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Abstract

This paper outlines the matrix exponential description of radiative transfer. The eigendecomposition method which serves
as a basis for computing the matrix exponential and for representing the solution in a discrete ordinate setting is considered.
The mathematical equivalence of the discrete ordinate method, the matrix operator method, and the matrix Riccati equations
method is proved rigorously by means of the matrix exponential formalism. For optically thin layers approximate solution
methods relying on the Padé and Taylor series approximations to the matrix exponential, as well as on the matrix Riccati equa-
tions are presented. For optically thick layers, the asymptotic theory with higher-order corrections is derived, and parametriza-
tions of the asymptotic functions and constants for a water-cloud model with a Gamma size distribution are obtained.
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1. Introduction

The radiative transfer is an important issue for astro-
physics, atmospheric physics, meteorology and engineering
sciences. A wide range of solution methods of the radiative
transfer equation (RTE) have been proposed (see, e.g., [1-
11] and references therein for a general review). The discrete
ordinate method [6, 12-14] and the matrix operator method
[15-18] involve replacing the continuous dependence of the
radiance on direction by a dependence on a discrete set of
directions. For a homogeneous layer, the discretized radia-
tive transfer equation then takes the form of a system of linear
first-order differential equations. In the classical discrete or-
dinate method of Chandrasekhar, the solution of the system
of equations is expressed as a linear combination of charac-
teristic solutions of the discretized problem, while the ma-
trix operator method is primarily oriented toward numeri-
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cal computations of the reflection and transmission matrices.
Another group of methods are based on the concept of in-
variant imbedding, which is due to Ambarzumian [19]. Am-
barzumian derived an equation for the reflection function of
a semi-infinite atmosphere by noting that the reflection func-
tion remains unchanged upon addition of a new layer. This
technique was further generalized by Chandrasekhar [13] to
a finite layer, while Bellman et al. [20] showed that the reflec-
tion function derived by using the invariant imbedding satis-
fies the Riccati equation.

The system of differential equations of the discretized ra-
diative transfer equation can be solved by using a classi-
cal mathematical procedure involving the matrix exponen-
tial operator, in which the system matrix appears in the expo-
nent. Waterman [21] was the first who provided a matrix ex-
ponential description of radiative transfer. Mathematical el-
egance aside, he showed its practical value in radiative trans-
fer computations from both the analytical and purely numer-
ical point of view. In particular, Waterman related the ma-
trix exponential to the extinction matrix incorporating the re-
flection and transmission matrices of a homogeneous layer,
provided an eigenvector representation of the matrix expo-
nential, derived analytical expressions for the reflection and
transmission matrices in the limit of small and large optical
thicknesses, showed that the matrix exponential can be used
to generate starting values for the doubling method, and ap-
plied the matrix exponential formalism to conservative scat-
tering. Flatau and Stephens [22] extended the concept of
matrix exponential of a homogeneous layer to an inhomo-
geneous atmosphere by introducing the so-called propaga-
tor (matrix) operator. As Waterman, Flatau and Stephens re-
lated the propagator to the extinction matrix of a homoge-
neous layer, notified the similarity between the matrix ex-
ponential solution and Chandrasekhar’s discrete ordinate so-
lution, established various properties of the propagator and
used them to derive the Riccati matrix equations for an in-
homogenous atmosphere, as well as the adding and doubling
formulas. Although in both papers [21, 22] an eigendecompo-
sition method for computing the matrix exponential is con-
sidered, explicit and stable representations of the reflection
and transmission matrices are not given. This problem has
been solved by Nakajima and Tanaka [18] by using a system
of characteristic solutions of the discretized problem, and by
Budak et al. [23, 24] by using the matrix exponential formal-
ism. It should be also mentioned that Doicu and Trautmann
[25, 26] designed the so-called discrete ordinate method with
matrix exponential to compute the radiance field in a multi-
layered atmosphere.

The purpose of this paper is to provide a consistent
overview of the matrix exponential description of radiative
transfer. We mainly focus on a mathematical rigorous and
self-contained analysis based on the results given in [21, 22,
27] and our own results [25, 26, 28, 29]. The final goals are
to prove the mathematical equivalence of the discrete ordi-
nate method, matrix operator method, and the matrix Riccati
equations method, on the one hand, and to derive efficient
computations formulas for the reflection and transmission

matrices in the limit of small and large optical thicknesses,
on the other hand.

The rest of the paper is organized as follows. In Section 2,
we present the discrete ordinate setting in which the matrix
exponential method is applied, while in Section 3, we dis-
cuss the eigendecomposition method for computing the ma-
trix exponential. Section 4 is devoted the discrete ordinate
method with matrix exponential. In Section 5, dealing with
the matrix operator method with matrix exponential, we de-
rive several representations of the reflection and transmis-
sion matrices for arbitrary optical thickness, as well as, for
small and large optical thicknesses. In Section 6 we establish
the matrix Riccati equations, prove the mathematical equiv-
alence between the matrix Riccati equations method and the
matrix exponential method in computing the reflection and
transmission matrices of a homogeneous layer, and discuss
some approximation solution methods for small values of
the optical thickness and/or single scattering albedo. Finally,
Section 7 contains some concluding remarks. Additional re-
sults dealing with a justification of the Gaussian quadrature
in the discrete ordinate method, a review of eigendecompo-
sition methods for computing the matrix exponential, and an
extension of the analytical results to conservative scattering
are presented in appendices.

2. Matrix formulation of the radiative transfer equation

For a given solar direction Q¢ = (-, ®o), with o > 0 be-
ing the cosine of the solar zenith angle and ¢ the solar az-
imuthal angle, the equation describing the radiative transfer
in a plane-parallel homogeneous layer of optical thickness T
is

dIy(T, 1, — o, @ — Po)
H dr

— w —T/ o
=I4q(7, 1, — o, @ — @o) — EFOP(M —Ho, ¢ —ole

w
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where I4(7, 1, — o, @ — o) is the diffuse radiance at optical
depth 7 along the direction specified by the cosine of the
zenith angle u and the azimuthal angle ¢, p(u, ¢/, ¢ — ¢') is
the scattering phase function for the radiation scattered from
the direction Q' = (i, ¢’) into the direction Q = (i, ), w is
the single scattering albedo, and Fy is the solar flux. For sim-
plicity, the thermal emission term is neglected in equation
(1). If the homogeneous layer is placed in a multi-layered
atmosphere at optical depth 7, the radiative transfer equa-
tion for the diffuse radiance e I(7¢ + 7, L, — 4o,  — o) con-
tains the direct transmission term exp[— (7o + 7)/ o] instead
of exp(—7/ ). The total radiance, defined in terms of the dif-
fuse and direct radiances by

I(z, p, — o, @ — o) = Ia(T, W, — o, P — o) + 1o (T, 4, — o, P — Po)

solves the radiative transfer equation (1) without the single
scattering source term. Note that for the direct radiance I,



we have

Lo (T, 1, ~ 0, = o) = Fob (i + )8 (e — po)e ™0,

and

di,
ug(r,u, — o, @ — o) = Io (T, 4, — o, P — o).

Considering the Fourier cosine expansions for the phase
function

Mmax
pin =9 =Y @=6mo)pmp p)cosimlp—¢"l, (2
m=0

and the diffuse radiance

Mmax
I4(T, 1, — o, @ — o) = Y Iam (T, 1, —po) cos[m(p — po)l,  (3)
m=0
where Mpax is the number of azimuthal modes in the expan-
sions, yields the following radiative transfer equation for the
individual azimuthal components of the radiance:

M dIdm (T) H, _.UO)

dr = Idm(T» /*l')_uO)‘
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1
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To simplify notations, hereafter the index m will be sup-
pressed with the dependence on azimuthal mode assumed.

In order to deal with (4) we replace the integral by a sym-
metric quadrature rule with 2N nodes and weights, i.e., if px
with k = 1,...,N, is a node associated with the weight wy,
then —py is also a node associated with the same weight.
Usually, the quadrature is chosen to be (double) Gaussian, in
which case the number of azimuthal modes is Mpax <2N —1.
This result is discussed in Appendix 1. In the discrete ordinate
space, the radiative transfer equation for the diffuse radiance
vector ig = [i},ig]" with i = [am(xpr,—po)l, k = 1,..., N,
reads as

di
f(r) =—Aig(r)—e "Mb, 0<7<T. (5)

The entries of the layer matrix

(6)

A:[ Al Ap ]

-A;; —An

are

A; =MS,W-M,
A =MS_W, (7)

while the entries of the layer vector

(8)

are
bl = Mb+)
b, = -Mb_, 9)
where
1
[Silkr = Ewpm(,uk,im), (10)
Wik = wibii, an
1
My = —0bk1, 12)
Kk
Fy
(bilr=(2 —5m0)awpm(iﬂk, — o), (13)

for k,I=1,...,N. Here, 6, is the Kronecker symbol.

In order to reduce the eigenvalue decomposition of A from
a general to a symmetric problem, we define the scaled dif-
fuse radiance vector i = [Tg ,TE] T, through the relation

o 1.1,
iy =WZMZij. (14)

Hereafter, the “hat” symbol on vectors and matrices refers to
scaled quantities. For the scaled diffuse radiance vector, the
radiative transfer equation is

di, N ~ _
f(z):—Aid(r)—e‘”“Ob, 0<7<T, (15)
T

where the expressions of the scaled layer matrix A and the
layer vector b are as in (6) and (8), respectively, with

A =MIWEZ(S, —W HMZW?,

A, =MIWZS_MIW?, (16)
and

b, =M2W?b,,

b, = —-MZWZb_. 17)

From the principle of reciprocity of the phase function, it fol-
lows that S; and S_, and so, that A;; and A}, are symmet-
ric matrices. The scaling procedure (14), which is equiva-
lent to the application of a similarity transformation to A with
the diagonal block matrices w2 M*%, is standard in radiative
transfer and has been used by Waterman [21], Nakajima and
Tanaka [18], and Stamnes and Swanson [14].

In the framework of the matrix exponential approach, the
solution of the initial value problem consisting in the vec-
tor differential equation (15) and the initial condition ig (0),
is given by

-~ T o~ —~
@) =eA"13(0) —/ e AT-T)o=T' o q7/ (18)
0
Let us give an interpretation of the matrix exponential solu-
tion (18). Making use of a spectral decomposition of the ma-

trix A, it can be shown that

T n I ! ~ n _~ ~
/ e AT e T/ dr = (e AT —e /MO oy (I—poA) "' b, (19)
0



whence, setting

€= o — o) 'b, (20)
we express (18) as

1a(0) = e AT[i5(0) — ¢ + e MG, 1)

The classical approach for solving the vector differential
equation (15) is to express the general solution as the sum of
a homogeneous and a particular solution, i.e.,

1a(0) =Th(0) +ip(1). (22)
The particular integral solving (15), is
ip(1) = e /Mg, (23)

where € is given by (20). The homogeneous or the fundamen-
tal solution solves the equation

d,i\h N
— (1) = —Aiy(1), (24)
dr
and is given by
W =e g, (25)

The integration vector ¢, is obtained from (22) and the initial
condition ig (0); the result is ¢, = iq(0) —¢. Then, accounting of
(22), (23), and (25) we find that an equivalent representation
of (21) is

1) = e AT [i4(0) -1, (0)] +1, (). (26)

If the incident direction pg coincides with a discrete ordinate
direction, say uo = y; for some [, then the homogeneous and
particular solutions can be interpreted as the total and direct
radiance vectors, respectively. To show this, let us define the
vector i, (0) = [i5(0),i;(0)]7 by (0) = 0 and

o F
B0 =2=6m) 2 [ EE5yy, k=1,...,N.
21\ wy

By straightforward calculation it can be shown that i, (0) =
—C. As a result, the particular solution Tp (7) given by (23) can
be identified with the direct radiance vectorfo (1), defined by
o (1) = e 7'M (0), i.e., 1o (1) = —ip(7), and so, the total radi-
ance vector i(7), defined byf(r) =fd(r) +TO (1), can be identi-
fied with the homogeneous solution i, (7). Note that both i
and ?p solve the differential equation podT@ (r)/dt = —?@ (1),
while both i and ih solve the differential equation (24). It
should be pointed out that in a continuous setting, the total
radiance is a generalized function, or a distribution, while in
a discrete setting and under the above assumption, the total
radiance, regarded as a function g, has a jump at p = y;(=
Ho)- R

In [22], the matrix exponential exp(—Art), reflecting the
internal properties of the homogeneous medium, is called
propagator and is denoted by P(1), i.e., P(1) = exp(-A1). If

the initial condition is given, then the solution deeper in the
medium can be recovered (propagated) down from the up-
per boundary by applying this propagator. However, the ob-
tained solution has no physical meaning, as long as the ra-
diative transfer equation cannot be treated as an initial value
problem. The initial condition means that both sets of up-
ward and downward radiances at the upper boundary are
known, a fact which typically does not occur in atmospheric
radiative transfer. This by no means reduces the usefulness of
matrix exponential (propagator), as it will be demonstrated in
the course of our analysis.

3. Eigendecomposition method for computing the matrix
exponential

The matrix exponential can be computed by using an
eigendecomposition of the matrix A. Exploiting the block
symmetry of A, we find

~ o[ A0 Jon

A=V| _A]v, @7)
with

[V W

-[v_ v, (28)

and (the abbreviation 'not’ stands for notation)
A = diag[A, ..., An] = [Ag]. (29)

The spectral decomposition of the matrix A can be obtained
by one of the following methods: direct decomposition of an
asymmetric matrix [14], square-root decomposition [18], and
Cholesky decomposition [30]. These approaches are summa-
rized in Appendix 2. In (28), the matrices V. are of the form

~+ DOt ~4

V. =%, 95 2 98,
V! ~
where | _k | are the right eigenvectors of A corresponding to
k
v, . . ~ .
A, and Vﬁ are the right eigenvectors of A corresponding
k

to —Ak. The matrix exponential is then given by

_Ar _of| T(@ 0 o1

e _V[ o Tin |V (30)
with

I'(7) = [e 7). 31

From (30) it is apparent that the computation of the matrix
exponential requires the computation of the inverse of the
right eigenvectors matrix V. In Waterman’s approach, the in-
verse V! is computed by using the following result: For any
matrix A, which has a complete set of linearly independent
eigenvectors, the inverse of the right eigenvector matrix is the
transpose of the left eigenvector matrix. Indeed, let A be an



n x n matrix with distinct eigenvalues, Xy be a right eigenvec-
tor of A corresponding to Ay, i.e., Ax; = 1;X, and y; be a left
eigenvector of A corresponding to A;, i.e., ATy; = A;y;. Then,
from y] Ax = Aky] Xk = Ajy] Xi, we see that for A # A;, we
have y;[xk = 0. Moreover, assuming that x; and y are nor-
malized in the sense that ylka =1, k=1,...,n, we find that
X! = YT, where X = [x;] and Y = [yx]. Thus, the spectral de-
composition of A reads as A = XAX ! = XAY'.

Accounting of (27)-(29), we deduce that the systems of nor-
malized right and left eigenvectors corresponding to A and
— A are

1 vi ] sign(a —vt
(e Yk ],M k) 32)
Vi Vi
|ax] ||
and
1 v, sign(a v
A | Y | S8 |V 33)
v -V
la| * "k 1/ a] k
respectively, with ai = |[V; ||* - |[¥} || To simplify notations
we put
[P dvE =si ot 34
Vi, —Veandvy = s1gn(ak)vk, (34)
|ax|
so that
oF =+
(/lk, Yk ] Vk ) (35)
k Vi
and
_ v Vi
( Ak,[ d | ) (36)

are the systems of normalized right and left eigenvectors cor-
responding to A1 and — Ay, respectively. Thus, we have V™! =

\_IT, with

-V, WV

=l v v | 37
V. = Vil (38)
The spectral decomposition of A is then
~ s A 0 |=T
A—V[ o AV (39)
or explicitly,

N ot =+ 17T o - 17
A:Zak[ Ve || Yk —Ak[ k H k|, o)
k=1 Vi Vi Vi Yk
while the matrix exponential is
“Ar _o| T 0 =T
AT _
e =V 0 T(-7) v, (41)

or explicitly,

Ar_ v | Vi
e =) e "T[ K
k=1 k

(42)

A short comment is in order. In the absence of scatter-
ing (w = 0), we have Aj; = —Ay = —M, and A;» = Ay = 0.
As a result, we obtain \7+ =0, V_ =1 and A = M; thus,
the eigenvalues are the inverse of the discrete ordinates, i.e.,
Ak = 1/ug. The matrix exponential is the diagonal matrix
exp(Ar) = [eM7;e "] and the homogeneous solution at 7 =
7, given by in(7) = [e*7; e 47[iy(0), is a representation of the
Beer-Lambert attenuation law for the downward and upward
radiances, i.e., [i’l(?)]k = exp(—AxT) [T}’I(O)]k and [T;;(O)]k =
exp(—AxT) [T;; (7)1, respectively. If scattering is present, the
Beer-Lambert law is still valid but for the downward and up-
ward radiances &_(7) and &_(0) corresponding to the trans-
formed radiance vector

LM [0 1
E@m |71 o

We proceed now to derive some matrix identities which
will be frequently used in the following. In terms of block ma-

£r) = vV i@.

. . . =T .
trices, the orthogonality relation VV' =1,y , where I,y is the
identity matrix of dimension 2N x 2N, reads as

PN s o T
BT %

from which we infer that
V.V -0,V =1y, (44)
VAL AGE (45)

Similarly, from \_/TV =1I,, we obtain
VIV -V, =1y, (46)
ViV, =V V.. @7)

Accounting of (44)-(47), the following matrix identities read-
ily follow:

T

viv ' =vy,, (48)
VoV, =V, v, 49)
v =v_-v, Vv, (50)

On the other hand, from (34) and (38), we see that
‘_/i = vi §, (5 1)

where S = [sign(ay)] is a diagonal matrix of plus and minus
ones. As SS = Iy, we find that the matrices VIV_ and V, V!
are symimetric, i.e.,

Vivo)'=viv, (52)
v, v-h'=v, v}, (53)



but \A/_Vz and \7:1V+ are not; in particular, we have

V_svhHT =v_svT, (54)
(V:lv+)T = §(V:1v+)§- (55)

Solution (18) with the matrix exponential as in (41) is the
starting point in our analysis. This solution, in the form of the
propagator P(1) = exp(—Art), is a combination of both grow-
ing and decaying exponentials. For large optical thicknesses,
growing exponentials will dominate the solution given in
this form, and the direct application of the propagator leads
to numerical instability. This behavior is referred to as di-
chotomic [22]. However, by appropriate manipulations of
(18) and by introducing scaling transformations, computa-
tionally stable equations, the so-called layer equation and the
interaction principle equation can be derived. These equa-
tions, which are the quintessence of the discrete ordinate
and matrix operator method with matrix exponential, are dis-
cussed in Sections 4 and 5, respectively.

4. Discrete ordinate method with matrix exponential

In the framework of the discrete ordinate method with ma-
trix exponential, the layer equation is a computationally sta-
ble relation connecting the layer-top radiance vector ig(0)
and the layer-bottom radiance vector Td(r) [25, 26]. For a
multi-layered atmosphere, each layer equation is assembled
into the system matrix of the entire atmosphere. By imposing
appropriate boundary conditions at the top and the bottom
of the atmosphere, the system of equations is solved for the
level values of the radiances. Thus, the method avoids com-
puting an explicit solution for each layer by imposing bound-
ary conditions for the entire atmosphere, as well as, the con-
tinuity condition for the radiances across the layer interfaces.

The layer equation is derived by inserting the matrix expo-
nential representation (41) in (18), and by multiplying the re-
sulting equation with an appropriate scaling matrix as in [31].
The result is

=T+ =T~ —T ~
D;(@)V 13(7) =DMV iq(0) -Dp(T)V b, (56)
where

— | In 0 | rT@™ o
pm=| B 0 o[ T2,

e_Ak?—e’?/ﬂO 0

— To—A

Dy(T) = 1#(()) k Ny (57)
1/u0+/1k

If the level values of the radiances iq(0) and iq(7) are known,
the radiance at an internal point 7, with 0 < 7 < 7, is com-
puted as

i) = VE(1,7)

&.(0) ]_A
@ VEy (7,7)7, (58)

where now &(1) = (£, (7),&_ (01T =V .4(1),n =V b, and

- | TD 0
E(z,7) = 0 rG-1)
e—/lkr_e—rlug 0
—. 1/p—A2
Ep(r,7) = [ #:) ¢ 2/ 1=e~ TP (1e+1/mg) (59)
—e I/IUOJrA.k

The matrix exponential representation of the solution as
given by (18) is mathematically equivalent to the classical
Chandrasekhar’s representation in terms of the characteristic
solutions

~

ot

e M7 | Ve | and eMT X’i (60)
v v
k k
To show this equivalences, we consider (20), i.e.,
ia(m) =e M [{a(0) -1 (0)] +1p (1), (61)
for 0 < 7 < 7. Using (30) and writing
I'(1) 0 [ T 0
0 I(C7 |~ 0 I(-7)
-1
1 0 I 0
[ o r@ |lo r@ | (62)
we obtain
~ [ VL@ V.r(7-1) al -~
ig(7) = vr 1) V+r (? _ T) B +ip (1), (63)

where the N-dimensional vectors &« and  do not depend on
7, and are given by

¥

The explicit form of (63), i.e.,

V. V.I(7)
V. VI (7)

-1
[i3(0) —ip(0)]. (64)

N At | Vi o | Ve s
iq(r) = Z aie K|+ Bre . +1ip (1), (65)
k=1 k k

is the solution representation in the Chandrasekhar’s discrete
ordinate method. Another representation can be obtained by
using the relation

rm o |_[T@® o0 ]
0 re-n | | o rEn
-1
1 -1 1 -1
o o [F(ﬂ ro | 0 ©@
which yields
40) = V.r@-7)+V,I[(1) V.-I@-1)-V,I'(7)
W= V,r@-n+V.r@ v,r@-n-v.ru
X[Z i, (67)




with

-1

V-rm-v, [i4(0) —ip(0)]. (68)

a ] [VI@®+V,
B | V.Ir@-V_

V.I@®+V_

[E—

From (67), we get

=N o (et [ Vi ] e | Vi
ia(m) =) arle kl+e o
k=1 Vi k

G- vV,
+e Ak (@ r)[ A-I%C—
A4

) +ip (M,  (69)
k

S+
_ v
+,Bk(—e Akr[ AE
Vi

where as before, the integration constants a and B do not
depend on 7.

Equations (63)-(64) and (67)-(68) are equivalent solution
representations in the matrix exponential method and will be
used in the next section to derive the reflection and transmis-
sion matrices. In both representations, the radiance vector at
optical depth 7 is a superposition of eigenfields propagating
from the upper and lower boundaries, with the attenuation
factors exp(—AxT) and exp[—A, (T — 1)], respectively.

Although the classical and the matrix exponential version
of the discrete ordinate method are very similar, several dif-
ferences can be emphasized:

1. In the classical discrete ordinate method, the expan-
sion coefficients aj and S are the unknowns of the dis-
cretized radiative transfer problem and are computed
by imposing the continuity condition for the radiances
across the layer interfaces. In the discrete ordinate
method with matrix exponential, the unknowns are the
level values of the radiances. Once they are computed,
the integration constants can be obtained from (64) or
(68).

2. In the classical discrete ordinate method, the compu-
tation of the particular solution requires the computa-
tion of the inverse (I — oA)~!. This inversion step is not
present in the discrete ordinate method with matrix ex-
ponential. However, if the systems of normalized right
and left eigenvectors stay at our disposal, the constant
vector € which enters in (23), can be calculated with a
less computational effort as

o G=pen)! 0 T
c=V 0 I+ goA)! V' b (70)

for yo # A, k=1,...,N.

5. Matrix operator method with matrix exponential

In a continuous setting, the interaction principle equation,
which is the central feature of the matrix operator method, re-
lates the outcoming radiances at the layer top 14(0, i, — o, @ —
o) and layer bottom I4(T, — 1, — Lo, ¢ — o) to the incoming ra-
diances I4(0, =, — o, ¢ — o) and 14(7, u, — o, ¢ — o) through
the reflection, total transmission and diffuse transmission
functions R(u, 1, — ¢";T), T(u, 1, — ¢';7) and Ty (u, 1', @ —

¢';7), respectively, where u, ¢’ > 0. The transmission func-
tion for the diffuse radiance Tj is related to the transmission
function for the total radiance by the relation

— _ T =
Ta(w, ', —¢'sT) = T(p, H/y¢—¢,;T)—ﬁ(s(p—ﬂ')é((p—(p’)e T

(1)
Considering the Fourier cosine expansions

Mmax
14T, 0, @ — 90) = Y Iam (@, it —po) coslm(p — po)l, (72)
m=0

Mmax

X, 90— @0 = ) (2= 8m0) X (1, ;) coslmip — "),
m=0
(73)
where X stands for R, T, and Ty, and noting that
1 [y
Ty (i, 15T) = Tam (1, 1 7) + 2_;1’6(”_ phe TH, (74)

for any azimuthal mode m, yields the following representa-
tions of the interaction principle in the Fourier space:

1
Iqgm (0, 1, — o) = (2 _6m0);IJOFORm (1, 1o; T)
1
+2/ R (i, 1'57) Iam (0, — ', — o) ' dpt’
0
1
+2 / T, 150 Ian (T, 11, — o) p' dpt’ (75)
0
and
_ 1
Tam (T, =, — o) = (2—5m0);N0F0 Tam (W, to; T)
1
+2 / Ty (s 157 I (0, — ', — o) o' dpt/
0
1
+2 / Ron (i, 15 D) Iy @, ', —po) ' dpt’.— (76)
0

The plane albedo r, total transmission ¢, and the spherical
albedo r of the layer are given by

1 1
r(u,f)=2/ Ro(u,u’;?),u’du’ZZ/ Ry, wop'dy!,  (77)
0 0
1 1
tw,T) =2 / To(u, ;' dp’ = 2 / To,wDp'dy’,  (78)
0 0

1 1
rs(T) =4 / / Ro(p, p'; D)’ pdpt' dps, (79)
0 0

while for a homogeneous layer with an underlying Lamber-
tian surface of albedo A, the interaction principle is

1 _
Iam (0, t, — o) = (2 =6 mo) ;HOFORAm(Il’ Ho;T)

1
+2 / Ram (i, ;D) Iam 0, ', —po) ' dy’ - (80)
0



and
_ 1
Tam (T, — b, — o) = (2= O mo) ;,UOFO Tadm (s 1o; T)
1
+ 2/ Tam (o 157 Igm (0, — 1/, — o) ' dpt’,
0
(81)

where

_ A
Ram (i, t;7) = R (1, 157) + G mo T D, 7), (82)
- N

Tam (W, 157 = Trn(p, 1T _)+5mo r(/u,T)t(u 7, (83)

A _ _
r(u, 7) t(uo, 7).
— Ars
(84)

Taam (4, po;T) = Tam (s o3 T) + 6 mo 1

For a pertinent and mathematical elegant description of the
radiative transfer in a continuous setting including the defini-
tions of the reflection and transmission functions, as well as
the derivation of the interaction principle equation, we refer
to [32].

In a discrete setting, the interaction principle equation re-
lates the outcoming radiancesf:ir (0) andf; (7) to the incoming
radiances/i\a (0) andfg (7) through the reflection and transmis-
sion matrices R and T, respectively. Transforming the solu-
tion representations of the matrix exponential method into
a form which resembles the interaction principle equation,
equivalent expressions for the reflection and transmission
matrices can be obtained. This derivation can be regarded
as a conversion of the initial value problem of the matrix ex-
ponential method into a two-point boundary value problem
(the incoming radiances i 4(0) and 1Jr (7) are specified). In
the framework of the matrlx exponentlal formalism, the re-
flection and transmission matrices are introduced in a natu-
ral way, and as they are well behaved and bounded, the nu-
merical instability is avoided. In the matrix operator method
and for a multi-layered atmosphere, the reflection matrix of
the entire atmosphere is computed recursively from the re-
flection and transmission matrices of each layer by using the
adding algorithm.

5.1. Reflection and transmission matrices of a homogeneous
layer

First representations of the reflection and transmission
matrices can be obtained from layer equation (56). Express-
ing (56) in terms of the upward and downward radiance vec-
tors i 1— (0) and it 3 *(T), we obtain the interaction principle equa-
tion

i+

O
iy @

) (85)

I
=) =
=) =

—_—

[

where R=R(7), T=T(7), and

~ o~ — — -1 — —
[ R T ]_ r@vV., -V r@V. -V,
T R V. rev. V. Trov.
(86)
-~ —T —T -1
s T@V. -V 7
[ Z+ ]z @V V- | p,7h. (87)
z- V- r@v,

By inspection of (86) it is apparent that the computation of
R and T requires an inversion and a multiplication of ma-
trices of dimension 2N x 2N. Similar expressions for R and
T, which however do not use the right- and left-eigenvectors
technique, can be found in [23, 24]. The 2N x 2N matrix in
the left-hand side of (86) is called extinction matrix. The ex-
tinction matrix is expressed in terms of Rand T, and as the
propagator, it depends only on the internal properties of the
homogeneous layer [22].

The computation of the reflection and transmission ma-
trices can be halved in order. These representations, corre-
sponding to the interaction principle equation

i _[13 T [ i;0-i;© i; 0 ©8)
iq (7) T R i[5 (7) i (7) I

can be derived from (63)-(64), and (67)-(68), and do not nec-
essarily require the use of the systems of normalized right and
left eigenvectors. In the first t case, we use (63) with 7 =7 and
(64) to express?d @) = [i§ it (_), ~@17 andi4(0) = [ (0), ~o)7T,
respectively, in terms of a and p; from these representatlons,
we get

ld (0) \7+Vr_(f) s Z + ‘+ g (89)
an
+ Vi +
i@ g ] [ e v. |lpl* i g 0
and further,
A\7+ VI RANRA GE
dr) vrem v, v.re v
X[ lﬂioj)_f v i © ©91)
Employing now the matrix identity
-1 -1
[11: i :[ —ASBC _ACBC ] ©2)
with
C=A-BA!'B)}, (93)
we end up with
R=V,-v.rv_'v,nv_-v,rv_'v,n! (94)
T=V.r-v,v:'v,n(v. —VJV:IVJ)‘ : (95)



where I' = I'(7). In the second case, we proceed analogously
and use the matrix identity

-1

I k|
to conclude that
R= %[(\1 +V_DV_+V,. D)+ (V, -V_DV_-V,D7'],
97)
T= %[(fu +V_DV-+ VD)7 =V, - VD (V- -V, D).
(98)

By making use on fundamental matrix identities it can be
shown that (94)-(95) and (97)-(98) are identical. On the other
hand, it is apparent that (94)-(95) require 2 matrix inversions
and 5 matrix multiplications, while (97)-(98) require 2 matrix
inversions and 2 matrix multiplications. In this regard, the
quantities which enter in the interaction principle equation
(85) may be computed as follows:

1. calculate the matrices R and T from (97) and (98), re-
spectively,

2. calculate the particular solution by means of (23) and
(70), and the particular solution source vector according

to
b [ O] [R T][i0
z i; (7) T R|[ij(7)

Depending on the choice of the method for computing the
spectral decomposition of the layer matrix A, specific rep-
resentations of R and T can be derived. In the square-root
method, the matrices Q, and Q_, defined by V, = (Q,+Q_)/2
and V_ = (§+ - Q_)/Z, are related through the relation (cf.
(344) of Appendix 1) Q_ =— (A);TA, and it can bee shown that
R and T can be expressed in terms of Q3 only. On the other
hand, in the Cholesky method, the identity (cf. (351) of Ap-
pendix 1) @1T = —Q_A can be used to express R and T in
terms of Q_ only. These representations which play an im-
portant role in the asymptotic theory will be derived in Sec-
tion 5.4.

We conclude this section by presenting Waterman'’s deriva-
tion of the reflection and transmission matrices. Considering
for simplicity, the interaction principle equation for the ho-
mogeneous solution (cf. (88))

i) R T|[i 0

’h I I

i (7) T R [ig @ | ©9)
we obtain

@ T-1 -T'R i)

Tn = o, T8 ||

i@ [ RT! T-RT 'R H i (0) ] (100)
On the other hand, from (cf. (26))

TE | ar[ i)

/:}l = T 1\}1 ’ 101
[1h @ 1=° |50 aob

it is apparent that the matrix exponential is identified as

_lﬁ

-RT 'R |-

RT! T (102)
Flatau and Stephens [22] called (102) the fundamental rela-
tionship connecting the propagator (matrix exponential) and
the extinction matrix. So basically, what we have to do is to
evaluate exp(—AT), to invert its upper-left-hand block to ob-
tain T, and finally, to postmultiply its lower-left-hand block
by T in order to get R. By means of (41) in conjunction with
(28) and (37), we find

Tl =V, I@V. +V_I(-DV,
RT ' = —V.Ir@V, +V,I(-DV..

(103)
(104)

Equations (103)-(104) have been used by Waterman as a start-
ing point for deriving the expressions of the reflection and
transmission matrices for small and large values of the op-
tical thickness. Here, we use a different approach in order to
show the equivalences with (94)-(95), and so, with (97)-(98).
Let us define the quantity
A =T w1

To=V_ I'@V_", (105)
which is computationally stable, and let us construct the ma-
trix product

T 17 =1-V, T@OV.V_ T@VL. (106)
Then, we obtain

ES P < ol T o-17-1

T, T =1-V,T@V.V_ IOV} (107)
and so,

T=V'rV_-v,Iv.v.'n7, (108)
R=(V,-V.IV.V_ DV_-V,IV.V_ '), (109)

where, as before, I' = T'(7). Equations (108)-(109) seems to
be new. However, employing (48) and (50) in (108)-(109),
yields (94)-(95), and the mathematical equivalence between
the various representations of the reflection and transmission
matrices is proved.

The analytical formulas derived so far are valid for non-
conservative scattering (w # 1). The case of conservative scat-
tering, which is merely of theoretical interest, is treated in Ap-
pendix 3.

5.2. Discrete approximations of the reflection and transmis-
sion functions of a homogeneous layer

There are several applications, e.g., asymptotic theory, in
which discrete approximations of the reflection and trans-
mission functions of a homogeneous layer are of particular
interest. Considering the interaction principle (88) and pass-
ing from the scaled diffuse radiance vector iy to the diffuse



radiance vector ig according to the transformation rule (cf.

(1)1 =W%M_%i§, we obtain

O |_[R T i;0-c o

iy (7) T R it (7)—e THog e~ Tliog,
(110)

where

R=M?W ZRW2M 2, (111)

T=MIW :TWZMZ, (112)

and ¢ = [c1,¢c]T = pod — poA)‘lb, or blockwise, ¢;» =
W’%M%ELZ. Further, from (75), (76) and (110) we find the re-
lations

(R (i, uD] = R, (113)
[T (L, u)1 =T, (114)
[Ryn (ki tto)] = €1 —Rcy —e T/MTcy, (115)
[Tam (i )] = € 7/Hocy —Tcy —e /HORcy, (116)
where the matrices R and T, given by
R= %RMW_I = %M% “2RWIM?, (117)
T:%TMW’I:%M%W’%TW’%M%, (118)

are the discrete approximations of the reflection and trans-
mission functions, respectively, and the vector ¢ = [c, C2] Tis
defined through the relation ¢ = (2 — §,,,0) (Fo/ ) oc. In addi-
tion, the matrix

Tg=T-D, (119)
with
D]y = S e TSy, (120)

is the discrete approximation of the diffuse transmission
function, i.e.,

[Tam (i, w1 = Tq. (121)

Equations (117) and (118) show how to convert the scaled re-
flection and transmission matrices into physical functions.
As the interaction principle has been formulated for the dif-
fuse radiance, relations (115) and (116) corresponding to the
incident direction can be used for checking the reflection and
transmission matrix calculations. The computational pro-
cess of some reflective and transmissive characteristics of the
layer involves the following steps:

1. For the azimuthal mode m = 0, compute the plane
albedo vector r and the transmission vector t of the layer

r=2RWM 1 =R1,
t=2TWM '1=TI,

(122)
(123)
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together with the spherical albedo

re=4v Rv=2v'RI, (124)

wherev=WM!1and1=11,...,1]7.
2. Compute the reflection and transmission matrices of the
layer with an underlying Lambertian surface

A
Ra=R+ Smott!,

(125)

Is

Ta=T+ Smort”. (126)

Ts

3. For the azimuthal mode m = 0, compute the plane
albedo vector of the homogeneous layer with an under-
lying Lambertian surface

ry=2R,WM 1 (127)
and the spherical albedo
rsa=4viRyv. (128)

According to (74), the total transmission function is a gener-
alized function, or a distribution. In a discrete setting this
means that in contrast to the diffuse transmission matrix
[Tam (Ui, 11 7)1, the total transmission matrix [Ty, (L, 1i; 7)1,
regarded as a function of y;, has a jump at y; = uy.

The discrete approximations of the reflection and trans-
mission functions R(u,y',¢ — ¢';7), T(u, ' ,¢ — ¢’;T) and
Ta(u, 1, @ —¢';7) are obtained by summing up the Fourier se-
ries in the azimuth, i.e.,

Mmax
X= ) (2-38mo)Xmcosimlp—¢],

m=0

(129)

where X stands for R, T, and T4. The number of azimuthal
modes Mpax is whether Myax =2N — 1, or Mpax < 2N —-1. In
the second case, an azimuthal convergence test over the diag-
onal elements of R and Ty is performed. A stronger test may
involve the convergence of the Frobenius norms of R and T.

For highly peaked phase functions the delta-M method [33]
can be used. In this case, the matrices S, and hence, the ma-
trices V. in (97)-(98) are altered by modifying the Legendre
expansion coefficients y,, of the phase function p(u, u', p—¢’)
and the single scattering albedo w according to

o Lo ap (130)
Xn =77 Wn f

and

* _ 1_f

w* = l—fww' (131)

respectively, while the diagonal matrix I' = [e~*T] in (97)-
(98) is altered by modifying the optical thickness T accord-
ing to T* = (1 - fw)T. Here, the truncation factor f is defined
by f = (1/2)x2n. The delta-M method enhances the conver-
gence of R and T4 when compared with the corresponding
results obtained in the absence of truncation.



The delta-M method can be used in conjunction with the
truncated-plus-single-scattering (TMS) method [34]. The ap-
plication of the TMS correction to the reflection matrix of a
semi-infinite atmosphere was discussed in [35]. For a layer of
finite optical thickness, the TMS corrections of the reflection
and transmission matrices use the corresponding functions
in the single-scattering approximation

Rss (W, o, @ — o T) = mwmu,—uo,w—wo) (132)
x[1- e—(l/,u0+1/p)?],
1
Tssa(ths po, @ = po; T) = mwp(—u, —Ho,p—¢o)  (133)

< (e—?/u _ e_?/“‘)),
For example, the TMS correction of the reflection function is

AR, o, —90; T) = RS (W, o, —0; T) — Res (W, o, 9 —00; T),
(134)

where,

RS (1, o, @ — 03 T) = P, — o, @ — o) (135)

1 w
4(pu+py) 1- fo
< [1 _ e—(l/u0+l/u)?* ],

Nmax

2n+1
P, — o, @ —Po) = Y
n=0

2

XnPn(cos®),

and

 4(u+ po)
1 _e—(llu0+1/y)?*]’

RE (W, to, @ — p0; T) W p* (W, —po, 9 —po)  (136)

X

correspond to the “exact” and truncated phase functions, re-
spectively. In (135), P, are the normalized Legendre poly-

nomials, cos® = —pg+ /1—pu%4/1 —,u(z) cos(@ — o), Nmax >

2N —1 is the number of all expansion coefficients, and 7" is
the delta-M scaled optical thickness. The truncated phase
function p*(®) in (136) can be computed in two different
ways. If an azimuthal convergence test is performed (Mpax <
2N -1), p*(©) is computed as

Mmax
P> (1, —po, @ = 9o) = ), (2= 8 m0) Py (1, — o) cOS[M( — o)1,

m=0
(137)
N 2N-1
Pt =) = D xn Py (WP (~ko),
n=m

where P)* are the normalized Legendre functions, and other-

wise, as

2T 2+l
p @)= 3 5
n=0

XnPn(cos®). (138)
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To analyze the accuracy of the TMS method in computing
the reflection and transmission functions we perform numer-
ical simulations of the Earth Polychromatic Imaging Camera
(EPIC) measurements in the oxygen A-band absorption chan-
nel at 764 nm (Channel 9). Note that this channel is used for
cloud parameters retrieval, and that the EPIC instrument, on-
board the Deep Space Climate Observatory (DSCOVR), mea-
sures from the L1 Lagrangian point, at which the satellite re-
mains near the Sun-Earth line. For an atmospheric layer con-
sisting of oxygen molecules and a water cloud, we assume
that the radiative transfer in the layer involves, in addition
to cloud scattering and absorption, oxygen absorption. More
precisely, we neglect the molecular Rayleigh scattering, that
is, for the homogenized layer, we use the approximations
Oext ™ Oggy + Ugbs’ Osct ® Ogey, Xn & X7 Where o¢y, 05y
and y¢ are the extinction coefficient, scattering coefficient
and the phase function expansion coefficients of the cloud,
while Ugb < isthe absorption coefficient of the oxygen gas. Per-
haps it should be pointed out that the high oxygen absorption
(computed by line-by-line calculations), yields a large inter-
val of variation of the single scattering albedo of the homog-
enized layer (between 0.2 and 0.999) As the Sun is in the back
of the instrument, the observed scattering angle is close to
the backscattering direction. To model the scattering in the
backward region, we take p = po, and as in [36], we choose
¢ — o =176°. In Table 1 we show the relative errors in R and
Ty, defined by

and similarly for €7, for the delta-M method and the delta-M
method with TMS correction. The optical thickness is T = 5,
the single scattering albedo is w = 0.85, and the phase func-
tion corresponds to a water-cloud model with a Gamma size

distribution
a
it
Amod

of parameters apyoq = 10 ym and a = 6. The droplet size
ranges between 0.02 and 50.0 ym, and the reference val-
ues Rrer and Tgres correspond to Nrank = 565. The results
demonstrate that the TMS method requires less discrete or-
dinates N as the standard delta-M method. This observation
implies that the TMS method improves the accuracy of reflec-
tion and transmission functions calculations.

This model based on an eigendecomposition method for
computing the matrix exponential is used as a reference for
testing the approximate representations of the reflection and
transmission matrices in the cases of thin and thick layers. In
particular, for the EPIC instrument, we compute the relative
errors

-

where as before, X stands for Rand T, and ¢ — ¢ = 176°.

Jo IR, 1,90 = 903 D) = Rees (1, 1, — o D)) 2dpe
Jo Rt 0 = pos T)ds

(139)

P(a) x a“exp (140)

Lol (XD gk — [Xregl k)
ZIIX:I [Xref] %Ck

, (141)



Table 1: Relative errors €g and e7 for the delta-M method and the delta-M
method with TMS correction, and for different values of the number of dis-
crete ordinates per hemisphere N.

N Delta-M Delta-M and TMS
ER ET ER ET

128 3.80e-4 4.44e-4 3.53e-4 4.44e-4
64 1.64e-2 2.06e-3 1.41e-3 1.91e-3
56 1.97e-2 2.81e-3 1.61e-3 2.56e-3
48 2.28e-2 4.24e-3 2.21e-3 3.70e-3
32 4.34e-2 8.63e-3 3.76e-3 7.73e-3
16 6.12e-2 2.85e-2 2.42e-2 2.66e-2
8 1.95e-1 1.05e-1 6.71e-2 8.97e-2

5.3. Reflection and transmission matrices of a homogeneous
thin layer

For optically thin layers, the Padé and Taylor series approx-
imations to the matrix exponential can be used for comput-
ing the reflection and transmission matrices and so, to avoid
the solution of an eigenvalue problem. The interest in such
small values of T stems from the possibility of using these
approximations to generate starting values for the doubling
method. Parenthetically, we note that the basic recursion re-
lations of the doubling method can be obtained by using the
matrix exponential formalism. Indeed, setting Ry = R(7) and
T, = T(@) for the layer of optical thickness 7, and R, = R(27)
and Tg =T(27) for the layer of optical thickness 27, we express
(102) for the layers T and 27, as

i T-! -T7R
€ RT! T -RT'R ] ' (142)
and
e 2AT _ ATZ N _TLZ_ Lﬁz . (143)
R.T,! T.-R.T,'R,

respectively, and use the identity exp(—2AT) = [exp(—A7)]?, to
obtain

T, -T,'R, T, T
B.A-1 7 _P.A-ID =l .-l A _R.TID
RT,! T,-R.T,'R, RT! T-RT'Ry
(144)
Solving for R, and T», we get
R, =R, +T R, 1-RH)7'Ty, (145)
T, =T,0-RH™'Ty, (146)

which are the recursion relations of the doubling method.

5.3.1. Padé approximation

In radiative transfer, the Padé approximation has been sug-
gested by Flatau and Stephens [22] for computing the extinc-
tion matrix and the source function integral of a layer. More

recently, McGararagh and Gabriel [37] used this approxima-
tion in connection with the matrix operator method. Essen-
tially, the nth diagonal Padé approximation to the exponen-
tial of the matrix A7 is defined as [38]

e ~ D, A1) 'N, A7), (147)

where D,, (A7) and N,,(A7) are polynomials in At of degree 7,
given by

n

D,A7) = )Y cp7*A%, (148)
k=0
n

N,@A7) = Y (-1)*cp*A%, (149)
k=0

and

o = 2n-k)'n! (150)

kT enikm—-h!

From (148) and (149) it is readily seen that N, A7) = D,,(-A7).
To compute D, (A7) and N,,(AT) we have to compute powers
of A. By taking advantage of the block symmetries within A
(cf. (6)), we find

~k Xk Yy

T EDRYe ok (15

where for k = 2, the matrices X;. and Y are computed recur-
sively as

Xy = Xy—1A11 — Y141, (152)
Yi =X;1A12 - 1Ay, (153)
with the initial values

X; =Aj1, (154)
Y; =Ajp. (155)

The coefficients c; are also computed recursively by means
of

n—-k+1

= mck—b (156)

Ck
with the initial value ¢; = 1/2. Accounting of (151), the matri-
ces D, (A7) and N, (A7) of (148) and (149), respectively, can be
written as

. I+X: Y
D, Ar) = on n_ ] (157)
n Y, I+X,
~ I+X Y,
N, Ar) = n n ] (158)
n Y,  1+X}
where
n
Xt =Y D Xy, (159)
k=1
n
YE= Y #DFer*yy (160)



Inserting (147) together with (157) and (158) into the homo-
geneous solution representation (26) yields

R, =H,(I+X})-G,Y,, (161)
T,=G,0+X})-H,Y,, (162)
with

G, =(E,—F,E,'F,) ™", (163)
H, =E,'F,G,, (164)
and

E,=1+X;, (165)
F,=Y,. (166)

Equations (161) and (162) give the nth-order Padé approxi-
mations to the reflection and transmission matrices. In the
case n = 1, we find X = +(7/2)A;; and Y§ = i(?A/Z)Klg. Asa
result, we obtain E; =1— (7/2)A1; and F; = (7/2)A;2, and so,

R =H;I+ %T\n) + %Glfﬁlz, (167)
~ T~ T .
T, =G I+ §A11)+§H1A12. (168)

Further, approximating El‘1 ~ I+ (T/2)A1, and retaining only
the first-order terms in the Neumann series of the inverse
in (163), gives G; = I+ (7/2)A;; and H; = (7/2)A;2, and ulti-
mately

ﬁl 2?/\12 and Tl =I+f§11. (169)
This is the infinitesimal generator initialization scheme of
Grant and Hunt [39] (see (181) below).

5.3.2. Taylor series approximation
The Taylor series approximation uses the definition of the
matrix exponential, namely

A n 1
-Ar _ _yk L _kRk
eI+ ) (-1 T (170)
k=1 :
Accounting of (151), we obtain
A= n 1 X Y
-A7 k1 =k k k
e =1+ -)"— , 171
LOEVET (b, cnkx, (171)
while from (142) we get
. N n
T =T, =1+ ) 7', (172)
k=1
PN PN n
RT ' =R, T,' = ) 7'F, (173)
k=1
where the matrices E; and Fj are now given by
=D* 1
Ei = a X) and Fy. = EY]C’ (174)

13

respectively. Using (172) and (173), and seeking for expan-
sions of the form

n
T,=1+) 76,
k=1

n
=k
n= Z 7" Hy,
k=1

(175)

=)

(176)

we find that the matrices G,, and H,, in (175) and (176) can be
computed recursively as

G, =-E,, 177
n—1
Gy,=-E,— ) E, (G, n=2, (178)
k=1
and
H, =F, (179)
n—1
H,=F,+ ) F, Gy, n=2, (180)
k=1

respectively. Equations (175) and (176) give the nth-order
Taylor series approximations to the transmission and reflec-
tion matrices. In the case n = 1, we obtain the infinitesimal
generator initialization scheme of Grant and Hunt [39],

T, =1+7A;;, Ry =TA}», (181)

in the case n = 2, we obtain the expanded diamond initializa-
tion scheme of Wiscombe [40],

s s ]'—2 A2 A2
T, =T, + 7 @& +A%), (182)

~ ~ 1, o o o~

R, =R +5T2(A11A12 +A12A11), (183)
and finally, in the case n = 3, we obtain the scheme of Water-
man [21],

U ey P
T;=To+ 813(A“i'1 +2A%,A1; +2A11A%, +ApApA L), (184)
R:=R 1 s a3 A2 & LR A2 Lok AR

3 =Ry + 6‘[ (2A12 +A11A12 +A12A11+2A11A12A11). (185)

The Padé and Taylor series approximations are based on
the computation of powers of A, for which we used (151)-
(155). An alternative approach for computing A¥, which ex-
ploits more efficiently the symmetries of the matrix A, has
been proposed by Waterman [21], and can also be found in
Flatau and Stephens [22], and McGarragh and Gabriel [37].
The idea is to consider the similarity transformation A =

~1AL, with

IR o \/T I 1

‘\/;[1 oy |andLe= 5[1 -1

yielding exp(—Art) = Lexp(-A7)L™!, D, (A7) = LD, (A7)L},
and N, (A7) = LN, (Ar)L™!. Thus, by this similarity transfor-
mation, we have to compute powers of A, for which we find

L
L , (186)

k k
- U o0 U 0
2k _ —
A ‘[ 0o o’ _[ 0 @Whk | (187)
-
x2k+1 _ R2k% _ 0 U“A_
APFL =R A—[ OE, o ] (188)



Table 2: Relative errors g and e for the series approximations (Padé and
Taylor approximations with n = 5) and the exponential infinitesimal genera-
tor initialization (EIGI).

Series approximations EIGI

T IAT]l; ~ egr £T €R €T

5.0e-4 0.30 2.12e-3  1.85e-3 1.16e-2  1.18e-2
1.0e-3  0.66 4.38e-3 3.87e-3 2.15e-2  2.29e-2
2.0e-3 1.22 9.47e-3 1.14e-2 3.65e-2  4.48e-2
3.0e-3 1.83 1.54e-2  2.85e-2 4.58e-2  6.9le-2
4.0e-3 244 2.23e-2  6.15e-2 5.12e-2  9.79e-2
5.0e-3 3.05 2.98e-2  9.18e-2 5.45e-2  1.3le-1

where U=A_A,,and A, =A;; +A},.

The accuracy of the reflection and transmission matrices

computed by the Padé and Taylor series approximations is
high if [|AT|| < 1; thus, for small values of 7. Therefore, the
series approximations can be used for the initialization of the
doubling method in radiative transfer. The doubling method
is equivalent to the so-called scaling and squaring technique
for reducing the norm of a matrix and exploits a fundamental
property unique to the exponential function, namely
e AT _ (e—K?/zx)zf.
In practice, we choose s as the smallest power of 2 for which
[|AT||/2° < 1, evaluate the reflection and transmission matri-
ces of the layer of optical thickness 7/2° by means of series
approximations, and use the doubling equations to build up
the reflection and transmission matrices of the layer of opti-
cal thickness 7. As compared to other initialization methods
based on the single scattering approximation, e.g., the expo-
nential infinitesimal generator initialization (EIGI) given by
[41]

N 1=
[Rercrler = ur(1—e ) [Aral ki,

~ _ 1=z _ 1=
Tercrli = pe(l—e )[R Ty + 6 ',

with A9, = A;; + M (see (292) below), the series approxima-
tions are more accurate and so, reduce the number of dou-
bling needed. This result can be inferred from Table 2, in
which the relative errors in the discrete approximations to the
reflection and transmission functions for different values of
||AT||» are illustrated. Note that the Padé and Taylor approx-
imations yield the same relative errors, and that the relative
errors are of about 1% for ||AT||, < 1.

It is a simple exercise to combine the Padé approximation
with the Taylor series approximation to derive an approxi-
mation of the layer equation in the discrete ordinate method
with matrix exponential. Starting from the solution represen-
tation (18) and using the Padé approximation for exp(—K?)
and the Taylor series approximation for exp[—f\(? —1)], gives
the nth-order approximation of the layer equation (compare
to (56))

D, (A7) 14(7) =N, A7) 14 (0) - B,(D)b, (189)
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where

T
B, (7) =D, (A7) / e AT DeT/ogy
0

n & (_1)](7
= @1+ Y. (e Io) + —— (@)
k=1 :
min(k—1,n) (_Dk—l ; e
+ 1=-0p)——T I1_;(7) |AY, (190)
1:1 k) ey ot e
and
T 1_ *?/,Uo
10(?):/ e Tlhogr=——C (191)
0 (1/ po)
T —k -7/
k Ho
Ik(?):/ G-nke gy =~ X 1 @ k=1
0 (1/po)  (1/pg)
(192)
Note that because of
=k+1
Ik(‘[') = O(m), T<1,
each term in the sum (190) behaves as O(?k“fik). The

first-order approximation of (189) is equivalent to the finite-
difference method described by Lenoble [5], and used in at-
mospheric remote sensing by Rozanov et al. [42].

5.4. Reflection and transmission matrices of a homogeneous
thick layer

When the optical thickness is sufficiently large, the reflec-
tion and transmission matrices can be expressed by sim-
ple analytical expressions known as the asymptotic theory
of thick layers. This analytical model is much faster and
more convenient for theoretical considerations than numer-
ical models based on discrete ordinate schemes.

5.4.1. Asymptotic theory

In the classical asymptotic theory, the reflection and trans-
mission functions for optically thick atmospheres are given
by [32]:

I, = ! mle_Zk? !

Ry (4, 115 7) = Room (1, ) —5moTe_2k?K(M)K(H ), (193)
!, = k7 !

Tm(,U,M;T) =5momK(#)K(# ). (194)

Here, k is the diffusion exponent describing the attenuation
of the radiation in the diffusion domain and being defined as
the smallest positive eigenvalue of the equation

1

(1-kwi(w = % / po(u, )i (p"dy, (195)
-1

while i(p) is the corresponding eigenfunction, or the diffu-
sion pattern, satisfying the Sobolev-van de Hulst relation

1
i(—p)=2 / Rooo(p, )i () ' dy! (196)
0



and the normalization condition

1 !
- (u)du =1.
2/_1’(” Jau

From (195), (197), and the normalization condition of the

phase functions |’ 711 po(u, u")dy' = 2, we find the following ex-
pression for the diffusion exponent,

(197)

21-w)
= (198)
Joyipdp
The escape function K(u) is given by the relation
1
mK (1) = i(w) — 2/ Rooo ()i (=) ' dpt! (199)
0
and satisfies the normalization condition
1
2 / Kwi(wpdp=1, (200)
0
where the constant m is defined by
1
m=2 / i% () ud . (201)
-1

Finally, the constant 1, also known as the negative internal
reflection coefficient, is computed as

1
1=2 /0 K(wi(—ppdp. (202)
Relations (193) and (194) show that R depends on the az-
imuthal angle through the reflection function of a semi-
infinite atmosphere Ry, and that T is azimuthally inde-
pendent. For a layer with an underlying Lambertian sur-
face of albedo A, the reflection and transmission functions
Ram(u, p';7) and Tapm(u, 1';7) are given by (82) and (83), re-
spectively, with

r(W,T) = Foo(lt) — mnl e T K (W) (203)
HT) = ToolHt 1—12e-2kT K,
HT) = —— oK gy (204)
1) = 1—12e-2kT H,
2
_ mn“1 —2kT
I5(T) = Fsoo — 1202 . (205)

Here, 7o, and ry are the plane albedo and spherical albedo
of a semi-infinite atmosphere, respectively, and n is the u-
weighted mean of the escape function

1
n= 2/ K(wpdy. (206)
0

In a discrete ordinate setting, the reflection matrix of a
semi-infinite atmosphere can be obtained by solving the Am-
bartsumian nonlinear integral equation by simple iteration
[35], while the diffusion pattern and the diffusion exponent
can be obtained by solving the integral equation (195) in con-
junction with (197) and (198) [43]. The constant m is then
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computed from (201), while K(u), 1, and n follow from (199),
(202), and (206), respectively. A different discrete ordinate ap-
proach, which is based on an eigendecomposition method
for computing the reflection and transmission matrices has
been proposed by Nakajima and King [27]. Here, we ap-
ply this approach to estimate R and T, given respectively by
(97) and (98), in the limit of large T. Choosing the square-
root method for computing the spectral decomposition of the
layer matrix A, we begin by estimating the matrix product
(V, +V_I)(V_ +V,I)"! for large values of the optical thick-
ness. Using the identity (cf. (344)) Q- = —Q;7A, where
Q+ = V+ +V_, 6_ = V+ —V_,and A = [Ak], and setting

Q:"2'Q=1Iqu,....qn], 207)
we obtain
Vi +V_D(V_+V,D)!
=(A'-D+A'QIA0-TI,BA) ', ]QTA!, (208)
where
1 T
A= §(I+QAQ )s (209)
B=Q'A!Q, (210)
and
1 -1 +
I, = Z[-(-DA+D" = [rg], (211)
. e MT
7Tk=1+e—_/1k?,k=1,...,N. (212)

Note that all information about the eigenvectors of A are en-
capsulated in the matrix Q. Two comments are in order:

1. As A and B are symmetric, we see that
AA-TL,BA) ', = [(AIL,) ' —B] ! (213)

and so, that (\7+ +V_I)(V_ +V+I‘)‘1 are symmetric.
2. If the eigendecomposition of A is computed by the

Cholesky method, the key quantity is the matrix Q_; we
use the identity (cf. (351)) Q77 = -Q_A, set

Q- 2'Q=Iqu,....qn, (214)
and obtain

WV, +V_D)(V_+V, D!

=A -D+ATIQII-,AB) ', A]QTAT! (215)
Then, from (213) and the relation
(I-TLAB) LA = [(AIL) ' -B] 7}, (216)

we deduce that both methods are equivalent.



Considering (211) and (212), we assume that for large 7, we
may approximate

0 -~ 0
I, =7y, ,
0 --- 1

(217)

where 7}, corresponds to the smallest eigenvalue Ay in the
set {11, Ao,..., An}. As a result, we obtain

V. +V_.DV_+V,D)!

kT
—a-1_ T DT _
= (A D+ T 1o le‘k?kaN as 7 — 0o, (218)
where k = Ay is the diffusion exponent,
lzl—ﬂ,NbNNzl—kq, (219)

is the negative internal reflection coefficient, g = byy =

[B] v is the extrapolation length, and
ky=A"'qy, (220)

is a discrete approximation to the scaled escape function. The
matrix product (V, —V_I)(V_ -V, TI) ! is estimated in a sim-
ilar manner. We get

V,-V.DV_-v,D!

=AT'-D+ATIQ[Ad-T_BA) 'IIL]QTATY, (221)
with
1
M= [I-(@+T) -0 =[], (222)
B e~ MT
nkz—m,kzl,...,N, (223)
whence, under the assumption
0O - 0
I_~=ny as T — oo, (224)
o --- 1
we end up with
V. -V-DV- -V,
1 L o
~(AT -I) - ——=kyky as 7 — 0. (225)
1-lek® N
Inserting (218) and (225) in (97) and (98), we obtain
R=R,, - Tkykl, (226)
T = tkyky, (227)
where
Ro=A""-1 (228)

is the scaled reflection matrix of a semi-infinite atmosphere,
and

kle—Zk?
T pea (229
~ ke k7
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Figure 1: The phase functions for a;,,q =8 ym and a;,oq = 16 ym.

By numerical simulation it can be shown that the diffusion
exponent k = Ay increases as the azimuthal mode m in-
creases. In this limit, the scalars T and € become very small,
and the contributigns ofAthe terms fENRI{, and fﬁNEIE in
the expressions of R and T, respectively, are damped. In the
asymptotic theory, these terms are neglected for m > 0, in
which case, (226) and (227) simplifies to

R=Ry — S moTkykl,
T=08motknkl,.

(231)
(232)

Thus, the diffusion exponent k and the constant 1 in (193)
and (194) correspond to the azimuthal mode m = 0. As a fi-
nal step, we compute the discrete approximations of the re-
flection and transmission functions given by (193) and (194),
respectively, by means of (117) and (118), respectively. The
remainder functions and constants that occur in the asymp-
totic theory can be obtained by following strictly the deriva-
tion of Nakajima and King [27]. Their expressions are given in
Appendix 1.

As an application of the discrete ordinate model of the
asymptotic theory we derive parameterizations of the escape
function K and the asymptotic constants m, 1, n, r¢, and k.
Such kind of parameterizations, which speed up the compu-
tations, are used in the MODIS algorithm for the retrieval of
cloud optical thickness and the droplet/crystal size [44], and
in the SemiAnalytical CloUd Retrieval Algorithm (SACURA)
for the retrieval of cloud top height and cloud geometrical
thickness from measurements in the oxygen A band [45, 46].
For the EPIC instrument, we consider a discrete set of water-
cloud models characterized by a Gamma size distribution of
parameter a = 6 and different modal radii ay.q. The phase
functions for ayeq = 8 ym and apeq = 16 um are illustrated
in Figure 1.

For the escape function, the parameterization parame-
ters are w and apyg. We look for polynomial parameteri-
zations of the form K(u,w, dnod) = Px (i, 0, Gnod) Ko (1) with
Py, 0, amoa) = 0% Hi (@, amoa) ¥, and Ko (i) = L3 HOp*,
where Kj is the escape function for conservative scattering
(w = 1), and Nx is the order of the approximation polyno-
mial. The parameterizations of K(u, ®, agoq) do not change
significantly with apoqg; the coefficients Hy(w, apog), Which
are stored in a look-up table, are illustrated in Figure 2 for



Table 3: Coefficients H](g

k 0 1 2 3 4

H](g 0.362 1.196 -0.5352 0.349 -0.09368

mod = 8 pum, and apoq = 16 um, while the coefficients Hg
are given in Table 3. The approximations error is smaller than
1073 for K(u, w, amoq), and smaller than 107 for Ko(u). Com-
ing to the asymptotic constants m, 1, n, ry, and k, we note
that for a Henyey-Greenstein phase function, King [47] de-
rived parameterizations of these quantities in terms of the
similarity parameter

l-w
1-wg’

where g is the asymmetry parameter. In this regard, we take
s and apeq as parameterization parameters (s reproduces the
variability in w for a given ayeq). As for the escape function,
we found that the parameterizations of the asymptotic con-
stant are almost insensitive to ayoq, but are slightly different
from those of King [47], especially for m, n, and k. The results
in Figure 3, corresponding to amoq = 8 um (g = 0.853) and
amod = 16 um (g = 0.867), certify this statement. For ay,oq = 8
pm, the parameterizations read as

1+1.315—5.6945% +3.73s3

m(s) = (1+1.268s)In (1= 1.0705)(1—5)2

’

(1-0.7616s)(1—s)
1(s) = ,
1+0.5897s

(1+0.0031s)(1—19)
n(s) = )
1+1.4267s

(1-0.12395)(1—-9)

T'soo(S) = ,
s00(8) 1+1.1867s

1+8.49245
(1+7.25435)(1 —1.02655) | -

k(s)
1

=(1+0.3977s)In

5.4.2. Higher-order corrections

The azimuthal independent parts of R and T have been
derived by neglecting the azimuthal modes m > 0, and the
contributions of the terms corresponding to the eigenvalues
larger than 1. Higher-order corrections can be obtained by
considering all azimuthal modes, and by approximating

0 0 0 0
+
m =~ | ° TN-K o0 (233)
+
0 0 i, 0
0 0 0 7y
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Figure 2: Coefficients H (w, dpeoq) for ameq = 8 pm and a,gq = 16 pm.
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Figure 3: Constants m and n, and the diffusion exponent k. The curves corre-
spond to ay,oq =8 pm, anyeq = 16 pm, and King's parametrization.

where n;; and 7 are given by (212) and (223), respectively,
and the integer K = 0 (not to be confused with the escape
function K(u)) gives the order of the approximation. For I,
of (233), the inverse (I - II.BA)~! cannot be computed ana-
Iytically, and an additional assumption has to be met. Setting

I-T.BA=C)-C.,

where Cg are the matrices I - IT.BA of the asymptotic model
(with IT; and II_ given by (217) and (224), respectively), we
approximate the Neumann series of the inverse up to the first
order as follows:

I-m:BA) ' =) -Cco ' =D+ €D

In this context, the reflection and transmission matrices
can be written as

(234)
(235)

R =Ry + Ry,
T=Tyg+ Tk,



where Ry and Ty correspond to K = 0 and are the reflection
and transmission matrices of the asymptotic model as given
by (231) and (232), respectively. The higher-order correction
matrices Rg and Tg correspond to K = 1, and are expressed
in terms of the scaled matrices

PO 1 N 1 _
AR e e o)
1, & . = 1 1
P yemi— L g oL e )
lengle 1+e AT N7k _e-Any7 Nk
(236)
PO D 1 N _
T =3 Ane (1+1e—lN?[EN*K+1—1e—ANf N‘K)
1. K = 1 1
Py e —L gL g )
ZAN]C;le 1+e_AN’kT N-k 1—8_/11\/*” N_k
(237)
as follows:
1 1. 1. 11
[RK=5M2W 2RgkW 2M2, (238)
1 1. 1. _1 1
TK:EMZW ITxW 2Mz. (239)

The derivation of (236) and (237) is lengthy but straightfor-
ward. Here, we give only the final expressions. The matrices
Ey_g and Fy,_,, corresponding to IT,, are computed as

En-_k = EXINENEJE + i EE,kNiN—kﬁﬁ (240)
k=1
and
K

Fry— = th/N—kENRJE—k + ;th/—zzv_kEN—lRﬁ_k, (241)
respectively, with
ky-t =A"'qn-, (242)
for k = 1,...,K. The scalars Ey,_,\, Exn Fa_ v p @nd
F{ oy are
E;{,_kN = f1\+ng—kXX;_kN,

Exn =1y ki XNk XNk (243)

=1

and
FR ik = 8N-1XN_ N

Fyn_i = ilxlt/—lXItT—ZN—k’ (244)
respectively, where
XN kn—1 = ON-kN-1+ Yy _enop

Xn_en = ON-kN + Y (245)

18

and

+ + + o+

Yy_inv-1= ”N_kbN—kN—l/lN—l + xN_lnN_kbN—kN;LN,
+

Ty _ibN-kNAN

Iy '

fork,1=1,...,K. In (243)-(246), ”;rv-k are given by (212), and

Y+

N-kN ~ (246)

- T NbNN-kAN-k
N-k f& 4
fIG = 1_7[]-:/'bNN/1Ny
ANk
EN-k = /]lVN , (247)

for k=1,...,K. The matrices Ej;_, and F,_,, corresponding
to I1_, are computed by using (240)-(247), but with 7y, of
(223) in place of ﬂ;rv_k.

Although the discrete ordinate model of the asymptotic
theory is still based on an eigendecomposition method, the
computation of the reflection and transmission matrices by
means of (226), (227), (236), and (237) avoids the matrix in-
versions and matrix multiplications of (97) and (98).

5.4.3. Waterman's approximation

In [21], Waterman derived analytical solutions for the
transmission and reflection matrices in the limiting case 7 >
1. The starting point of Waterman'’s derivation are (108) and
(109), which we will write as

T=Toa-V,IV.V_ TV-H, (248)
R=V, IV -V_IVOT, (249)
with

o o-T o1

To=V_ TV_". (250)

Considering the Neuman series for the inverse in (248), we
obtain

T=ToI+V,IV.V_ TV '+..], (251)

R=(V, "'V -V_IVHT. (252)

Accounting of (50), we set (not to be confused with A of (209))

—T—-T  ~_ 1

A=V, V_ =V_'V, (253)
and use the identity (cf. (50))

o o1 —~ ——T

V+V_ V+ = V_ _V_ y (254)

to obtain the zeroth- and first-order approximations, namely

Ty=V_ TV,
ﬁ() = erv:l,

(255)
(256)
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Figure 4: Relative errors in the discrete approximations to the reflection and
transmission functions computed by using (234)-(237) with K =5, K =1,
and K = 0 (asymptotic model), and the first-order Waterman’s approxima-
tion (WA) given by (257)-(258).

and

T, =V v 1 4+V T rATAD)V ], 257)

=)

L =V. V' -V ' rAD)V-! —V_(TATATAD)V!, (258)

respectively. Note that in Waterman’s derivation, the last
term in the expression of f(l is not present. In (255)-(258),
I includes all exponential terms exp(—A;7) and not only the
dominant one exp(-AnT). For large 7, relations (257) and
(258) are similar to (227) and (226), respectively. To show this,
we use the relation V_ = V_S, where S is a diagonal matrix
of plus and minus ones, set V- = [¥,..., ¥y], approximate
I’ = diag|0,...,0,exp(-AnT)], and neglect the second term in
the expression of T, as well as the third term in the expres-
sion of Ry. We obtain

T, = sye VT UpvL, (259)
R =Ry — sNaNNeile?vN";]{p (260)

where sy = [SInn, ann = [Alyn, and Ry = V, V-1, Compar-
ing (259) and (260) with (227) and (226) under the assump-
tions T ~ klexp(—2kT) and T = kexp(—k7) for T > 1 (the Tay-
lor expansions in x = exp(—k7) of (229) and (230) for small x),
we see that for the azimuthal mode m = 0, we must have that
sy =1, Ay =k, vy = vVkKky, and ayy = 1. Thus, by using
Waterman'’s technique we were able to derive new represen-
tations for Ry, ﬁN and 1.

In Figure 4 we show the relative errors in the discrete ap-
proximations to the reflection and transmission functions
computed by using (234)-(237) with K =5, K=1,and K =0
(asymptotic model), and the first-order Waterman’s approx-
imation (257)-(258). Obviously, Waterman’s approximation
yields the smallest errors in the transmission matrix, and suf-
ficiently small errors in the reflection matrix.

6. Matrix Riccati equations

Bellman et al. [20] formulated the radiative transfer prob-
lem as an initial value problem via a pair of nonlinear ma-
trix differential equations (matrix Riccati equations) which
describe the reflection and transmission matrices in a plane-
parallel geometry. The derivation of Bellman et al. [20] is
based on the invariant imbedding technique, and for this rea-
son, the invariant imbedding is usually a synonym for the
matrix Riccati equations method.

Flatau and Stephens [22], showed that for an inhomoge-
neous atmosphere, the matrix Riccati equations can be de-
rived by means of an approach based on the propagator op-
erator, that is, by an approach which is close related to the
matrix exponential method. The main problem which arises

in the case of an inhomogeneous atmosphere is that in view
of

d
o X)) £ X' (1)eX®, (261)
T

the homogeneous solution of radiative transfer equation

diy F
— (1) = —A(M)in(1),

ar (262)

with the initial condition Th (0) and a continuous matrix A(t)
on 0 < 7 <7, cannot be expressed in terms of the matrix ex-
ponential, i.e.,

(1) # e oA (), (263)
This fact should not be discouraged because in the matrix
Riccati equation method we need only a formal solution rep-
resentation of (262). The formal solution is [22]

(1) =P_(7,0)in (0), (264)
where the downward propagator P_(7,0) is a generalization
of the propagator P(7) = exp(—Ar) in the case of an inhomo-
geneous atmosphere. Inserting (264) in (262), we find that the
downward propagator solves the differential equation

dpP_ ~
——(1,0) = -A(7)P_(7,0),

a7 (265)

with the initial condition P_(0,0) = I,. The subscript -
means that the propagation of the solution occurs from
the level 0 (second argument of P_) downward to the level
T (first argument of P_). The propagation of the solu-
tion from the bottom to the top of the atmosphere is de-
scribed by the upward propagator P, (7,7) which is defined
by ih(r):PJr(T,ﬂih(f), and solve (265) with the initial condi-
tion P, (7,7) = Iby.

In an inhomogeneous atmosphere, the radiation com-
ing from above will be reflected and transmitted differently



than the radiation incident from below, so that in the down-
ward scheme, the interaction principle for an inhomoge-
neous layer extending from the level 0 downward to the level
7, reads as

iy (0) R0 T.(7,0 |[ i, ©
“h _| R T iy,
iy, (1) [me R.(7,0) [qﬁ)- (266)

The notation R_ (t,79) stands for the reflection matrix of
a layer of optical thickness 7 illuminated from above, and
whose top is placed at 7¢. Note that in the upward scheme,
the interaction principle equation relates the outcoming ra-
diances Tﬁ (7) and T}’l (7) to the incoming radiances T}’l (r) and
Tﬁ (7) through the reflection and transmission matrices ﬁi T-
7,7) and Tt (T —7,71), respectively. From (264) and (266), we
find

P_(7,0)

B T;1(7,0) -T;'(z,0)R_(,0)

| Re@, 0T (1,00 T_(7,00-Ri(1,0T; (z,0R_(7,0) |’
(267)

which is an extension of the matrix exponential representa-
tion (102) to the inhomogeneous case.

Taking the derivative of (267) and accounting of (265), that
is,

dar T -T;'R_

dr | RyT;! T_-R,T7'R_

_ KH 312 T;l —T;lﬁ_

= [ A Ay || R T_-RVR | @69
gives

d. . PO PO

ER+ =Ap;2 +An Ry +RiAnp + Ry ARRS, (269)
d. - o 4 4 4

d—T_ =AT- +R AT, (270)
T

and

I

ER_=T+A T, 271)
ds = 211, & 2i2p

d—T+ =T,A" +T,A“°R,, (272)
T

From P_(0,0) = I, and (267), we find the initial conditions

R.(0,0)=R_(0,0)=0,
T_(0,0) =T, (0,0) = L.

(273)
(274)

By inspection of (269)-(272), it is apparent that equation (269)
can be solved independently for R,, equation (270) as well
as equation (272), must be solved along with (269) to find T_
and T}, respectively, while equation (271) must be solved to-
gether with (269), (270) and (272) to find R.. In summary,
for an inhomogeneous atmosphere we started with the in-
teraction principle equation (266), used relation (267) con-
necting the downward propagator and the extinction matrix,
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and then, by making use on the differential equation solved
by the downward propagator (265), derived the matrix Ric-
cati equations (269)-(272). Essentially, we replaced the prob-
lem of computing the downward propagator by the problem
of computing the reflection and transmission matrices.

6.1. Reflection and transmission matrices of a homogeneous
layer

For a homogeneous layer, the propagator P_(7,0) = P(7) =
exp(—KT) solves the differential equation

d e—f\r I
) _ —Ae ™7, (275)
dr
and (269)-(272) simplify to
d . - PO PO
d—R=A12 +A11R+RA11+RA12R, (276)
T
d. . o ~s 4
—T=AT+RALT, 277)
dr
and
d. . 4
—R=TA;,T, (278)
dr
d. . PO
d_T =TA;; +TA;2R. (279)
T

where R, (1,0) = R_(7,0) = R(r) and T, (,0) = T_(1,0) = T(1)
. From (276)-(279), we see that the following identities must
hold

TKQT = KIZ +R11ﬁ+ ﬁgll + ﬁglzﬁ, (280)
Tl/ill +T§12ﬁ2311T+ﬁ312T. (281)

It should perhaps be pointed out that (276)-(279) may follow
directly from (102) and (275).

The solutions of the matrix Riccati equations for a homo-
geneous layer must be identical with the representations of
the reflection and transmission matrices derived by the ma-
trix exponential method of Section 5. Let us prove this result.
The initial value problem for the reflection matrix (276) and
(273) is equivalent with the following 2nth order linear initial
value problem

dl2®m]_ [ An A ] 2(1)
dr | 20 | [ -A; -Ap 20 |’ (282)
20 ] [ Iy
20 || o |
where
R =202 (). (283)
Making the change of variable
— =T =T
2@ v Ve 2@ ] (284)
2(7) V. -V, 2(7)




the linear differential equation (282) becomes

d[ 20 ] [A 0 |[] 2P0
dr | 20| | 0 -A a(1) |’ (285)
with the initial condition
Zo |_| -V
[ 20 || V' (260)

In terms of 2 and 2, the expression of the reflection matrix
reads as

RO = V. P02 ') +V V.20 2 '(n)+V_1"L.  (287)

The solution of the differential equation (285) is given by
P (1) = [e 7122 (0) and 2(1) = [e**7]2 (0), so that the ma-
trix product P(1)27 (1) in (287) can be expressed as

FNI 1) =ITMP 02 O)I()=-TOV.V_ T{).
(288)

Then, employing the identity (cf. (48)) V.V_' = V-1V, in
(288), and inserting the resulting expression in (287), we ob-
tain

R() = [V, -V_T@V'V,IT(IV- -V, T(@)V'V,T(1)] 7,
(289)

which is exactly the reflection matrix representation (94) for
T=T.

6.2. Approximations based on matrix Riccati equations

A benefit of the matrix Riccati equation formalism is that
for small values of the optical thickness and/or single scatter-
ing albedo, several approximation methods can be derived.
These methods are summarized below.

6.2.1. Successive orders of scattering
In the matrix Riccati equations for a homogeneous layer

d. & & 4 an an oA
d—R =A12+A;1R+RA; +RA 2R, (290)
T

do ~ A an A
d_T =A1T+RALT, (291)
T

we separate the attenuation terms from the multiple-
scattering terms, by defining the matrix A(l’l through the re-
lation

A% =A; +M, (292)
and indicate explicitly the dependency of the matrices T\‘l)l
and A, on the single scattering albedo w by writing

AY = wA), and Ay, = wA;,. (293)
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The resulting matrix Riccati equations, namely

do o~ o . g a an PO
d—R+ MR +RM = wA;, + wA); R+ wRAY, + oRA R,  (294)
T

ST MT= AL T+ 0RALT, (295)
endowed with the initial conditions R(0) = 0 and T (0) = I, are
usually referred to as the discrete invariant imbedding equa-
tions. As pointed out by Waterman, the “Padé and Taylor
series expansions are fundamentally different from those in-
volving successive orders of scattering; in the later, w is em-
ployed as the expansion parameter”. Along this line, we as-
sume the nth-order approximations

n
R,(1,0) = Y oHi(1),
k=0

(296)

n
Tn(r,w) = Z wkék(r).
k=0
Inserting (296) and (297) into (294) and (295) and equating
the coefficients of w", yields the iterative schemes

(297)

d . ~ ~ N

EHO (t) +MHy(1) +Ho(r)M =0, Hy (0) =0, (298)
d . ~ ~ ~ —n o~

4 B (@) + MA, () + B, (DM =50 A +A% H,-1 (1)

n—1
+H,o1 (@AY, + Y, Hi(MARH, -1 (0), H,(0)=0,n21,

k=0
(299)
and
d ~ .
EGO (1) +MGo(1) =0 Go (0) =1, (300)
d . o A
77 Gn (@ + MG, () = A}, G (1)
n-1 N o .
+ ) Hi (ARG, (11, 6, (0)=0,n>1. (301)
k=0

For n = 1, the solutions of the initial value problems (299) and
(301) are

~ T Y O S !
[Hn(r)]k1=/ e (Nk+#z)(7 T)[I]-I]n(r’)]kldr', (302)
0
Hu(7) =8 mArn +AY Hyoy (1) + Hymp (DAY, (303)
n—1
+ Y Hp(MARH,_ 1 (),
k=0
and
~ T ,L(T,Tl) , ,
[Gun(D]pi=| e * ([Gn(T)]gdT’, (304)
0
Gn(1) =AY,Gpo1 (1) + Y He(DA12Gy_p—1 (1), (305)
k=0

respectively, with Ho(7) = 0 and [Go(D)]; = Ox1exp(—7/ ).
Accordingly, the zeroth- and first-order scattering solutions
are

~ —~ _1=
Ro@) =0, [To@)]g =6ie ', (306)



and
—~ 1 1 4 7(i+i)? —~
Ri@lg=(—+—)"[1—e ¥ u][Aply, (307)
HBe M
~ 1z 1 1 ., -1 _1l3
T1@kr=06re * +(——-—)""(e * —e # )[Aj ]k,
Bk
(308)

respectively. Analytical formulas for the first three orders of
scattering, which for most applications are sufficient, have
been derived by Kawabata and Ueno [48]. However, the re-
sulting expressions are too complex, so that even in the case
n = 2, it is more efficient to use the Gaussian quadrature
method to compute H, and (}2 by means of (302) and (304),
respectively. It should be pointed out that the errors in R,
are considerably smaller than the errors in T,. For example,
we found that for 7 = 20 and w = 0.2, the relative errors in
the second-order reflection and transmission functions are
8.14-1073 and 6.07 - 1072, respectively. This can be explained
by the fact that in the case of strong absorption, the refection
is determined by the (relatively thin) skin layer, while trans-
mission is determined by the whole layer and requires more
scattering.

Alternative recurrence relations for H, (7) and G, (1), which
do not involve an integration over the optical depth, can be
obtained by considering the identities (280) and (281) which,
by means of (292) and (293), can be written as

MR + RM = wA;, + A}, R+ wRAY, (309)
+ wﬁf\lzﬁ — a)TAuT,
MT - TM = wAY| T - wTA), + 0RA;,T - wTA 2R (310)

Substituting (296) and (297) into (309) and (310), and equat-
ing the coefficients of w" gives for n > 1,

MH, (1) + H,(1)M = § ,n A1 +AY H, -1 (1) + Hpy (1)AY

n-1 n-1
+ Y He@ARH, (D) - Y G(@A12Gy 1 (1)

(311)
k=0 k=0
and
MG, (1) - G,(1M =&}, G,,1 (1) + G, 1 (DAY
n—1 N IR n—-1 . N
+ ) Hi@ARG,—-1(1) = Y Gr(D)A1H, -1 (1), (312)

k=0 k=0

with Ho(r) = 0 and [Go(1)]x; = 64 exp(—7/ug). Equations
(311) and (312) have been derived by Hansen and Travis [3]
using the invariance principle. Note that (312) is indetermi-
nate for yi = u;, and that approximate results for that special
case can be obtained by interpolation.

6.2.2. Iterative approximation

For thin layers, the Taylor series approximations to the
transmission and reflection matrices (175) and (176), can be
rediscover by using the matrix Riccati equation method. In
this regard, we mention that Chang and Wu [49] solved (290)
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and (291) with the initial conditions R(0) =0 and T(0) = I by
means of the iterative scheme

T

R (1) = / A dr, (313)

0
o~ T o~ o~ o~
Rn(T)=/ A2 +A1R,-1(7)

0

+R,-1 (A + Ry 1 (AR, (T)]dT, n =2,  (314)
and
o~ T/\
Tl(r)=1+/ Ay, dr, (315)
0

T

To(m) =1+ / AT, 1) + Ry 1 (T)ALRT,-1 (7)1 dT, n = 2.
0

(316)

It is not hard to see that the first-order solutions T; and
R; correspond to the infinitesimal generator initialization
scheme of Grant and Hunt [39], while the second-order solu-
tions T, and R, (excepting the terms in 7°) correspond to the
expanded diamond initialization scheme of Wiscombe [40].
To design a procedure for computing higher-order correction
terms, we assume the finite Taylor expansions (175) and (176)
for ’T‘n and ﬁn, respectively. Then, from (314) and (316) we ob-
tainforn =2,

1 PO 1=l

H,=—@AnuH,—1 +H,An) + = ) HiApH, oy, (317)
n k=0

1. nl

G =—AnGp-1+— ) Hihi2Gpogo1, (318)

k=0

with ﬁo =0,H; =4}, éo =1, and Gl =A;. Equations (317)
and (318) are the counterparts of (180) and (178) in the matrix
Riccati equation formalism.

For optical depths much less than unity, (290) and (291)
can be also solved numerically by using an nth-order Runge-
Kutta scheme. As shown in [49], the fourth-order Runge-
Kutta scheme has a higher computational cost than the
fourth-order iterative method but is more accurate.

7. Conclusions

This paper provides a description of the matrix exponen-
tial formalism in radiative transfer. The solution of the initial
value problem of the discrete radiative transfer is expressed
in terms of the matrix exponential. Although, the matrix ex-
ponential solution is computationally unstable it is used as
a starting point in deriving a computationally stable equa-
tion, the layer equation, which is the heart of the discrete or-
dinate method, the interaction principle equation, which is
the heart of the matrix operator method, and finally, the ma-
trix Riccati equations. Thus, the matrix exponential formal-
ism gives the framework for the unification of the discrete or-
dinate method, the matrix operator method, and the matrix
Riccati equations method. In our analysis,



1. we provided an interpretation of the matrix exponential
solution in terms of homogeneous and particular solu-
tions, as well as in terms of total and direct radiance vec-
tors,

. we used the right- and left eigenvector technique of Wa-
terman [21] to compute the matrix exponential, and de-
rived a set of matrix identities for proving the mathemat-
ical equivalence between the different solution meth-
ods,

. we established the layer equation of the discrete ordi-
nate method with matrix exponential, compared this
method with the classical discrete ordinate method, de-
rived equivalent solution representations, and estab-
lished the link between the matrix exponential solution
and the Chandrasekhar’s discrete ordinate solution,

. we derived equivalent expressions for the reflection and
transmission matrices by converting the layer equation
and the solution representations of the matrix exponen-
tial method into the interaction principle equation,

. for optically thin layers, we used the nth-order Padé and
Taylor series approximations to the matrix exponential
to compute the reflection and transmission matrices,
and to derive an nth-order approximation to the layer
equation,

. for optically thick layers, we derived the asymptotic ex-
pressions of the reflection and transmission matrices
by adapting the discrete ordinate approach of Naka-
jima and King [27] to our framework, obtained higher-
order corrections of the reflection and transmission ma-
trices for moderate values of the optical thickness, re-
considered Waterman’s approximation by including an
additional term in the expression of the reflection ma-
trix, and computed parametrizations of the asymptotic
functions and constants for a water-cloud model with a
Gamma size distribution,

. we reviewed the approach of Flatau and Stephens [22]
for obtaining the matrix Riccati equations in the case of
an inhomogeneous atmosphere, proved the equivalence
between the matrix Riccati equations method and the
eigendecomposition method in computing the reflec-
tion matrix of a homogeneous layer, and discussed the
successive order of scattering approximation for small
values of the single-scattering albedo, as well as, an nth-
order iterative approximation for small values of the op-
tical thickness.

Some additional results are given in appendices. In Appendix
1, we justify the choice of Gaussian quadrature in the discrete
ordinate method. In Appendix 2 we review several eigende-
composition methods for computing the matrix exponential
in a common framework. In this context it should be pointed
out that the direct decomposition method is preferable for
numerical implementations, while the square-root method
is an important tool for theoretical studies, e.g., conserva-
tive scattering and asymptotic theory. In Appendix 3, we ex-
tend the analytical formulas for non-conservative scattering
to conservative scattering, and prove that the system of char-
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acteristic solutions proposed by Nakajima and Tanaka [18]
can be used for both non-conservative and conservative scat-
tering.

The practical conclusion of our analysis is that the ma-
trix exponential formalism enables the design of a radiative
transfer code incorporating the discrete ordinate method, the
matrix operator method and approximate models. For each
homogeneous layer of a multi-layered atmosphere, a spec-
tral decomposition of the layer matrix is performed, and then
either the layer equation is derived and assembled into the
system matrix of the entire atmosphere (discrete ordinate
method), or the reflection and transmission matrices of the
layer are computed and the adding formula is used to obtain
the reflection matrix of the entire atmosphere (matrix oper-
ator method). Moreover, a combined model can be also de-
signed.

To speed up the computational process, approximate
models can be used. An efficient radiative transfer code
should incorporate built-in routines that automatically work
when the optical thickness of a homogeneous (sub)layer be-
comes too small or too large. On the other hand, the nth-
order Padé and Taylor series approximations and the nth-
order iterative approximation can be used for the initializa-
tion of the doubling method in radiative transfer, while the
asymptotic form of the reflection function can be used in a
cloud parameter retrieval algorithm. In the latter case, the
computational process is organized as follows [50]: (I) re-
place the atmosphere below the cloud bottom by an equiva-
lent Lambertian surface of albedo A, (II) compute the reflec-
tion function of a layer with an underlying Lambertian sur-
face of albedo A by means of the asymptotic theory, and (III)
use the cloud reflection function as a bidirectional reflection
function in a discrete ordinate model to compute the radi-
ance field of the atmosphere above the cloud top.

Appendix 1. Gauss quadrature

In radiative transfer, the phase function p is usually ex-
pressed through a finite series of normalized Legendre poly-
nomials Py, i.e.,

Nmax

2n+1
P, o—¢h =)
n=0

2

XnPn(cos0O), (319)

where cos® = uu' + /1 —u2\/1-pu?%cos(p —¢'), xn are the
expansion coefficients, and Nyax is the number of expansion
coefficients. Making use on the addition theorem for the
Legendre polynomials, we obtain an expansion in terms of
spherical harmonics

Mmax Nmax
P, o=@ =Y Y 2=8mo)xnPy (WP () cos[m(ep—¢)],

m=0n=m

(320)

with Mpyax < Npax. We are now in the favorable situation
that the kernel of the radiative transfer integral equation is



expanded in an orthogonal and complete system of func-
tions. Further on, we argue in connection with the spheri-
cal harmonics method. On the unit sphere, the diffuse ra-
diance I4(t, ', — o, @' — @) can be also expanded in terms
of spherical harmonics, so that after integrating the multi-
ple scattering term with respect to the azimuthal angle, we
are led to an integral of the form f_ll PRl (P (uhdy', with
n,n =0,...,Ngax. For n, n' < Nyax, P,’l”(p’)P,’:,‘(p’) = P(u) is
a polynomial of degree at most 2Npax. This can be seen by
making use on the explicit construction of the associated Leg-
endre functions in terms of Jacobi polynomials. The integral
then reduces to f_ll P(u)dy’, and the task is to find an exact
quadrature for this integral. If this is done, the mathemat-
ical equivalence between the spherical harmonics and the
discrete ordinate method is established. In general, a Gauss
quadrature using Ng nodes is an exact quadrature for polyno-
mials of degree 2Ny —1 or less [51]. In our case, this condition
translates into Nyax < Ng —1/2, and for the choice Ny = 2N, it
follows that Npax < 2N —1/2. Thus, using 2N Gaussian nodes
and weights, we need Nyax = 2N — 1 expansion terms in (319)
and Myax < 2N — 1 azimuthal modes. In [52] it is shown that

1. aGauss quadrature guarantees that the phase function is
correctly normalized, i.e., fozn f_ll plu, ', p—¢@"du'de' =
47, and so, that the energy is conserved in the computa-
tion,

a double Gauss quadrature, in which the Gaussian for-
mula is applied separateley to the half ranges (-1,0) and
(0,1), is preferable that a Gauss quadrature for the com-
plete range (-1,1).

It is a fact that Gauss quadrature has a factor-of-2 advan-
tage in its efficiency as compared to equidistant quadrature
methods. A method wich has almost the same performances
and can be implemented effortlessly by the fast Fourier trans-
form is the Clenshaw-Curtis scheme [53]. However, as it has
been shown in [54], when the number of nodes Ny increases,
the error of the Clenshaw-Curtis quadrature does not de-
cay to zero evenly but in two distinct stages; for Ny smaller
than a critical value, the error decreases by the rate O(p’ZN‘I),
where p > 1, and afterwards by the rate O(p~a). This means
that initially (for small Ng), Clenshaw-Curtis quadrature con-
verges about as fast as the Gauss quadrature. The outlook for
a future work is to focus on the efficiency of the Clenshaw-
Curtis quadrature in radiative transfer.

Appendix 2. Spectral decomposition of the layer matrix

Let us consider the layer matrix

N A11 312

a=| M \| 321
[ A, -An 821)

with

—~ 1 1 -1 1 1

A =M2WE (S, —W HMIW?,

A, =M2W2S_MZW?Z, 322)
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and let us introduce the symmetric matrices
A=Ay +A;, =M?W2 (S, +S_)MZW? - M,
A =R -Ap=M?W2(S, -S_)M?W? — M. (323)

Further, let us define the matrices Q. and Q_ through the fac-
torizations

A Q =Q.A (324)
A.Q:=Q-A, (325)
yielding

A_A)Q: =Q. A% (326)
and

A,A)Q-=Q_A% (327)

for A=[AL]. If Q+, Q_ and A are known, the desired eigende-
composition is

PN PN BN BN -1
~ [V Vo ][A o v, V.

A—[v_ v. || o —A] v v+] ’ (328)
where

~ 1 ~ ~

Vi=2Q:+Q),

S TP

V7:5(Q -Q.). (329)

If the systems of normalized right and left eigenvectors are re-
quired, we first compute ay = ||V;|I2 - IIVZIIZ, and then apply
the transformation rules

I dvE =si ot
——=V; — vV and v} =sign(ag)vy,

|ax|

to construct the matrices V. and V..

The spectral decomposition of A can be obtained by one
of the following methods: direct decomposition of the asym-
metric matrix TLK+ [14], the square-root decomposition [18],
and the Cholesky decomposition [30]. Before proceeding, we
make the change of variables

A_=-A_,
A, = _K+,

(330)
(331)

and note that by virtue of (330) and (331), the matrix A_ is
symmetric and positive definite, while the matrix A, is sym-
metric and non-negative definite.

Direct decomposition method
The direct decomposition method involves the following
steps:

1. Compute &/, = A_A;, and determine the eigensystem
{tk, Gy} 1 of the matrix o7, , i.e., o/, ] = i@



2. If a linearization of the radiative transfer model is re-
quired, normalize the vectors QZ fork=1,..,N.

3. For the nonconservative case (uy # 0), compute the
eigenvectors of the matrix «/_ =A;A_, i.e.,
= —— Aqy, k=1,..,.N (332)
q, T +q» A

4. Set
A=[Ak), Ak = Vi (333)
and
Q. =04}l (334)
Q-=1a;] (335)

Square-root method

The square-root method involves the following steps:

1. Compute a singular value decomposition of the sym-
metric and positive definite matrixA_, i.e.,

A_=Uz,U", (336)
and the square root matrices
1 1o

AZ=uszzu’, (337)

_1 _1
AZZ=Uz. U’ (338)

2. Construct the matrix
1 1
Z=AZA A%, (339)
and compute a singular value decomposition of the
symmetric and non-negative definite matrixZ, i.e.,
Z=Vz, V' (340)
3. Set
1

A=3XZ, (341)
and compute

. 1

Q. =A%V, (342)
. _1
Q. l=A"%Y, (343)

Q_ =-Q;7A. (344)

To justify this algorithm we note that

1 1 1

1 1 11 1 _1 ~ ~
A A, =AZ(AZA,A%)AZ7 =A2VE,VIAT2 =Q,A%Q Y,

which is equivalent to (326).
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Cholesky method
The Cholesky method involves the following steps:

1. Compute the Cholesky factorization of the symmetric
and non-negative definite matrixA;, i.e.,

A, =R'R. (345)
2. Construct the matrix

Z=RA_R’, (346)

and compute a singular value decomposition of the

symmetric and non-negative definite matrix Z, i.e.,

Z=Vz, V. (347)
3. Set

A= zé, (348)

and for the nonconservative case (A~! and R™! exist),

compute

Q_=-RTva7}, (349)

and

Q. =Ry, (350)
Q. '=-Q_A. (351)

To justify the algorithm, we note that
Q. A’=R'VZ,=R'ZV=R'RA_R'RR"'V=A_A,Q,,

which is equivalent to (326).
In summary,

1. in the direct decomposition method, only one eigen-
value problem for the asymmetric matrix A_A, is solved,
in the square-root method, two eigenvalue problems for
the symmetric and positive definite matrix A_ and the
symmetric and non-negative definite matrix A/?A, A2
are solved, and

in the Cholesky method, the matrix A, is first factorized
as A; = RTR, and then, an eigenvalue problem for the
symmetric and non-negative definite matrix RA_R” is
solved.

Although the computation of the eigendecomposition of A
by the square-root method is more time consuming than the
other two methods, it is computationally stable in the limit
w — 1, and even in the conservative case w = 1.

Appendix 3. Conservative scattering

In the conservative case and the azimuthal mode m = 0,
the smallest eigenvalues +A vanish. The two correspond-
ing eigenvectors merge into one, which is not normalizable.
The idea is to introduce two additional terms to replace those



that are lost in expansion (40) when k = N. In fact, the case
of conservative scattering is only of pure theoretical interest.
The reason is that in practical numerical simulations, a con-
servative scattering problem can be modeled by considering
the limit w — 1, i.e., by setting w = 1 — ¢, with ¢ sufficiently
small. Even in the case w = 1, the smallest computed eigen-
value is not exactly zero (due to rounding errors), and the
computation of the spectral decomposition of the layer ma-
trix be means of the square root method of Appendix 2 is a
stable process. In spite of these practical arguments we de-
cide to include this case in our analysis.

Before proceeding we make some general comments. Let A
be a matrix with n — 2 real eigenvalues 1 with the geometric
multiplicities my =1, k =1,...,n—2, and let 1, be an eigen-
value with the geometric multiplicity m,, = 2. For the eigen-
value 1, the solution of the differential equation

di .
— (1) = —Ai(7) (352)
dr

is seek as a linear combination of characteristic solutions

—AnT —AnT
)

i(1) = awpe + (w1 +woT)e (353)

where wy and w) are determined by inserting each character-
istic solution into the differential equation. By doing this, we
obtain

A-A,1)wy =0, (354)
(A—AuIwy = —wy, (355)
(A= A,L,)%w; =0. (356)

Defining the null spaces ;/Vﬂln = N/(A-2,I,) and JVAZH =
N ((A - 2A,I,)?), and noting that ‘/VJLI,, c Jan = M), where
), is the main space of the eigenvalue A, so that R" =
My, ® My M), , ® My, We see that (354) and (356) give

Wp € N (A- Anln),
wi €N (A=A, 0\ AN (A-Ap1,),

(357)
(358)

and further, ‘/VAln = span{wp} and JVAZn = span{wg, wy}.
Basic results

In the conservative case and the azimuthal mode m = 0, we
have Ay =0, and so, Ay = 0is an eigenvalue with the geomet-
ric multiplicity my = 2. The right and left eigenvectors of the
matrix A are constructed as follows:

1. We assume that the null spaces A (A) and .4 (A%) \

N (A) are spanned by the right eigenvectors xo and
0
[ _ , respectively, i.e.,
= Wo
,/V(A)_span{ . ]} (359)
ﬂ(ﬁ%\ﬂ(ﬁ):span{ w1 ]} (360)
_—

and that the null-spaces A @AT) and ¥/ (A% T)\ ¥ AT)
W

are spanned by the left eigenvectors | and
Wi . .
, respectively, i.e.,
ATy _ Wo
A @A) = span{ S ]} (361)
JV((KZ)T)\,/V(KT):span{ Wi ]} (362)
w1
Thus, we have
X2\ _ Wo wi
A (&) = span{ " H S ]} (363)
A2\ Ty _ Wo wi
A (BH7) = span{ S ] - ]} (364)

2. We impose that the vectors wy and w; are related
through the relation (cf. (355))

Al =

Let us normalize the vectors wy and w; according to the
transformations

Wo
Wo

(365)

1 1
—wy —wpand —w; — wy,
ap ap

where the normalization constant ay is given by apy =
\/2w¢ wy. Then, the following results hold:

1. The right eigenvector spanning .# (A) is orthogonal to
the right eigenvector spanning A (A%)\ A (A). The same
result is valid for the left eigenvectors spanning 4 (AT)
and A (B2)1)\ ¥ @AT), ie.,

W, T W W, T W
°] ! ]: 0 ] 1]:0. (366)

Wo -wWi —Wp wi

2. The right eigenvector spanning .4 (A) is orthogonal to
the left eigenvector spanning .4 (A7). The same re-
sult is valid for the right and left eigenvectors spanning
N A%\ N @A) and A (A%)T)\ N @AT), respectively, i.e.,

W, T W, W T W
Ol 0 ]: ! ] 1]:0. (367)

Wo —Wo —W1 wi

3. The right eigenvector spanning .4 (A) is co-linear with
the left eigenvector spanning ./ ((A%)") \ A (AT). The
same result is valid for the left and right eigenvectors
spanning A A7) and &/ (A%)\ ¥ (A), respectively, i.e.,

IR RN

= =1. (368)

Wo w1 —Wo —Wi



Wo

4. The left eigenvectors and

W) .
spanning
1

N ((A*)T) are orthogonal to the right eigenvectors

v+
[ ‘7’5 corresponding to A, i.e.,
k
Ve l=| WL Y | =0 (369)
—W() V; W1 /\7; !
.
and to the right eigenvectors VJ]ﬁ corresponding to
k
A, ie,
wo |1 w; |1 v,
0
I ET R
—Wo Vk 1 Vk

Computation of the vectors wond w

A method for computing the vectors wy and w; uses the
equations solved by the flux H and the K integral in the case
of conservative scattering [32]:

d_H(T )=0

dT yHo) =V,

dK _ X1

o o) = (1= H o),

where
1
H(, po) = 2”/ Io(7, p, ~ pro)dp1 = Foproe ™" M0,
-1

1
K(7, no) :27[/ I(z, 1, _NO),uzd,U«'i‘F()p(Z)e_T/”O,
-1

Another method is the square-root method of Appendix 2,
which we will now describe. In the conservative case and the
azimuthal mode m = 0, the singular value oy of the matrix
Z=Vz,VT is zero. Thus, we have Ay = /oy =0 and A (Z) =
span{vy}, where vy is the Nth column vector of V. From the
relation Zvy = 0 and the definition Z = AY/2A, A2, we obtain
AY2A,AY2yy = 0. Since A_ is positive definite, it follows that
A,AY2vy = 0. Further, setting G}, = A/?vy (cf. (342)), we get
A.q}, =0, or equivalently, G € -/'(A;). On the other hand,
from Q- = —~AZ!Q. A, we obtain gy, = —AnAZ'G}, = 0, yield-
ing

St _o— 1A+

vy =¥y =Sy (371)
Thus, the right eigenvectors of A corresponding to Ay and
—AN merge into one, i.e.,

ot o 17 &+
[ YN lz Iol=-| Wy ] 372)
Vn VN 21 qy
From @, € A (A,), it follows that
?\[ qN ] [ _A+ -0, 373)
ay

27

and for the first eigenvector

Wo e ¥ @),

we infer that wy is given by

Wo =qy- (374)

For the second eigenvector

[ "I e @)\ @),

we compute w; such that the equation

Al M= W ] (375)
Wi Wo

is fullfield. Accounting of

-~ W1 _ —A_Wl

A —wi Aw |’ (376)

and taking into account that A_ is invertible, we deduce that
for

=A"'wo =AT'q}, 377)

equation (375) holds true. Thus, wy and w; are given by (374)
and (377), respectively.

Analytical formulas for conservative scattering

Using (365)-(370), we find that the Jordan form representa-
tion of the layer matrix is

A O
SO [ 0 -A ] Oen-2x1 OpN-2x1 |
A=V 01x2N-2) 0 -1 v (378)
01x2N-2) 0 0
with
, 379
[[ V— V+ ] —Wi ]] ( )
—V+ V_
Vv ’ 380
= % ) e ) 0
A = diag[Ay, ..., AN-1] € RNV-Dx(N=1)) Vi = [/‘711,...,911:/—1] €

RNV and V. = [V, ...,
of the matrix identity

‘7;—(,_1] € RNV*IN=1 "while by virtue

0
0

-1
0

-7

) (381)

.

0 1

the Jordan form representation of the matrix exponential is

I'(t)
[ F(—T)] Oen-2)x1 O@enN-2)x1

AT © 0 T
e AT _ v .
01x2N-2) 1 T
01x2nN-2) 0 1



(382)

with I'(7) = diagle ™7, ..., e V-17] ¢ RV-Dx(N=D),
Insertion of (379) and (380) in (378) and (382), gives a reso-

lution of the layer matrix
\( wo 1"
A=_| Wo 0 ]
Wo —Wo
N-1 St —+ 1T P — T
v -V v v
LD IR IR | p BRI X ] [ el 683
k=1 k k k k
and of the matrix exponential
A w w |” w wo |© Wi w
o-Ar _ [ Wo ] 1 ] 1 ] o | L[ wo ] 0
Wo w1 ! —Wo Wo —Wo
N-1 S+ =+ 1T o — T
- v -v v v
+) e A“[ _k k| eMT| kK ] LA
= Vi \ vi -V
(384)

respectively. Setting T = 0 in (384) we obtain a resolution of
the identity matrix

T T
Wo wi wi Wo
Wo w1 -wi —Wp
N-1[ o+ —+ 1T PN — T
v -V v v
2| o o | | ] T (385)
k=1 k k k k
which further, gives
N-1 ’ .
wow] +wiw] + Y Vv -V =1y,
k=1
N-1 ’ ’
wow] —wiwg + Y Viv - vivi ! =0. (386)
k=1

Equations (378), (382), (383), and (384) are the counterparts
of (27), (30), (40) and (42), respectively, for the conservative
case. It should be pointed out that equations (383) and (384)
have been derived by Waterman by employing different argu-
ments.

By means of (382) and (384), the analytical formulas for
nonconservative scattering can be extended to conservative
scattering as follows:

1. The matrices D;, Dy and Dy, which enter in the layer
equation (56) are given by

. [IA;)_I I‘??) Oon-2)x1  OpeN-2)x1
01x2N-2) 1 0 ’
01x2N-2) 0 1
[ Ff)?) IO ] 0en-2)x1  O@enN-2)x1
Dy = N-1 ’
01x2N-2) 1
01x@2N-2) 0 1
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e~k _e—T/Ho

0
Vko=Ak | —e—T A+ 1/HQ) Opn-2x1  O@eN-2)x1
Db — 0 1/ o+ Ag . _ -
01><(2N—2) 1—e~*/Ho T/,uo—1+e2 0
1o (/)
01x2N-2) 0 1,16/;(:;10
(387)

2. The solution representations (65) and (69) translate into

N wi W
ig(r)=an +ﬁN( T[ 0 ])
W
T
N-1 v v R
+ Y are M|k ]+ ﬁke_’lkﬁ_”[ ko +i, () (388)
v v
k=1 k k
and
+ w1 Wo )
W)=« + T
d( ) N Wo ﬁN([ —W1 [ Wo ]
N-1 S _ v
+) ak(e%” k| e M@ Tk ])
v v
k=1 k k
o _
_ v e |V R
+ﬁk(—e Ak’[ k[ pe M@ ”[ ok )+1p @), (389
Vi Vi
respectively.

3. The analogues of (108) and (109) which give the ex-
pressions of the transmission and reflection matrices, respec-
tively, are

T=v'r¥ -v'rv.v_'n, (390)
R=V-V'IV.V_ ' D -V.IV.V_ '), 391)
where now
e M7 0 0
r= 0 e AT o | (392)
0 0 1
and
\7‘; = [V%,...,V;LV_I,WO],
V=[], Va_,, +wi],
‘_,-F = [‘_f_fy---;‘_I;—V_ly_WO],
V_=[V],...,Vy_1, W1 + TWo]. (393)

A special system of characteristic solutions

We conclude this appendix by presenting a system of char-
acteristic solutions which can be used for nonconservative
and conservative scattering. It is of the form

R N
ig(1) =
k=1

axar(t) + Brby (1) +ip (1), (394)



with
ak(r)ze“k’[ Yk +e“k(?‘”[ Yk ] (395)
Vi Vi
by (1) = L(—e_“’ [ Vi +e M Vi ]) (396)
Ak Vi e IF

Obviously, (394)-(396) are equivalent to (69) if we consider the
transformation By — (1/1y) ﬁk As aresult, the reflection and
transmission matrices R and T are given by (97) and (98), re-
spectlvely In the conservative case, by is singular and so is
V_ -V, T together with R and T. However, these smgularl-

ties are removable if we compute the eigenvectors Vi * by the
square-root method of Appendix 2. To show this we consider
(342)-(344), set V = [v¢], Q+ =[] and Q 2 Q+ = [qx), and
write in component form G} = A”zvk, qr =AZ'q; = A"V,
and q = —Axqx. As aresult, (396) becomes
ay = l[e—lkf +e—/1kﬁ—r)] qk ]
_ llk[e_/‘lk‘[ _ e—/‘lk(?—‘[)] [ ] ,
2
bk:_i[e Akf_e_/lk(?_'[)] k ]
2/1k qk
1 —
+o[eMT pe @y Gk (397)
2 —qk

In the limit A — 0, we have ﬁ;rv, qy # 0, and QJ_V = 0. Account-
ing of wo =G, w; =AZ'q}, = qu, and

fim [~S e T |= z (398)
ol 2AN Ty
we get
) T w
Jim laya(@) + fuby (™) = (@n = 5 Aw) [ wo ] (399)
Wo w1
+ﬁN(T Wo ]+ —Wj ]),

which is equivalent to the first two terms in (389). Coming
to the reflection and transmission matrices, we use (329) and
(344) with Q = (A);T, to compute the matrix products which
enter in (97) and (98) as

V. +V_.DV_+V, D!

= [Q+(I+T) - QAI-D][Q:+I+T) +QAI-T)] ™! (400)
and

V,-V.D(V_-V,n!

= [V, -V_DA [V_-V,D)A]!
=[Q:I-DA' - QU+ DIQ+I-DA ' +QU+ D)L, 01

In the limit Ay — 0, the singularity in I-T YA~! is removable,

ie.,

1-e MW7 _
lim — =7,
AN—0 A,N

29

so that (97), (98), (400), and (401) give the expressions of R
and T for nonconservative and conservative scattering. The
system of characteristic solutions (394)-(396), as well as the
reflection and transmission matrices of (97), (98), (400), and
(401) have been used by Nakajima and Tanaka in their matrix
formulation of the radiative transfer.

Appendix 4. Asymptotic functions and constants

We define the scaled diffusion pattern vectors by

Ty = An(I-R%) 'k, (402)
T =Rooly, (403)
and note that for

Q+ ql ye r/q\;—\]] ) (404)
we have the representations

~ _ Lo, +

L = z(qN +ANqy), (405)
T =T, - Anqy, (406)
and the orthogonality relations

KLt =1, 407)
kyi-=1. (408)

To derive the expressions of the functions that occur in the
asymptotic theory, we introduce the discrete approximation
to the escape function ky by

k 1. 1.
ky = —M:2zW 2k,
2m

(409)
and the diffusion pattern vectors ¢, by
=/ S MEW (410)
Ly = ok +.

As a result, the orthogonality relations for 7, and7_ yield
2kKEWM ey =1,
2kyWM i =1.

(411)
(412)
Essentially, the vectors ¢, and ¢_are the discrete approxima-
tions of the diffusion patterns i(u) and i(—pu), p > 0, respec-

tively. The constant m in (409) and (410) is obtained by nor-
malizing the diffusion pattern (cf. (197))

I 1 1 [m 1
i(wdu=-1"W(e, +1)= -/ -1TW2Mzg}, = 1,
/_lz(/u) p=3 @bt =21/ 5 dy

2
(413)

that is,

8k

N Twirbar?
(1*wzMzqy)

(414)



where 1 is the vector of all ones. Obviously, (411) and (412) are
the discrete approximations of the normalization conditions
(200) and (202), respectively.

In terms of the escape function ky, the reflection and
transmission matrices are given by

R = Roo — 8 morknky, 415)
T =8 motknky, 416)
1 1. 1. _1 1
[RoozéMZW 2R, W 2M2, (417)
where
~.m_ mle® 118
P T Tz e
_gn__me 419
T e o
Moreover, for the azimuthal mode m = 0, we have
Too = 2RouV, (420)
Fsoo = 4V! Rov, 421)
and
r =ro —nrky, (422)
t=ntky, (423)
re=4v Ry, (424)

where ry, and ry are the plane albedo vector and the spher-
ical albedo of the semi-infinite atmosphere, respectively, r,
t and rg are the plane albedo vector, the transmission vec-
tor, and the spherical albedo of the layer, respectively, and
v=WM!1. The u-weighted mean of the escape function is
given by

n=2k.v, (425)

which is the discrete approximation of (206).

The reflection and transmission matrices of the homoge-
neous layer with an underlying Lambertian surface R4 and
T 4, respectively, as well as the plane albedo r 4 and the spher-
ical albedo rg4 are computed as

A
Rp=R+———8ott?,

1- Arg (426)
Ta=T+—2 5, ort], 427)
1-Arg
rs=2R,WM 1 (428)
roa = 4vIR4v. (429)

where A is the ground albedo.
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