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Abstract

Recently, some accelerated stochastic variance re-
duction algorithms such as Katyusha and ASVRG-
ADMM achieve faster convergence than non-
accelerated methods such as SVRG and SVRG-
ADMM. However, there are still some gaps be-
tween the oracle complexities and their lower
bounds. To fill in these gaps, this paper propos-
es a novel Directly Accelerated stochastic Vari-
ance reductlon algorithm with two Snapshots
(DAVIS) for non-strongly convex (non-SC) un-
constrained problems. Our theoretical results
show that DAVIS achieves the optimal conver-
gence rate O(1/(nS?)) and optimal gradient com-
plexity O(n++/nL/e€), which is identical to its
lower bound. To the best of our knowledge, this
is the first directly accelerated algorithm that at-
tains the lower bound and improves the conver-
gence rate from O(1/5?) to O(1/(nS?)). More-
over, we extend DAVIS and theoretical results to
non-SC problems with an equality constraint, and
prove that the proposed DAVIS-ADMM algorith-
m with double snapshots for each variable also
attains the optimal convergence rate O(1/(nS))
and optimal oracle complexity (’)(n +L/ e) for
such problems, and it is at least by a factor n/S
faster than existing accelerated stochastic algo-
rithms, where n > S in general.
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1. Introduction

Consider the following finite-sum composite convex mini-
mization problem

win {F@) 2 23" i@ +h@ ) o

zERY

where each f;(+) is convex, and A(-) is convex but possibly
non-smooth. We define f(z) = 3" | f;(x). This prob-
lem arises frequently in machine learning, signal processing,
statistics, and operations research (Bubeck, 2015), such as
regularized empirical risk minimization. In many real-world
applications, the number of component functions (i.e., n) is
usually very large so that even first-order methods become
computationally burdensome due to high per-iteration com-
plexity O(nd). Stochastic gradient descent (SGD) (Robbins
& Monro, 1951) uses the gradient of only one (or a small
batch of) randomly chosen f; to estimate full gradient in
each iteration, and enjoys a significantly lower cost O(d).

In recent years, stochastic (or incremental) variance reduc-
tion methods have received extensive attention due to their
low per-iteration cost and ability to handle large-scale prob-
lems. In particular, research on variance reduction methods
(e.g., SAG (Roux et al., 2012), SDCA (Shalev-Shwartz &
Zhang, 2013), SVRG (Johnson & Zhang, 2013), SAGA
(Defazio et al., 2014), and their proximal variants, e.g.,
Prox-SVRG (Xiao & Zhang, 2014)), and stochastic variance
reduced algorithms of the alternating direction method of
multipliers (ADMM) (e.g., SAG-ADMM (Zhong & Kwok,
2014), SDCA-ADMM (Suzuki, 2014) and SVRG-ADMM
(Zheng & Kwok, 2016)) have made exciting progress, e.g.,
linear convergence for strongly convex (SC) problems.

For solving the SC problem (1), the oracle complexity (i.e.,
the number of Incremental First-order Oracle calls and Prox-
imal Oracle calls needed to find an e-suboptimal solution) of
the stochastic variance reduction methods mentioned above
is O((n+k)log(1/e)), while the complexity of accelerated
deterministic methods including AGD (Nesterov, 1983) and
APG (Beck & Teboulle, 2009) is O(n+/k1log(1/€)), where
K is the condition number. Obviously, the complexities
show that the variance reduction methods always converge
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Table 1. Comparison of oracle complexities (i.e., the number of first-order oracle calls and proximal oracle calls (Lan, 2020; Xie et al.,
2020)) and convergence rates of some stochastic methods for non-SC problems, where Sy := |log,(n) | +1. Note that we regard using
reductions or proximal point variants as “Indirect” acceleration, such as Catalyst and Katyusha with reduction techniques.

Aleorith SAGA (Defazio et al., 2014) Catalyst Katyusha™ Katyusha
gorithms
SVRG (Johnson & Zhang, 2013) (Lin et al., 2015a) (Allen-Zhu, 2018) (Allen-Zhu, 2018)
1 lo, ’4(ns) 1
Convergence rates O ( 3 ) O( =& ) O ( 5 ) NA
Oracle complexities O(% + %) O((n+\/%)log2(%)) O(\%+1/%) O(nlog(%)+,/%)
Direct Yes No Yes No
. Varag VRADA DAVIS Lower Bound
Algorithms
(Lan et al., 2019) (Song et al., 2020) This paper (Woodworth & Srebro, 2016)

Convergence rates O( n(s_slw) NA @ ( #) @ ( n—éz )

Oracle complexities (’)(n log,(n)+ \/@ )

Direct Yes

(’)(n log210g2(n)+\/¥) O(" + \/@)
Yes

o(n +_\/?)

Yes

faster than accelerated batch methods as long as k <O(n?).
For non-strongly convex (non-SC) problems, they seem to
yield slower convergence rates, e.g., O(1/.5) for SVRG vs.
O(1/5?) for AGD and APG, where S is the length of the
outer-loop or the number of iterations.

The momentum acceleration techniques for deterministic
optimization have been widely researched, e.g., the heavy-
ball method (Polyak, 1964), Nesterov’s accelerated gradient
methods (Nesterov, 1983; 2013) and the optimized gradient
method (Kim & Fessler, 2016). Recently, there has been a
surge in interest in accelerating stochastic variance reduced
methods such as (Frostig et al., 2015; Lin et al., 2015a; Mah-
davi et al., 2013; Nitanda, 2014; Allen-Zhu, 2018; Murata
& Suzuki, 2017; Hien et al., 2019). Lin et al. (2015a) pre-
sented an indirect acceleration (Catalyst) framework, which
achieves the complexity of O((n + v/nL/€)log?(1/¢)) for
non-SC problems, where L is a Lipschitz constant. Here,
the methods via dummy regularization or reductions are re-
garded as indirect ones. As the direct acceleration of SVRG,
Katyusha (Allen-Zhu, 2018) introduced the idea of nega-
tive momentum (i.e., Katyusha momentum). By combining
Katyusha momentum with Nesterov’s momentum, Katyusha
achieves the complexity O((n 4+ /nk)log(1/¢€)) for SC
problems, which matches the complexity lower bound for
minimizing convex finite-sum functions, proved by Lan &
Zhou (2018b). Besides, several accelerated methods were
proposed, e.g., APCG (Lin et al., 2015b), SDPC (Zhang &
Xiao, 2015), Point-SAGA (Defazio, 2016) and RPDG (Lan
& Zhou, 2018a). In particular, Allen-Zhu (2018) also proved
that Katyusha directly (i.e., Katyusha") attains the complex-
ity O(n/y/e + y/nL/e) for non-SC problems. Although by
using reduction techniques, Katyusha obtains an improved
complexity O(nlog(1/€) + /nL/e), which is still worse
than the optimal oracle bound in (Woodworth & Srebro,
2016), i.e., O(n++/nL/¢€). More recently, Lan et al. (2019)

proposed a directly accelerated (Varag) method, which ob-
tains the complexity of O(n log,(n) + +/nL/¢) for non-SC
problems. However, similar to Varag, VRADA (Song et al.,
2020) has an extra log, factor compared with the complex-
ity lower bound, Q(n+ +/nL/¢). It is then natural to ask
whether there exists a directly accelerated stochastic method
that can attain the optimal oracle complexity.

This paper also considers the minimization problem (1) with
a structured regularizer h(Az), such as graph-guided fused
Lasso (Kim et al., 2009), where A € R% %4 is a given matrix.
As the generalization of Problem (1), such problems can be
formulated as the equality-constrained finite-sum problem,
min
rERIweRL

{f(@)+ h(w), st., Az = w}, )

where A € R%1%4_ In fact, the algorithm proposed in this
paper and its convergence result can be extended to the
more general problem (2) with the constraint Az + Bw = ¢,
where A € R%2xd B e Rd2xd1 ¢ c R For the SC and
equality-constrained problem (2), Suzuki (2014) and Zheng
& Kwok (2016) proved that their variance reduction stochas-
tic ADMM methods attain linear convergence for the special
(i.e., the constraint in (2) is Az = w) and general ADMM
forms (i.e., the constraint in (2) becomes Az + Bw = ¢), re-
spectively. In SAG-ADMM and SVRG-ADMM, the conver-
gence rate O(1/.5) can be guaranteed for non-SC problems,
which implies that there remains a gap in the convergence
rates of between the stochastic ADMM and accelerated
batch algorithms, i.e., O(1/5) vs. O(1/5?).

For the equality-constrained composite convex problem
(2), Xu et al. (2017) proposed a faster variant of SVRG-
ADMM with an adaptive penalty parameter scheme. Liu
et al. (2021) presented a momentum accelerated variant of
SVRG-ADMM (called ASVRG-ADMM), and Li & Lin
(2017) proposed an accelerated stochastic ADMM for solv-
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Table 2. Comparison of convergence rates and oracle complexities of the stochastic ADMM methods for solving Problem (2), where those
of ASVRG-ADMM are obtained with a boundedness assumption on the constraint sets of primal and dual variables (see Section 4.3 for
details). Note that we can easily achieve the lower bounds for Problem (2) by using (Xie et al., 2020).

Algorithms SAGA-ADMM SVRG-ADMM ASVRG-ADMM DAVIS-ADMM  Lower Bound
(Zhong & Kwok, 2014) (Zheng & Kwok, 2016) (Liuetal., 2021)  This paper  (Xie et al., 2020)
Convergence rates o(3) o(3) O(%z) 0(:%) O(:%)
Oracle complexities (9(% + %) O(% + £) O(% + %) O(TL+ %) O(n+ %)
Boundedness assumption No No Yes No -

ing a four-composite minimization problem. However, there
also exist some similar gaps between the convergence rates,
as well as the oracle complexities, of the existing methods
and the optimal convergence rate.

Motivations: (I) For solving the non-SC problem (1) (e.g.,
£1-norm regularized problems), Katyusha (Allen-Zhu, 2018)
and Varag (Lan et al., 2019) attain the oracle complexities of
O(n/+/e+ y/nL/e) and O(nlogy(n) + v/nL/e), respec-
tively. However, the lower bound of the oracle complexity
is O(n + /nL/e) (Woodworth & Srebro, 2016). That
is, there are some gaps between the convergence results
in (Allen-Zhu, 2018; Lan et al., 2019) and the lower bound'.

(II) Although by adding a SC proximal term into non-SC
problems as in (Frostig et al., 2015; Lin et al., 2015a; Allen-
Zhu, 2018), one can achieve faster convergence, this may
hurt the performance of the algorithms in both theory and
practice (Allen-Zhu & Yuan, 2016). The difficulty for the in-
direct methods is that it is really hard to choose the proximal
parameter properly. Can we design a simple algorithm
for Problem (1) to close the gap in theory?

(IIT) Moreover, for solving the non-SC structure-regularized
problem (2), Table 2 shows that there is a big gap of con-
vergence rates between prior works and the lower bound in
(Xie et al., 2020). Can we obtain the optimal convergence
rate in both theory and practice?

Our Main Contributions: To fill in the gaps, we propose a
novel directly accelerated stochastic variance reduced gradi-
ent (DAVIS) method, which has two snapshots and new mo-
mentum accelerated rules with a new compensated stochas-
tic gradient operator. We prove that DAVIS obtains an op-
timal convergence rate, O(1/(nS?)). Moreover, we prove
that the oracle complexity of DAVIS is O(n + +/nL/e),
which is identical to the lower bound in (Woodworth & S-
rebro, 2016). That is, our oracle complexity is by a factor
1/\/€ lower than Katyusha, and by a factor log,(n) better
than Varag, as shown in Table 1. To the best of our knowl-
edge, this is the first directly accelerated method that attains

'A work by Li (Li, 2021) appeared on arXiv, and can match the
lower bound in (Woodworth & Srebro, 2016) for non-SC problems
for a very wide range of e.

the optimal complexity bound for the non-SC problem (1).

To answer the above-mentioned question, we also extend
DAVIS to solve Problem (2) with a structured regularizer.
For important emerging equality-constrained non-SC prob-
lems (e.g., graph-guided fused Lasso (Kim et al., 2009)),
the best-known convergence rate of existing accelerated
stochastic ADMM methods such as (Liu et al., 2021) is
O(1/5?) in the case with an assumption of boundedness on
the constraint sets of primal and dual variables (see details
in Section 4.3) or O(1/5) in the case without the assump-
tion of boundedness. Our second main result is that we
propose a directly accelerated stochastic ADMM (DAVIS-
ADMM) algorithm, and prove that it attains the optimal rate
of O(1/(nS)) without the assumption of boundedness, as
shown in Table 2. Moreover, DAVIS-ADMM attains the
optimal gradient complexity O (n +L/ 6), which matches
the lower bound in (Xie et al., 2020). To the best of our
knowledge, this is the first method that obtains the optimal
theoretical result for stochastic ADMMs.

2. Related Work

Throughout this paper, ||-|| denotes the Euclidean norm. We
mostly focus on two types of problems (1) and (2), where
each component function is L-smooth.

Assumption 2.1 (Smoothness). Each component function
fi(+) is L-smooth, i.e., for all z,y € R4,

IVfi(z) = Vfi(y)|| < Lllz =yl

2.1. Stochastic Variance Reduction Methods for
Unconstrained Optimization

In recent years, stochastic variance reduction methods such
as (Roux et al., 2012; Shalev-Shwartz & Zhang, 2013; John-
son & Zhang, 2013; Defazio et al., 2014; Xiao & Zhang,
2014) have received extensive attention. Variance reduced
gradient estimators such as SVRG (Johnson & Zhang, 2013)
and SAGA (Defazio et al., 2014) use gradient information
from previous iterates to construct a better estimate of the
gradient at the current iterate zx. In particular, the popu-
lar SVRG estimator (i.e., Vf;,(xr)) in (Johnson & Zhang,
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2013; Zhang et al., 2013) uses the gradient at the snapshot *
to progressively reduce the variance of the SGD estimator,
Vfi.(xr), where iy, is chosen uniformly at random from
{1,2,...,n}. Therefore, the SVRG estimator has been
widely used in most stochastic variance reduced methods
including Katyusha (Allen-Zhu, 2018) and Varag (Lan et al.,
2019). More recently, there is a surge of interest in acceler-
ating stochastic variance reduced methods such as Katyusha
and Varag for solving unconstrained optimization problems.
By using negative momentum and both proximal descent
and mirror descent steps, Katyusha (Allen-Zhu, 2018) can
obtain improved convergence rates. In contrast, Varag (Lan
et al., 2019) only requires the solution of one sub-problem
instead of the two for Katyusha. More recently, VRADA
(Song et al., 2020) can match the lower bound for non-SC
problems up to a log,log, (n) factor.

2.2. Stochastic Optimization for Structured
Regularization Problems

To solve the equality-constrained problem (2), the alternat-
ing direction method of multipliers (ADMM) is an efficient
optimization method. However, ADMM and its determinis-
tic variants suffer from a high per-iteration computational
cost for large-scale problems. Thus, several stochastic AD-
MMs such as (Wang & Banerjee, 2012; Ouyang et al., 2013)
have recently been proposed. The formulation (2) with the
constraint Ax + By = c is the general form of the ADMM
(Boyd et al., 2011). With the constraint Ax = w, Problem
(2) is a simpler optimization problem, e.g., generalized Las-
so (Tibshirani & Taylor, 2011), which is called the special
ADMM form. Together with the dual variable )\, the update
steps of stochastic ADMMs are

Wi :arg,min {h(UI)‘i‘(bk(xkfh ’LU)},

lz—2x 13

xp=arg min{xTﬁfik(mk_l)—F

+¢k(wik)}

Ak = Mg + Axg — wy,

where ¢ (x, w) = gHAx —w + Ag_1]|%, >0 1is a penalty
parameter, 7, > 0 is a parameter, and ||z |é =2TQx with a
given positive semi-definite matrix ) (Ouyang et al., 2013).

Another possible solution is primal-dual hybrid gradien-
t methods such as (Zhu & Chan, 2008; Goldstein et al.,
2015). Note that we mainly focus on accelerating stochastic
ADMM and refrain from discussing dual and primal-dual
stochastic algorithms. Some researchers have adopted the
variance reduced techniques mentioned above for ADMM,
e.g., (Zhong & Kwok, 2014; Suzuki, 2014; Zheng & K-
wok, 2016). More recently, together with variance reduction
techniques, some momentum accelerated stochastic ADMM
algorithms (Li & Lin, 2017; Xu et al., 2017; Liu et al., 2021)
have been proposed for solving Problem (2).

3. A Direct Optimal Stochastic Variance
Reduction Algorithm

In this section, we propose a directly accelerated stochastic
variance reduction gradient (DAVIS) algorithm for solving
the non-SC problem (1). We first present a novel double
snapshot acceleration framework for stochastic optimiza-
tion, in which we need to compute the full gradient at the
first snapshot and define a new update rule of the second
snapshot in each outer loop. Moreover, we design a new
stochastic variance reduction gradient estimator for each
inner loop of our accelerated algorithm. Finally, we analyze
the convergence properties of DAVIS, which show that it
attains the optimal convergence rate O(1/(n.S?)) and the
optimal oracle complexity O(n++/nL/e).

3.1. Main Ideas of DAVIS

As discussed above, there still exist some gaps between
the oracle complexities of the directly accelerated algo-
rithms (e.g., Katyusha and Varag) and the lower bound
in (Woodworth & Srebro, 2016). Let z* be an optimal
solution of Problem (1) and z° be a given starting vec-
tor, the convergence result of the directly accelerated ver-
sion (i.e., Katyusha™) of Katyusha (Allen-Zhu, 2018) is
O(F(EO)S—QF(E*) + L\Iz;;f’l?)

. In order to achieve the opti-
mal convergence rate O(1/(nS?)), we need to accelerate
the rate of the first term from O(1/52) to O(1/(nS?)), and
thus Algorithm 1 mainly includes a new extra snapshot and
its update rule in each outer loop, one new stochastic gradi-
ent estimator and new momentum acceleration rules in each
inner loop. Therefore, our accelerated algorithm attains the
optimal convergence rate O(1/(nS?)) without restarting
and without using any reduction techniques.

As most stochastic variance reduction methods including
Katyusha (Allen-Zhu, 2018) and Varag (Lan et al., 2019),
each epoch of our algorithms including Algorithm 1 consists
of m inner-iterations, e.g., m =2n as suggested in (Johnson
& Zhang, 2013). In each outer loop of the proposed algorith-
m, we need to compute the full gradient at the first snapshot
point, and design a new update rule for the second snapshot
point. In each inner loop of our algorithm, we define a new
compensated stochastic variance reduction gradient estima-
tor, and then present a new momentum acceleration scheme.
More details are given below.

3.2. New Scheme of Double Snapshots in Outer Loop

In the s-th outer loop of Algorithm 1, we design two snap-
shot points z*~ and Z° !, both of which remain unchanged
in all the inner loops inside the same outer loop. The first
snapshot point 2° ! takes the same role as in most variance
reduction methods such as SVRG and Katyusha. That is,
we need to compute the full gradient of f(-) at z°~* in each
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Algorithm 1 DAVIS for Problem (1)

Input: The number S of epochs, the number m of iterations
per epoch.
Initialize: 7°, 2} = 0,0, =1, and 7.
I: fors=1,2,...,5do
2.z :prox;?s (75— %Vf@s’l));
3: ¥ =0,z 4+ (1—-6,)x°1;// The second snapshot
4:  Compute the full gradient at the second snapshot
point (i.e., z°71), Vf(Z*~!) = LY Vfi(@ )
fork=1,2,...,mdo
Update y; via (4);
Pick iy, uniformly at random from {1,2,...,n};
Vi (u) = V() - Vi@ + VI )+
mbs (Esfl _ Esfl);
n
9: zp = IZrox-SGrad(yZ);
100 ap = 52— p) T
11:  end f({r . ) —
12: xszﬁzkzlxz, €S+1:S+72’ Zy =
13: end for
14: Output: 7°.

A 4

s .
=Zm>

outer loop, which is used to gradually reduce the variance of
the SVRG estimator. Moreover, we design a novel update
rule for the second snapshot point Z°~! as follows:

72 =077 + (1—6,)7°7, (3)

where 0, is a parameter (e.g., ;= -27), and the auxiliary
variable z°~! is obtained by solving the following problem:

=s—1__ : ~s—1 93
z farginm {h(z)+<Vf(x ), z>+2mn

=312}

Here, 7 is a learning rate. Clearly, Z°~! is obtained by
performing one deterministic gradient descent step from the
snapshot point ° 1, which requires no gradient calculations.
For the second snapshot point Z° !, we give its upper bound

in Lemma 3.3 in Section 3.4.

3.3. New Stochastic Update Schemes in Inner Loop

In this subsection, we first define a new compensated s-
tochastic variance reduction gradient estimator for the pro-
posed algorithm, and then we design a new momentum
acceleration update rule.

3.3.1. COMPENSATED STOCHASTIC GRADIENT
ESTIMATOR

Before giving our new stochastic momentum acceleration
scheme for our algorithm, we first define a new compensated
gradient estimator.

Definition 3.1 (Compensated stochastic gradient estimator).
We define a new compensated stochastic variance reduction

gradient estimator for our DAVIS algorithm as follows:

Vi(z) = Vi (@) - Vi (@ )+ V(@)
SVRG estimator
b,z =7 /.

Compensated estimator

It is clear that our stochastic variance reduction gradient
estimator consists of two terms, i.e., the SVRG estimator
independently proposed in (Johnson & Zhang, 2013; Zhang
et al., 2013) and a new compensated estimator. Note that
the new compensated term is introduced into the proposed
gradient estimator V;, (), and plays a key role to offset the
residual term in the upper bound of Lemma 3.3 (see the
discussion in Section 3.4 for details).

3.3.2. MOMENTUM ACCELERATION

We first define a new proximal stochastic gradient decent
scheme for our algorithm.

Definition 3.2 (Prox-SGrad). The proximal stochastic gra-
dient decent (Prox-SGrad) is defined as:

Prox-SGrad(z)

2 arginin {h(Z) + (Vi (), 2) +

mb, s
s U

_ prox® (5; - "m@) ,

mby

where 07 =pj, + 2(2571 —7°71), and pj, is defined below,
_mn_

and prox,"* () is the standard proximal operator as in (Xiao
& Zhang, 2014; Allen-Zhu, 2018).

Next we design a new momentum acceleration scheme in
each inner loop, and first give a new update rule for y; at
the k-th iteration of the s-th epoch:
0 0
s S (58 S S \=s—1
= —(2 — +(1—=)z° . 4

Yo = (zi — ) + ( m) 4
Here p;, = z;_; is designed to get a well-structured recur-
sive form (i.e., [|[z* — 25_,||>—||z* — 2;||?) in our upper
bound of one-iteration in Lemma 3.4 below. Moreover, we
define the following momentum acceleration update rule for
3

S8 8 s 5
m(zk Pr) + Ui (5

where zj = Prox-SGrad(y;). We give the following upper
bound for our stochastic updates in one iteration (e.g., the
k-th iteration) of Algorithm 1.

3.4. Optimal Convergence Guarantees

In this subsection, we analyze the convergence property
of our DAVIS algorithm. Theorem 3.6 below shows that
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DAVIS can improve the best-known convergence rate of
some accelerated methods (e.g., Katyusha) from O(1/5%)
to O(1/(nS?)) for the non-SC problem (1). We also sup-
pose that the distance between an initial point z° and an
optimal solution z* can be bounded by a constant ¢, i.e.,
||lz* — 2°|| < ¢, which is a basic condition (see Appendix B
for our proof sketch and detailed proofs).

3.4.1. CORE LEMMAS

The proof of our main result relies on the one-iteration
inequality in Lemma 3.5 below, which is a key lemma to
obtain our theoretical result in Theorem 3.6. Lemma 3.5
consists of two key upper bounds in Lemmas 3.3 and 3.4.
By using our double snapshot scheme in each outer loop of
Algorithm 1, we can obtain the following result.

Lemma 3.3 (Upper bound of double snapshot update). Sup-
pose that Assumption 2.1 holds. Let {Z°} be the sequence
generated by our double snapshot scheme in Algorithm I,
for a given v, we have

F(@*™h) = F(*) < (1-6,)(F@*™") — F(z")) + R®
952 % x  =s—1]|2
(o2 e =)
where R® = ( o= 2m17> |z~ —z512

Note that the upper bound in Lemma 3.3 has an additional
term, which may be positive but we shall cancel it by using
the upper bound of our stochastic update schemes in Lem-
ma 3.4 below. Using our stochastic momentum accelerated
scheme in each inner loop, we give the following result.

Lemma 3.4 (Upper bound of one-iteration). Suppose
that Assumption 2.1 holds. Let {x3, 25} be the sequence
generated by Algorithm 1. then

BIF (o}) ~ F(o")) <55 (o =] - "= 21P)+
B[ B (P~ Fa),
where C* = (2"”] )H*s | L

Remark 1. In Lemma 3.4, the term C;, is produced by our
gradient estimator, and is used to compensate the additional
term R° in Lemma 3.3 (i.e., R* +C?® = 0). As we expected,
the designed stochastic descent step can be used to counter-
act the additional term, as shown in the detailed proof for
Lemma 3.5 below.

Using Lemmas 3.3 and 3.4, we give the following upper
bound of one iteration in Algorithm 1.

Lemma 3.5 (Upper bound of one-epoch). Suppose that
Assumption 2.1 holds. Let {3} } be the sequence generated

by Algorithm 1. Then we have

E[F(E*) - F(a")] < (1-0,) (F@E") - F(z")

2mn '

>s<_%sfl||2_H‘,1j

3.4.2. OPTIMAL CONVERGENCE RESULTS

We can obtain the inequality of one-epoch by using Lem-
ma 3.5, and telescope the inequality over all epochs to obtain
the following result.

Theorem 3.6. Suppose that each component function f;(-)
is L-smooth. Let T° = %Z;’;lxz (i.e., the average point
of the previous epoch), then the following result holds
L||z*— 272

E[F(JES)—F(HU*)]SO( me2 )

Choosing m = ©(n), Algorithm 1 achieves an e-suboptimal
solution using at most O(n++/nL/¢) iterations.

Remark 2. Theorem 3.6 shows that DAVIS achieves
the optimal convergence rate O(1/(n.S?)), while most ex-
isting directly accelerated methods including (Allen-Zhu,
2018; Zhou et al., 2018) attain the rate O(1/52). In par-
ticular, Algorithm 1 also attains the optimal oracle com-
plexity O(n + y/nL/¢€), which matches the lower bound
in (Woodworth & Srebro, 2016). In contrast, the complexi-
ties of Katyusha (Allen-Zhu, 2018), Varag (Lan et al., 2019)
and VRADA (Song et al., 2020) are O(n/\/e + /nL/e),
O(nlogy(n) + v/nL/e) and O(nlogylogy(n) + v/nL/e€),
respectively. In other words, DAVIS has both the optimal
oracle complexity and optimal convergence rate for solv-
ing Problem (1). To the best of our knowledge, this is the
first time that the optimal complexity bound is obtained
through a directly accelerated algorithm for general convex
finite-sum optimization in the literature.

3.5. Comparison with Existing Algorithms

There are some main differences between our DAVIS algo-
rithm and existing accelerated stochastic algorithms such as
Katyusha (Allen-Zhu, 2018), Varag (Lan et al., 2019), and
VRADA (Song et al., 2020).

e One vs two snapshots: Both snapshots (i.e., z° and
%) are introduced into our update rules in (4) and
(5), while only one snapshot z* is applied in most
algorithms such as Katyusha, Varag and VRADA. Sim-
ilarly, we use double snapshots for each variable in
equality-constrained problems.

e SVRG estimator vs our compensated estimator: Most
accelerated algorithms such as Katyusha, Varag and



Closing the Convergence Gaps in Non-Strongly Convex Optimization

VRADA use the SVRG estimator proposed in (John-
son & Zhang, 2013; Zhang et al., 2013). In contrast,
our gradient estimator is introduced to compensate the
residual term in Lemma 3.3, and thus is one of main
contributions of this paper.

e Negative momentum vs compensated momentum:
Both Varag and Katyusha use the negative momen-
tum proposed in (Allen-Zhu, 2018). By combining
with our defined gradient estimator, we also design a
new momentum accelerated rule in (5) to achieve an
optimal convergence rate. Note that 6, can be defined
as: 65, = satisfying > 1 %= Different from

e 7
Katyusha™, the coefficient of our momentum is 05 /m,
which can reduce the impact of the variance bound on
the upper bound of one iteration in Lemma 3.4 from
O(1) to O(1/m). Moreover, both Varag and DAVIS
only require the solution of one subproblem in each
iteration instead of two subproblems in Katyusha.

4. An Optimal Stochastic ADMM Algorithm
for Equality Constrained Optimization

In this section, we propose a novel directly accelerated
stochastic variance reduction ADMM (DAVIS-ADMM) al-
gorithm with double-snapshots to solve Problem (2) (see
Algorithm 2 for the details of DAVIS-ADMM). The pro-
posed DAVIS-ADMM algorithm improves the best-known
convergence rate from O(1/5%) to O(1/(nS)) . We first let
Qs =7I— 1 ATA with v > nj||ATA||> + 1 to ensure that
Qs =1, where I ||2 is the spectral norm, and ||C'|2 is the
spectral norm of a matrix C'.

4.1. Double-Snapshot Scheme in DAVIS-ADMM

Existing stochastic variance reduction ADMMs such as
SVRG-ADMM (Zheng & Kwok, 2016) and ASVRG-
ADMM (Liu et al., 2021) use the three snapshots 7%, w*® and
A®, while three additional snapshots z°, w® and 2 are also
designed for our DAVIS-ADMM algorithm. Note that all
the snapshots in our DAVIS-ADMM algorithm are updated
only in outer loop. More specifically, the update rules of
the ﬁrst three snapshots are defined as: 7% = L37" a7,
W = mz D wi+ (1= )ws “and A = 3T G
And the update rules of the three new snapshots in our
DAVIS-ADMM are given as follows:

f371:0531 (1_9)51
=0,p" "+ (1 —0,)w (6)
XS — Azl N

~s—2
Let ¢°(z,p) = ﬁ”Az —p+ A
ables are defined as follows: p°~*

|2, the auxiliary vari-
= argmin, {n(p) +

Algorithm 2 DAVIS-ADMM for Problem (2)

Input: S and m.

Initialize: 7°, ﬁo, XO,Gl =1,and 7.
I: fors=1,2,...,5do
2:  Update the snapshots 71, 5 and X via (6);
3:  Compute the full gradlent at the snapshot 751,

Vi@ ) =130 V@),

4. fork=1,2,...,mdo
5: wi:argminw{h(w)—i-gHAz;_l—w—i—)\z_lHQ};
6 gp=fup+ (- %o
7: Pick iy, uniformly at random from {1 2 ,n}k;
8 Vi) =g (up) + 2Q(z -7 -1y,
9. zp=argmin, {(Vi,(s}). 2) + 6} (2, w})
10: 22—y~ 2z =3, |
11 xp = Gad  (1-2)75 71 A = Azg —wi+ A5 s
12:  end for )

~ 94 92 9
13: s_ 1 ZZL 1)\2, 98 — V s—l+4 s—1 s—l’

o~ 1 0, m 05\ —s—

T8 = 3 T W= w Z*‘(l_ﬁ')wg g

14: end for

15: Output: 5, gS.

ggb'(*S_Q,p }, and z°7' = argmin, {(Vf(@*7),2) +
gz =G, + 6%z P 1) }-

4.2. Stochastic Update Rules in Inner Loop

Like Algorithm 1, DAVIS-ADMM uses the same momen-
tum accelerated rules in (4) and (5) for y;, and 7. Unlike ex-
isting accelerated algorithms, the weight in DAVIS-ADMM
is 6s/m. Then we can remove the constraint (i.e., 05 <

ue is set to 01 - 1 for our DAVIS-ADMM, while that in (Liu
et al., 2021) requires to satisfy the condition 6; <1— T fzn )
which is a reason that DAVIS-ADMM improves the conver-

gence rate from O(1/5) to O(1/nS), as shown in Table 2.

The update rule of 6, is 05 = (/0% |+ 462 | — 6% )/2,

and let ¢} (z,w) = 5||Az — w + A} _, ||. For the equality-
constrained problem (2), the mini- batch compensated s-
tochastic gradient estimator Vy, () is defined as follows.

Definition 4.1 (Mini-batch compensated stochastic gradient
estimator for Problem (2)).

Vil@) = gr.(z) + @z -7,

where g5, (z) = Vfr(x) — ijk(fs_l) + Vf(z*1), and
I, c {1,2,...,n} is arandomly chosen mini-batch of size
b. Compared with the gradient estimator in Definition 3.1,
an additional matrix @ is introduced into the estimator.
When b = 1, the estimator becomes V;, (z).
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4.3. Optimal Convergence Rate for Problem (2)

We analyze the convergence property of DAVIS-ADMM.
Let z* be an optimal solution of Problem (2), w* and \*
be the corresponding solutions, we give the convergence
criterion (Zheng & Kwok, 2016) for our analysis.

Definition 4.2 (Convergence criterion). Given a constan-
t § > 0, a nonnegative convergence criterion is defined
as: ¢(z°% w®) = P(z% @) +5||Az° — @] > 0, where
P(a,w) = f(x) — f(z*) = Vf(a*)(x — =) + h(w) -
h(w*)—Vh(w*)T(w—w*), and Vh(w) is the (sub)gradient
of h(-) at w.

Previous work such as (He & Yuan, 2012; Azadi & S-
ra, 2014) requires the assumption of boundedness on the
constraint sets of primal and dual variables (i.e., suppose
x € X and A € A, where X and A are compact con-
vex sets with diameters Dx = sup,, ,. ¢ [|71 — 22| and
Dp = supy, y,en A1 — A2l|, respectively) when proving
the convergence of ADMMs, and ASVRG-ADMM (Liu
et al., 2021) obtains the convergence rate O(1/5?) with the
boundedness assumption. However, we can remove such as-
sumption, which is in fact a strong assumption, and provide
the following convergence result (see Appendix C for our
proof sketch and detailed proofs).

Theorem 4.3. Suppose Assumption 2.1 holds. Let the con-
stant c1 = 2||ATA|o||lz* — Z°||% + 2|\ — A\O|? + 862 +
10| A*||* and choose m = ©(n), then

E[¢(@°, @%)]

20(3°,a°) + [l2* =2°3, /n  ap )
n(S+1) A/

<o(

Remark 3. Theorem 4.3 shows that without the bounded-
ness assumption, the convergence rate of DAVIS-ADMM
is O(1/(nS)), while the best-known convergence result as
in (Liu et al., 2021) with a strong boundedness assumption
is O(1/5%), as shown in Table 2. That is, DAVIS-ADMM
improves the best-known convergence rate from O(1/5?%)
to O(1/(nS)) without the boundedness assumption, which
matches the lower bound in (Xie et al., 2020). The up-
per bound in Theorem 4.3 only relies on the constant c;,
while the theoretical result of ASVRG-ADMM (Liu et al.,
2021) requires that X and A are bounded with the diame-
ters Dy and Dj. Moreover, our DAVIS-ADMM algorithm
and convergence results can be extended to the determinis-
tic setting. When the mini-batch size is b=n, and m =1,
DAVIS-ADMM degenerates to its deterministic version, and
the convergence rate of our deterministic DAVIS-ADMM
algorithm becomes O(1/.5), which is consistent with the op-
timal convergence rate of accelerated deterministic methods
such as (Ouyang & Xu, 2020).

= © =SVRG++ = © =SVRG++
£ —-A-—Katyusha R SN —-A-—Katyusha
2 <@+ Varag g 10 ? OB, se@peee Varag
5 10° ‘:\& —%—DAVIS 2 TN A\‘L —%—DAVIS
RN H
< X ~o. < Y SA.
) A S < a N A,
2 NN ~ 2 o
° & o ° N A
o s A S~ o 10° \ ~A.
2 108 N ~o g .
£ T ~| £ ® A
s o A s S N *
S N S N
‘\ . N
1012 -3 % 1012 2 Al

10 20 30 40 50 60 0 5 10 15 20 25 30

Number of effective passes Number of effective passes

Figure 1. Comparison of all the methods for solving ¢;-norm regu-
larized logistic regression problems on Adult and Covtype.

5. Experimental Results

In this section, we evaluate the performance of our algo-
rithms for solving the non-SC problems (1) and (2), and the
detailed experimental setup is given in Appendix D.

5.1. /1-Norm Regularized Logistic Regression

We first apply Algorithm 1 to solve the binary non-strongly
convex {1 -norm regularized logistic regression problem,

ol T
m;n{n;mgmexp( bial@)) + Al §,
where a; € R, b; € {—1,+1}, i = 1,2,...n. We also
compare our DAVIS algorithm with the state-of-the-art ac-
celerated methods such as SVRG++ (Allen-Zhu & Yuan,
2016), Katyusha (Allen-Zhu, 2018) and Varag (Lan et al.,
2019). The experimental results of all the accelerated meth-
ods on Adult and Covtype are shown in Figure 1, where
the regularization parameter is 10~5. We observe that our
DAVIS consistently outperforms other accelerated methods,

which empirically verifies our theoretical result.

5.2. Graph-Guided Fused Lasso

We also evaluate the performance of DAVIS-ADMM for
solving the graph-guided fused Lasso problem:

1 n
min 22 Az .
where f;(-) is the logistic loss function, A >0 is the regular-
ization parameter, A = [G; I], and G is the sparsity pattern
of the graph obtained by sparse inverse covariance selection
as in (Banerjee et al., 2008).

Figure 2 shows the experimental results of SVRG-ADMM
(Zheng & Kwok, 2016), ASVRG-ADMM (Liu et al., 2021)
and DAVIS-ADMM. All the results show that the accelerat-
ed methods (i.e., ASVRG-ADMM and DAVIS-ADMM) out-
perform the non-accelerated stochastic ADMM method, i.e.,
SVRG-ADMM. In particular, DAVIS-ADMM converges
much faster than the other methods, which is consistent with
our convergence guarantee.
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Figure 2. Comparison of all the methods for solving graph-guided
fused Lasso problems on Adult and Covtype, where the regulariza-
tion parameter is A = 1075,

6. Conclusions

In this paper, we proposed two efficient directly optimal
stochastic variance reduction algorithms for unconstrained
and equality-constrained finite-sum problems, respective-
ly. The proposed algorithms have simple update rules, and
thus their per-iterations have similar computational costs as
existing accelerated methods (e.g., Katyusha and ASVRG-
ADMM) for the two classes of optimization problems, re-
spectively. In particular, we theoretically analyzed the con-
vergence properties of our algorithms, and our theoretical
results show that our algorithms obtain the optimal conver-
gence rates and optimal oracle complexities for both non-SC
unconstrained and equality-constrained problems, respec-
tively. They are also identical to the lower bounds provided
in (Woodworth & Srebro, 2016; Xie et al., 2020). That is,
our algorithms are a factor n faster than both existing ac-
celerated algorithms (e.g., Katyusha) for Problem (1), i.e.,
O(1/nS?) vs. O(1/5?), and a factor % faster than accel-
erated stochastic ADMM algorithms for Problem (2), i.e.,
O(1/nS) vs. O(1/52).

Our directly accelerated algorithms (including DAVIS and
DAVIS-ADMM) can be easily extended to solve more com-
plex problems, e.g., the stochastic nested composition opti-
mization problem (Wang et al., 2017). As our future work,
our method can allow the applications of non-uniform sam-
pling and non-Euclidean Bregman distance for solving more
different types of optimization problems.
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Appendix for “Kill a Bird with Two Stones: Closing the Convergence Gaps in
Non-Strongly Convex Optimization by Directly Accelerated SVRG with Double
Compensation and Snapshots”

Appendix A: Preliminaries

Before giving the convergence analysis of our algorithms, we first present the following property and lemma.

Lemma 4 ((Allen-Zhu, 2018)). The variance reduction stochastic gradient estimator proposed in (Johnson & Zhang, 2013,
Zhang et al., 2013) is defined as:

Vfile}) = Vfile}) = Vi@ ) + Vi@ ).
Suppose that each f;(x) is convex and L-smooth, then the following inequality holds
S 2
E {Hm,(xz) - VI }

<2L[f@) = f(x}) + (Vf(@}), of -7 1)

(7

The convergence analysis for the proposed algorithms requires the above upper bound on the term E[||Vf;, (25 ) —Vf (5)]%]
as in (Allen-Zhu, 2018). Moreover, we need to extend the expected variance upper bound in Lemma 4 to the mini-batch
setting (see Lemma 7 below).

Property 1. Given any x1,x2,3,24 € RY, then we have

(r1 — w2, 21 — x3) = 5 (llo1 — wa|® + |21 — 23] = |22 — a3]?)

N = N

(21— @9, w3 — 1) = = (|21 — 2al” = [l21 — 31> + [Jw2 — 23] — |22 — 24 ) -

Appendix B: Proofs for Section 3

In this section, we give detailed proofs for the convergence analysis of DAVIS (i.e., Algorithm 1), which mainly include the
proofs for Lemmas 3.3, 3.4 and 3.5, and Theorem 3.6 in Section 3.4 in the main paper.

Now we sketch the proof of Theorem 3.6 as follows: The proof of Theorem 3.6 relies on telescoping the upper bound of
one-epoch in Lemma 3.5. Moreover, Lemmas 3.3 and 3.4 in the main paper play a key role for obtaining the upper bound
of one-epoch in Lemma 3.5. That is, we first give the upper bound in Lemma 3.3 by using the proposed double snapshot
scheme in Algorithm 1, and the residual term R is also produced. For each inner loop of Algorithm 1, we obtain the upper
bound of one-iteration in Lemma 3.5 by using both the proposed momentum acceleration scheme and the compensated
stochastic gradient estimator. As a result, the compensated term C is introduced in the upper bound in Lemma 3.4, which can
be used to offset by the residual term R in Lemma 3.3. Therefore, we obtain a tight upper bound of one-epoch in Lemma
3.5 by using Lemmas 3.3 and 3.4.
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Proof of Lemma 3.3 (Upper bound of double snapshot update)

Proof. We first recall the following iteration scheme of our deterministic gradient descent step,

zs—1 — arg min {h(z) + <Vf(5s_l)7 Z> + 2?; HZ - 53_1”2} ’

z

and z° ! is required to satisfy the following optimal condition,

Vi@

:m (z -2 =0, 8)
where £ € Oh(z°~!) is a sub-gradient of h(-) at z°~!
Since f(-) is L-smooth, and 7°~! = 0,2°~! + (1 — 04)7° 1, the following results hold
@) = h ) + @)
<h@E Y+ fEY) S (VIETY), T -+ §”f571 _
< h@ ) FE) 0 (@), 0 =3 ) 4 -
— 0, (Vf(@@*h), z* =z
=h@ )+ f@ ) + 0 <Vf(fs_1), xt — 53_1> + %st_l R )

0 ~
+ 95 < (Esfl o 1,571)’ l‘* 251>
mmn

<OF(z*)+ (1 —0,)F(E ) + .

Vs (Hf* o §371H2 o ||.’L* —2571H2)
2mn

s Hfs 1 ~sfll|2’

where the first inequality holds due to the smoothness of f(-), the third equality holds due to the optimal condition in Eq. (8)
and Property 1, and the last inequality holds due to the convexities of h(-) and f(-), and the following fact that

62 ~ ~ ~
<Zs 1 75— x 7z 1> _ (” * 1,571”2 o ||;E* 72371”2 o stfl o x571”2) )

mn

Note that the above equality holds due to Property 1.

Therefore, we have

62 (10)

< (1= 0.)(F@E* ") = F(z")) (lo* =272 = fla* = z°71)%) + R*.

2mn

This completes the proof. O
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Proof of Lemma 3.4 (Upper Bound of One-iteration)

In this subsection, we will prove the upper bound for our stochastic gradient descent step in each inner loop of Algorithm 1.
We first recall the main update rules and the optimal condition in our stochastic gradient descent step (i.e., for a fixed k).

Let g3 =Vf; (y5) — Vi (@) + Vf(Z°~!), our compensated stochastic variance reduction gradient estimator is rewritten
as follows:

And the update rule of z}, is

z; £ arg min {h(z) + <%Zk(yz), z> + T;zs Hz —pi =2z — 558_1)H2} ’

which implies that z7 is required to satisfy the following optimal condition:

\V/ mes s s —=S— ~s—
Vi) + G+ [ —pk -2 -] =0, (11)

where ¢ € Oh(z}).

Moreover, the main update rules of our stochastic gradient descent step are defined as follows:

Ty = E(ZZ — i)+ Ui (12)

Below we give the detailed proof of Lemma 3.4 in the main paper.

Proof of Lemma 3.4:
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Proof. Using the smoothness of f(-), we get

a s s s 98 s s LG? s s
2 B [ntad) + 7068) + (00 & -9 + Eemlat — ]

S — S S S L9§ S S
+E <Vf(?/k;) = Vi(yi), —(z; —Pk)> + o2 B _pk”Q]

S s 95 ~ s * S 95 s * s
=E|h(z}) + f(yp) + o <Vik(yk)7 x *Pk> T <Vik(yk)7 x = Zk>:|
[ s o S 95 s S Leg s S
+ | (7060 - Tl 2 £ - 1)) + oslled —pil|

b [ S S 95 o s * S (13)
=E _h(l’k) + flyg) + poey <Vik(yk)7 x pk>]
2
+ ﬁ (lz* —pi =2 =2 HIP = [l* — 281> — 28 —pi — 2z =27 H|]P)
05 S * s s i~ S 05 S S Loz s S
B |2 (gt o - )| + B[ (V00 - Tl R -0 + s st - oI
S 03 * S —S— ~8— * S S S —=S— S
=E f(yk)+%(||$ —pp =2 =P — Izt — 2P - 2k —pp -2 -2 1)||2)]
s 98 s * s 93 . s * s
8 )+ 2 it o )| +B | 2 (S, o - a2))
Ay Ay
s — s 05 s S Leg s S
8 |(S700) - Tl =61 1) )] + gt ol

As

1 1 1 S S S S S S S 2 .
where the first inequality follows from the smoothness of f(-) (i.e., f(z5) < f(y;) + (Vf(y5), =} — yi) + Sllzg — vl

the equality = holds due to the fact that Ty = %(z,z — p}) + yi; and the equality 2 holds due to the optimal condition in

Eq. (11) and Property 1, that is,

05 ~ .

= (Vi) 7 - )
= a2 -, 0 - ) 2 (G e - )

n m

93 * s —5— ~5— 2 * s|12 s s —s— ~g— 2
=5 (" =pt =2 = # P = o =2~ et~ 2 =2

98 * s

+—=(C, " — 2.

m

Next we need to bound the terms A, Ao, and As in the inequality (13). And we first bound the term A;. Using the update
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rule of z7 in Algorithm 1, we have

A =Eln@p) + &g o —z,:'>]

m
=E h(asz,§+<105) x51> +0—S<
L \m m m

<E :z‘;h@z) +(1- i) h(w)}
+ IE[< i %(:c —z;;)>

<& Zniep)+ (1- 2) ]
+ Lompua) - n(e)

(14)

where the first inequality holds due to the convexity of h(-), and the second inequality follows from the facts that ( € 0h(z})

and ((7, «* —z7) < h(z*) — h(2]).

By the definition of 6,- .(y7) and Property 1, the term A in the inequality (13) is rewritten as follows:

A =2 (S000), = =0t

mb,

=2 (7o) +

0 62 ~ 1 s
= — (VI (yp), =" = pi) + % (lo* = pil® = llo* = pf = 2z*7 =@ H > + 2271 =2 71%).

@ - E k)

Furthermore, we give the upper bound of the term A3 in the inequality (13) as follows:

05 s V. s s s
A= |2 (95 - Vi) 54~ )|
Os s V. s s s —s— ~s5—
= 2E[(Vf(4}) - Valwd), 2 —pi 227 =77
03 s - s —5— ~5—
+ ZE[(VFi) - Vali), 27 =77
a s s V. s s s —5— ~5— 203 —5— ~5—
2 CE[(VAD) - Vi), -k 2 =) - T e
b on s . s 2 0? s s —s—1 _ ~s—1y|2 205 —s—1  ~s—1y2
< 1 i vA Zs s _ _ s _
& S 9r0) - Tt + Bzt -t - 2t == et e
c 1 - s s s —s—
< —[f@ D) = )+ (VFWR)s v — )]
62 B 362

+oellet = pt -2 - E TP - E

15)

(16)

where the equality = holds due to the definition of the gradient estimator in Definition 1, and the facts E[Vf(y3)—g3] = 0
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and
292 —s—1 ~s—1 2
—=|z I
b c
Note that the equality < in (16) follows from the Young’s inequality, and the inequality < in (16) holds due to the following
fact
]

= SLE[Ivrh) - al] + SEW“ 7]

;’WE{HVf(yz) — Vi(v5)

05 o
5 BV i) =g 271 =)
= LRIV - ] + 35 |7 -
<iwwﬂ—ﬂﬂﬂww>safW+ﬁWH—wﬂf
- m Yk Yk ) 2

where the first equality holds due to the definition of our gradient operator, the second equality holds due to the fact
E[Vf(y;)—gi] = 0, and the inequality follows from Lemma 4 with the setting n < 1/L, i.e., Ly < 1.

Combing the equality (15) and the inequality (16), we have

A+ As
<wm> (& — )+ = fﬂ>
b Z et - - 2 - B -
2n
2
75 SU2 [k S (=S _ 8\[|2
+ g (I =il =lle” — pf ~ 22 xm) an
<Py (1-2) rey - ru)
- m m Yr
92 s s —5— ~s— 9? —5— ~s—
+onlla = a2 E T
92

g (I = pilP =l = p = 2" = 7))

where the first inequality follows from the updated rule of y; = % p3 4 (1—22) 7%~ and the following fact:

s__ O
(V). % " = i)+ 2 1>
= <Vf(y;3), fn + (1 O ) + yi — >+ L (@71 = fi)]
k
)~

1
e
m m m

216+ (1- %) 1@ - k)

m

(18)

>

<
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Note that the first inequality in (18) holds due to the property of f (i.e., (Vf(z),y — z) < f(y) — f(x)), and the last
inequality in (18) follows from the convexity of f(-).

Using the above analysis and combining the inequalities (13), (14) and (18), we have

E[F(z}) — F(z7)]

< 1— & [F(Esfl) _ F(JU*)] _ ﬁ _ 93 ”zsfl _ 1,371”2
- m 2n  2mn
03 * 5|12 * s =s _ ~s\||2
+ 5 (I =il = o = pi 22 = )1
03 * S =S S * S (19)
3, F (le* = pi +2(z° = 2°)II* — [|l=* — 2;||*)
0
— 1_i Ffs—l — F(z* cs
(1-%) (rE - Fe) +
03 * s 2 * s112
+ 5B (e = Al = o = =)
where p; = z;_,. This completes the proof. O
Proof of Lemma 3.5 (Upper Bound of One-epoch):
Proof. By the one-iteration upper bound in Lemma 3.4, we have
E[F(z}) — F(27)]
< (1-8) pE ) - Py 0 2 (Ja =l - e - 5 P)).
< o 2 _
Summing the above inequality over k = 1,--- ,m, and using #° = -L >"/" | z% and F(z°) < L 37" | F(z3), we have
~s * 05 —s—1 * s
EIF@E) - Fa)) < (1-2) [F@) - F")] +¢
, (20)
S * S * s (12
e (™ = =8l = le* = 2]
Furthermore, by using Lemma 3.3, we have
F@h — F(a¥)
s 62 s , 21
<(L=0)(F@E ) = Fa) + 5= (o =271 = a" = 2°71)%) + R".
2mn
By the above analysis, the upper bound of one-epoch can be obtained as follows:
E[F(z°) - F(z7)]
62 (22)
~s—1 * £ * ~s—12 * ~s||2
< (= 0)(FE ) = F@) + g (e =87 o = 3?).

This completes the proof. ]
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Proof of Theorem 3.6

In this subsection, we prove the convergence property of DAVIS (i.e., Algorithm 1). Theorem 3.6 shows that DAVIS
improves the convergence rate of some accelerated methods (e.g., Katyusha) from O(1/52) to O(1/(nS?)) for the non-SC
problem (1). That is, the result shows that DAVIS has both the optimal oracle complexity, O(n + y/nL/€), and the optimal
convergence rate, O(1/(nS?)).

Proof of Theorem 3.6:

Proof. Using the update rule of 8, (i.e., 05 = %) for Algorithm 1, we have > 1529 = Therefore, we telescope the

inequality (22) in Lemma 3.5 forall s = 1,2,..., S, we have "

La[re) - e

< U2 (@) - Ft)] + o -2

Since 0, = 1,

;%E[F(ES) —F) < g e - 2. (23)
Since 0, = 27, we have

E[F(@%) - F(z*)] <O <yx—250H2> : (24)

mS?n

In other words, by choosing m = O(n), the total oracle complexity of our algorithm is O(n + y/nL/e).

This completes the proof. O

Appendix C: Theoretical Analysis for DAVIS-ADMM in Section 4

In this section, we analyze the convergence properties of the proposed DAVIS-ADMM algorithm (i.e., Algorithm 2). Similar
to Theorem 3.6, the proof of Theorem 4.3 for DAVIS-ADMM relies on the one-epoch inequality in Lemma 10 below.
To prove Lemma 10, we first give the upper bound in Lemma 6 below by using our snapshot scheme in Algorithm 2.
Furthermore, by using our stochastic momentum iteration rules in Algorithm 2, we can obtain the upper bounds in Lemmas
8 and 9 below. Thus, we can obtain the upper bound of one-epoch in Lemma 10 by using Lemmas 6, 8 and 9.

Upper bound of double snapshot update for DAVIS-ADMM

Before giving the proof of Lemma 6, we first present the following lemma (Zheng & Kwok, 2016).
Lemma 5. Let o, = B(Ap — A*), any ¢ = B\, and A\, = A\p—1 + Axy, — wy, then

E[—(Azy, — wi)" (¢ — ¢)]

e N i P W}
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Lemma 6 (Upper bound of double snapshot update). Suppose that Assumption 1 holds. Let {Z°,w°, XS} be the sequence
generated by our deterministic gradient descent step in Algorithm 2, then we have

95 =S— =5—
e ]

< (1-0,)P@E*, ws—l) +R®

E [P(xs‘l,ws—l) —

0 S— S

T Y R N Y
60 s— * —5— *

E[AZ~2 w2 — 47— w' ]
2 1112 112
2mn<“f —ER, e 2 R,)
s 62 6 o
where R :<2?7 2mn) Iz~ =13,

Proof. We first recall the following iteration scheme of our deterministic gradient descent step,

H ~S

zs—1 arg min {<Vf@g >

z

ﬂ —s—1 ~s5—2 2
—||Az—p° A
2m77 + 2m” S I

and z°~ ! is required to satisfy the following optimal condition,

B

~s5—2

V(@S + -7+ EAT(AES_l PPL4HN ) =0. (25)
With X' = Azs—1 — p°t +2°7%, we have
V(@ + bs Q. -7+ Boqrye o, (26)
mn m

Since f(-) is L-smooth and using the update rule of Z5~1 = 0,2°~! + (1 — 0,)2°*, the following inequality holds
f@ )

< f(%s—1)+<vf(§s—l)7fs—l 75 1>+ 75 1 ~s—1H2 (27)
2

~5— —s— ~s5— 95 —s— ~s—
< f@ ) + 6, <Vf(x D,z -7 1>—|—%||z — 1|és,

where the first inequality holds due to the smoothness of f(-), and the second inequality follows from our choice of <
and the fact that Q5 > I. Furthermore, using the optimal condition in (26), we have

1
L

f(fsfl)
< f@s—l) + %llzs—l . %5_1‘ 2
B 2n Qs

HO(VF@T), 27 —a") + 0. (VFET), 2" - T

2
<f@E+ eillfs’1 i % (28)
< Qut — ) Do gry ! _z“> 0, (VIE), " — 1)
m

2

<O f(2%) + (1= 0,)f(@ ) + =

* _ ~s—1
e (o =]

b=l =2 )+ 22 (47X -z e
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where the last inequality follows from the convexities of f(-) and Property 1, i.e.,

2
s

<Qs(

o1 1 62
-7, 2" -2 >:%

2
Qs

_ ||$* _Z5 ~s—1|

1—1)

0.)-

53—1|

0.~ Iz~

(ll=" -

Using the optimality condition of Problem (2), i.e., Vf(z*) + BAT * = 0, and let gos’l =p (X#l — )\*), then the

following result holds

<5AT/\S Lot 1>
= (Vf(@"), 27 =) + (BTN, 2 ) 09)
+ <BATX571’ 5 — zsfl>
— <Vf(l’*), Es—l _ $*> + <AT<ps—17 .’E*—Es_1>,
Substituting the above equality into (28) and Z°~! = 6,251 + (1 — §,)7°~ 1. Then we have
9 5 95 s — * —s—
F@ = fa) + (VF@), o 7 = (AT gt
<(L=0,)(f@E ) = F(a") +(Vf(a"), 2" =7°71)) (30)
93 * 75— 1 * 5= 112 s
* o (lz* — 15, — ll=* - 15,)+R".
With X' = Azs~! — Pt 2" and the update rules in Eq.(6), and using Lemma 3 in ((Zheng & Kwok, 2016)), we
obtain
h(E*™") = h(w*) = Va(w") " (@' —w*) = (¢ w =p*)

/B S— S— =S— S
<o 145 =P - AE T - 4 I

Furthermore, using the update rule w
the result in (31), we have

s=1 = 9,5° ' + (1 — 0,)@* ", the optimal condition (i.e., VA(w

1 (€29

-X.

*) + B =0) and

0

h@™™) = h(w*) + (Vh(w?), w* — 7" ) — = (o*1, w* — 1)
< (1= 6)[h(@*") = h(w*) + <@h(w*), w* —w ) = (7 w*)] (32)
Ty it O P Al LR P w K
For any ¢ = S\ and Az* — w* = 0, we have
(AT 1, 2% — 21y 4 (o5 L w* — 5 1) 4 (Az5 ) — 5o, o1 — )
= — (4= p ). &9
Using Lemma 5 and the updated rule of X in Algorithm 2, we have
(A, ot — )
e S S b O § .

where the equality holds due to Property 1.
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Using the results in (30), (32) and (34), the definition of P(x,y) (i.e., P(z,w)= f(x)— f(z*) = Vf(z*) (x—z*)+h(w) -
h(w*)—Vh(w*)T(w—w*)) and the update rules in Algorithm 2, we have

0

=s—1 -=s—1\ _ S/ p=zs—1 _ =s—1
E{P(x LW m(Az D ,w)}
< (-0, PE o)+ R

BOs T~

> E[IX

m
B0
2m

—s—1

e PP (35)

s—2
+ _

+ E[||AES*2 o w*||2 o ”Agsfl o w*||2]

2

0 e e
* S (le* =27 Hg, = llo* = 2713,) -

This completes the proof. O

Upper bound of one-iteration in our stochastic gradient descent step
Before giving the proofs of Lemmas 8 and 9, we first present the following lemma.

Lemma 7. Let gi = Vf1,(y5) — Vf1,(*71) + Vf(Z°1), and b be the size of mini-batch Iy.. Then

E[IV/ ) - il

S [ = £ + (), v~ ).

Lemma 8 (Upper bound of one-iteration of f). Suppose that Assumption I holds. Let {Z*°, w*, XS} be sequence generated
by Algorithm 2, then we have

B\ 1)~ F@1) + (V@) 27— ) = 25 (ATgL, ot 2 o — o)
k=1
<B|(1-2) @) - £+ (9@, o 7] G6)

92 * 2 2
+E| g (I = 31, " = 220,) |+,

s 6? 0? 85— Ss— s s *
where C* = (27;”] - ﬁ) (B 1||%2 and pj, = BN, — A*).

Proof. We give the upper bound for our stochastic gradient descent step in this lemma. Using the similar proof in Lemma
3.4 in Appendix B, we have the following result for our stochastic gradient descent step.

Let g1, (y3) = Vi1, (y) — Vi, (@ 1) + Vf(@1), we have Vi, (y3) = g1, (y7) + "2=Q,(z°~ — 7°1). Since the

n
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function f(-) is L-smooth, and by using the update rule of z, and the similar derivation as in Lemma 3.4, we have

, 62
Faf) < 1) + (T, 2t =) ) + sl — il

a s Os /o s * s 05 * s
= f(yg) + m<v1k(yk)7x —Pk>+m< (25— pp)+BATN,, @ —Zk>

s Les s 2
(2= 00)) + st~ ]
0 (37)

* S 95 S * s

=0+ (Vi) 2 = ph) + 7 (BATAL o — )
s \V/ S 95 s s Leg s s

+ (V00 = T, 2061 -9 ) + oot~ il

+ 5, — P = 227 = TOIP — ot — 2l = Nl — ok -2 2O,

where the equality = holds due to the update rule of Aj, and the optimality condition with respect to z, i.e.,

mb,

ﬁfk@i)*ﬂAT(AZk Wi+ ) + 7 Qe -2 =)

= Vi () + BATA;

I A ) G

=0.

Moreover, the last equality in (37) follows from Property 1. Taking expectation over the random choice of [}, the inequality
(37) can be rewritten as follows:

Elf(x})
95 V. * S 05 s * s
<E|:f(y )+E<v1k(y2)ax _pk>+%<5AT Ey L _Zk>]
O R - (39)
E|(V700) - T, 261 -0 ) + ot~ il

9.3 * s —s— ~5— * —s— ~s—
“E[zn('”” g2 P -l -2 1>||2>]

Using the inequality (39) and the similar derivation as in Lemmas 3.4 and 6, the following result holds
E[f(}) = f(z")]
< E[(l - i) [f@) - f(ar*)ﬂ + E[fn (BATA, & — chﬂ (40)
Bl (sl ~ 1 it ) v

Let ¢f = S (A; —\*). Using the optimality condition of Problem (2) and the update rule of zj in Algorithm 2, i.e.,
Vf(z*) + BATX\* = 0, and the similar derivation as in Lemmas 3.4 and 6, the inequality (40) can be rewritten as follows:

B[ o)~ 1) + (W), 2" a) ~ (71 200~ )

(v
<E|(1-2) (1) - fa) + (1), o -7 | 4 1)

2
+2—1E[|

— |}, — et — 2212,
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Since f(x) — f(x*) + Vf(z*)T(z* — x) > 0, using the update rules in Algorithm 2 and summing up the inequality (41)
for all the iterations k = 1,2, --- ,m, and dividing both side of the resulting inequality by m, and using the update rules of

T8 = = Caxs, f(7t) < = " f(x3), and x5 = 75, we have
S = @ f(@°) < 5 0L, f(af),and o = 7571, weh

E|f(@°) = f(2") +(Vf(z7), 2" —2°) —

m

03 - S * s
2 Z<AT@I€7 T — Zk>‘|
k=1

< EKI - 0) [f@h) = fla*) + (Vf(z"), = —x“ﬂ

m

92 2 2
B[ gt (= i, ~ e = 201, )]+

This completes the proof.

Lemma 9 (Upper bound of one-iteration of h). Using the same notation as in Lemma 8, we have

m2

E lh(fﬁs) — h(w*) + Vh(w")T (w* — @) - v > (phw” - wz‘i)]
k=1

< (1= %) 0@ ) = hw) + Vh(w) ('~ )] (42)
BOs
2m

+ E

m
1AZ5 —w*|* = [ Az}, — w*[* + ) 1A} — Z_1||2] :
k=1

Proof. The optimal condition with respect to w is, § — B(Az;_; — wi + Aj_;) = 0, where (} is a subgradient at wy.

Using the similar derivation as in Lemma 3 in (Zheng & Kwok, 2016) and update rules in Algorithm 2, we obtain

S * S>

* - * s * 05
E|h(w}) = h(w*) = VA(w*)" (v} — w*) - Pk, W —wg

5 S * S * S S
E[lAzi_y —w"I* = [ Azf — w*|* + Ak = X% -

<
-2

Since h(z) — h(w*) 4+ Vh(z*)T (w* —w) > 0, using the update rules in Algorithm 2 and summing up the above inequality

for all the iterations k = 1,2, - - - , m, and using the update rules in Algorithm 2, we can obtain the result of (42).
This completes the proof. O
Lemma 10 (Upper bound of one-epoch). Using the same notation as in Lemma 8, we have

E[P(z°, w®) = (AZ® — w®, )]

< (A=0)[P@E T a ) = (AT — a0, )]
03 * 512 * s 2
+ g Bl = 2lig, = ~ 201,
(43)

BQS s * s *
+ 5 B[4z — w1 [ Az), — "]

595 s * 2 s * 2
+ 5 Bl = AT = AT = A = AT = Al

B0 11552 _ e \12— 15" — xe _ a2
SE[IRTT - = A - R A g

+
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Proof. Using the definition of P(z,w) and combining the inequality (36) in Lemma 8 and the inequality (42) in Lemma 9,

we have
E|P(z° w®) 2 <pk, ) w*—w;)]
< (1—9‘9) P(fsfl,wsfl)
m
44
—||lz* — 2z

2mn miQs

ﬂaSE AS,*Q,ASf*Z m)\s 7/\52
+ 5 EllAz —w'® ([ Az, — +) X = AP

k=1

Using Lemma 5 with the update rule of Aj in Algorithm 2, ¢f = B(A; — A*) and ¢ = B\, we have

0 m
_ s AS* s s _
m§<zk Wi, Pf — P)

k=1
m

/808 S * * ﬂe S
= 5, (PG = A" = A = I, = A" =A%) Z\Mk L= A

(45)

where the second equality holds due to Property 1.
Adding both sides of the inequalities (44) and (45) and the similar derivation as in Lemma 6 with the update rule of 7}, in

Algorithm 2, we have
E[P(@*, w")—(AZ* — w® ¢)]

07 73 1 WS 1 =s—1 _ -—=s—1
( = )= 4z — T )]
(46)

* 2
nﬂa[nx* il — lle* =7l ] +

o142 — wl* = |4z, — w™|* 4 [|A5 = A" = AlI” = [|A5, = A" = AlIP].

Furthermore, by using Lemma 6 for the upper bound of our new snapshot point, we have
E[P(fs_l,@s_l) _ <A§S_l _@s—l7 <P>]
(1 _ 9 ) (P(EES_I,'IZS_I) _ <AES_1 _ ,&73—17 99>) +RS
ﬂa s—1 *
E[IX = x = AP = X = A = )]

ﬂe =S5— * —=s— *
—E[|4z —w'|* - 4z - w" ]

2
(Ile* = 2*7HG, — " =2"7[5,) -

+ 2mn

By adding up the above two inequalities, the result of Lemma 10 holds.

This completes the proof.
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Proof of Theorem 4.3 (i.e., the convergence analysis of DAVIS-ADMM)

Proof. Using the upper bound of the s-th epoch in Lemma 10 and dividing both sides of the inequality (43) by 6 instead of
62 in Theorem 4.3. According to the update rule of 6, and summing up the inequality (43) for all the stages (s = 1,2, -- ,S)

with w* = Az* and X | = 0, we have

According to the update rule of 6;, and summing up the above inequality for all the stages (s = 1,2,--- ,S) with w* = Ax*
and X_l = 0, we have
1 s
—E|P®E°, 0% - , AT —0°
B |5 - Yt - )
1—-6; 0 ~
< =lipa0,at) - o, a2 - at)
01 1« ~o (47
+ 2m77| - HQ1
+ ﬁ]E[HAfO — w24 X0 = - AH?}
2m
ﬂ * 2 ~0 * 12
+ 5 B[N = AP + A2 — o]

With 6; < 2/(s+ 1) and 6, = 1, using the updated rules of Algorithm 2, and multiplying both sides of the above inequality
by 2/(S + 1), we have

s
E|P(z°, %) Ez::Ax —w’ ]
<2 _[PE,T°) - (o, AT —T°)]
- m(S+1) ’ ’ (48)
iyl -7
mn(S +1) @
B [ T 4112 ~02 30 2 2
— 7|2 AT AR — X0 =X = Al A = A
T A" All3]lz™ — 27" + || I*+ 1 [
LetZ = 4 S and @ = % S22 0.@°. Setting ¢ = § Hfmimu’ then the following inequalities hold:

—(AZ° — @, ) < [l [|AT® — @°| < 8] AZ° — @°|],
and
I =l + X117 < 2[lll” 4 2[| A1 = 26% + 2| A%,
Therefore, we have
E[P(3%, @) + 6| AZ° — @]

< PN [P(a°,0°) + 6| AZ° — @]
mn(S1 +1) J ~0||221
+ s [21AT ARl P R = X = AP+ I = AR )
< ﬁ [P(z°,@°) + 6]|Az° — @°|]
mn(; +1) ||x* %OHZl
+ (Sﬁ+ 0 [%\ATAII lz* = 17 + 2% = A2 + 271 + 4| A
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By choosing m = ©(n), we have
E[P(@°,@%) + 8| Az% — @]

2AP@, @) + 8|47 — a°)] =" = la, s (50)
n(S+1) nm(S+1)  n(S+1))°

<O

where ¢y is a constant, i.e., ¢; = 2||ATA||2[|lz* — 0|2 + 2||A° — A*[|2 + 832 + 10]|A* 2.
Note that the initialization values for Z°, @° and A° are chosen in our algorithm (i.e., Algorithm 2).

This completes the proof. O

Appendix D: Experimental Setup

In this section, we also present detailed experimental setups for solving non-SC problems. All the experimental results were
conducted on a PC with an Intel Core i7-7700 3.6GHz and 32GB RAM. All the results show that the proposed DS-Katyusha
algorithm consistently converges much faster than the other accelerated algorithms including Katyusha (Allen-Zhu, 2018)
and Varag (Lan et al., 2019). We are optimizing the following binary non-strongly convex problems with a; € R,
bie{-1,+1},i=1,2,...n:

1 n
¢1-norm Regularized Logistic Regression: — Z log (1 4 exp (—=bsal x)) + \||z||1, (51)
n

i=1
where ) is the regularization parameter.

For the /1-norm regularized logistic regression and Lasso problems, we set the length of each epoch to m = 2n, as
suggested by (Johnson & Zhang, 2013). For all the algorithms including the stochastic ADMM algorithms, we carefully
tune the step-size 7 from the set {a x 107% : a € {1,2,...,9},k € Z} for each plot. For Katyusha, DS-Katyusha,
DS-Katyusha-ADMM, the parameter 7 is set to 0.5, as suggested by (Allen-Zhu, 2018). In particular, for Varag, the length
of each epoch and other parameters are set according to its original paper (Lan et al., 2019).

In the experiment of graph-guided fused Lasso, we set the mini-batch size to b = 50 for all the stochastic ADMM algorithms
such as SVRG-ADMM, ASVRG-ADMM and our DS-Katyusha-ADMM algorithm. Moreover, the length of each epoch
in SVRG-ADMM and ASVRG-ADMM is set to m = [2n/b], while the initial epoch length is set as m; = [n/4]
for our DS-Katyusha-ADMM algorithm as in (Allen-Zhu & Yuan, 2016). It should be noted that the increasing factor
95911 approaches 1 as the number of epochs increases, which means that the epoch length increases very slowly. For

ASVRG-ADMM, the parameters 7 and 3 are set according to its original paper (Liu et al., 2017).
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