barrier parameter p > 0 and an initial iterate z = (x, s) and Lagrange
multipliers .

1. If (1.1) is solved to the required accuracy, stop.

2. Compute and approximate solution of the barrier problem (1.10), as follows.

Choose an initial trust region radius A > 0, a contraction parameter £ € (0,1), and
a penalty parameter v > 0 for the merit function (1.19).

(a) If the barrier problem (1.10) is solved to the required accuracy, go to 3.

(b) Compute a normal step v = (v, vs) by approximately solving the normal sub-

problem
min || A(z) "o + ()|
subject to || (vg, S~ vs)|| < €A (1.20)
vg > —ETS.

(c) Compute the total step d = (d;,ds) by approximately solving the tangential
subproblem

min Vo(z)'d+ +d"Wd

subject to  A(z)Td = A(2) v (1.21)
I(da, S71ds) || < A
ds > —Ts.

(d) If the step d does not give a sufficient reduction in the merit function (1.19),
decrease A and go to (b). Otherwise, set © < = + dy, s < s+ ds, z = (z, s),
compute new Lagrange multipliers A, and go to (a).

3. Decrease the barrier parameter p and go to 1.

Since the inequality constraints are already being handled as equalities, this algorithm
can be easily extended to handle equality constraints. In that case the nonlinear con-
straints in (1.10) have the form

The Jacobian matrix A then takes the form
. Ag(z)T 0
T _ E
A(Z) - ( AI((II)T I )
where Ay and A; denote the matrices of constraint gradients corresponding to gy and

gr; see [4] for a detailed discussion on the treatment of equality constraints in our new
method.



In §2 we discuss in more detail when to accept or reject a step, and how to update the
trust region. This will allow us to give a complete description of the algorithm. We now
digress to discuss the relationship between our approach and other interior point methods.
This discussion makes use of the well-known fact that Sequential Quadratic Programming,
in at least one formulation, is equivalent to Newton’s method applied to the optimality
conditions of a nonlinear program [11].

1.1 KKT systems

The KKT conditions for the equality constrained barrier problem (1.2) give rise to the
following system of nonlinear equations in z, s, A (see (1.4), (1.5))

Vi(z)+ A(z)\
—uS~te+ A =0. (1.22)
g(x) + s

Applying Newton’s method to this system we obtain the iteration

VL 0 A@) ) [ da V()
0 uS?2 I ds | = pS~le , (1.23)
Alx)" T 0 AT —g(z) —s

where AT = X +d,, and where we have omitted the argument of V2, L(z,s, \) for brevity.
Note that the current values of the multipliers X only enter in (1.23) through V2, L. When
the objective function and constraints are linear, we have that V2, L = 0, and thus the
step does not depend on the current values of these multipliers; for this reason a method
based on (1.23) is referred to as a primal interior point method.

Let us now suppose that the quadratic subproblem (1.11) is strictly convex, i.e., that
W is positive definite on the null space of A(z)T Then it is easy to see that the solution
of (1.11) coincides with the step generated by (1.23). Therefore the SQP approach (1.11)
with W given by (1.13) is equivalent to a primal interior point iteration on the barrier
subproblem, under the convexity assumption just stated. Several researchers, including
Yamashita [27] have noted this relationship.

It is also possible to establish a correspondence between primal-dual interior point
methods and the SQP approach. Let us multiply the second row of (1.22) by S to obtain
the system

Vf(z) + A(x)A
S\ — e =0. (1.24)
g(x) +s

This may be viewed as a modified KKT system for the inequality constrained problem
(1.1), since the second row is a relaxation of the complementary slackness condition (which
is obtained when p = 0). In the linear programming case, primal-dual methods are based
on iteratively solving (1.24) in z,s,A. Applying Newton’s method to (1.24), and then



symmetrizing the coefficient matrix by multiplying the second block of equations by S~!,
results in the iteration

Vil 0 A=) dg —V(z)
0 ST'A T ds | = pS~le , (1.25)
Az)" T 0 AT —g(z) —s

where we have defined
A = diag(AM, ... A, (1.26)

Now the current value of A influences the step through the matrix A and through V2,L.
We refer to (1.25) as the primal-dual iteration.
Consider now the SQP subproblem (1.11) with the Hessian of the Lagrangian W

replaced by
W— V2, L(z,s,\) 0
N ( 0 STIA ) ' (1.27)

It is easy to see that if the quadratic program (1.11) is strictly convex, the step generated
by the SQP approach coincides with the solution of (1.25). Comparing (1.13) and (1.27)
we see that the only difference between the primal and primal-dual SQP formulations is
that the matrix £S~2 has been replaced by S~!A.

This degree of generality justifies the investigation of SQP as a framework for designing
interior point methods for nonlinear programming. Several choices for the Hessian matrix
W could be considered, but in this study we focus on the (primal) exact Hessian version
(1.13) because of its simplicity. We note, however, that much of our analysis could be
extended to the primal-dual approach based on (1.27) if appropriate safeguards are applied.

Many authors, among them Panier, Tits, and Herskovits [21], Yamashita [27], Her-
skovits [15], Anstreicher and Vial [2], Jarre and Saunders [17], El-Bakry, Tapia, Tsuchiya,
and Zhang [10], Coleman and Li [8], Dennis, Heinkenschloss and Vicente [9], have proposed
interior point methods for nonlinear programming based on iterations of the form (1.23)
or (1.25). In some of these studies V2_L is either assumed positive definite on the whole
space or a subspace, or is modified to be so. In our approach there is no such requirement;
we can either use the exact Hessian of the Lagrangian with respect to x in (1.23) and
(1.25), or any approximation B to it. For example, B could be updated by the BFGS
or SR1 quasi-Newton formulae. This generality is possible by the trust region framework
described in the previous section.

Plantenga [22] describes an algorithm that has some common features with the algo-
rithm presented here, but his approach has also important differences. Among these are
the fact that his trust region does not include a scaling, that his iteration produces affine
scaling steps near the solution, and that his approach reverts to an active set method when
progress is slow.

We emphasize that the equivalence between SQP and Newton’s method applied to the
KKT system holds only if the subproblem (1.16) is strictly convex, if this subproblem is
solved exactly, and if the trust region constraint is inactive. Since these conditions will not
hold in most iterations of our algorithm, the approach presented in this paper is distinct
from those based on directly solving the KKT system of the barrier problem. However,



as the iterates converge to the solution, our algorithm will be very similar to these other
interior point methods. This is because near the solution point, the quadratic subproblem
(1.11) will be convex and the tolerances of the procedure for solving (1.11) subject to
the trust region constraint, will be set so that, asymptotically, it is solved exactly [4].
Moreover, as the iterates converge to the solution we expect the trust region constraint to
become inactive, provided a second order correction is incorporated in the algorithm.

In summary the local behavior of our method is similar to that of other interior point
methods, but its global behavior is likely to be markedly different. For this reason the
analysis presented in this paper will focus on the global convergence properties of the new
method.

Notation. Throughout the paper || - || denotes the Euclidean (or ¢2) norm. The vector
(1)

of slack variables at the k-th iteration is written as s, and its i-th component is s;,".

2 Algorithm for the Barrier Problem

We now give a detailed description of the algorithm for solving the barrier problem (1.10),
that was loosely described in step 2 of the Algorithm Outline in §1.

From now on we will let By stand for V2, L(zg, sk, \r) or for a symmetric matrix
approximating this Hessian. At an iterate (zy, s;), the step d generated by the algorithm
will be an approximate solution of the tangential problem (1.21). Due to the definitions
(1.8), (1.12) and (1.13) we can write this tangential problem as

. _ 1 1 _
min vyﬂdx-MeTsklds+-Ed;Bkdx+-§ud25¢2ds
s.t. A;—dx +ds = A,:vx + g

1(da, Sy M) || < A
dg > —Tsy.

(2.1)

Here, V fr = V f(x), and v is the approximate solution to (1.20).
Now we focus on the merit function and, in particular, on how much it is expected to
decrease at each iteration. The merit function (1.19) may be expressed as

$(z,5:0) = f(2) +vllg(z) + 5] —p Y Ins®. (2.2)
=1

We can construct a model my, of ¢(-,-;v) around an iterate (xy, sx) using the quadratic
objective from (2.1) and a linear approximation of the constraints in (1.2),

1
mg(d) = fk+kaTd:v+§daTBkd:v+Vk||gk+3k+Ade:v+ds“
- s\ + 'S td, — =d] S 2d, | . 2.3
N(; k k 2 k (2.3)



We will show in Lemma 3.1 below that my is a suitable local model of ¢. We define the
predicted reduction in the merit function ¢ to be the change in the model my produced
by a step d,

pred(d) = m(0) —my(d)
1
= —Vfld, — Ed;Bkdm
+ v (llgr + sell = llg + s + Aldy + )
1
+ (eTSk_lds — Ed;rSk_st> . (2.4)

We will always choose the weight vy sufficiently large that pred,(d) > 0, as will be de-
scribed in §2.3.

The predicted reduction is used as a standard for accepting the step and for updating
the trust region. We choose a parameter n € (0, 1), and if

d(xp, + dyy sp, + dg;v) < P, Sg; k) — 1 predy(d), (2.5)

we accept the step d and possibly increase the trust region radius Ag; otherwise we decrease
Ay by a constant fraction, e.g. Ay < Ag/2, and recompute d. Since pred;(d) > 0 this
implies that the merit function decreases at each step. More sophisticated strategies for
updating Ay are useful in practice, but this simple rule will be sufficient for our purposes.

Next we consider conditions that determine when approximate solutions to the nor-
mal and tangential subproblems are acceptable. Since these conditions require detailed
justification, we consider these subproblems separately.

2.1 Computation of the normal step

At each step of the algorithm for the barrier problem we first solve the normal subproblem
(1.20), which can be written as

min gk + s + Afve + vl

st ||(va, S]c_lvs)H < Ak (2.6)
vg > —ETSp,
where we have defined :
Ap = EAg. (2.7)

We now present two conditions that an approximate solution vy of (2.6) must satisfy.
To do this we introduce the change of variables
1

Ug = Vg, Ug = O}, Vs, (28)
so that problem (2.6) becomes
min - [|gy + s + Ajfug + Sgusl|
st (g us)l] < Ay 29)
ug > —ET.



In the case where the lower bound constraints are inactive it is straightforward to show
[18] that (2.9) has a solution in the range of

<‘;1:> : (2.10)

Even when the lower bounds are active, keeping u in the range of (2.10) will prevent u
from being unreasonably long, and in the implementation of the new method described
in [4], u is chosen always in this space. A condition of this type is necessary since, if
u is unnecessarily long, the objective function value could get worse, making the job of
the tangential step more difficult. For the analysis in this paper it suffices to impose the
following weaker condition.

Range Space Condition. The approzimate solution vy of the normal problem (2.6)
must be of the form

Ay
v = <S,% > Wi, (2.11)
for some vector wy, € R™, whenever (2.6) has an optimal solution of that form.

The second condition on the normal step requires that the reduction in the objective of
(2.6) be comparable to that obtained by minimizing along the steepest descent direction
in . This direction is the gradient of the objective in problem (2.9) at u = 0, which is a
multiple of

uf

- <g'}:> (gk =+ sk)- (2.12)

Transforming back to the original variables we obtain the vector

vp = — <g§> (9K + sk), (2.13)

which we call the scaled steepest descent direction. We refer to the reduction in the
objective of (2.6) produced by a step v = (vy,vs) as the normal predicted reduction:

vpredy, (v) = gk + sl — llgk + sk + Agvg + v, (2.14)

and we require that this reduction satisfy the following condition.

Normal Cauchy Decrease Condition. An approximate solution vy of the normal
problem (2.6) must satisfy

vpredy (vg) > v, vpred (agvf), (2.15)
for some constant v, > 0, where o, solves the problem

min ||gx + s + a(A,Ivg + )|l
a>0
st lla(vs, §; 0 < A (2.16)

avy > —ETSg.
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Note that the normal Cauchy decrease condition and the range space condition (2.11) are
satisfied by an optimal solution of (2.6) with v, < 1. Both conditions are also satisfied
if the step is chosen by truncated conjugate gradient iterations in the variable u on the
objective of (2.9) (see Steihaug [25]), and the results are transformed back into the original
variables. Also, since @ = 0 is a feasible solution of (2.16), it is clear from (2.15) that

vpred,, (vg) > 0. (2.17)

In Lemma 2.2 we give a sharper bound on the normal predicted reduction vpred,, (v)
of an approximate solution that satisfies the normal Cauchy decrease condition. First we
will find it useful to establish this generalization of the one-dimensional version of a result
by Powell [23].

Lemma 2.1. Consider the one dimensional problem
. — 1 2 _ b
min P(z) = 50z 2z
s.t. z<1,

where b > 0 and t > 0. Then the optimal value 1, satisfies

b b
r < ——mi ST -
P 2m1n{t||}

Proof. Consider first the case when a > 0. Then % > 0 is the unconstrained minimizer
of ¢. If % < t, then the unconstrained minimizer solves the problem and

2
P =1 (2) = —;—a. (2.18)
On the other hand, if g > t, since 1) is decreasing on [0, g] and at < b,
Yy = Y(t) = %at2 —bt < —%. (2.19)
In the case a < 0, ¥ is concave everywhere so that
= p(t) < —bt. (2.20)
Since one of (2.18), (2.19) or (2.20) must hold, the result follows. 0

Applying this to the normal problem yields the following result.

Lemma 2.2. Suppose that s > 0 and that vy = (vy,vs) i an approzimate solution of
(2.6) satisfying the normal Cauchy decrease condition (2.15). Then

gk + sill voredy (o) = llg + sl (llgx + skl = gk + sk + Afvs +v4])

(g:) (gr + k)
I(AL Sk)I? ’

(2.21)

<gk> (9k +3k)H min | A, &7,
Y

Yo
= 2

where 7, is defined in (2.15).
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Proof. Inequality (2.21) clearly holds when uf = 0 because (2.12) implies that the right
hand side of the inequality is zero. Therefore, we now assume that uf # 0.
By the normal Cauchy decrease condition, (2.8) and (2.12), the scalar «f, is a solution

of

: aZ T cl2 cl2
min 1AL Suul” = ol
st |af < A

NS g (2:22)

&t ) :
o< ———— for all i such that (u€)® < 0.
(ug)® ’

Note that the upper bounds of problem (2.22) are satisfied if

Ay &
a<min g —-—, — .

Using this and Lemma 2.1 we have,

1
5 (g + s+ af (AL + v [” — llgi + siell’)

ac 2 [+ (6 [+
= V] Sl - o ugl?

c||2 . A cl|2
S
2 [[ugll 1(Ag Sk)ugll
lugl . {~ 1Al }
< T min Ap éT, ———— 5.
2 1(Ay Sk)l?

Now, since the normal Cauchy decrease condition holds, by (2.14) and (2.15),

gk + sell vpredi(on) > vollge + sell (Ilge + sell = llge + e + af (Afvs +09)]))
Y
> L (llgr + el = gk + s + a (A5 +05) )
>

Yo A [l
—IIUiIImln{Ak,éT,i ,
2 ICAL Se)ll”

where we used the inequality 2a(a — b) > a* — b?. Substituting for uf by its value given
by (2.12), we obtain (2.21). O

2.2 Approximate solution of the tangential problem

Consider now the tangential subproblem (2.1). Writing d = vy + h, where vy is the
approximate solution of the normal subproblem, we can write the equality constraints in
(2.1) as

Alhy +hs = 0.

12



It follows from this equation that, if the normal step satisfies (2.11), then the vector
(ha, S}, ths) is orthogonal to (vy, S), 'vs). We can therefore write the trust region constraint

as
I(hay Sy, ths)ll < A, (2.23)

where )
A= (A% = ll(vr, S vs)|2)?

If orthogonality does not hold we can still write the trust region constraint as (2.23), where
now

Ak = A — ||(Ux,8k_11)5)||-

This ensures that d is within the trust region of (2.1), although it restricts A more than
necessary in some cases. Note from (2.7) that either choice of Ay implies that

Ap > Ap > (1= 9)A. (2.24)
This and the condition ||(dy, S) 'ds)|| < Ay are the only requirements we place on Ay.
Substituting d = vx + h in (2.1) and omitting constant terms involving vy in the
objective function, we obtain the following problem in h = (hy, hs),
1
mhin (Vi + Brvg) "he + §hIBkhm
1
— <eTSk1h5 — v, S %hy — Ehjsk%s)
s.t. Alhg +hy =0
(ha, Sy, hs) || < Ay,
Sit(vs + hs) > —1.

(2.25)

We now describe a decrease condition that an approximate solution of (2.25) must
satisfy. For this purpose we define the tangential predicted reduction produced by a step
h = (hg, hs) as the change in the objective function of (2.25),

1
hpredy,(h) = —(Vfi+ Biox) 'he — 5hy Bihe

To-1 Tg—2 L rq2 (2.26)
+ule S, hy—v, S, hs—ﬁhsS/,c hg ).

-
Next, we let 7}, = (Z:L,T ZsT ) denote a null space basis matrix for the equality constraints
in problem (2.25), i.e., Zj is an (n 4+ m) x n full rank matrix satisfying

(A¢ 1) 2 = A{Z, + Z, =00 (2.27)

A simple choice of Z;, is to define Z, = (I —A)', but many other choices are possible,
and some may have advantages in different contexts. In this paper we will allow Zj, to be
any null space basis matrix satisfying

1Zkll <, and omin(Z) >~,', forall k, (2.28)
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where 7, is a positive constant and omin(Z);) denotes the smallest singular value of Zj. If
{A} is bounded this condition is satisfied by Z, = (I — A;) " and by many other choices
of Zk

Any feasible vector for (2.25) may be expressed as h = Zgp for some p € R™. Thus,
writing h = (hg, hs) = (Zzp, Zsp), the tangential subproblem (2.25) becomes

H}Din (Ve + Bkv:v)TZ:vp - /1'(‘9].;_16 - SIC_QUS)TZSP
1 _
+ §pT(ZJBkZI +uZl S 2 Z)p

s.b. [[(Zap, S];lZsp)H <Ay
Si (vs + Zsp) > —1.

(2.29)

Again, this has the form of a trust region subproblem for unconstrained optimization, with
bounds at some distance from zero (in the scaled variables) and by analogy with standard
practice, we will require that the step hy = Zipy give as much reduction in the objective of
(2.29) as a steepest descent step. The steepest descent direction for the objective function
of (2.29) at p =0 is given by

pf, = =2 (V i, + Byvy) + pZ, (S, te — S, 2vy). (2.30)
We are now ready to state the condition we impose on the tangential step.

Tangential Cauchy Decrease Condition. The approximate solution hy of the tangen-
tial problem (2.25) must satisfy

hpredy (hi) = vp hpred, (6 Zkpk), (2.31)
for some constant vy, > 0, where 0f solves the problem

min - hpredy, (0 Zy.pk)

st 10(Zapf, Sy Zspf)|| < Ay (2.32)
vs +0Zspg > —TSs.

Here Zj, is a null space basis matriz satisfying (2.28) and Ay, satisfies (2.24).

The tangential Cauchy decrease condition is clearly satisfied by the optimal solution of
(2.29). Tt is also satisfied if the step is chosen by truncated conjugate gradient iterations
in the variable p on the objective of (2.29) (see Steihaug [25]). Note also that since § =0
is a feasible solution to (2.32),

hpredy (hy) > 0. (2.33)

The following result establishes a lower bound on the tangential predicted reduction
hpred,, (hy) for a step satisfying the tangential Cauchy decrease condition.

14



Lemma 2.3. Suppose that si > 0 and that hy = (hy, hs) satisfies the tangential Cauchy
decrease condition (2.31). Then

Th . min(Ag, (1 — €)7) %l
hpredy, (hy) > < ||pk|| min ( - ; - , (2.34)
2 12020 + ZJS, 2 Z||12 | Z] B Zo + nZ{ S, > Z||

where pf, is given by (2.30) and vy, is used in (2.31).
Proof. Note that the problem (2.32) may be expressed as

: 1 _
min  — hpredy (0Z;pf) = g(Pi)T(ZJBkZz +pZ S 2 Zs)pi 0 — Ivi|* 6

0>0
s s Ak 2.35
—(Z Cvpk;a 1%;}%)” (2.35)
H_(IS—US). for all ¢ such that (S;lzspz)(i) < 0.
(S Zspk)( i)

Since the normal problem ensures that (S, Lus)® > —¢7, it follows from the definition
of the Euclidean norm that the upper bounds on 6 in the last group of (2.35) are greater
than or equal to

Q-9

1(Zepfs Sy ' Zsp)Il
Applying Lemma 2.1 to problem (2.35) we then have

— hpredy, (6} Z).p}.)
1 ) minAk,l—fT ¢ ||?
S —§||pZ||2m1n{ { ( — )C }, —— “ k“ — - .
1(Zeps Sy~ ZsP)l () (2 Bk Zw + 12 Si™ Z5) |
The result (2.34) then follows from norm inequalities and (2.31) . O

2.3 Detailed description of the algorithm

Now that we have specified how the normal and tangential subproblems are to be solved,
we can give a precise description of our algorithm for solving the barrier problem (1.2).

Algorithm I. Choose the initial iterate zy = (zo, So, Ao) with so > 0, the initial trust
region radius Ag > 0, four constants &, 9, p, and 7 in (0,1) and a positive constant v_.
Set k= 0.

1. Compute the normal step v = (v, vs) by solving approzimately (2.6), in such a way
that vy, satisfies the range space condition (2.11) and the normal Cauchy decrease
condition (2.15).

2. Compute the tangent step hy = (hy, hs) by solving approzimately (2.25), in such a
way that hj satisfies the tangential Cauchy decrease condition (2.31), and the total
step di = (dy, ds) = vg + hy satisfies ||(dy, S 'ds)|| < Ay
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3. Update the penalty parameter of the merit function (2.2) as follows. Let 7y be the
smallest value of vy, such that

pred, (dy) > pvy vpred, (vg). (2.36)
If o, < vg_1, set v = vg_1; otherwise set v, = max(vg, 1.5 vg_1).

4. If
P(zp + dy, s + ds; vg) > g, sk vk) — n predy (dy)

decrease Ay by a constant factor and go to 1.

5. Set xpy1 = z + dy, Sp+1 = max(sy + ds, —gk+1), compute a new multiplier \g 1,
update By, choose a new value Ay > Ay, increase k by 1 and go to 1.

Steps 3 and 5 need some clarification. Writing d, = h; +v; and ds = hs + vs, the total
predicted reduction (2.4) becomes

predy (di) =
1 1
—V fivg — EUIBkvx — (Vi + Brvg) Thy — EhTBkhx

T

+ vk (llge + sell = llge + s+ Aldy + )
1 1
+p (eTSklvs — Eujsfus) +u <eTSk1h5 — 0,8, %hy — §hjsk2h5> :

Recalling the definitions (2.14) and (2.26) of the normal and tangential predicted reduc-
tions, we obtain
predy (di) = v vpredy,(vg) + hpredy (hi) + Xk, (2.37)

where ) )
Xk =~V v, — 50;319% + <6T8k1’05 - EU;—S,CZUS> . (2.38)

We have noted in (2.17) and (2.33) that vpred, (vx) and hpred,(h) are both nonnegative,
but i, which gives the change in the objective of (2.1) due to the normal step vy, can
be of any sign. Condition (2.36) in step 3 compensates for the possible negativity of this
term by choosing a sufficiently large value of vy, so that pred;(dy) is at least a fraction p
of v vpred, (v;). More precisely, from (2.38) we see that if vpred, (vg) > 0, (2.36) holds
when
—Xk

(1= p) vpred (vg)

On the other hand, if vpred (vg) = 0, then by (2.21) and s, > 0, it must be the case that
gr + s = 0. In that case v = 0 is a solution to (2.6) and by the range space condition
vk is in the range of (4] S2)T. Since s; > 0 the squared objective of (2.6) is a positive
definite quadratic on that subspace, so v = 0 is the unique minimizer in that space. This
uniqueness implies that vy = 0. In that case x; = 0 and (2.36) is satisfied for any value
of V.

Vg >
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In step 5 we do not always set spy1 = si + ds, because when g,(ca)rl < 0, the i-th
constraint is feasible and we have more freedom in choosing the corresponding slack, 31(921-
In this case our rule ensures that the new slack is not unnecessarily small. Furthermore,
it is always the case that ¢(zy + dy, Spr1;vk) < P(xk + dy, Sk + ds; Vk), so that this update
rule for siy; does not increase the value of the merit function obtained after acceptance
of the trust region radius.

Finally note that we have left the strategy for computing the Lagrange multipliers and
By, unspecified. The treatment in this paper allows Bj to be any bounded approxima-
tion to V2, L(zg, sk, \i), and allows )\j to be any multiplier estimate consistent with this
boundedness. The important question of what choices of By and A are most effective is
not addressed here, and we refer the reader to [4] for some possibilities.

3 Well-posedness of Algorithm I

The purpose of this section is to show that, if an iterate (z, sx) is not a stationary point
of the barrier problem, then the trust region radius cannot shrink to zero and prevent
the algorithm from moving away from that point. We begin by showing that my is an
accurate local model of the merit function ¢. To analyze this accuracy we define the actual
reduction in the merit function ¢ from (xg, sx) to (xg + dy, sk + ds) as

aredy(d) = ¢(xk, sk; Vi) — Pz + dg, sk + ds; V). (3.1)
Step 4 of Algorithm I thus states that a step d is acceptable if
aredy (d) > npred(d). (3.2)

Lemma 3.1. Suppose that Vf and A are Lipschitz continuous on an open convex set
X containing all the iterates {xy} generated by Algorithm I, and assume that {By} is
bounded. Then there is a positive constant 7y, such that for any iterate (xy,sk) and any
step (dg,ds) such that the segment [zy, xp + dy] is in X and dg > —Tsy,

| predy(d) — ared(d)| < vz (1 + v e ? + 1155 "ds %)
Proof. Using the Lipschitz continuity of A, we have for some positive constant v/,

lg(@e +do) + sk + do | — gk + 55 + Afds + |

< lg(zk +dy) — g — Agdy||

< sup  [|A(E) — Agl| [|ds]|
§€[zr,mh+da]

7' lldz |

Similarly, for any scalars o and o’ satisfying o > 0 and ¢’ > —70,

o o'\ ? 1 o\ 2
= — < — ] . .
U—i—U’(U) _1—7'(0) (3-3)
Using these two inequalities, the definitions (3.1), (2.4) of aredy(d) and pred,(d), the
Lipschitz continuity of V f, and the boundedness of { By}, we have

IN

/!

In(c +0') —Ino — 7z
o

o o

t o

< sup
t€lo,o+0']
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| pred(d) — aredy(d)|

1
f @k +de) = fi =V fildy — 5y Bd

+ vk (llg(ward ) + sk + ds|| — llgk + sk + Aldy + ds ||)

m () i)\ 2
/) ds 1 ds
—,uZ( (sk +ds) @ — lns,(c)—w—i-i(W))‘
Sk Sk

1 _
+3) ISe ol

for some positive constant ", O

< Ol + (1

In the next proposition, we show that Algorithm I determines an acceptable step with
a finite number of reductions of Ay, i.e., that there can be no infinite cycling between
steps 1 and 4 of Algorithm I. For this it is important that we ensure that, by decreasing
the trust region radius, we are able to make the displacement in s arbitrarily small.

Proposition 3.2. Suppose that s, > 0 and that (zy, si) is not a stationary point of the
barrier problem (1.2). Then there exists A} > 0, such that if Ay € (0,AY), the inequality
(3.2) holds.

Proof. We proceed by contradiction, supposing that there is a subsequence (indexed
by i, the iteration counter £ is fixed here) of trust region radii A ; converging to zero, and
corresponding steps dj; = vy ; + hy,; and penalty parameters vy, ;, such that aredy ;(dj ;) <
n predy, ;(dy. ;) for all i.

The inequality aredy,;(dy ;) < npredy ;(dk;) and the assumption 5 € (0,1) imply that
| predy, ;(dk,;) — aredy i(dy,i)| > (1 —n) predy, ;(dy;). This together with the limits d%’ — 0,
d®" — 0, and Lemma 3.1 gives

v .

predy ;(dyi) = (1 +wvgq)o(lldy"[|) + of[lds*[]). (3.4)
We will show that this equation leads to a contradiction, which will prove the proposition.
For the rest of the proof 7{, 75, ..., denote positive constants (independent of i but not

of k), and to simplify the notation, we omit the arguments in vpredy, ;(vg,;), hpredy ;(h.i),
and predy, ;(dg,;)-

Consider first the case when gy +s; = 0. From (2.14) and (2.17), we see that vpred ; =
0. Also, since g, + sx = 0, (2.6) has a solution (v = 0) in the range space of (4] S?)T,
so that the range space condition (2.11) implies that vy ; is of the form (2.11), for some
vector wy ;. Therefore 0 = vpredy, ; = [|[(A] Ay, + S7)wgi||, which implies that wy,; = 0 and
vk, = 0, because the matrix inside the parenthesis is nonsingular. Given that vpredy ;
and vg; both vanish, we have from (2.37), (2.38) and (2.33) that pred, ; = hpred, ; > 0.
Hence, inequality (2.36) holds independently of the value of vy ;, implying that {v;}i>1
is bounded. Therefore, (3.4) gives

predy,; = o(||di"|]) + o([ld5 ). (35)
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On the other hand, from (2.30) and vy; = 0 we see that pf = —Z,V fi + pZ]S; 'e. This
vector is nonzero; otherwise the KKT conditions of the barrier problem (1.2) and the
definition (2.27) of Zi, would imply that (zj,si) is a stationary point of the problem.
Then, for Ak,i sufficiently small, inequality (2.34), the trust region in (2.25), and the fact
that hk,i = dk,i give

predy ; = hpredy; > v Ay > 71 ll(d5", S )| = Yo (15| + [l ).

This contradicts (3.5).
Consider now the case when g + s # 0. Since the matrix (A5 Si) has full rank, and
by Ay ; — 0, we deduce from (2.21) that for i large

vpred, ; > YA - (3.6)

Then, from step 3 of the algorithm, (3.6), and the fact that [|d%?| + ||d%%|| < (v4) ‘A,
we obtain

pred,; > prggvpred;
> pug s Ak,
> pueiris (114571 + b))
Since, vy, ; > v_1 > 0 this contradicts (3.4), concluding the proof. O

4 Global Analysis of Algorithm I

We now analyze the global behavior of Algorithm I when applied to the barrier problem
(1.2) for a fixed value of p. To establish the main result of this section we make the
following assumptions about the problem and the iterates generated by the algorithm.

Assumptions 4.1. (a) The functions f and g are differentiable on an open convex set
X containing all the iterates zj, and Vf, g, and A are Lipschitz continuous on X. (b)
The sequence {f;} is bounded below and the sequences {V fi}, {g9x}, {Ax} and {Bj} are
bounded.

Note that we have not assumed that the matrices of constraint gradients Ay have full
rank because we want to explore how the algorithm behaves in the presence of dependent
constraint gradients. Our most restrictive assumption is (b), which could be violated if
the iterates are unbounded. The practical value of our analysis, as we will show, is that
the situations under which Algorithm I can fail represent problem characteristics that are
of interest to a user and that can be characterized in simple mathematical terms. As we
proceed with the analysis, we will point out how it makes specific demands on some of
the more subtle aspects of Algorithm I whose role may not be apparent to the reader at
this point. Therefore the analysis that follows provides a justification for the design of our
algorithm.
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We adopt the notation ™ = max (0, @), for a scalar «, while for a vector, u™ is defined
component-wise by (ut)® = (u(?)*. We also make use of the measure of infeasibility
x + ||g(z)T]|, which vanishes if and only if x is feasible for the original problem (1.1).
Note that ||g(-)*||? is differentiable and has for gradient

Vllg(a)*|? = 2A(z)g(x)*.
We make use of the following definitions; here A denotes the i-th column of A.

Definitions 4.2. A sequence {z} is asymptotically feasible if g(zr)™ — 0. We say that
the sequence {(gx, Ax)} has a limit point (g, A) failing the linear independence constraint
qualification, if the set {A® : §®) = 0} is rank deficient.

Note that the concept of constraint qualification usually applies to a point z, but that
we extend it to characterize limit points of the sequence {(gx, Ax)}, and thus our definition
is not standard. The main result we will establish for Algorithm I is the following.

Theorem 4.3. Suppose that Algorithm I is applied to the barrier problem (1.2) and that
Assumptions 4.1 hold. Then,

1) the sequence of slack variables {s} is bounded,

2) Ag(gr + sk) — 0 and Si(gx + sx) — 0.
Furthermore, one of the following three situations occurs.

(1) The sequence {z\} is not asymptotically feasible. In this case, the iterates approach
stationarity of the measure of infeasibility © — ||g(z)™ |, meaning that Argt — 0,
and the penalty parameters vy, tend to infinity.

(1) The sequence {xy} is asymptotically feasible, but the sequence {(gx, Ax)} has a limit
point (g, A) failing the linear independence constraint qualification. In this situation
also, the penalty parameters vy, tend to infinity.

(i51) The sequence {xr} is asymptotically feasible and all limit points of the sequence
{(gk, Ak)} satisfy the linear independence constraint qualification. In this situation,
{sk} is bounded away from zero, the penalty parameter vy is constant and gy is
negative for all large indices k, and stationarity of problem (1.2) is obtained, i.e.,
Vfi + Ag\i — 0, where the multipliers are defined by A\, = uS'k_Ie.

This theorem isolates two situations where the KKT conditions may not be satisfied in
the limit, both of which are of interest. Outcome (i) is a case where, in the limit, there is
no direction improving feasibility to first order. This indicates that finding a feasible point
is a problem that a local method cannot always solve without a good starting point. In
considering outcome (ii) we must keep in mind that in some cases the solution to problem
(1.2) is a point where the linear independence constraint qualification fails, and which is
not a KKT point. Thus outcome (ii) may be just as relevant to the problem as satisfying
the KKT conditions.

The rest of the section is devoted to the proof of this theorem, which will be presented
in a sequence of lemmas addressing in order all the statements in the theorem. It is
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convenient to work with the following multiple of the merit function ¢

B, 550) = = pla ) = - (f(z) - uZIns‘”) o)+l (5> 0).
=1

Since step 4 of Algorithm I requires that ¢ be reduced sufficiently at every new iterate,

we have that
npred;_;

Dk, 515 Vk—1) < P(Th—1, Sk—1; Vh—1) —
V-1

and therefore

~ ~ 1 1 U i dy_
(@, sk3 V) < P(Th—1, Sk—1; Ve—1) + <— - ) (fk - MZIHS;)> — TPk (g
i-1

Vg V-1 Vg1

This indicates that the sequence {qg(mk,sk;yk)} is not necessarily monotone when vy, is
updated. To deal with this difficulty, we first establish that, under mild assumptions, the
slack variables are bounded above.

Lemma 4.4. Assume that {fi} is bounded below and that {gi} is bounded. Then the
sequence {sy} is bounded, which implies that {¢(zy, sk;vk)} is bounded below.

Proof. Let v be an upper bound for —f; and for ||gx||. Since

m .
S s < min|lsg)leo < mln|sg, (4.2)
i=1
equation (4.1), the fact that the sequence {v}} is monotone non-decreasing, and the non-
negativity of pred;, give
1

N . 1
(T, k5 vk) < Do, S0; 10) + <V0 Vk) (7+um0rgja§klnllsyll) (4.3)

On the other hand, from the definition of ¢ and (4.2) we have that for any k,

1
d(xk, sp;v) > —V—k(’Y + pmn ||sel]) + lIsell — llgxll- (4.4)

Now, consider the indices I; such that [|s, || = maxg<; |[sk/. Then combining (4.3)-(4.4)
for k given by any such /; we obtain

1 ~ 1 1
_;(W"i‘ﬂmln“%“) + “Slj“ - “glJH < ¢($0750;V0) + (V_O - ;) (’Y+Mmln“SlJ“)7
J J

and thus )
51,11 < (o, s0;5v0) +v + V—0(7 + pm n [|sg; []). (4.5)
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Since the ratio (In||s[|)/||s|| tends to O when ||s|| — oo, relation (4.5) implies that {s;, }
must be bounded. By definition of the indices [; we conclude that the whole sequence
{sk} is bounded. O

Given that the slack variables are bounded above and that f; is bounded below, it is
clear that we may redefine the objective function f — by adding a constant to it — so that

m .
fr—nY s’ >0
i=1
at all iterates, and that this change does not affect the problem or the algorithm in any
way. This positivity, the fact that vy is nondecreasing and (4.1) imply that

npredy_q

(4.6)
V-1

D (@hs Sk V) < P(Th—1, Sk—15 V—1) —
for all k.
We can now show that our rule in step 5 of Algorithm I for determining the new slack
variables, sp11 = max(s;+ds, —gr+1), is such that the step between two successive iterates
is still controlled by the trust radius Ag.

Lemma 4.5. Assume that {fy} is bounded below, that {gx} is bounded, and that g is
Lipschitz continuous on an open set X containing all the iterates xy. Then there exists a
positive constant 1 such that for all k > 1,

(@15 Sk41) = (@, S8) ]| < Y1 A%

Proof. Clearly, |(zi41,56+1) — (56 56)| < 0511 — 2l + sk 1 — sp] and [Joe 1 — ] =
1|l < |l < A
Consider now the step in s. Let 7, > 0 be the bound on {s;} given by Lemma 4.4.
(1) (1) _ 4(0)
-5, =d

For the components i of s such that s/, s, one has

sy = 501 < sl < 7lISE dull < AL
For the other components,

sl(ci) - Sl(ci-)H < —dgi) < lldsll < VA

and 51(921 = —g,g?_l so that, using the fact that gy + s, > 0 (when k > 1), one has

s = sk = g 00— (00 +51) < llgwer — gell <7 ldall < 7D
where «' > 0 denotes the Lipschitz constant of g. O

With the above two lemmas, we can begin to address convergence in the next result.
It deals with the function (z,s) € R" x RT" — ||g(z) + s||?, which is another measure of
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infeasibility for the original problem (1.1). Note that if the slack variables are scaled by
Sy ! the gradient of this function with respect to the scaled variables is

2 (AF;)) (g(x) + s).

We now show that the iterates generated by the algorithm approach stationarity for this
infeasibility function ||g(x) + s||2.

Lemma 4.6. Assume that the sequences {gr}, {Ar}, and {By} are bounded, that {fy} is

bounded below, and that g, A, and V f are Lipschitz continuous on an open convex set X
containing all the iterates xp. Then

(A -
Jim (Sk > (gk + s) = 0.

Proof. By the assumptions on A and g, we have that the function

oz = | () ot +)

is Lipschitz continuous on the open set X x R’ containing all the iterates (zy, s), i.e.,
there is a constant 77 > 0 such that

10(z, s) — 0(z1,30)| < vLll(@,8) = (@, 1), (4.7)
for any two points (z,s) and (z7,s;) in X x R
Now consider an arbitrary iterate (z;,s;) such that 6, = 6(x;,s;) # 0. We first want

to show that in a neighborhood of this iterate all sufficiently small steps are accepted by
Algorithm I. To do this define the ball

B ={(z,5) : |(z,8) = (w1, 80| <O/ (271,)}-
By (4.7), for any (z,s) € B; we have that
0(z,5) > 20
r,s) = 2 I

which implies that g(z) + s # 0. We also know that the normal step satisfies (2.21), and
have shown in Lemma 4.4 that {sy} is bounded. Using this, (2.36) and the boundedness
assumptions on {A;} and {gx + sx}, we see that there is a constant ] (independent of &k
and [), such that for any such iterate (x;,s;) and any iterate (zy,s;) € B;

pred;, > pvy, vpred, > vyy16; min (fT, Ay, 9;) . (4.8)
Therefore, if A, is sufficiently small we have

predk > yk'ywl Ak.
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Using this together with Lemma 3.1, and recalling the trust region constraint and the fact
that Ap = £Ag, we obtain

| aredy, — pred;, | < YL ((1 + v e [1* + ||51;1ds||2) < v (1 + v ) A2
pred,, o Vk'YiglAk B VkViolﬁAk

By making Ay, sufficiently small we can ensure that the last term is less than or equal to
1 — 7, and therefore for all z;, € B; and all such Ay,

aredy > n pred, (4.9)

implying (by (3.2)) acceptance of the step in Algorithm I.

Next we want to show that the rest of the iterates {zj}r~; cannot remain in B;. We
proceed by contradiction and assume that for all k > [, z; € B; and therefore (4.9) holds
for sufficiently small Ay; this implies that there exists A > 0 such that A > A° for all
k > 1. This, together with (4.6) and (4.8) gives

~ ~ ’r’ ~ .
Pr1 < P — o pred, < ¢ — 17716, min (fTa A, 91) )
where ¢, = $($k,sk;~yk). Since the last term in the right hand side is constant, this
relation implies that ¢, — —o0o, contradicting the conclusion of Lemma 4.4 that {¢x} is
bounded below. Therefore the sequence of iterates must leave B; for some k > [.
Now let (xgy1,Sk11) be the first iterate after (x;,s;) that is not contained in B;. We

must consider two possibilities. First, if there exists some j € [[,k] such that Aj >
min (£7,6;), then we have from (4.6) and (4.8) that

brr1 < Pjn1

b n
< ¢; — — pred;
< ¢j — 16 min (¢7,6;)
< ¢ —nv10min (£7,6;) . (4.10)

The other possibility is that for all j € [I,k], A; < min (£7,6;). In that case it follows from
(4.6) and (4.8) that

k
brt1 < By _ngredj
=1
5 k
< di— Y oA, (4.11)
=l

Then, using Lemma 4.5 and the fact that (zgy1, Sk+1) has left the ball B;, whose radius is
01/(27L) give

1 0;
Aj > — (k415 Sk41) — (21, 5))[] > DIV
l Y1 ’YL’YI

k

J
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Substituting in (4.11) we obtain

b1 < i — V€0 [ (29Em). (4.12)

To conclude the proof note that since {qgk} is decreasing and bounded below, we have
that ¢; — ¢, for some infimum value ¢,. Since [ was chosen arbitrarily, the fact that
either (4.10) or (4.12) must hold at (x;,s;) implies that 6; — 0. O

This result shows that Ag(gx + sg) — 0 and Sk(gx + sk) — 0. This is of course satisfied
when g 4+ s — 0, that is when feasibility is attained asymptotically. However it can also
occur when g + s, 7/ 0 and the matrices A and Sy approach rank deficiency, a possibility
we now investigate.

The procedure for updating the slack variables in step 5 of Algorithm I becomes im-
portant now. It ensures that

gk +sk>gf >0 (4.13)

holds at every iteration. Lemma 4.7 first uses this relation to show that the gradient Akg,j
of the measure of infeasibility z — 3||g(z)*||> converges to zero. Then Lemma 4.7 shows
that the case g,j 7/ 0 implies that the penalty parameters tend to infinity.

Lemma 4.7. Under the conditions of Lemma 4.6, Akg,j — 0. Moreover, if the sequence
of iterates is not asymptotically feasible, i.e., if g,j 4 0, then the penalty parameters vy
tend to infinity.

Proof. Let A, §, and § be limit points of the sequences {Ax}, {gx}, and {s}. Since these
sequences are bounded, we only have to show that /i§+ = 0.

If g0 > 0, the conditions § > 0 and §(§+5) = 0 (from Lemma 4.6) imply that §© = 0.
If ) < 0, then from (4.13), 3 # 0, which together with the equation S(§+38) = 0 implies
that §) = —§(. This shows that § + § = . Using the equation A(Q +8) = 0 (from
Lemma 4.6), we obtain that /i§+ = (0, which proves the first part of the lemma.

If g 4 0, (4.13) implies that there is an index i such that (gi + sx)® A 0. Since
Sk(gr + sk) — 0, there is a subsequence of indices k£ such that s,(;) — 0 and In sg) — —o00.
Since {fx} is bounded below, this is incompatible with the decrease of ¢(zy, sk;v) for a
fixed value of the penalty parameter v > 0. Therefore v}, is increased infinitely often, and
because this is always at least by a constant factor, {v}} is unbounded. O

This completes our discussion of the case when the sequence {z}} is not asymptotically
feasible (item (i) of Theorem 4.3).

To continue the analysis we consider from now on only the case when feasibility is
approached asymptotically. We will divide the analysis in two cases depending on whether
the matrices (AkT Si) lose rank or not. We use the notation o, (M) to denote the smallest
singular value of a matrix M, and recall that in Definitions 4.2 we describe our notion of
linear independence constraint qualification.
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Lemma 4.8. Suppose that the sequences {gi.} and { Ay} are bounded, that { fi.} is bounded
below, and that g, + s — 0. Then, either there is some bound & > 0 such that

Urnin((A;— Sk)) >0

for all k, or the sequence {(gx, Ax)} has a limit point (g, A) failing the linear independence
constraint qualification. In the latter case, the penalty parameter vy goes to infinity.

Proof. If liminfomin((4; Sk)) = 0, there is a subsequence of iterates for which the
smallest singular value of (4] Si) converges to 0. Thus, since the sequence {(Ag, gk, sk)}
is bounded (by the assumptions), it has a limit point (A4, g, 5) such that the matrix (A" S)
is rank deficient. Now S is diagonal, so that the set Z = {i : 5!) = 0} cannot be empty and
the columns of A with index in Z must be linearly dependent. Since we assume gj, +s; — 0,
we have that §(¥ = 0 if and only if i € Z, and it follows that the set {A®) : g = 0} is
rank deficient. . _
Since for ¢+ € Z, a subsequence of {sg)} tends to zero, a subsequence of {—In s,(;)}
goes to infinity. Because {si} is bounded and {f} is bounded below, this is incompatible
with the decrease of ¢(zy, sk; ), which would occur if v, were eventually constant. By
the update rule for the penalty parameter, if v is changed infinitely often then {v}} is

unbounded. O

For the rest of this section we will focus on the case where oy ((4, Sk)) > & > 0 for
all k£, which implies that g + s — 0. First we will use this condition to bound the length
of the normal step v = (v, vs) by a constant multiple of vpred;, (Lemma 4.9); then we can
use this relation to show that the sequence of penalty parameters v is bounded (Lemma,
4.10). Finally we will be able to show that the stationarity conditions for problem (1.2)
are asymptotically satisfied (Lemma 4.11).

Lemma 4.9. Suppose that Assumptions 4.1 hold and that for some & > 0,
omin((Af Si)) > 6 >0, (4.14)
for all k. Then, there are positive constants vo and 73 such that if ||gr + skl < 72,

H (vay S Mws)|| < 73 vpred,, . (4.15)

Proof. Recall that, by Lemma 2.2, the normal step must satisfy

<g:> (gr + k)
1(Ay Sk)l?

A . ~ H
(Sk> (g + Sk)H min | {7, Ay,
2

lgi + sill vpred; > 2

We may assume that gi + si # 0, for otherwise vpred;, = 0, vy, = 0 (by the same argument
as in the proof of Proposition 3.2), and (4.15) is trivially satisfied.
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Using (4.14) and letting &1 = supy, ||(A; Sk)|, this implies

vpred;, > % min (fT, Ay, P
i

Let us now assume that ||gx + s|| is strictly smaller than the constant £76%/4. Then the
minimum in (4.16) cannot occur at {7, and (4.16) becomes

vpred;, > % min (Ak,
We now consider two cases:
Case 1. Suppose ||g; + sx|| > 26A;. Then, using & < &1 and the trust region constraint,
WO . 6%\ « 'Yv&3 -1
vpred;, > Tmln 1, ﬁ A > H“(”“"’S’f vs) |-
From this inequality, (4.15) follows immediately.
Case 2. Suppose
1 -
lgr. + skl < S6A. (4.18)
Consider an arbitrary vector & € R™™ in the range of (4] SZ)T that gives a lower
objective in the normal subproblem (2.6) than v = 0. We claim such a vector satisfies the

constraints of (2.6) if ||gx + sk || is sufficiently small. Since o = (A4, S2)w for some vector
w € R™,
A
o+ selP 2 llgw + 51+ (AT 8 (1) wl?
or
(AR Ak + SP)wl® < =2(gr, + s1) (AL Ag + SP)w.

Using the Cauchy-Schwarz inequality, this implies that
(AL Ax + S)wll < 2(lgr + sk

and by (4.14), it follows that

| @2, 150)

A 2
= |(55) w] < Flaw -+ sl (4.19)
k o

Together, (4.18) and (4.19) imply v is within the trust region. In addition, for each slack
variable (), (4.19) implies

. 2
(Slzlf)s)(z) > — H(@wa 51;165) > —g||9k + SkH > £, (4-20)

provided that ||gx + si|| < (£76)/2. Thus o is feasible for (2.6).
Now consider the problem (2.6) and its transformed equivalent (2.9). Since (A, Sk) is
of full rank there is a solution @ to the equation gi + s, + A,qu + Sius = 0, of minimum
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Euclidean norm, which is known to lie in the range of (A} Si)T. Thus v = (u, Sks)
lies in the range of (A S?)7, and gives a value of zero for the objective of (2.6). By the
above argument, if ||gx + sg|| is sufficiently small, ¥ is feasible for problem (2.6), and is
therefore a solution to (2.6). Since v is a solution to (2.6) lying in the range of (4] S2)T,
the range space condition (2.11) implies that the normal step vx must also lie in the range
of (A S2)T. This implies that, since vpred, (vg) > 0, vy satisfies (4.19), so that

_ 2
| a5 00)| < Zlge + sl (4.21)

Now recall that by (4.17) and (4.18),

YO . (2 &
wpredy > 2% min (2, 5 ) low + s
1

which together with (4.21) implies (4.15).
d

We should note that if the Lagrange multipliers A\, are defined as the least squares
solution to

Vi + AgX | 0
SeA—pe |7

then the boundedness of {Vfi}, {Ar}, {sk}, and (4.14) imply that the sequence {\;}
is bounded. The boundedness assumption on B} is now easy to enforce in this case,
particularly if By, is defined as V2, L(xy, sk, Ak)-

With the bound (4.15) on the normal step, in the case where g + s, — 0, we can show
that the parameter vy eventually becomes fixed.

Lemma 4.10. Suppose that Assumptions 4.1 are satisfied, and that (4.15) holds for k
sufficiently large. Then, the sequence of penalty parameters {vy} is bounded. In addition,
there exists an index k1 and positive scalars U and 74, such that for all k > k1,

Vp =1V

and
pred; (dg) > 74 hpred, . (4.22)

Proof. In step 3 of Algorithm I, v is chosen to be sufficiently large such that
pred,(dy) > pvy vpred,, (4.23)
where, as in (2.37)-(2.38)

pred,(d;) = v vpred, + hpred,

1 _ 1 _ 4.24
— kaTvx — EUIBkvx + <eTSk Yog — EvsTSk 21)5) . ( )
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We consider the terms in the second line of the above equation. By Assumptions 4.1,
{Vfe}, {Ax}, and {By} are all bounded. Note also that {vpred,} is bounded, since by
(2.14), vpred;, < ||gx + sk|l, and this quantity is bounded as a consequence of Assumption
4.1 and Lemma 4.4. Therefore, using (4.15), there is a constant 4] > 0 such that

1 1
—V fvg — EUIBkvx + 1 <eTSk_1vs — 5@25’,9_21)3) > — ] vpredy, .

Hence from (4.24) the predicted decrease satisfies
pred, (dx) > vy vpred, + hpred, —v] vpred,, . (4.25)

Since vpred,, and hpred,, are nonnegative, we deduce from this inequality that condition
(4.23) is satisfied if vy > 7} /(1 — p). Therefore, if v, becomes larger than ] /(1 — p), it
will never be increased. This, together with the fact that whenever Algorithm I increases
Vg it does so by a constant factor, implies that after some iterate, ki say, v, will remain
unchanged at some value v.

Now consider (4.25) when k > ki and v, = ». If hpred, > —2(7 — v}) vpred;, then
pred,(dy,) > 2 hpred,. Otherwise, hpred, < —2( — ~}) vpred; and it must be the case
that 7 — ;] < 0, in which case, by (4.23),

predy(dy) > hpredy, .

pv
2(vi = 7)
So (4.22) holds in either case. O

Lemma 4.11. Suppose that Assumptions 4.1 hold and that the singular values of the
matrices (A} Sk) are bounded away from zero. Then,

(1) {sk} is bounded away from zero and gy is negative for all large k,

(i1) Vfr+pApS; e — 0.

Proof. By Lemma 4.6, g; + s — 0, and thus (4.15) eventually holds at all iterates. So,
by Lemma 4.10, we have that v, = U for all £ > k;. Since Algorithm I decreases the merit
function at every iteration we have

¢($kask);ﬂ) qu(]:kpskl;lj)a fOI‘k‘Zkl.

Thus m
Y st < Py, s,30) — fr — vllgr + sell-

i=1
Since we assume that {f;} is bounded below and because {sj} is bounded (Lemma 4.4),
this implies that there is a vector § > 0 such that

s >3§, fork>1.

Thus, because g + s — 0, we have that g, < 0 for large k, proving (i).
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Next, recall that, by Lemma 2.3, (h,, hs) satisfies

min(Ak,(l —&)71) %]
121 %, + 28,2 2|V | 2] B2 + 42 S, 2|

hpred, > Lt pf | min (

> o (4.26)

where
P = —Z(Vfr + Brvg) + nZ] (S; 'e — Sy 2vs),

and where the null space basis matrix 7, = (Z, Z,)" is assumed to have singular values
that are both bounded above and bounded away from zero. Since we have shown that
all components of s; are bounded away from zero, it follows that {Z,Z, + ZJS;?Z;} is
bounded. In addition since {By} is bounded, {Z, ByZ, +pZ/]S, *Z,} is bounded. Hence,
inequality (4.26) becomes

hpred;, > 7 |pf || min (1, A, [Ip ) , (4.27)

for some positive constant .

To show that V fi + ,uAkS'k_le tends to zero, we relate this quantity to pj. Note that
the matrix (I —Ag)" is a null space basis (see (2.27)), and that using the equivalence of
null space bases we get

Vit pASile = (I —Ay) ( ng@)

= (1 ANz Z ) 2] ( v ) , (4.28)

for the chosen null space basis Zj. By the boundedness of A; and of the singular values
of Zj, it follows from (4.28) that for some constant 5

P&l > 5 (llakll = llvkl)

for all k, where ¢, = V f + uAkSk_Ie.

We use a similar argument to that used in the proof of Lemma 4.6. To obtain a
contradiction, suppose that 8 = ilim SUD_ oo |Gk || is nonzero. Since vy — 0, we can find
an iterate (x;,s;) with arbitrarily large [ such that ||g|| > 36 and such that ||vg|| < 6 for
all k > [. Let 4, be the Lipschitz constant for ¢(x,s) = Vf(z) + pA(z)S te. Then any
iterate (z,sk), with & >, in the ball B = {(z,s) : ||(z, s) — (z1, s1)|| < 6/7L}, satisfies

Pkl = 72 (laell =l = gell = llvell) > v5(36 — 6 — 0) = 750.

By Lemma 4.10 and (4.27), we have with v5 = y4v] 74
pred;, > 4 hpred,, > +4 0 min (1, Ap, 0) . (4.29)

Therefore, for any iterate (z, s) in B, with k > [, if A, is sufficiently small we have

pred;, > Y40A.
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Then by Lemma 3.1,

. - 2
[aredy, —predy| _ (1 +7)AF (4.30)
pred,, YEOA g

for Ay, sufficiently small, implying acceptance of the step.

Next we show that the rest of the iterates {(z, sk)}x>; cannot remain in B. To prove
this by contradiction we assume that for all k > I, (zy,s;) € B and therefore (4.30) holds
for sufficiently small Ag. This implies that there exists A? > 0 such that A, > A for all
k > [. This, together with (4.29) and step 4 of Algorithm I, gives

Pri1 < dr — npredy < ¢ — 0 min (1, A%, 746) .

Since the second term in the right hand side is constant, this relation implies that ¢, —
—o00, which gives a contradiction because Lemma 4.4 shows that {¢;} is bounded below.
Therefore the sequence of iterates must leave B for some k& > I.

Now let (zgt1, Sk+1) be the first iterate after (z;, s;) that is not contained in 5. We must
consider two possibilities. First, if there exists some j € [l, k] such that Aj > min (1,746),
then we have from (4.29) that

dr+1 < g1
< ¢j—77predj
< ¢ — 730 min (1,750)
< ¢ —nyzfmin (1,750). (4.31)

The other possibility is that for all j € [k,1], A; < min (1,946). In that case, it follows
from (4.29) and (2.24) that

k
be1 < d—ny pred;
i=l

k
< dr—nf(1 =8 A,

j:
< ¢ —nysva(1— €)% (4.32)

The last inequality follows from the fact that (zx1,sg11) has left the ball B, whose radius
is 0/71, so that, as at the end of Lemma 4.6, Ef:l Aj > 7,0, for some constant 7}.

Since the sequence {¢y} is decreasing and bounded below, it converges. This is in
contradiction with the fact that [ may be chosen arbitrarily large in (4.31) or (4.32), and
the fact that 8 # 0. Therefore g — 0. O

o~

Now we have established all points of our main convergence result, Theorem 4.3, which
we restate and whose proof we now summarize.

Theorem 4.12. Suppose that Algorithm I is applied to the barrier problem (1.2) and that
Assumptions 4.1 hold. Then,
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1) the sequence of slack variables {s} is bounded,
2) Ag(gr + sg) — 0 and Si(gx + sg) — 0.
Furthermore, one of the following three situations occurs.

(1) The sequence {x} is not asymptotically feasible. In this situation, the iterates
approach stationarity of the measure of infeasibility © — |g(z)"||, meaning that
Akg,j — 0, and the penalty parameters vy tend to infinity.

(1) The sequence {xy} is asymptotically feasible, but the sequence {(gx, Ax)} has a limit
point (g, A) failing the linear independence constraint qualification. In this situation
also, the penalty parameters vy, tend to infinity.

(i51) The sequence {xr} is asymptotically feasible and all limit points of the sequence
{(gk, Ak)} satisfy the linear independence constraint qualification. In this situation,
{sk} is bounded away from zero, the penalty parameter vy is constant and gy is
negative for all large indices k, and stationarity of problem (1.2) is obtained, i.e.,
Vfi + Ag i — 0, where the multipliers are defined by A\ = uSk_Ie.

Proof. Conclusion (1) was established in Lemma 4.4, and conclusion (2) in Lemma 4.6.
In the case that {z;} is not asymptotically feasible (g; 4 0), it was shown in Lemma 4.7
that situation (i) occurs. If gf — 0, it was shown in Lemma 4.8, Lemma 4.10, and
Lemma 4.11 that either (4i) or (i74) must hold. O

5 Overall Algorithm

In this section we consider the overall algorithm, in which Algorithm I is run for decreasing
values of the barrier parameter u. We are not concerned here with conditions assuring
a good rate of convergence, but consider only the global convergence properties of this
algorithm.

Algorithm II. Choose an initial value py > 0 for the barrier parameter, a reduction
factor a € (0, 1), and a sequence of stopping tolerances {¢ };>1 that tends to zero. Choose
an initial iterate (zo, sp) and set [ = 1 and kg = 0.

1. Apply Algorithm I from the point (zy,_,,sk,_,) until it finds a point (xy,, sy, ) satis-

fying
gk, + sk, |l < €1, (5.1)

||kal + Akl)\kl” S €[, (52)
where A, = mSk_lle.
2. Choose p41 € (0, apy).

3. Increase [ by 1, and go to step 1.

All the iterates generated by this algorithm form a single sequence {(x,sk)}r>0. The
index k;—y (I > 1) labels the starting point of the [th outer iteration, which ends at the

point (z,, sk, ).
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Theorem 5.1. Suppose that {(zy,si)} is generated by Algorithm II and that, for each
barrier problem, Assumptions 4.1 hold. Then, one of the following two possible outcomes
can occur.

(A) For some parameter p;, either inequality (5.1) is never satisfied, in which case the
stationarity condition for minimizing x — ||g(z)T|| is satisfied in the limit, i.e.,
A(zp)g(zp)t = 0, or else g+ sp — 0 but inequality (5.2) is never satisfied, in which
case the sequence {(gi, Ar)} has a limit point (g, A) failing the linear independence
constraint qualification.

(B) At each outer iteration [ of Algorithm II, the inner algorithm succeeds in finding a pair
(xk,,sk,) satisfying (5.1)—(5.2). All limit points & of {xy,} are feasible. Furthermore,
if any limit point & of {xy, } satisfies the linear independence constraint qualification,
then the first order optimality conditions of the problem

min f(z)

s.t. g(z) <0

hold at &: there exists A\ € R™ such that

Vf+A\N=0, §<0, A>0, §'A=0.

Proof. Suppose that, for some value of y;, Algorithm II fails to find a point satisfying (5.1)
and (5.2). This implies that Algorithm I generates an infinite sequence for problem (1.2)
with g = g, but that outcome (4i7) of Theorem 4.12 does not occur. Since Assumptions 4.1
hold this implies that, for that value of y, either outcome (7) or (i7) of Theorem 4.12 occurs,
which leads to conclusion (A).

The only other possibility is that Algorithm IT satisfies (5.1)—(5.2) for all [ > 1. Let £
be a subsequence of indices [, such that x;, — & when/ — oo in £. Since 0 < g,;': < Gk, + Sk,
and gy, + s, — 0, one has § = g(&) < 0 (& is feasible) and s;, = § = —g when [ — oo
in L.

Now suppose that the linear independence constraint qualification holds at & and
consider the set of indices

Z=1{i:¢g" =0}

For i ¢ 7, 39 < 0 and §® > 0, so that )\,gil) = ,ul/sg) — 0 when [ — oo in L. From this
and V fi, + Ap, A\, — 0, we deduce that

Vi + Y A0Ve - 0. (5.3)
€T

By the constraint qualification hypothesis, the vectors {V§(®) : i € T} are linearly inde-
pendent, so that, by (5.3), the positive sequence {\y, }ic. converges to some value A>0.
Now, it remains to take the limit in V fi, + Ag, Ax, when [ — oo in £ and to observe that
g\ = 0. Therefore conclusion (B) holds. O
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6 Final Remarks

In this paper we have presented and analyzed a trust region method for solving the barrier
problem (1.2). This is an optimization problem with nonlinear equality constraints, plus
the implicit constraint s > 0. Our strategy has been to use a well-developed algorithm
for equality constrained optimization and enforce the constraint s > 0 by means of the
trust region and the barrier term. Another benefit of using a trust region is the ability
of the method to deal with indefiniteness of the Hessian and near rank deficiency of the
constraints.

The algorithmic framework given in §1 can be used to implement primal or primal-
dual interior point methods. In this paper we have focused on primal methods because
they are easier to analyze and we have devoted much attention to their global convergence
properties because the analysis provides important clues on how to design the algorithms.
Computational experience with the primal interior point method is given in [16, 4]; those
papers also provide computational results with primal-dual methods.

Another question to be dealt with is how to ensure that a good rate of convergence is
obtained. This requires, among other things, a careful strategy for updating the barrier
parameter p and deciding how accurately to solve the barrier subproblems [5]. We should
also mention that since our merit function is non-differentiable, getting fast convergence
may necessitate use of a second-order correction or a watch-dog strategy to avoid the
Maratos effect. Our computational experience [18, 4] indicates that use of a second-order
correction can be an efficient strategy for this purpose.

Acknowledgements. The authors are thankful to Clovis Gonzaga and Sanjay Mehro-
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perceptive comments of the referee and associate editor are also gratefully acknowledged.
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