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Abstract

In this paper, we investigate the alternating sums of the reciprocal Fibonacci num-
bers > 1" (=1)%/Fyrqp, where a € {1,2,3} and b < a. The integer parts of the
reciprocals of these sums are expressed explicitly in terms of the Fibonacci numbers.

1 Introduction

For an integer n > 0, the Fibonacci number F), is defined recurrently by F,, = F,,_1 + F,,_»

with f5 =0 and F; = 1.
Recently, Ohtsuka and Nakamura [1] studied the infinite sums of the reciprocal Fibonacci

numbers, and established the following result, where |-| denotes the floor function.
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Theorem 1. For alln > 2,
=1 ! F, -, if n is even,
<; E) B { F, o —1, ifn is odd.
More recently, Wang and Wen [4] strengthened Theorem 1 to the finite sum case.
Theorem 2. If m > 3 and n > 2, then

o 1 o E, o, if n is even;

(; Fk) - { F,o—1, ifn is odd.

In this article, we focus on the alternating sums of the reciprocal Fibonacci numbers
o (D

where a € {1,2,3} and b < a. By evaluating the integer parts of these sums, we obtain
several interesting families of identities concerning the Fibonacci numbers.

2 Results for a =1

We first introduce several well-known results, which will be used throughout the article. The
detailed proofs can be found in, for example, [3, Thm. 7, p. 9] and [2].

Lemma 3. For any positive intergers m and n, we have
FoFn+ FriFar = Frgngs
Lemma 4. For alln > 1, we have
Fopyr = Fo B0 — F B
Lemma 5. Let a,b,c,d be positive integers with a +b = ¢+ d and b > max{c,d}. Then
F,Fy— F.Fy = (-1)""'F,_.F_,.
For the sake of argument, we present four auxiliary functions
1 (=1)" 1

1 (—1) 1
L) = BT TR Rt
. (—1) 1
n) = — + ,
f3() Fn+1+]- Fn Fn+2+1
-1 —1)" 1
fa(n) = - +




It is clear that f;(n) (1 <i < 4) is positive if n is odd, and negative otherwise.

Lemma 6. Ifn > 2 is even, then

fitn) + fi(n+1) <O0.
Proof. Since n is even, it is straightforward to see

2 1 1
R e
(2Fn B Fn+1) Fn+3 _ FnFn+1
FnFn+1Fn+3
anQFnJr?) _ FnFn+1
FnFn+1Fn+3
—2
FnFn+1Fn+3
< 0,

where the last equality follows from Lemma 5 and the fact that n is even. m

Lemma 7. For alln > 2, we have

fa(n) + fa(n+1) > 0.

Proof. The statement is clearly true if n is odd. Thus, we focus on the case where n is even.
It follows from the definition of f5(n) and Lemma 5 that

1 1 1 1

Fn+2 o anl
(Fn-I-l - 1) (Fn+3 - 1) FnFn—i—l
Foi (FoFnis— Fy a1 Fos)+ By (B + Foys — 1)
FnFn-H (Fn—H - 1) (Fn+3 - 1)

—2F 1+ F (2F 0+ Foyp — 1)

FnFn—H (Fn+1 - 1) (Fn+3 - 1)
2(Fyy — 1) Fupy 4 Fyy (Fuya — 1)

FnFn+1 (Fn+1 - 1) (Fn+3 - 1)

> 0,

which completes the proof. O]



Lemma 8. For all n > 2, we have

- - > 0.
(Fn—H - 1) (Fn+3 - 1) FnFn+1 F2'n+1 —1

Proof. Applying Lemma 3, it is easy to see that, for n > 2,
Fopi1 —1—=2F,Fyy = F2 4+ F2 | —2F,Fpiy — 1= (Foy — F,)° =120

)

from which we derive the conclusion that
1 1
< .
Fony1—1 7 2F,F,

Therefore, we have

Foyo 4 1
(Fosi — 1) (Fuis — 1) FoFppr Faogr — 1
N Foio R 1
B (Fn+1 - 1) (Fn+3 - 1) FnFn—H 2]'T;LFn-i-l
Fn+2 2Fn—1 +1

T P~ D) (Fas— 1) 2B, Fpey
whose numerator is
(n) :=2F, Fy1Fhpo— (2F, 14+ 1) (Fup1 — 1) (Fras — 1)
Applying Lemma 5 repeatedly and the fact F, .3 = 3F,, .1 — F,,_1, we can obtain
v(n) = 2F, 0 (FuFhie — Fy 1 Fnys) +2F, 1 Fh +2F, 1 F3 — Fo1Fs
+ (Foy1 + Foys) —2F,1 — 1
= ((=1)""" +1)4F1 + 2F, 1 Fopr + (2F0—1 — Fpy1)Fys — 36,01 — 1
= ((—1)’”rl + 1) AFy 1+ B (2F 0 — Fogo) + (Fo1Foyo — FoFy3)
—3F,1—1
= (=)™ 4+1)4F, 1 + F2_| —3F,_1 — 1+ (-1)"3.
If n is even, we have ¥(n) = (F,—1 — 1)(F,,—1 —2) > 0. If n is odd, we have
Y(n) = (Fo1 +1)(Foo1 +4) +8(F, — 1) > 0.
Therefore, 1)(n) > 0 always holds. This completes the proof.

Lemma 9. Ifn > 2 and m > 2, then

fa(n) + fo(n 4+ 1) + fo(mn) + ﬁ > 0.



Proof. If mn is odd, then the result follows from Lemma 7 and the fact fo(mn) > 0. So we
assume that mn is even. Now we have
1 1 1 —(Frn—1 — 1) -1

_ — = > .
f2(mn) + an+2 -1 an+1 -1 an an(an-‘rl - 1) an+1 —1

From the proof of Lemma 7 we know that whether n is even or odd,

Fn+2 . anl
(Fn+1 - 1) (Fn+3 - 1) FnFn-‘rl.

fa(n) + fo(n+1) >

Therefore,
1 Fn+2 anl 1
n)+ fo(n+1) 4+ fo(mn) + > — —
f2( ) f2( ) f2( ) an+2 -1 (Fn+1 - 1) (Fn+3 - 1) FnFn+1 an+l —1
Z _ —
(Fn+1 - 1) (Fn+3 - 1) FnFn—H F2n+1 -1
>0,
where the last inequality follows from Lemma 8. O]

Employing the fact 2(Foni0 + 1) > (Fri1 + 1)(Fuys + 1) and similar arguments in the

proof of Lemma 8, we have the following result, whose proof is omitted here.

Lemma 10. If n > 5 is odd, then

1

+ fa(n+1) > —.
fan) + faln 1) Fopio+1
Now we establish two properties about fy(n).

Lemma 11. Forn > 1, we have

fa(n) + fa(n+1) <0.

Proof. If n is even, the result follows from the definition of f4(n). Next we consider the case
where n is odd. Applying the argument in the proof of Lemma 6, we can easily deduce that
—2 1 1 -2

P _|_ —
Fn+1 Fn Fn+3 FnFnJranJrS

fa(n) + fa(n +1) = < 0.

This completes the proof. m

Lemma 12. Ifn > 1 and m > 2, then

fi(n) + fa(n+ 1) + fi(mn) < 0.



Proof. If mn is even, the result follows from Lemma 11 and the fact fy(mn) < 0. So we
assume that mn is odd, which implies that m > 3 and n is odd. Since mn is odd, we have

Fa(mn) -1 . 1 n 1 - 1 - 1
mn) = N
! an—H an an+2 an o 3n
Now we have
—2 1

fan) + fa(n+ 1) + fi(mn) 4+ —.

< -
FnFn+1Fn+3 F3n

To complete the proof, we only need to show that 2F3, > F,F, . 1F, 3.
It follows from Lemma 3 that Fy, 0 = F,,_1F, 1o+ F,, F,13, which implies F,, F}, 1 F,13 <
F, 11 F5, 9. Furthermore, employing Lemma 3 again, we can conclude that
FoiiFonpo = (Foi + Fo)(Fop + Fonga)
- (Fn—1F2n + FnFZn—H) + Fn—1F2n+1 + FnFQn
= F3n+ Fo1lbon1 + P Foy — FruaFop
= I+ (FiFon1 + Fui Foy)
< 2F3n7

which completes the proof. O]

Theorem 13. Ifn >4 and m > 2, then

i": (—1)* - Foo1—1,  ifnis even;
Fy, B —F,1—1, ifn is odd.

k=n

Proof. We first consider the case where n is even. It follows from Lemma 6 that

mn—1

> Alk) <o.

It is clear that mn is even, which ensures that

fl (mn) + < 0.

mn—+2
With the help of fi(n) and the above two inequalities, we can obtain
mn—1 1

mno g
; ( Ft) = Fan — ( ! +f1(mn)) - ; fi(k) > Fr

an+2




Applying Lemma 7 and Lemma 9, we have

k=n k=n+2
1

< =
Froy — 1

Therefore, we obtain

which shows that the statement is true when n is even.
We now turn to consider the case where n > 5 is odd. If mn is odd, it is easy to see that

1
- > 0.
f3 (mn) an+2 + 1

Lemma 10 tells us that f3(n) + f3(n + 1) > 0. Therefore,

mn mn—1
(—1)* ( 1 ) —1
= — mn < .
; Fk n+1+1 ng f3 ) an+2+1 Fn+1+1

If mn is even, employing Lemma 10 again, we can deduce

Z P n+1+1 - Z f3(k ( n)+ fz(n+1) — —an+2+1>

k=n k=
< Zfz (n) + fs(n+1) - e
- n+1+1 e Fopyo +1
- —1
Fn+1 + 1

Now we can conclude that if n > 5 is odd, then
e et

F, Foaga+1
If mn is even, then Lemma 11 implies that

> falk) <0
k=n




If mn is odd, invoking Lemma 11 and Lemma 12, we can get

> filk) = Z_ Fa(k) + (fa(n) + fa(n + 1) + fi(mn)) < 0.

Thus, we always have
> falk) <0,
k=n

from which we obtain

— + - k) > :
D vt el DELC R o

k=n

Therefore, we arrive at

Foa Fy Fop +1

which shows that the result holds for odd n. ]

3 Results for a =2

We first introduce the following notations

) 1 (—1)" 1
n) = — — ,
o Fop_o + Fy, Fyy, Fop + Fopgo
- 1 (—1)" 1
n) = — — ,
92 Fono+ Fy, — 1 Fy, Fop + Foppo — 1
1 —1)" 1
gs(n) = e |
Fopo+ Iy, +1 Fy, Fop + Fopyo +1
1 (—1) 1
n) = — + )
9a(n) Fypo + Iy, Fy, Fyp + Fopyo
—1 1" 1
() = (-1) N

Fop o+ Fo, + 1 a Fy, Fop + Fopio +1
It is routine to check that for 1 <i <5, g;(n) is positive if n is odd, and negative otherwise.

Lemma 14. Ifn > 1, then g1(n) + g1(n+ 1) > 0 and

g1(n) + g1(n +1) > gi1(n +2) + gi(n + 3).



Proof. 1f n is odd, we have

( ) n ( L 1) 1 1 n 1 1
n n = _ .
5 & Fop o+ oy Fopio+ Fopia Fon  Fopio

_ 9 41 " Fona
(Fon—o + Fop) (Fanto + Fonta)  FonFopgo
> 0.
Applying the easily checked fact
Foniq - Fonys
Fop_o + Fy, Fonie + Fonys’
Fonta - Fonis
F2nF2n+2 F2n+4F2n+6’

we can conclude that g;(n) + g1(n+ 1) > g1(n +2) + ¢1(n + 3).
Now we consider the case where n is even. Doing some elementary manipulations and
using Lemma 5, we have

( ) N ( N 1) 1 1 n 1 1
n n fr— _— —
9 9 Fopno+ Fyy,  Fyy Fonyo  Foppo+ Fopgy

Fopo(FonFonta — F5,,5) + (F3, — Fon 2 Fon12) Fonta
Fon Fopyo(Fon—o + Foyn) (Fonyo + Fonya)
Fopys — Fop g
FonFonio(Fon—o + Fop)(Fapia + Fopya)
4Fon 11
Fop Fopyo(Fon—z + Fop)(Fonyo + Fonga)
> 0.

Applying the above identity, we see that

gi(n) +g1(n+1) _ Foni1Fonsatonie  Fonys + Fongs o1

g(n+2)+an+3) FnlooFonss  Fona+ Iy
Thus, g1(n) + g1(n+ 1) > g1(n 4+ 2) + g1(n + 3) also holds. O

Lemma 15. Forn > 1, we have
Fonta > Fon(Fan—2 + Fon)(Fant2 + Fanta).
Proof. 1t follows from Lemma 5 that
Fon—1Foni3 — FanoFopnia = 5,
oo Fonyn — F5, = 1,
Fopi1Fonys — FonFopia = 2.

9



Thus, Fon1Fonss > FonoFonia, Fon1Fons1 > F3, and Fopy1 Fonig > FopFopya.
Employing Lemma 3 repeatedly and the above three inequalities, we have

Fonio = FopFuni1 + Fony1Fango
= Fon(Fon—aFonio 4+ Fopn1Fonis) + Fopg1(Fon—1Fonia + FonFonys)
> Fon2FoFonia + Fon2FoniaFon + FoFonyo + FonFoniaFoy,
= Fon(Fon—2 + Fon)(Fonta + Fonta),
which completes the proof. O]
Lemma 16. Ifn >1 and m > 3, then
g1(n) + g1(n+ 1) + g1 (mn) > 0.

Proof. If mn is odd, then the result follows from Lemma 14 and the fact g;(mn) > 0. Thus
we focus on the case where mn is even. For k > 1,

1 1 Fop_o

For o+ Fo,  Fy (For—a + For) Foy,
Fop
- Fop_oF + F3
Fop
" Far_oFopto
1

- ’
F2k+2

where the inequality follows from F3 — Fy,_oFbrio = 1. Since mn is even, employing the
above inequality, we have

1 1 2 2
>

— — > — > — .
F2mn+2 F2mn + F2mn+2 F2mn+2 F6n+2

g1(mn) >
From the proof of Lemma 14 we know that whether n is even or odd, we always have

1 1 el
F2nF2n+2(F2n—2 + FZTL)(FQTL-I—? + F2n+4)

Therefore,
4F5, 411 2
n)+ag(n+1)+ g (mn) > —
91(n) + g1 )+ g1(mn) FopFopyo(Fopn—o + Fon)(Fopgo + Fonta)  Fonio
- 2 2
Fon(Fon—o + Fop)(Fongo + Fonsa)  Fonio
> 0,
where the last inequality follows from Lemma 15. O

10



Lemma 17. Ifn > 0, then
2F 4 (Fan + Fanso) > FopyoFunys(Fon—o + Foy).

Proof. Tt suffices to show that 2F% > Fy, oFb,i0Funi3 and 2F, Fire > FonFon o Flys.
These two inequalities can be proved using similar arguments, so we only prove the first one.
Applying Lemma 5 repeatedly and Lemma 3, we can obtain

2F;, = 2Fuy, 3Fy,3—8

2(Fgg + F3yy) Fanss — 8

> (FonoFon 1 +2F) ) Finys — 8
= Fop 1Foni1Finys — 8

= (FonaFonia+2)Finyz —8

> Fon oo 12Funys.

The proof is completed. m

Lemma 18. For alln > 2, we have
g2(n) + g2(n + 1) + g2(2n) > 0.
Proof. 1t is straightforward to verify that Fy, o + Fy, + Fouio + Fopia = 3(Fon + Fonga).
Applying Lemma 5 repeatedly, we get
(Fon—2 + Fon)(Fonga + Fonga) = FonoFonyo + Fon oFonia + FonFonio + FonFonia
= FonoFonio+ (FonFonia — 3) + FonFhnyo
+ Fon(2Fon12 + Fony1)
= (Fan-oFonis — F5) + (Fy + FonFanit)
+4F5, Fopio — 3
= 5Fy, Fonie — 4.

It follows from the definition of go(n) and the above two equations that

<>+<+1>>( 1 1 )(1 1)
n n - — = -
2 92 T N\ I+ Fon— 1 Fopio+ Foppa—1 Fon  Fopyo

5Fon 11 B
(Fon—o + Fon — 1)(Fopgo + Fonpa — 1) FopFonyo
3(Fon + Fopyo + 1) Fopig
ForFopio(Fon—o + Foy — 1) (Fopgo + Fopya — 1)
1
Fonyo(Fop—o+ Fo, — 1)’

11



where the last inequality follows from 3F), > F},.,.
It is routine to show

2(Funy2 — Fin-2) = 2(2Fuy + Fipn1 — Fin_2)

= 3Py + Fup +2Fy, 3
3Fyn + (2Fun—o + Fin-3) + Fin 2
3(Fin—2 + Fun),

VoV

which means

3
Fypio — Fupo > §(F4n72 + Fup).

Employing the above inequality, we can deduce that

m(2m) = Fingo — Fins S
(Fan—o + Fun = 1)(Fap + Finyo — 1) Fyy
3 1
2(Fyn + Finya — 1) Fin
- —Finis +2
 2Fun(Fun + Fango — 1)
- Finys

_2F4n(F4n + Fipio — 1)

Now we conclude that

1 Finys

n) + n+1)+ 2n) > —
92(n) + 92 )+ 92(2n) Fonio(Fopo+ Fop — 1) 2F4(Fyp + Fapio — 1)

> 0,

where the last inequality follows from Lemma 17. [

Applying the argument in the proof of Lemma 18, it can be readily seen the following
property of gs(n), whose proof is omitted here.

Lemma 19. Ifn > 2 is even, we have
g3(n) + gs(n+1) <O0.

Imitating the proof of Lemma 14 and Lemma 16 respectively, we can easily get the
following results on g4(n).

Lemma 20. Forn > 1, we have

ga(n) + ga(n +1) <0.

12



Lemma 21. Ifn > 1 and m > 2, then

ga(n) 4+ ga(n + 1) + g4(mn) < 0.
Lemma 22. Ifn > 1 is odd, we have
1

Fip + Fingo + 1
Proof. 1t is easy to see that the result is true for n = 1, thus we assume that n > 3. From
the proof of Lemma 18, we can easily obtain that if n > 3 is odd, then

3(Fon + Fopya — 1) Foppn
FonFonyo(Fan—a + Fon + 1) (Fania + Fonga + 1)

1
Fopio(Fop_o + Fop + 1)

Employing Lemma 3 repeatedly, it is easy to see that

g5(n) +gs(n+1) >

gs(n) +gs(n+1) =

>

Fonyo(Fon o+ Fon +1) < Fon oFoni3 + Fonlonis + Fonio
= Fyp — Fop 3Fonio+ Fapyo — Fop1Fopqo + Fopyo
< Fyp + Fipgo.
Combining the above two inequalities yields the desired result. O
Lemma 23. Forn > 2, we have
Fin—o(Fon—o + Fon)(Fonyo + Fonya) > Fun(Fan—z + Fup).
Proof. We first consider the right-hand side. Applying F?, — Fy,_1Fi,41 = —1, we have
Fi(Fan—2 + Fin) = Fun—oFu, + Ff, = Fiy oFuy + Fiy 1 Fip1 — 1= Fyq — 1.
For the left-hand side, we have that if n > 2, then
(Fon—2 + Fon)(Fongo + Fonga) = FonoFonyo + Foulhnyo + Fon oFonia + FonFonig
> (Fonolbny1 + Fon1Fonio) + (Fon—oFonys
+ o1 Fopga) + FonoFoniy
> Py + Fypgo + 2.
Therefore, using the fact Fy, oFini0 — Fin_1Fini1 = —2, we have
Fin—o(Fon—o + Fop)(Fonyo + Fonta) > FinoFuy + FinoFypio + 2
= Funoly + Fin1Fun1
= Fgp-1.
Thus the left-hand side is greater than the right-hand side. O

13



Theorem 24. Ifn > 2 is even and m > 2, then

inz (—1)* o B Fopg + Fo, — 1, if m=2;
Fyy, B Fo, o+ Foyp, me > 2.

k=n

Proof. We first consider the case where m = 2. From Lemma 14 we know that

2n—1

4F5, 11

1
k) <
; gl( ) F2nF2n+2(F2n72 + F2n)(F2n+2 + F2n+4)

Fon—o + Fop)(Fopyo + Fonya) .

2 <
2

In addition,

. 1 B 1 i —Fy s
Fio+ Funve  Fuo+ Fiyy  Fu Fio(Fuo+ Fu)

g1(2n)

Therefore, invoking Lemma 23, we have

2n

S (k) + e < ! P
1 - .

k—n F4n + F4n+2 (F2n72 + FZn)(F2n+2 + F2n+4) F4n(F4n72 + F4n)

Now with the help of g;(n), we can obtain

2n 2n
—1)* 1 1 1
—  Fy Fono+ Fon Fan + Finpa Fopo + Fy

From the proof of Lemma 18, we know that go(n) + g2(n + 1) > 0. Moreover, applying
Lemma 18, we can deduce

> " g2(k) = ga(n) + g2(n + 1) + g2(2n) + Z_ ga(k) > 0.

Therefore,

2n 2n

—1)k 1 1 1
Z(F> 7 T Rl ey apens D DU ORS- -1
Lo 2n—2 T F2n an T Fang2 2n—2 T Fon

k=n

We now conclude that

1 2 (—1)k 1
— < < ,
Fop_o + Fy, — Fyy, Fop_o+ Fy, — 1

which shows that the statement for m = 2 is true.

14



Next we turn to consider the case where m > 2. First, employing Lemma 14 and Lemma
16, we see that

mn mn—1
(—1)* 1 1
— Fy Fon o + Fo (91(n) + o )+ g1(mn) i 91 (k) Fon o + Fo,

We write the sum in terms of gs(n) as

mn (_1)k 1 mn—1

For  FonotFou+1

(]

1
k) — mn) +
k=n 93( ) (93( ) F2mn + F2mn+2 + 1)

il
3

3

n—1
1 1 1
! i ( )
F2n72+F2n+1 _ F2mn72+F2mn+1 F2mn
1
Fop_o+ Fo, 4+ 1

o
3

>

where the last inequality follows from Lemma 19. Now we get

1 — (—1)k 1
< < )
Fop_o+ Fo, 41 — Fyy, Fop_o + Fyy,

which yields the desired identity. O]

Theorem 25. Ifn > 1 is odd and m > 2, then

mn ( 1)k -1
(Z F—) = —Foy 0 — Fy, — 1.
2%

k=n

Proof. If mn is even, it follows from Lemma 20 that

> (k) <.
k=n

If mn is odd, then Lemma 20 and Lemma 21 ensure that

> oa(k) = 2 ga(k) + (g94(n) + ga(n + 1) 4 ga(mn)) < 0.

Therefore, we always have
> (k) <o0.
k=n

15



With the help of g4(n), we have

— (—1)* —1 1 —1
o : -S>
Fyy, Fopo+ Fon Fomp—z + Fomn an o+ Fop

From Lemma 22 we know that if n is odd, then g5(n)+gs(n+1) > 0. Now we claim that

1
k) > .
;.95( ) F2mn+F2mn+2+ 1

If mn is even, employing Lemma 22, we obtain

1 1
k) — > k) —
kz:;g5() F2mn+F2mn+2+1 o ;95() F4n+F4n+2+]-

1
Foy + Fipio+1

> g5(n) +gs(n+1) —

> 0.
If mn is odd, then
BT p— S SF R AL R—
k—n Fan + F2mn+2 + 1 k—n F2mn + F2mn+2 + 1
- 1 n 1
Fan72 + F2mn + 1 F2mn
> 0.

Therefore, we have
mn

Z (—1)* _ —1 n 1 295(k) _ -1

Fop, Fop o+ Fon+1  Foppo + Fomp + 1 _k: Fop o+ Fop + 1

Now we can conclude that
-1 — (—1)* -1
— < < ,
Fon_o + Fyy, P Fyy, Fop_o+ Fy, +1

from which the desired result follows. ]

Similarly, we can prove the following results.

Theorem 26. Ifn > 4 is even and m > 2, then

mn 1)k: -1
( > = Fop_3+ Fopq — 1.
— For_y

16
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Theorem 27. Ifn > 3 is odd and m > 2, then

f (=" | s = =1, ifm=2
Fop—1 —Fo, 3 — Fop 1, if m > 2.

k=n

4 Results for a =3

We first introduce the following notations:

() 1 (=1)" 1
s1(n) = — —
' 2F3, 4 F3, 25,49
() — 1 (=1)" 1
T R —1 Fay 2P 1
—1 (=1 1
A o R TR Tou
—1 —1)" 1
sa(n) = (—1)

2%, 1 +1  F, * 2F340+ 1

It is easy to see that for each i, s;(n) is positive if n is odd, and negative otherwise.
Lemma 28. Ifn > 2 is even, then

s1(n) 4+ s1(n+1) <0.

Proof. Since n is even, applying Lemma 5 twice, we have

W tsnr1) = (55— ) = (5 -
S s O\ 2F,1 2By, Fs,  Fshys

2l3n42 20504
Fsp 1 F3n05  F3,F3,03

FspFapoFs, 3 — Fy 1 F3y 1 F3,05

=2 Fzn 1F3,F3013F30,5
_ 5. Fi3 FanioFapys — (Fy, + 1) Fanys
F3n 1 F3,F3n3F30,5
_ 2 . FSn(F3n+2F3n+3 - F3nF3TL+5) - F3’I’L+5
F3n 1 F3n,F3 1 3F3,15
_ 9. 2F3, — F3nys
F3n 1 F3, F3n3F30,5
< 0,

which completes the proof.
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Lemma 29. For alln > 1, we have
SQ(TL) + Sg(n + 1) > 0.

Proof. 1t is clear that the result holds if n is odd. In the rest, we assume that n is even.
Applying the analysis in the proof of Lemma 28, we can easily obtain

SQ(n)+32(n—|—1):( ! — ! )_(L_ 1 )
2F3, .1 —1  2F3,,5—1 Fzn  Finys
8F3’I’L+2 2F3n+1
(2F30-1 — 1)2F3015 — 1) FyFaps
8(F3n Fsns2lsny3 — Fan 1F3011F3005) + 2F3,01(2F3, 1 + 2F3, 15 — 1)
(2F3,-1 — 1)(2F3n45 — 1) F3,F3043
16Fy, — 8Fyuis + 2Fsni1 (21 + 2F3e5 — 1)
B (2F%,_1 — 1)(2F3p45 — 1) F3, Fap43
4F3n11F3n45 — 8F3n45
215, 1 — 1)(2F345 — 1) F3, Fp43
> 0.

1

The proof is completed. O

Lemma 30. Ifn > 1 and m > 2, then
sa(n) + s2(n + 1) + so(mn) > 0.

Proof. If mn is odd, then the result follows from Lemma 29 and the fact so(mn) > 0. So we
assume that mn is even. Now it is clear that
1 1 1 1 1
- - > — > -
2F‘3mn—1 -1 F3mn 2F3mn+2 -1 F3mn F6n

So(mn) =

If n is odd, we have

1 o 2F3n+1 2

So(n) + s2(n+1) > —— — - - '
2( ) 2( ) F3n F3n+3 F3nF3n+3 F3nF3n+3

If n is even, then from Lemma 29 we know that

4F301F3n45 — 8F3n45
(2F3,-1 — 1)(2F315 — 1) F3, P43
4F 304 5(2F5,-1 + F5,-0 — 2)
(2F3,1 — 1)(2F3045 — 1) F3, P304 3
2
Fy Fanis

Sg(n) + 82(71 + 1) >

18



Now we can derive the conclusion that

2 Loy,

1 s
s9(n) 4 sa(n + 1) + sa(mn) > T

where the last inequality follows from
2Fon = F3,(2F30-1 + 2F311) > Fan(Fn + 2F3041) = FanFinqs.
This completes the proof. O
Lemma 31. For alln > 1,
s3(n) 4+ s3(n+1) < 0.

Proof. The result clearly holds when n is even. If n is odd, applying similar analysis in the
proof of Lemma 28, we can easily derive

. 2F3n - F3n+5
F3n71F3nF3n+3F3n+5

sg(n) + s3(n+1) =2 <0,

which completes the proof. O]

Lemma 32. If n > 1 and m > 2, then
s3(n) + s3(n + 1) + sg(mn) < 0.

Proof. 1f mn is even, then the result follows from Lemma 31 and the fact s3(mn) < 0. Now
we assume that mn is odd, which implies that n is odd and m > 3. First we have

—1 1 1 1

1
= + + < < —.
2F3mn—1 F3mn 2F3mn+2 F3mn F9n

sz(mn)

Moreover, from the proof of Lemma 31 we know

2(Fy45 — 2F%,) - 1

1) = — - '
53(71) + S3(n + ) an_1F3nF3n+3F3n+5 F3n—1F3nF3n+3

Now we arrive at

1 1
+ = <0,

1 < -
83(”) + 33(” + ) + S3(mn) an_1F3nF3n+3 F9n

where the last inequality follows from
Fon = Fan_oFoni1 + Fan1Fonto > Fn1(Fsn1Fsnqo + F5n Fanig) > Fipo1F3, Fanys.

The proof is completed. O
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Lemma 33. If n > 1 is odd, then

1

sqg(n)+s4n+1) > ——.
a(n) + sa( ) Foa i1

Proof. Tt is easy to check that the result holds for n = 1, so we assume that n > 3. Applying
the similar analysis in the proof of Lemma 28, we have that, for n > 3,

W)+ st 1) = 1 1 n 1 1
S4(N S4(1 - 2F5, 1 +1 2F3n+5 +1 Fs, F3n+3

2F3,45 — 2F3, 2F3,11
(2F5,-1 + 1)(2F545 + 1) F3,F3,43
Fanys — F3n1 2F3,41
(2F3n—1 + 1) Fsnps  F3pFapngs
4F3,10 2F3,41
(2F5n—1 + 1) Fsps F3Faps
4(Fsp 1 Fany1 Fangs — Fn B ol43) + 2F30401 Fa 5
(2F3n 1 + 1) F3, sy 3F30 15
4(2F3n — F3nis) + 2F3n11 Fanys
(2F30-1 + 1) F3 Fany3F5045

(2F541 — 4) Fspts

>_

>

(2F5,—1 + 1) F5, F5, 3 F5, 15
- 1

F3nF3n+3 '

In addition, we have
F2n+2 = anan+2 + FnFnJrS > FnFnJrS-
Combining the above two inequalities together yields the desired result. O]

Theorem 34. Ifn >1 and m > 2, then

irf (=1)* B 2F3,-1 — 1, ifnis even;
Fy, | —2F.1—1, ifnis odd.

20



Proof. We first consider the case where n is even. With the help of s1(n), we have

:Zn (;’i:k B 2F31n1 _mf s1(k) — (Sl(mn) " ;)

—n k—n, 2F3mn+2
1 mn—1 1 1
= — si(k) — _
2F3, 1 ; 1(k) (2F3mn+2 F3mn>
1 mn—1
— k
~ 2F‘?mfl ; 81( )
- 1
2F13n—1 7

where the last inequality follows from Lemma 28.
Employing Lemma 29 and Lemma 30, we can deduce that

mn (_1)k 1 1 mn—1
; F3k 2F3n—1 —1 2F3mn+2 —1 k=n+2 82( ) <82 (n) T (n + ) + 52 (mn>>

1

< .
2F3n—1 —1

Therefore, we obtain

L f: (—1)k _ 1
2501 = By 2P — 1

which shows that the statement is true when n is even.
We now turn to consider the case where n is odd. If m is even, applying Lemma 31 and
Lemma 33, we can deduce that

= + — s3(k) > ,
; Fy, 2F5, 1 2F3mn40 Zn (k) 2F5, 4
and
= — sq(k) — [ san) +s4(n+1) — ————
Fyy, 2F5, 1 +1 k:z:mZ (k) a(n) + s ) 2F3mny2 + 1
< g 3 s (s sl ) - )
- - s — [ s4(n) + s4(n -
T2+l e e 2Fgn2 + 1
- —1
2F3n—1+]-‘
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Thus, if n is odd and m is even, we have

-1 o (—1)F —1
< < .
2B = I 2F3, 1 +1

If m is odd, then Lemma 31 and Lemma 32 implies that

mn mn—1
(—1)* —1 1 —1
= + — s3(k) — (s3(n) + s3(n+ 1) + ss(mn)) > .
> R T R 2, ) (o) s ) syl >
And it follows from Lemma 33 that
mn mn—1
(—1)* —1 1
= — — sa(k) — [ sa(mn) — ———
; Fy, 2F3, 1 +1 ; 1(F) a(mn) 2F5mq2 +1
mn—1
—1 1 1
- - k) — _
2F3, 1 +1 ; s4(k) (Fan 2F3mn—1 + 1>
—1
2F3n—1 +1 .
Thus, if n and m are both odd, then
—1 o (—1)* —1
< <
2F3, 4 — Fy, 2F3, 1 +1
also holds. Hence, the statement is true when n is odd. O

Theorem 35. Ifn > 2, then

i (—=1)* - | 2B -1, if nis even
— Fjo —2F5, — 1, ifn is odd.

k

Theorem 36. Ifn >1 and m > 3, then

% (—1)* - 2F5,,  if n is even;
k=n Py - —2F5,, if n is odd.

Theorem 37. Ifn>1 and m > 2, then

inz (=1)* B 2F3,01 — 1,  ifnis even;
k=n Fakra - —2F5,01 — 1, if n is odd.

Remark 38. We will prove Theorem 35 and Theorem 36 in detail in the next section. The
proof of Theorem 37 is very similar to that of Theorem 34, thus omitted here.
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5 Proof of Theorem 35 and Theorem 36

We begin with introducing the following auxiliary functions:

() 1 (=1
T 3R, T P 2P
() 1 (—1)" 1
n — — —
’ 2F3, —1  Fypy1 2F343— 1
() | (—1)" 1
n) = — —
’ 2F5, +1  Fsop 2F5,43+ 17
N |
ta(n) = -
«(n) 2F3, I3 * 2 5,43
1 (e 1
/ - -
() 2F3, +1  F3p4 * 2F3, 3+ 1
—1 -1 1

2Fy, — 1 Fyop - 2F3,43 — 1

It is straightforward to check that each t¢;(n) is positive if n is odd, and negative otherwise.

Lemma 39. For alln > 1, we have t;(n) +t1(n+1) > 0 and

Proof. 1f n is odd, we have

2F5,
3n+2 = 0.

1 1 1 1 2F3043
t t 1) = - N B
1(”) + 1(” + ) (2F3n 2F3n+6) + <F3n+1 F3n+4) F3.F3n46 "

Since
F 3n+3 F 3n+9
7
F3nF3n+6 F3n+6F3n+12
E 3In+2 F 3n+8
7
Pén+1f3n+4 Pén+7ﬁgn+10

we can conclude that ¢1(n) +t1(n+1) > t;(n + 2) + t1(n + 3).

23

F3n+1 F3n+4



Now we consider the case where n is even. Applying Lemma 5 repeatedly, we have

ti(n) +t1(n+1) ! L L L
n n — _ _ _
! ! 2F3,  2F3,46 Fsni1 Fipga

2F3,43 2F5, 40

F3nF3n+6 F3n+1 F3n+4

— 9 F3n+1F3n+3F3n+4 - F3nF3n+2F3n+6

F3nF3n+1F3n+4F3n+6

2
' Fany1F3n12F3043 + F3np1 5, 5

= 2
3 Fypi1 Fntalsnyie

FsnFangoFania + FanFangoFanys

F3nF3ni1F3n 14 F3046
By (Fyni1F3n43 — FanFinia) + Fansd (Fani1 Fanas — 1)
F3nF3ni1F3naF3016

—2

= 2

_9 F3nF3n+2F3n+5

' FsnFans1FansaFanso
5. 2F3 40 + Fanys(Fi o — F3aFni2) — Fanp
FanF3ni1F3nyab3046
_ 2F3n40 + F3ni5 — F3n
F3nF3n11F3n 14 F3006
F3 + Fanio + Fangs

FSnF3n+1F3n+4F3n+6

= 2
> 0.

In addition, it is easy to see that Fj, + F3,10 + F3,05 = 3F5, + 3F3,.1 + F3,14, thus

ti(n)+ti(n+1) = 0 + 0 2
! ! F3n+1F3n+4F3n+6 F3nF3n+4F3n+6 F3nF3n+1F3n+6’

which decreases as n grows.

Lemma 40. For alln > 1, we have

2F5343 > Fo b1 e
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Proof. Applying Lemma 3 repeatedly, we obtain

Fanis = Fnbonyo+ FopiFons

= Fu(FaFoi + FopiFogo) + Fupi(FuFoge + FoyiFogs)
EoFii(Fy 4 2F,0) + F2 (Fy + 2F,40)
FoFpi1(Fo+ Fun + 2F,400) + 2F35
> FoFoi(3F 2 + 2F )
FoFni1Foys.

Therefore,
2F543 — FoFy1 By > 20, F 1 Fs — FoFn Frye = FroFn1(2F, 05 — Fag) > 0,
which completes the proof. O
Lemma 41. Ifn > 1 and m > 3, then
ti(n) +ti(n + 1) +t1(mn) > 0.

Proof. 1f mn is odd, then the result follows from Lemma 39 and the fact ¢;(mn) > 0. Now
we assume that mn is even. It follows from Lemma 5 that F5,., F3mni1 = Famn—2F3mnis + 2,
from which we get

ti(mn) = Lo L
2F3mn  Famnsr  2F3mnis
B 3o 1
 2(Fymn—2Famnis +2)  2F3mnis
_— 3o B 1
2F3mn—2F3mn+3  2F3mny3
B 1
P
> — ! .
— Fons
On the other hand, it follows from the proof of Lemma 39 that
2
ti(n) +ti(n+1) > Fo P Fore”
Now we arrive at
2 1

ti(n) + t1(n+ 1) + t1(mn) > 0,

> _
Fsp a1 a6 Fongs

where the last inequality follows from Lemma 40. O
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Lemma 42. For alln > 2, we have
FopFoni1 — Frp1 FroaFoy o < 0.
Proof. 1t follows from Lemma 4 and Lemma 5 respectively that
FroyoFnys — FnFopyn = Fopgs,
FopiFpa — FopoFops = (1),
from which we can deduce that
Froi1Fhiy = FoFp+ Fopis+ (—1)" > Fopys + 2.
Therefore,
FonFonir — Fopr Fualono < FopFongr — (Fonys +2)Fon o
= (FonFoni1 — FonolFonys) — 2F5, o
= 2—-2Fy, -
< 0,
where the last equality follows from Lemma 5.

Lemma 43. If n > 2 is even, then

2n 1
t1(k) + < 0.
; 1( ) 2F6n+3

Proof. From the proof of Lemma 39 we know that if n is even, then

Fsp + Fapqo + Fangs - 2F3,46 2

1( ) 1( ) F3nF3n+1F3n+4F3n+6 F3nF3n+1F3n+4F3n+6 F3nF3n+1F3n+4

Applying Lemma 39 again and the above inequality, we have

2n 2n—1
1 1
E t1(k = E t1(k t1(2
— (k) + 2F6n+3 (k) + ( 12 + 2F6n+3)

k=n

- 2 n—l—( 1 1 )
Fs By 1 Fpyy 2 2Fsp,  Fonta

B n Fono
" FPauFsaiiFanpa 2FenFonsi
_ 1  Fons

2F3041 50404 2F6nFoni
< 0,

where the last inequality follows from Lemma 42.
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Lemma 44. For alln > 1, we have

Proof. 1t is easy to see that the result is true when n is odd. So we assume that n is even.
It follows from the definition of t5(n) that

to(n) +ta(n+1) = ( L — ! )_ 1 + 1
2F3, —1  2F3,,6—1 F3i1 0 Finag
B 2F3,.6 — 2F3, 1 1
T @B —1)2Fe—1)  Fonr | Fones
- Fypnie — F5n 1 n 1
2F3, F3nte Fang1r o F3nqa
_ 11 n 1
2Fy,  IFsny1 Fyapa 2F3u6
= ti(n) +ti(n+1)
> 0,
where the last inequality follows from the proof of Lemma 39. O

Lemma 45. [fn > 1 and m > 2, then

Proof. 1f mn is odd, then the result follows from Lemma 44 and the fact to(mn) > 0. Thus
we assume that mn is even in the rest. Applying the argument in the proof of Lemma 44
and Lemma 41, we can easily obtain

1 1
to(mn) > t;(mn) > — > — :
3mn+3 F6n+3
If n is odd, we have
1 I 23,40 2

to(n) +to(n+1) >

— = > .
Fsniw Fspva FsppiFsnga  (2F3, — 1) Fanyga
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If n is even, then from the proof of Lemma 44 and Lemma 39 we know that

Fzni6 — I3y 1 I
ta(n) +12(n+1) > a -
2(n) o( ) (2F3, — D) F3n46  Fine1 Finga
4F3,43 2F3n 10

(2F3, — D) Fsns6 Faup1 Fanga
4(Fap1Fsny3F3pia — Fan Fa0F3n6) + 2F5, 419 F3n 16
(2F3, — 1) Fap 1 FanpaFngs
2F3042F3016
(2F3, — 1) Fyp 1 Fypqa Fanog
2
(2F3, — 1) Fapia

Therefore, we always have

2
(2F3, — 1) F3p44’

ta(n) +to(n+1) >

from which we get

2 1

ta(n) +ta(n + 1) + ta(mn) > -
2(n) + ta ) + ta(mn) (2F3, — 1)F3,04  Fonas

> 0,

where the last inequality follows from the fact Fg,13 = F3,-1F3,03 + F5,F5n14.

Lemma 46. Ifn > 2 is even, then
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Proof. Applying the analysis in the proof of Lemma 39, we can deduce that

t3(n) +tz3(n+1) = ! ! ! !
su s 2B, +1 2R+ 1 Fsni1 Fpig

2F3n46 — 205, _ 2Fsn4
(2F5, +1)(2F3n46 + 1) Fapp1F3044
Fanpe —F3n  2F3n49
(2F5, + 1) Fange Fan1F3n44
1Fos 2P
(2F3, + 1) F3nq6  F3ni1F3044
4(Fapg1 Fsny3Fapia — Fan Fyp o Fani6) — 285,19 F30 16
(2F3, + 1) F3pq1 FangaFsngs
4(F3p + Fanyo + Fangs) — 285,09 F3, 16
(285, 4 1) Fapq 1 Fanya Fnge
4F5,06 — 2F5, 19 F5,16
(2F3, + 1) F3pi1 F3nya P36
< 0.

The proof is completed.

Lemma 47. If n > 1 is odd, then

1

t t 1) > :
B T

Proof. Applying similar arguments in the proof of Lemma 39, we obtain that if n is odd,

F3 + F3pp0 + F3 05 - 2
FsFani1FsniaFsnie  FsnFani1Fanie

It follows from Lemma 40 that

1 1
> .
Fs By 1 Fspye 2F9,43

Combining the above two inequalities yields the desired result.

Lemma 48. For alln > 2, we have

2n 1
ti(k) < .
; (k) 2F6n43
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Proof. If n is even, it is easy to see that t4(n) + t4(n + 1) < 0. Thus,

2n 2n—1
1
ti(k) = ti(k t4(2n) < 0 < .
; a(k) ; a(k) +t4(2n) 2Fonra
If n is odd,
F3 + F3p0 + F3 05 2

)
F3nF3n+1F3n+4F3n+6 F3nF3n+1F3n+4

which implies that

zznt (k) < 2 Do ! < !
— ! F3nFsni1Fanga 2 2F3,01F3004  2Fguis’

where the last inequality follows from that for n > 1,

By Fapg = Fapy 1 Fyppg + FanFyyg > Fay 1 Fapqs + F3,Fs 04 = Fpga.
This completes the proof.

Lemma 49. Ifn > 1 is odd, then

1

ts(n) +ts(n+1) > —.
s(n) + ta( ) 2F6n43 +1

Proof. Imitating the proof of Lemma 46, we can easily obtain

4(Fap + Fanyo + Fanys) + 2F5, 00 F3 16
(2F3, + 1) F3pq1 FangaFsngs
2F3n19F3046
(2F3, + 1) Fsp 1 Fypga Fane
1

F 3n+1F 3n+4

ts(n) +ts(n+1) >

>

In addition, we have
2F2n+3 = 2Fn—1Fn+3 + 2FnFn+4 > Fn+1Fn+4~

Combining the above two inequalities together yields the desired result.

Lemma 50. For alln > 1, we have
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Proof. 1t is clear that the result holds if n is even. Now we assume that n is odd. Applying
the telescoping technique in the proof of Lemma 45 and the similar analysis in the proof of
Lemma 39, we obtain

AF;, 2Fy,
to(n) +tg(n+1) < —{( st snt? }

2F5, — V) Fsni6 Fsni1Fsnia
4 Fan1 Fsni3Fanqa — F3nFapioFsn6) 4+ 285,10 F3 16
(2F3, — 1) Py 1 Fanya Fnpe
—4(Fsp, 4 Fanpo + Finys) + 265,10 F346
(2F3, — 1) F3nq 1 FsnyaFnp6
4(F3n + Fangpo + Fsnys) — 285,10 F30 46
(2F3n — 1) Fap1 FangaFanyo
4F3n16 — 2F302F3016
(2F3n - 1)F3n+1F3n+4F3n+6
< 0,

which completes the proof. O
Lemma 51. If n > 1 and m > 2, we have
te(n) +te(n + 1) + tg(mn) < 0.

Proof. 1f mn is even, then the result follows from Lemma 50 and the fact tg(mn) < 0, so we
assume that mn is odd in the rest. Now we have

ts(mn) —1 L 1 L 1
mn =
° 2F3mn —1 FSmn—H 2F3mn+3 —1
- _4F3mn+1 + 1
(2F3mn - 1)(2F3mn+3 - 1) F3mn+1
< 3mn+1 +

(2F3mn - 1)F3mn+3 FSmnH
—2F3 i1 + 230 Famngs — Famnys
(2F3mn — 1) F3png 1 Famngs
—2(F3ni1 — Famn Fsmn2) + 2F30mm Famns1 — Famna1 — Famnao
(2F3mn — 1) Fsmnt1 Fsmn+3

2+ (2F3mn B 1)F3mn+1 - F3mn+2

(2F3mn — 1) Famnt1 Famnas

(2F3mn — 1)F3mn+1
(2F3mn — 1) F3mnt1 F3mnt3

1

F3mn+3
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Since mn is odd, we must have that n is odd and m > 3. Therefore,

1

F In+3

tg(mn) <

It follows from the proof of Lemma 50 that if n is odd,

4 —2F3,49 - 2 — F3n40 - 1
(2Fs, — 1) Espi1 s FanFspi1 Fpaa F3,Fsn1Fsnia

Now we arrive at
1 1

F9n+3 F3nF3n+1F3n+4

te(n) +tg(n + 1) +tg(mn) <

Employing Lemma 3, we easily see that Fi,.3 > F5,F, 4 and Fy, > F, F, 1, which implies
Fonys > F3,F3n11F3014.

Therefore,

1 1
ta(n) +ts(n+1) +ts(mn) < - <0.
6(n) + to( ) +te(mn) Fonys  F3nF3,01F5,44

The proof is completed. O

Proof of Theorem 35. We first consider the case where n is even. Applying Lemma 43, we
have

2n
e R e SUCEP
— Fypqa 2F3,  2Fonys — ~ 2R,

It follows from Lemma 44 and Lemma 45 that

iH)k— ! ! (t2(n) + ta(n + 1) + 5(2n)) Zilt(k)< !
Lt Fygr 2Py —1 2gua—1 o0 AT A T e,

Therefore, we have
2n

1 —1)k 1
<Y < g
2Fsn = Fappr 203, — 1

which means that the result holds when n is even.
We now turn to consider the case where n is odd. From Lemma 48, we know that

2n
AT R IR =
— Fappa 2F3n 2F6n+3 pt 2F3n
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With the help of Lemma 49, it is easy to see that

i(_l)k ! (t()+t( +1) ! ) it(k:)< !
= — n n -] - e T—
S Py 2B, +1 7007 Woniat1) o=, T 2P+ 1
Thus, we obtain
—1 & (—1)F ~1
— < < ,
2F3n = Fapyr 2F3n + 1
which yields the desired identity. O]

Proof of Theorem 36. We first consider the case where n is even. Applying Lemma 39 and
Lemma 41, we see

L (-DF 1 1 e 1
= — - ti(k)— (ti(n) +ti(n+ 1) +t1(mn)) < )
Z F3k+1 2F3, 2F3mn+3 k:zn;rQ 1( ) ( 1( ) 1( ) 1( )) OF,,

k=n

It follows from Lemma 46 that

SO S (st ¢ g
T 2R, +1 ’ A Pys + 1

F3k+1

k=n =n
! ”flt ® 1 1
B 2F3n + 1 _ ’ 2F3mn + 1 F3mn+1
- 1
2Fs, +1°

Therefore, we obtain
1 o (—1)k 1
RN YE O
2Fsn +1 = Py 2k,

which shows that the statement is true when n is even.
Now we turn to consider the case where n is odd. Lemma 47 tells us that

ty(n) +ta(n+1) > 0.

Hence if mn is odd,

P %—gtm—(u(mn) )

— Fipqa  2PF30n43
-1 % () 1 1
B 2F3n k—n ! F3mn+1 2F3mn
- -1
2F3n '
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And it follows from Lemma 50 and Lemma 51 that

mn mn—1
(=1)* ~1 1
- - te(k) — (¢t t 1 t
;L Fapq1 2F;, — 1 + 2F3mes — 1 k;ﬂ 6(k) — (te(n) + te(n + 1) + tg(mn))
- —1
2F5, —1°

Therefore, we have
-1 — (—1)F -1
Loy =yt -1
2F3n -1 e, F3k+1 2F3n

If mn is even, then Lemma 47 implies that

Z LU 2;:; - Z ta(k) — <t4(n) +ta(n+1) — ;>

b—n, F3k+1 2F3mn+3

. 2;;1 B _Z Zf4(k) _ (M(n) ‘|‘t4(n+ 1) N 2F:n+3)

<

and from Lemma 50 we obtain

= — ts(k) > ———.
— Fappr 2F3, =1 * 2F3mnys — 1 Z o(k) 2F3, — 1

k

Hence, we also have

—1 o (=DF -1
Ly () At
2F3, — 1 — Fsppn  2F3,

which yields the desired identity. O]
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