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CAMASSA-HOLM CUSPONS, SOLITONS AND THEIR
INTERACTIONS VIA THE DRESSING METHOD

ROSSEN IVANOV, TONY LYONS, AND NIGEL ORR

ABSTRACT. A dressing method is applied to a matrix Lax pair for the Camassa-
Holm equation, thereby allowing for the construction of several global solutions
of the system. In particular solutions of system of soliton and cuspon type are
constructed explicitly. The interactions between soliton and cuspon solutions of
the system are investigated. The geometric aspects of the Camassa-Holm equa-
tion ar re-examined in terms of quantities which can be explicitly constructed
via the inverse scattering method.

1. INTRODUCTION

This paper aims to explai how the dressing method, well known in the soliton
theory, can be applied to one of the most famous integrable equations of the last
20 years - the Camassa-Holm (or CH) equation. In particular, the method allows
for the explicit construction of the soliton and cuspon solutions and for further
investigation of the interactions between them. The Camassa-Holm equation is
given by

() { t

q=U— Ugy
and in the following we impose the boundary conditions ‘ l‘im u(zx,t) = ug, where
| =00

ug > 0 is constant. The CH equation admits both smooth and peaked travelling
wave solutions cf. [3, 4]. Physically the Camassa-Holm equation has attracted
a great deal of interest as an approximate fluid model for two-dimensional water
waves propagating over a flat bed [3, 4, 24, 22, 23, 36, 37, 38, 17, 28] as well as
in other set-ups [5]. Interpreted as a fluid model, the solutions u(x,t) represent
the fluid particle velocity induced by the passing wave, or alternatively as the
surface elevation associated with the wave. Moreover, the system also constitutes
a model for the propagation of nonlinear waves in cylindrical hyper-elastic rods,
in which the solutions wu(z,t) represent the radial stretching of a rod relative to
the undisturbed state, see [19].

For the past number of decades the Camassa-Holm equation has proven to be a
remarkably fertile field of mathematical research, with the volume of research pa-
pers dedicated to various aspects of the system most likely measured in thousands,

and as such our bibliography is by no means exhaustive. A particularly striking
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feature of the Camassa-Holm equation relates to the existence of peaked solutions
for the system, which are solutions of the form

(1.1) u(x,t) = goe "™ where lim wu(z,t) =0,

|z|—00

with ¢o and py being constants. These peaked solutions (or peakons) are weak
solutions whose wave crests appear as peaks, see [3, 4, 18, 43]. In addition the
Camassa-Holm equation also allows for the existence of breaking wave solutions,
which are realised as solutions which remain bounded but whose gradient becomes
unbounded in a finite time, cf. [3, 4,9, 10, 7, 53]. The presence of both peaked and
breaking wave solutions for the system (CH) ensures the Camassa-Holm equation
is a highly interesting physical model. To compliment the utility of the system in
modelling a diversity of physical phenomena, the Camassa-Holm equation exhibits
a rich mathematical structure. The equation is a member of a bi-Hamiltonian
hierarchy of equations [25] and it is integrable with a Lax pair representation [3].
A notable property of the system is its formulation as a geodesic flow on the
Bott-Virasoro group [44, 30, 31, 15].

Soliton solutions of the Camassa-Holm equation have been derived by manifold
methods, including but not restricted to Hirota’s method [42, 43, 46, 47, 48], via
the Bécklund transform method [52, 41], along with the inverse scattering method
[11, 2]. In the current work we develop a modified version of the inverse scattering
method, namely the dressing method, to construct the cuspon and soliton solu-
tions and cuspon-soliton interactions of the Camassa-Holm system. The dressing
method is an efficient variation of the inverse scattering transform which allows for
a very direct construction of soliton solutions of integrable PDE [54, 55, 45, 26].
The essential procedure behind this dressing method is the construction of a non-
trivial (dressed) eigenfunction of an associated spectral problem from the known
(bare) eigenfunction, by means of the so-called dressing factor. This dressing fac-
tor is analytic in the entire complex plane (of values of the spectral parameter),
except for a collection simple poles at pre-assigned discrete eigenvalues. This bare
spectral problem is obtained for some trivial solution, e.g. u(z,t) = ug, where
as indicated above is the asymptotic value of the solution, which we require to
be constant and strictly positive. Since the potential terms of this bare spectral
problem are simply constant, this means the spectral problem is readily solved to
yield the bare eigenfunction. In the following we will outline the construction of
the solutions of the CH equation associated with the discrete spectrum of the Lax
operator, i.e. the solitons and cuspons.

The Camassa-Holm equation has many similarities with the integrable Degasperis-
Procesi (or DP) equation [20, 21]. The inverse scattering transform of the DP
equation is studied in [14, 1], and in particular the dressing method for the DP
equation is presented in [13]. In the following we will reformulate equation (CH) in
the form of a matrix Lax pair, and impose an appropriate gauge transformation on
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this matrix equation, which reduces the spectral problem to the familiar Zakharov-
Shabat spectral problem. We deduce several important reduction symmetries of
the spectral problem, which are then utilised in constructing the dressing factor.
This in turn allows for the construction of solutions of the dressed spectral prob-
lem, from solutions of the bare spectral problem which are readily solved. Finally,
using these dressed eigenfunctions, we obtain the physical solutions we seek by
solving a straight forward differential equation.

2. THE SPECTRAL PROBLEM FOR THE CAMASSA-HOLM EQUATION

2.1. From the scalar to the matrix Lax pair. The following spectral problem

1

1 Uy

o = <ﬁ_u> (b:v"i_?(b

may be seen to represent the Camassa-Holm equation (cf. equation (CH)), by
imposing the compatibility condition ¢,.; = ¢, on the spectral function ¢ and
comparing terms of equal order in A, [3]. The constant A\ appearing in equation
(2.1) is the time-independent spectral parameter, while the potential u(x,t) corre-
sponds to a solution of the CH equation. Solutions of the Camassa-Holm equation
may be obtained from the spectral problem above by means of the Inverse Scatter-
ing Transform, and the reader is referred to the works [11, 12] for further discussion
in this regard. A discussion of the Inverse Scattering Transform applied to con-
structing periodic solutions of the system (CH) may be found in [16, 6, 27]. We
note that in contrast to some previous works we shall omit the dispersion term
u, in the CH equation, and instead we will allow for a constant asymptotic value
u(z,t) = up > 0 as |x| — oco. This is the setup adopted in [52].

Suppose that u(-,t) — ug is a Schwartz class function for all ¢, while the initial
data is chosen such that ¢(x,0) > 0. Symmetry of the Camassa-Holm equation
then ensures that ¢(x,t) > 0 for all ¢, cf. [8]. Letting k* = —1 — A?uo, the spectral
parameter may be written as

(2.2) MN(k) = 1 (k2 + %) :

Ug

(2.1)

and the reader is referred to [8] for a discussion of the spectrum of the problem
formed by equations (2.1)—(2.2). Then the continuous spectrum in terms of k
corresponds to k € R. The discrete spectrum (corresponding to k& € C —the

upper half-plane) consists of a finite number of points &, = ik,, n = 1,...,N
where &, is real and 0 < K, < 1/2, with the corresponding spectral parameter
An = A(ik,) being purely imaginary. Moreover for any k, there are two such

eigenvalues, denoted by A\, = +iw, where w,, > 0.
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We note that a discrete eigenvalue with x,, > 1/2 (if at all possible) would not
lead to solutions u(-,t) —ug from the Schwartz class. In such case A, is real. Later
we will find out that indeed this choice corresponds to solutions with a cusp at the
crest (cuspons), which are clearly outside of the Schwartz class functions.

To implement the dressing method it is first necessary to reformulate the spectral
problem in (2.1) as a matriz Laz pair. To achieve this we let ¢; denote an eigen-
function of equation (2.1), and we observe that the first member of this spectral
problem may be reformulated as

2. (2= 3) (204 3) 01 = g

The second member of equation (2.1) may be re-written in terms of the following
auxiliary spectral function

(2.4) bg = % (a+ %) o1

from which we immediately deduce that

(0= 5 ) on = et

having imposed equation (2.3). Defining the eigenvector

$1
o =
(%)
we reformulate the spectral problem (2.1) according to
1
b, =LD L= ( 2 i\ )

i 1 1 1
= Uz) 55 — AU
M(I) M = 2<U x 4)2 2\ )
t ( 21)\ (q Uy U/xx) )\U/q 1}\2 — %(u + u$)

(2.5)

which constitutes a matrix Lax pair for the Camassa-Holm equation. Moreover,
L, M take values in the sl(2) algebra, thus ® belongs to the corresponding group,
SL(2).

The compatibility condition ®,, = ®&,; for every eigenvector ® immediately
implies the zero-curvature condition, namely

(2.6) L— M, +[L,M] =0,

where the bi-linear operator [-, -] denotes the usual matrix commutator. As with
the scalar formulation of the spectral problem, comparison of terms of equal order
in the spectral parameter \ within the zero-curvature condition yields

Oz U — uge =q

O(\): g; + 2upq + ug, = 0,
which is precisely the Camassa-Holm equation.
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2.2. The gauge transformed SL(2) spectral problem. In the following, the
dressing method will be implemented on a gauge equivalent matrix-valued eigen-
function U € SL(2), defined as follows

(2.7) o =: GV,
where the gauge transformation G € SL(2) is given by

(2.8) G= ( q(_f qO ) .

Making this replacement in the spectral problem (2.5), the gauge equivalent spec-
tral problem for W is given by

=

(2.9) U, =LV U, = MU,
where we denote
(2.10) L:=G'LG-G'G, M:=G'MG-G'G,.

In particular we find that the equation for ¥ may be written as

U, + (hog — A\/gJ)¥(z,t,\) =0
(2.11) -1 g 01 1 0
i=rg =) w0 Y)

We note that this spectral problem appears to be “energy dependent” since the
potential appears in combination with the spectral parameter in the off diagonal
terms. However, introducing the re-parameterisation

(2.12) dy = +/qdzx, y =y(x,t),
the spectral problem acquires the form of the standard Zakharov-Shabat spectral
problem

\:[Iy + L()\)\II(yv t) )‘) = 07

(2.13) L(A\) = hos — \J
h=-L
27 4

and the reader is referred to [54, 55, 45, 26| for further discussion concerning such
spectral problems. Since L(\) takes values in the Lie algebra sl(2) it follows that
the eigenfunctions take values in the corresponding Lie group - SL(2). From (2.12)
one can write x = X (y, t), which gives the parametric representation of = for given
t. This is a very important object in what follows due to the fact that the solution
can be expressed through X(y,t). We note that when = — oo, asymptotically
g — up. Then in the view of (2.12) it is natural to expect that when y — oo,

i
X — NG -+ const.

Theorem 2.1. Suppose that when y — oo we have X, — \/+To and Xy — ug. Then

the solution in parametric form can be represented as u(X(y,t),t) = Xi(y, t).
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Proof. We can write (CH) in the form

v (X (y,t),t) + Ox(Va(X, tu(X,t)) =0,

where X depends on y and t. We reformulate these derivative in terms of (y,t)-
varibles and noting that

4d_0,¢0 0 _ 10
at ot T'aX 90X X, 0y

we find that
VX 0,0,1) — X0 /a(X (0,0, 8+ 0x (ValX, (X, 1) = 0,

and with some algebra this gives (%) = 0. Thus u(X,t) = X; + F(t)X,
y

for some function F'(t). The boundary conditions when y — oo give F'(t) =0. O

2.3. Diagonalisation. Imposing the trivial solution u(z,t) = ug on the re-parameterised
spectral problem, the the so-called bare spectral problem emerges, given by

\I’(],y + <h00'3 - )\J)‘I’Q = O,

(214) \IIO,t - ﬁ (UO - ﬁ) (hoO’g - )\J)\IIO = O,
h() - 2\/1%.

Since dy = /ugdx then y is simply a re-scaling of x for this bare spectral problem.
The solutions of this linear system are readily obtained, and found to be of the
form

(2.15) To(y,t,\) = V(N)e 2wty (\) 0,

where C' is an arbitrary constant matrix and

(0~ 200 (1 o (w0 15)1)

AN = \/h2 + N2

(2.16) VO = ( cos —sind )

sinf cos0

\COS =1/ oA R Smov =4/ oA .

In the following, the spectral parameter A will be restricted to ensure A is always
real and positive, however this in turn will mean 6 may be either real or imaginary.
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2.4. Symmetry reductions of the spectral problem. It is easily verified that
the spectral operator L(\) = hoz — AJ appearing in equation (2.13) possesses the
following Zs-symmetry reductions:

o3L(—\)os = L(\)

(2.17) L) = L)

where A denotes the complex-conjugate of X. This reduction is found to arise due to
the symmetry relation o3Jo3 = —J. Moreover, the same Zs-symmetry reduction
is observed by the associated operator M(A). A crucial result of the symmetry
relation (2.17) is that the potential h(y,t) must be real. Furthermore, since all
aspects of the spectral problem (2.16) obey the reductions in (2.17), the associated
solutions ¥(y, ¢, A) and the dressing factor g(y,t, A) (cf. Section 3) observe the

following reductions:

o3 (y,t,—Nog = U(y,t, \),
(2.18) 75U (1, —N)os = U(y,1,4)
U(y,t,A) = U(y,t, A).

Moreover, noting that

(2.19) J? =1, JosJ = —os3,
while also using W~ (x, ¢, \)¥(x,¢,\) = 1, we observe that

“1/y\ _ g1 “1\\T _ —1\\T
(2.20) U (A) =V (A L) = ¥, (A) = LANT (N7,

having used LT(A\) = L()\) in the last equation. Hence with equation (2.19) we
deduce

(2.21) (JETHNTT), + L(=X) (JETHNTT) =0,

that is to say ¥(—\) and JU1(\)TJ satisfy the same spectral problem, the solu-
tions of which are unique (when fixed by the corresponding asymptotics in y and
A), and thus

(2.22) Uy, 1) = Ty, 1, )"

3. THE DRESSING METHOD

3.1. The dressing factor. The soliton, cuspon and soliton-cuspon solutions have
associated discrete spectra containing a finite number distinct eigenvalues {)\n}nNzl,
with the eigenfunctions of the spectral problem (2.13) being singular at these
discrete eigenvalues. Starting from a trivial (or bare) solution u(z,t) = ug, where
ug is constant, with its associated eigenfunction Wo(x,¢,\), we may obtain an
eigenfunction W(z, ¢, \) corresponding to soliton solutions, via the dressing factor

g(z,t,\), defined by the following
(3.1) (a1, 0) = gt \)o(r. 1, )
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The dressing factor g(x,t, A) is singular at each A = A, belonging to the discrete
spectrum, and is otherwise analytic for A € C,..

In the following we shall work with the y-representation introduced in equa-
tion (2.13), which we implement via the diffecomorphism = = X (y,t). Under this
representation the dressing factor then satisfies

(3.2) 9yg + hosg — ghoos — A[J, g = 0,

where g(y,t, \) is to be interpreted as g(X (y,t),t, A). Moreover, since the solution
V(X (y,t),t,\) = ¥(y,t, \) belongs to the Lie group SL(2), the factor g € SL(2)
and also satisfies the reductions given by equations (2.18) and (2.22), namely

03g(y,t,—N)os = g(y,t, ) or gy, t,\) = g(y,t,\),
gy, 6, N) = Jg(y, t,—N)T .

The physical solutions u(x,t) are extracted from the associated spectral func-
tions W(z,t, A = 0), which we evaluate via the spectral problem (2.11) at A = 0.
These solutions of the spectral problem are of the form

(3.4) (X (y,1),t,0) = e 2(Xnva)os,

Meanwhile, re-parameterising in terms of the y-variable, the eigenfunction of the
dressed spectral problem at A = 0 (cf. equation (2.13)) may be written as

(35) \I]<X<y7t)7t7 0) = g(@/atv O)WO(yvtv())KOa

where Wy (y,t,0) is a solution of the bare spectral problem when A = 0. Hence
the matrix Ky € SL(2) is an arbitrary constant matrix, a consequence of equa-
tion (3.1). We note however that the t-dependence of the bare spectral function
Uo(y,t, A) becomes singular when A = 0, an observation which is immediately
obvious when we refer to the second equation of the spectral problem (2.14). As
such, in equation (3.5) we only consider the time-independent solution, namely,
the solution which satisfies the spectral problem corresponding to the L(A = 0)-
operator.

To circumvent singular behaviour of W, (z,¢,\) at A = 0, we note from equation
(2.12) that as @ — oo then y — oo since ¢ > 0 for all t. Specifically we find
Yy — y/uor as * — oo, in which case

U(X,t,0) = Vo(y = X/ up, t,0) Ky as X — oo.

Hence, we conclude that ¥(X — oo,t,0) should be time-independent. Addition-
ally, differentiating equation (3.4) with respect to ¢, we find

(3.3)

\Ilt<X7 t O) = _% <Xt - 2q_tq) \I[(Xv t 0)7

and V(X — 00,t,0) = =252 ¥(X — o0,t,0), having imposed X; = u(X,t) — ug
as X — oco. Hence ¥(X,¢,0) must be of the form

\II(X, t’ O) = eié(xfln \/a*uot)ag
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in order to have the appropriate asymptotic behaviour (the correction being inde-
pendent of y). It follows that

(3.6) e (X vi-wt)es _ gy ¢ 0)e mmTVE,

which gives a differential equation for X since 9,X = ¢~'/2, cf. equation (2.12).
Thus it provides the change of variables z = X (y,t) in parametric form, where y
serves as the parameter. This of course is valid only in cases where the dressing
factor is known and in what follows we shall explain how to construct it.

3.2. The dressing factor with a real simple pole. In the SL(2) Zakharov-
Shabat spectral problems, the simplest form of g possesses one simple pole [45, 26],
which leads to the following;:

Proposition 3.1. The dressing factor g(y,t, \) is assumed to be of the form
2)\13(:97 t)
A=A

and B 1s a matriz-valued residue of rank 1.

(3.7) g=1+ where A\ € R

By virtue of equation (3.3) and Proposition 3.1, we deduce that the dressing
factor must satisfy

2\, B 22\ JBTJ
3.8 1 122172 7)) —q
(3:8) ( +)\—)\1)< DY ) ’

and taking residues as A — +\; we observe
B(1—-JB"J)=0
(1—-B)JBYJ=0.

(3.9)

Rewriting the matrix B as
(3.10) B=n)(m|, with |n)= (Zl) and (m| = (mi my),
2

equations (3.9)—(3.10) combined with the symmetry relation (3.3) now ensure
(nld ) Gl S
(ml]J |m) (ml]J |m)
in which case B = B? meaning B is a projector. Moreover, equation (3.11)
combined with the symmetry relation g(y,t, A) = g(y,t, \) of (3.3) also yields that
B should be real.
Replacing equation (3.7) in equation (3.2) and taking residues as A — A; and
A — 00, we have
(h - h(])O'g = 2)\1[J, B],
By + (hoO’g + )\1J) B-B (h00'3 - )\1J) - 2)\13JB =0.

(3.11) (n| =

(3.12)
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Replacing equation (3.11) in equation (3.12), multiplying everywhere by J from
the right and using JosJ = —o3 we have

(3.13)
(Imy) + (hoos + A1) [m))

(ml jm)
(ml J|my * (ml J [m)
~20m, | |m) [m) fm| 2, (m] 72 m) [m) (m|
(| J |m)? (m] J [m)?

((my| + (m| (hoos + A1)

Assuming
(3.14) |my) + (hoos + A J) |m) =0,

we also observe that equation (3.13) is satisfied identically provided (3.14) holds.
Thus |m) is an eigenvector of the bare spectral problem (evaluated at A = —\y),
in which case |m) is known explicitly.

4. CUSPONS, SOLITONS AND THE CUSPON-SOLITON INTERACTION

4.1. The one-cuspon solution. Equation (3.14) suggest that |m) satisfies the
bare spectral problem (2.14) with A = —\;, i.e. with spectral operator

LO(?/, ta _>\1) - h003 + )\1J

Furthermore equation (3.11) allows us to solve for |n) explicitly, thereby providing
an explicit formula for the dressing factor g(y, ¢, A). We can write

(4.1) [m) = W(y,t, —A) [mo)

where |my) is a constant vector, and W(y,t, —\;) € SL(2) satisfies the bare spectral
problem

W, + Lo(y,t,—A\)¥ =0
(4.2) { Y o(y 1)

%—Eﬁ(%—ﬁﬁ)mwifango
With A = —\;, we have A = \/h3 + A\? > hy,

A — hg
2\

ho + A
2N 7

cos(0) =

(4.3) sin(f) =

thus we conclude that 0 is real.
It follows from equation (2.16) that

\Il(ya t, _)\1) = VeiUSQ(yvt)Vfl

(44 Qy,1) =y t. A1) = A (y - 2%0 (“O - %) t)
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while equation (4.1) now ensures

—Q(y,t) ho+A Q(y,t) A—ho
<4.5> \m}— Ho1€ — HMo2€ \/ TaA

= MOle,Q(y,t) A ho +M eQ(y,t) /%

where the real coefficients g and pge are given by

(46) V) = (1

Ho2
Making the replacement vy = 2= and vy = 42 we simplify Im) = (mq, my)T

according to
(4.7) ) = (1 gyt A el VA B
’ 7Q(yt \/A h0+V26 \/h0+A ’

It follows from equations (3.7), (3.11) and (4.7) that

(4.8) 9y, £;0) = ( o _(% )

mi

while letting y — oo we also deduce the form of K, namely

0 / Adho
(4.9) Ko=g '(y = —00,t,0) = Aho

A—hg
A+ho 0

Equations (3.6) and (4.7)—(4.9) now yield the following differential equation
(4.10)

- 2
OX ot _ G*T—M - A [V1|A1Ie w0 —|—V2(A+h0)eﬂ(y,t)]

0y m3 (A — ho) —° V| A|em 2wt — vy (A — hy)e:D)

Implementing the change of variables (y,t) — (—y,—t) and observing that
Q(—y,—t) = —Q(y, t), the differential equation for X becomes

AX Xt _ [5e200 4 (A ho)e 200 2 L.l
dy a seﬂyt —(A ho)e=®wt) | 7

The reason for doing so is the following: The Camassa-Holm equation written in
terms of the (y, t)-variables yields the so-called ACH equation (see for instance [52,
33, 34]), which is invariant under (y,t) — (—y, —t). Thus choosing any solution
of the ACH equation and imposing the change of variables (y,t) — (—y, —t), we
obtain another solution once we determine z = X (y,t). In other words, if X (y, ) is
a solution of the Camassa-Holm equation then so too is # = X (y,t) = X (—y, —t).

Moreover, with this change of variables we also have ©z — \/LUT) as y — oo, cf.

(4.11)

1)

equation (2.12).
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Explicitly this change of variables imposes the following transformation on our
differential equation for X

(4.12)
X - 2
AX (=Y, =) %(—y—tuo(-) _ o5 | VlAle 2t + vy (A + hg)e? W)
d(—y) v A]e @D — 1y (A — ho)eRwh) |

dX(y7 t) y V1 |)\1|679(7y’7t) + I/Q(A + ho)eg(yyt):| 2

P X(yﬂt)*uot — V%0
dy ¢ ¢ |:I/1|)\1|6_Q(_y’_t) — (A — hg)e=v:—1)

Formally this may be integrated by separation of variables, however we may also
look for a solution in the form

Y Ac
4.13 X(y,t) = — t+1In|—
with
(4.14) Ao = a0 4 o™ W) Bo = st — (A — ho)e_ﬂ(y’t).

Replacing equations (4.13)—(4.14) in equation (4.10), we conclude that a; = s,
ay = —(ho + A?)/(A — hg) and thus

A)2e—Uy:t) Q(y,t)
(ho +A)%e + e

h —A 2679(3/715) eﬂ(yvt) ’
(ho = A) +7

(4.15) X(y,t) = \/Lu_ojtuot—i—ln v = —s(A—hq).

When ~ > 0 this expression can also be written as

Y 0
(4.16) X(y,t) = — +upt + In + const.
Vo % cothQ(y,t) +1

We introduce the constant

and choose constants {vy, 15} such that v = A\?, thereby simplifying the expression
for X (y,t), which is now given by

Yy U coth Q(y,t) — 1
4.17 X(y,t) = — t+1 .
(4.17) (1) Vo ot A n UcothQ(y,t) +1

having ignored a trivial additive constant.
We recall that \?(k) = —% (k:2 + i), while the discrete spectrum corresponds

to k = ik, with &, € (%, 00), thus ensuring the discrete spectral parameter )\, is

real. Written in terms of the parameter U = %’EI) > 0, the one-cuspon solution is
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now given by u(X (y,t),t) = X;(y,t) with

;

X(y,t):\/iufo—i—uot—i—ln

U coth Q(y,t)—1
U coth Q(y,t)+1

U? uo—ﬁ) (1—coth? Q(y,t))

(4.18) u(X(y,t),t) = uo+ 1—U2 coth? Q(y,t)
oyt M) = A (v = 55 (w0 — 77) 1)
(A(N) = W+ )1
We can rewrite the second line of equation (4.18) as

1\ U?(1 —tanh*Q)

U — Uy = 2
U? — tanh” Q

and we note that u > uy when uy > # with the corresponding profile called

an a cuspon, left-panel Figure 1. The case u < uy when ug < # is called an
1
anti-cuspon, right-panel Figure 1.

u(x, 0) u(x,0)
1.5

0.5

I I I I X I I I I X
-1 0 1 2 -4 -2 0 2 4

FI1GURE 1. One-cuspon and one-anticuspon solution profiles of the
Camassa-Holm equation, A\; = 1.0. On the left panel ug = 1.0, on
the right panel uy = 0.25.

Let us now evaluate the slope ux of the cuspon profile to investigate the dis-
continuity at the cusp. We have

¥ - (U? — 1) sinh*Q
Y JuolU? + (U? — 1) sinh? Q]
along with A = Uhg and 2hy,/ug = 1 and so we find
(X (y,1),t) Lo v <u0_ﬁ)
u _ - =
AWKy T U2 (U7 — 1) sinh2 Q)

Thus, in the cuspon case (uy > #) we have uy — oo when 2 — 07 left of
1

the cusp at Q = 0, and uxy — —oo when Q — 07 right of the cusp. For the

coth €.
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anti-cuspon the signs change in an obvious way. The cusp is located at 2 =
A(\) (y - ﬁ (uo - #) t) = 0 and moves with a constant velocity
1

dy L (1
dt — 2ho \ 0 2X2

with respect to the y-axis. This can be both positive (for the cuspons) and neg-
ative (for the anti-cuspons). However since y is merely a parameter, the velocity
should be measured with respect to the physical z-axis. Noting that when Q = 0,
X(y,t) = - 4 upt+const, we find that the cuspon (anti-cuspon) velocity is

Vo
dx 1
= _9 o
dt <u0 4)\%)

thereby indicating that the threshold velocity is ug =
1

mu

is either right-moving, when ﬁ > ug > ﬁ or left-moving, when wug < ﬁ. The

1
m.
while the anti-cuspon solution

Thus, the cuspon solu-

. . . . . 1
tion is always right-moving, since ug > rviig

special case ug = -1 therefore corresponds to a “standing” anti-cuspon.
0 = 432

4.2. The one-soliton solution. The one soliton solution can be obtained in a
similar way by a dressing factor with a simple imaginary pole iws:

22@)1141 (y, t)
4.19 tAN) =14+ —>2"~,
(4.19) ot 3) = 1+ 202
The details can be found in [35], and the solution is

X(y,) = 2hoy + ot + In [ k200

U? (uo+=15 ) (1—tanh? Q)
(420) U(X, t) = Uup + ( 017214}022t)anh2 Q
Qy,t) =Ay — 5 (uo+ 5) t

A= /hi—w?

where as in the previous case the solution is obtained via X;(y,t) = u(X(y,1),t).
We note that as y — +oo, then tanh(y) — £1 and u — ug, which we observe
in the soliton profile shown in Figure 2. Interestingly, choosing constants such
that c(hg — A) = —* < 0, X(y,t) is no longer a monotonic function for all
y € R meaning the solution u(zx,t) becomes a function with discontinuities, and
the reader is referred to [52] for further discussion where such solutions are termed
unphysical.

4.3. The two-cuspon solution. The dressing factor associated with the two-
cuspon solution has two real simple poles A; and Ay, with residues 2\ By (k =
1,2.). Extending Proposition 3.1, this dressing factor is of the form

2\ Bi(y,t) n 2X2Bs(y, t)

4.21 tL,A)=1
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u(x, 0)
8k

6
4-

2L

5 0 5
FIGURE 2. The one-soliton solution at ¢ = 0 where ug = 1 and w = 0.25.

where B; and B, are two matrix valued residues. The Z, reduction g(y,t,\) =
g(y,t, \) necessitates By to be real.
Applying equation (3.2) to the dressing factor g as given by equation (4.21)
ensures the corresponding equations for the residues, namely
(422) Bk,y + hO‘gBk - Bkhodg - )\k[J, Bk] =0 for k = 1, 2.
The matrix valued residues B, are of the form
(4.23) By =|n)(m|,  By=|N) (M|,
where the vectors |n), |N), (m| and (M| are found to satisfy
(4 24) 83/ \n) + (h,O'g — )\1J) \n} = O, 83/ (m\ = <m| <h00'3 — )\1J)
’ 8y|N>+(h03—)\2J)|N>:O, 8y(M|:<M|(h003—)\2J)

The vectors (m|, (M| satisfy the bare equations and therefore are known in prin-
ciple, while the reality condition can be satisfied by assuming |m), |M), |n), and
|N) are all real. The reduction given in equation (3.3) leads to

2\ By N 2)\y By " 2\ JBT T 20JBYJ|
A=A A= A+ A Atd |

which is identically satisfied for all A\. Thus, the residues obtained at A; and s,
ensure

(4.25) 1+

22
By (1 —JBIJ = BLJ) =0,  pp=—2,

N+ Ao

(4.26) . . 2\
By (1 —mJBYJ — JBLJ) = = :

(- IBTT - IE) =0 =

Using equations (4.23)-(4.26) we obtain the following system relating the bare and
dressed eigenvectors:

(m| = (m[ J|m) (n| J +ny (m| J |M) (N| J,

(4.27) (M| = (M| J|m) (n| J + (M| J|M) (N| J.
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Hence, the dressed vectors [n) and |N) may be written explicitly in terms of the
bare vectors |m) and |M) as follows

(4.28) |n>:%((M‘J‘M>J‘m>—772<m|J‘M>J|M>)7
IN) = ({m| T jm) M)~y (M] T ) T m) ).

with

(4.29) A = (M| J|M) (m| J [m) = mune (m] J |M)?

= (mmaM; — nomy My)(mma My — namoMy).

Thus, the residues B can be expressed in terms of components of the known
vectors

(4.30) (m] = (me)| Yo'y, t. A1), (M| = (M| U5 (y,t, \a),

where <m(0) , <M(0)‘ are arbitrary constant vectors.
The dressing factor g(\) € SL(2) (cf. equation (4.21)), when evaluated at A = 0,
is given by

9(y,t;0) =1 —2(B; + Bo)

= diag(Qllu 922)

(4.31)
. ()\1M1m2 — )\2M2m1 AlMle — )\2M1m2)
= diag ,

)\1M2m1 — )\ngmg’ )\1M1m2 — )\QMle
while the differential equation for X(y,t) is of the form

M Momy — Ao Mymy 2
13 (@) o= g, (R )
In the case of the two-cuspon solution, equations (2.15)-(2.16) now become
(4.33) U(y,t, \p) = Vee 731,71
with
( Qu(y, t) = Ay (y— L <uO - %) t) . N =\/hd+ i > hy,
2hg 277

(4.34) Vie = (sin((ﬁk) cos(ek))> ’

Ag + ho . A — ho
cos(0;) = sin(0) =
| o0 =\ 73R, (8) 21,

for £ = 1,2. Using equation (4.30) and noticing that <m(0)} Vi = (p1, p2) is a
constant vector, upon choosing 1, 2 to be real and positive then explicitly we




A DRESSING METHOD FOR THE CAMASSA-HOLM EQUATION 17

have

/hO+A1 ul Ql yt /[x1 hO ,LLQ 7Q1(yt

My = \/ A1 — ho %te(y,t) —+ A1 + ho %egl(y’”,
2 1

up to an overall constant foactor ,/j; M2(2A1)_1/ 2 which we may neglect since it
ultimately cancels, cf. equation (4.38).
We redefine @, (y,t) by an additive constant, which becomes

t 1 H1
4. Qi(y,t) =A - — In
( 35) 1(?/7 ) 1 <?/ 2h0 (UO 2)\2)) + ,u27

whereupon the vector components m; and ms become

my = /Ay + hoe™ WY — /A — hge” @D
= VA — hoe WD 1 (/A + hoe WD,

Similarly, taking the constant vector <M(0)‘ Vo = (v1, —1») with vy, 15 real and

positive, we have
M1 = 1/ A2 + h06Q2(y’t) + \/ A2 — hQG_QQ(y t)
(4.37) My = /Ay — hoe™WD — \/Ay + hoe™ 20D,

t 1 v
92(%75):1\ (y_2—ho< Up — W)) +1In 1/;
2

The dressing factor component gs9 now takes the form
A1 Mamy — A Mimy _ Tcc
A Mymg — Ap Mamy Beoc

whose explicit form we deduce from equations (4.36)—(4.37). We note in particular
that the denominator of this expression is given by

(4.36)

(4.38) G22 =

(4.39)
Boe =M A - A BN A — A e~k
V(A1 — ho)(Ay — ho) v/ (ho + Av)(ho + As)
n A+ Ay (=0 A+ Ay o+
V(A1 — ho)(Ag + ho) V(A1 + ho)(Ag — ho)

and introducing the constants

4 Ak+h0

for k=1, 2,
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we obtain

(4.41)
€Q1+Q2 1 6—91—92 ny 691—92

= /M N (A2—A2
Bece 1 2( 1 2) <n1n2A1 A, +

Similarly it is found that
(4.42)

1
Too = VA (A2—A2) (—

N9 A1 —+ AQ

+
nino A1 -+ A2 N9 A1 A2

eQH—QQ —Q1—-Q9 Q1—Q2

e e

A1 —+ A2 st A1 A2

+ ning
We seek a solution of equation (4.32) in the form of equation (4.13)

X(y,t) = — + ugt + In D€

Vo Bee

with

(4.43) Acc = ane™H? 4 apem M7 4 e 4 e,

nge
ny Ay —

n1 €
ng Ay —

-1+

Ay

-1+

T

for some as yet unknown constants {al}?zl. Equation (4.32) ensures that Acc

must satisfy the following

(4.44) 2ho AccBoc + BccayAcc - AccayBCC = Qho%zc
whose solution is given by
(4.45)
1 Ql-i-ﬂg e—Ql—Qg n3 GQI_QQ
= /A A (A2—A2 2
ACC ! 2( 1 2) <n1n2 A1 + A2 * n1n2A1 A2 T3 nl A1 A2

The ratio Acc/Bee may be written as

1 A1+A 1 Aj+A 221 +2622
+ 1+22Q1+ 1+22QQ+

ACC 4,4 1 n§ A1—As n§ A1—As nSn

3 _QI+Q2

n3 Ay —

4.46
(4.46) Boc

which we simplify by means of the following re-definitions:

(4.47)

Alternatively, these may be simply written as

t 1
(4.48) Q(y,t) = A (y — 2—h0 (uo 2)\2)) +¢&, fork=1,2,

t 1 1
Q1(?/>t):/\1<?/—2—h0(uo 2)\2>>+1I1 Z; 1nn1+§ln

t 1 v 1
Qa(y,1) = Ay (y_Q—ho (Uo 2)\2)) +ln,/y—:—lnnz+§ln

=nn
1792
1 + 2A1+22 6291 + n2 A1+ﬁ2 6292 + n2n26291+292

A+ A

Ay

Ay — Ay’

A+ Ay

A=Ay

where the constants & relate to the initial sepparation of the solitons. It follows

that

o)

)
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2
L 2Q1 1 292 AlfAQ 5291+202
1<|>"4116 +”%6 +(/\1Jr1\2 ind

ACC 4 4 niny
Bcc_n1n2 4 4 M-as )2 44
201 209 1—A2 201 +2Q9
1+ nfe®h + nge*2 + (AlJrAg) ninse
and thus
L4 e g L2ty (Azhe ) 0
X(y,t) = == + ugt + In e L + X
(4.49) Vi Lnfe pnde?iz 4 (F12R2 ) ninge2 202
_ X
U(X<y,t)7t) - ot

which yields a solution of a form similar to that found in [42]. Here X is an overall
additive constant that appears due to the translational invariance of the problem.

Given the expression (4.48), we see that the phase velocity Ay (uo — ﬁ) may
k

be both positive and negative, thereby ensuring cuspon solutions may be left-
moving or right-moving. In Figure 3 we show snapshots of a two cuspon solution
with both cuspons right moving. Such a solution arises when wug > # where
Amin = min {A;, A2}. Conversely, we may have a two-cuspon solution with both

cuspons left-moving when 1y < 2/\% with Apax = max {1, A2}, and an example of
such a solution is shown in Figurem?lx. The third category of two-cuspon solution is
a mixture of both, that is to say, when one cuspon is right moving while the other
cuspon is left moving. Such a solution occurs when the asymptotic value ug is
constrained by ﬁ <y < ﬁ and an example of such a solution is illustrated

in Figure 5.

4.4. The two-soliton solution. As with the one-soliton solution, the dressing
factor for the two-soliton solution has simple poles at the imaginary discrete eigen-
values which we denote iw; and iws, with residues 2iwp Ay (k = 1,2). Extending
Proposition 3.1, we have

2'L.W1A1 (y7 t) 2iw2A2(y7 t)

4.50 t,AD)=1 )
( ) g<y’ ’ ) + )\ — iwl + )\ — iWQ

The Z, reduction o3g(y,t, —A)os = g(y,t, \) necessitates
(451) O3Ak(y7t)g3 = Ak(yat)v k= 1,2.

The detailed computations of the two-soliton solution for the system (CH) by the
dressing method outlined here can be found in [35]. The solution formally has the
same form (4.49) where this time the parameters n; and ny are given by

[ho + Ag
4.52 ={/———, fork=12.

with Ay = \/hi — w? for k = 1,2. The spectral parameters w; and wy belong to
the discrete spectrum of the spectral problem (2.13), and to ensure each Ay is real,
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u(x, —5)
1.0 #L
0.5F
—‘16 —i4 —i2 —‘10 —‘8 —‘6 —‘4 X
u(x, 11)
. /J\k
1.0¢
0.5F
16.0 16.5 1'}.0 1’}.5 1é.0 1é.5 x
u(x, 25)
1.5¢ A /\
1.0
0.5F
3‘6 3‘8 4‘0 4‘2 4‘4X

F1GURE 3. Snapshots of a two-cuspon solution. Both cuspons are
right-moving, A\; = 1.0, Ay = 2.0, ug = 1.0, & = 0.0, & = 5.0.

we must have wy € (0, hg). Moreover, the phase of each soliton is given by

t

1

where the constants &, are related to the initial separation of the solitons. The
two-soliton interaction is illustrated in Figure 6 below.

4.5. The cuspon-soliton interaction. The dressing factor associated with the
cuspon-soliton interaction has two simple poles, one imaginary pole at A = iw;
and one real pole at A\ = \g, as follows
2iw1A1 (y, t) i 2)\232 (y, t)

A — z'wl A — )\2 ’
Following our previous results, the residue B, is required to be real.

The details are provided in the Appendix. The solution is formally given by the

expression (4.49) where A; = \/h3 — w} and Ay = \/hZ + A3 along with

n:4ho+/\1 n:4/\2+h0
1 ho—Al’ 2 .

(4.54) gy, t,\) =1+

(4.55)
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u(x,—5)

— e — T T —

-10 Ve 0 5 10 X

—-0.1F
—-0.2F
—0.3F
—-04F

u(x, 15)

L e —— . I . . My o S S S

—0.1F
—0.2F
—0.3F
—-04F

u(x, 50)

— L T e

~20 ~15 N/ -10 X

—0.1F
—0.2¢F
-03F
—_04F

FIGURE 4. Snapshots of a two-cuspon solution. Both cuspons are
left moving, Ay = 1.0, Ay = 2.0, up = 0.1, & = 0.0, & = 10.0.

The associated phases are given by

t 1
N(y,t) =M\ (y— 2—h0 (Uo+ﬁ)) +&
1

t 1
Do(y,t) = Ao (y — 2—h0 (Uo — W)) + &o.
2

Again, we note that the cuspon phase velocity may be either positive or nega-
tive, while the soliton phase velocity is strictly positive. Thus, the cuspon-soliton
interaction may arise in two forms, namely a right moving soliton interacting with
either left or right moving cuspon. Both scenarios are presented in the following:
In Figure 7 we present a cuspon-soliton interaction wherein both the cuspon and
soliton are moving to the right. In Figure 8 a cuspon-soliton interaction is shown
in which the solition is right moving while the cuspon moves to the left.

(4.56)

4.6. The general solution with multiple solitons and cuspons. Now it is
clear that the dressing factor for a solution with N; solitons and N, cuspons
(N = N; + Ns) has the form
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ux, —2)

0.2F

01f

0 5 10

X

FIGURE 5. Snapshots of a two-cuspon solution. One cuspon is left

moving and the other cuspon is right moving, A\; = 1.0, Ay
up = 0.25, & = 0.0, & = 10.0.

N Q’iijj(yat) N N2 2Aij(y,t)

tA) =1
gy t,A) =1+ o,

- A — ’in -
J=1 j=1

=20,

Formally these solutions are always of the form of the N-soliton solution

) [+
4.57 X(y,t) = —L— + ugt +1In |2+
( ) (y,1) NG 0 I
with
(4.58) fr = exp [ 0i(2Q; F ¢i) + Z Uiaj”yz‘j] ;
0=0,1 i=1 1<i<j<N
where we introduce
A; ( — L <u0 + L)) +&;  for a soliton,
(4.59) Q, = TAT 2he 2] ’
A (y — ﬁ (uo — ﬁ)) +¢&; for a cuspon.
J
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u(x, —5)

8 -

6 L

4 L

-50 —45 -40 -35 -30 -25

u(x,5)

NSO

30 40 50 60

FIGURE 6. Snapshots of the two soliton solution of the Camassa-
Holm equation (CH), for three values of t € {—5,0,5}. The other
parameters are uy = 1, w; = 0.35 and wy = 0.25. The constants of

integration were chosen as & = 0 and & = 2.0.

and

h3 — w? for a soliton,

\/hg + A3 for a cuspon.

<
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u(x,—2)
15 —/\
1o} A
05]

~40 ~30 ~20 10 0 g
u(x, 6)
15 __d/\L
1.0
0.5F

-5 0 5 1‘0 15 20 *
u(x, 20)
1.5F A
oA
0.5F

3‘0 4‘0 5‘0 6‘0 7‘0 8‘0 9‘0 X

FiGure 7. The soliton-cuspon solution with parameters A\; = 1,
wy; = 045, uy = /\—12 =1.0,& =5 and & = —5.
1

and
( A
! ZS%A; for a soliton,
RS Rl for a cuspon
A, — ho pon-
along with
A=A\

Example. To illustrate this generalisation we construct the soliton-cuspon-anticuspon
solution as showin in Figure 9.
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u(x,—2)

0.6

0.4r

-20 -10 0 10

u(x, 14)

0.6r
0.4

02T

10 15 20 25 30 35

F1GURE 8. The soliton-anticuspon solution with parameters \; = 1,
wi = 0.75, up = = = 0.25, & =5 and & = —5.

X3

25

This solution is explicitly construced from equation (4.57) where we let N = 3

and we find that

3 2
1 A1 — A2 €2QI+292
— RN
I+ *(ane )+(A1+A2) nind

k=1

N Ay — A 2 201+2Q3 . Ay — Mg 2 202+203
A+ Aj dnd Ay + As 4,4

nins NyNg
N (Al — A2)2 (A1 — A3)2 (A2 - A3)2 €20 20220%
(4.63) At Ao NALH A ) Az + Ay ninyng
) \ )
f-=1+ (Z nigm) + (7[21 ;22) ningeX it
P 1 2

A —A; ? 4 4 20 Ny — A ?
4+ == ninie 1+2Q3 + n4n46292+293
(A1+A3) o Ay+Ag) 27

N A=A\ (A — A\ (A — A3 A 4,201 42051204
A+ Ay A+ As Ay + A 1 .
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06F
05F
04F

u (x, 60)

0.7 ¢
0.6F
0.5¢
0.4F

02l Y

0.1
. S S
20 30 40 50 60 70
u(x, 87.5)
0.6
0.5
0.4
0.3
0.2
0.1
F : : . . . X
50 60 70 80 90

Fi1cure 9. The soliton-cuspon-anticuspon soltion with w; = 0.75,
)\1 = 10, )\2 = 195, Uy = = 033, 61 = 15, §2 = —45 and

§3 = —5.

1
322

5. THE GEOMETRY OF THE SOLITON AND CUSPON SOLUTIONS

It is well known that the CH equation is closely related to the group of the
diffeomorphisms of the real line, cf. [30, 15]. We are going to explore this relation
in some more detail, making use of the variables that we have already evaluated
explicitly for the soliton and cuspon solutions. Let us consider a local chart pa-
rameterisation of the Lie group G ~ Diff(R) given by the coordinate X. Then
dX is the basis for the co-tangent bundle T*Diff(R), £ = PdX is a 1-form, and
w = dL = dPAdX is the standard symplectic form. Thus, if (X, P) are the canon-
ical Hamiltonian variables, then (dX,dP) are the canonical local coordinates on
the phase space T*G. The action of G in coordinate form is

gty = Xi(y,t) = w(X(y,t),t) =uo X(y,t) = (uog)y.

Thus u = g;g~! € g, where g = Vect(R), is the Lie algebra of vector fields of the
form u0,.
Now we recall the following result:
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Theorem 5.1. [39, 40] The dual space of g is a space of distributions but the
subspace of local functionals, called the reqular dual g*, is naturally identified with

the space of quadratic differentials q(z)dz?® on R. The pairing is given for any
vector field ud, € Vect(R) by

(qdx* ud,) :/q(x)u(a:)da:

R

. The coadjoint action coincides with the action of a diffeomorphism on the qua-
dratic differential:

. 2 2 __ 2 2
Ady: q(y,0)dy” = q(X,t)dX" = q(X(y, 1), 1) X, dy".

We therefore have

(5.1)

d . d s

= X2 (2uxq(X,t) + ugx + q) = X [(2ueq + ugz + ) © g] (y) = 0,

iff ¢ satisfies the Camassa-Holm equation (CH). In order to establish the relation-
ship with the Hamiltonian variables, first we notice that

ou(X (y,t),t

PELD — (X005,

and also

ou(X(y,t),t)  0X,
oy oy
Thus ux (X (y,t),t) = Xy, /X,. Similarly,

uxx(X(y,t),t) = XL (%)y

and
ﬂX@w%wZMX@wJ%wuﬂX@w%w—er%(é%),
(5.2) ﬁ%ﬂ:APwﬁ&%nﬂ%m@
with
(53) Pt = X%, (32) .
and
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where G(z) = Le7I*l is the Green function of the operator 1—92 and (X (y, t), P(y, t))
are quantities well defined in terms of the scattering data.

With a substitution of (5.2) and (5.4) into the Camassa-Holm equation (CH)
and using the fact that

f(@)0'(x —x0) = f(20)d(x — x0) — f'(20)d (2 — 0)

we derive a system of integral equations for X and P, namely

(5.5) X@»—/Gu@m X(y,1))P(y. H)dy

(5.6) /G’y, X(y, )Py, 1) P(y. t)dy.

Moreover, from equations (5.2) and (5.4) a Hamiltonian H; can be identified

6 PGP = 5 [ GON0D) = X (0 D) P01 Pl e

in which case equations (5.5) and (5.6) can be written as

0H, 0H,
. X = — P = —
(5 8) t<y7 t) 5P(y’ t)’ t<y7 t) 5X(y’ t)’

that is to say, these equations are Hamiltonian with respect to the canonical Pois-
son bracket

dA 0B 0B dA
R G e B i ) B
where the canonical variables are X (y,t), P(y,t), with
(5.10) {X(y1,1), P(ya, 1) }e = 6(y1 — 1),
(5.11) {P(y1,1), P(y2, ) }e = {X (51, 1), X (y2, 1)} = 0.

Furthermore, using the canonical Poisson brackets (5.10), (5.11) and the defining
integral (5.2) one can compute

{q(z1,t),q(z2, 1)} = — <q(x1, )ai + aixl (xl,t)> Oz —x2) = Ji(21)0(21 — 22).

Now it is straightforward to check that (CH) can be written in a Hamiltonian form
as

qt = {q7 HI}C7
with the Poisson bracket, generated by J:
0A 0B
A, B}, = Ji(z dx
W= [ 5@ et

(5.12)

SA O 6B 6B & GA
B _/qu (&J(x) 9z dq(x)  dq(x) %561(:6)) dr
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g(t)eg

(dX,dP)_o € T*G (dX,dP), € T*G

FiGure 10. Equivariant Momentum Map: quantities related to the
Camassa-Holm equation. The subindex ¢ indicates that the corre-
sponding variables are evaluated at time ¢.

and the Hamiltonian H; given in equation (5.7), which can be written also as

1

Hi[q] = 5 /]R (q(z, t)u(z,t) — uf)da.

Thus we have an equivariant momentum map' J : 7*G — g* for the co-adjoint
action of G as shown on Figure 10. This means that the values of the corresponding
g* quantities produced by the co-adjoined action of the group G are conserved by
the momentum map .J in the sense of (5.1).

6. DIscUSSION

Since the emphasis of this study was on the Zakharov-Shabat dressing method
many important additional questions have been overlooked - such as the phase
shifts after the interaction and the peakon (antipeakon) limit when uy — 0. These
issues have been studied previously, for instance in [49, 50, 51]. We mention only
that the cuspon behavior is very similar to the peakon behaviour, especially the
peakon-antipeakon interactions.

Another interesting aspect of the momentum map obtained here is that in the
peakon limit equation (5.2) becomes the well known singular momentum map used
for the construction of peakon, filament and sheet singular solutions for higher di-
mensional EPDiff equations [29]. Holm and Staley [32] introduced the following
measure-valued singular momentum solution ansatz for the n—dimensional solu-
tions of the EPDiff equation

(6.1) a(x,t) = Z/P“(s,t) 5(x — Q(s,1)) ds.

These singular momentum solutions, called “diffeons,” are vector density functions
supported in R"™ on a set of N surfaces (or curves) of co-dimension (n — k) for
s € R¥ with k < n. They may, for example, be supported on sets of points (vector
peakons, k = 0), one-dimensional filaments (strings, k¥ = 1), or two-dimensional
surfaces (sheets, & = 2) in three dimensions. These solutions represent smooth

IThis should not be confused with .J from the ZS spectral problem (2.11).
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embeddings Emb(R* R") with k < n. In contrast, the similar expression (5.2) for
the soliton solutions represent smooth functions R — R.
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7. APPENDIX

In this appendinx we provide some details on the derivation of the soliton-cuspon
solution. Applying equation (3.2) to the dressing factor g as given by equation
(4.54) ensures the matrix valued residues satisfy the following

(7.1) vy + hoydy = Avhoos — i [, 4] =0,
. By + hosBy — Bahoos — Ao[J, By] = 0,

Writing the rank one matrix solutions A; and B, in the form
(7.2) Ay =n)(m[,  By=|N) (M|,
we deduce

(73) dy |n) + (hos —iw J) |n) =0, 0y (m| = (m| (hoos — iwyJ)
8y|N>+(h03—)\2J)|N>:O, 8y<M|:<M|(hQO'3—>\2J)
The vectors (m|, (M| satisfy the bare equations and therefore are known in prin-
ciple and have been obtained previously (see sections §§4.3 — 4.4).
The dressing factor (4.54) at A =0 is

(7.4)  g(y,,0) = 1 =2(A + By) = diag(gu1, 922)

di iwlMlmg — )\QMle iwlMle — )\2M1m2
= dia,

& ’iwlMle — )\ngmg’ iw1M1m2 — )\QMle

while the differential equation for X (y,t) is

A Momy — Ao Mimy ?
M Mimg — Ao Momy .

(7.5) (8, X)X ~2hov-rot — g2 _ (

Choosing my, my as per the soliton solution cf. [35], and recalling Ay = \/h3 — w?,
we then have

[ho + A [ho — A1 _
mi = 02/\1 1 eﬂl(y,t) + 1o 02A1 1 e 91(y,t)’
[ho — A [ho + A
m2 = ’l <IU/1 02A leﬂl(yvt) + /’LQ 02_['; 1€_Ql(y7t)> ,
1 1
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where pi, are positive constants. Ignoring an irrelevant overall constant of . /fiyfi2(2A;) /2
(see §4.3) and changing the definition of € (y,t) by an additive constant, as given
by

_ t 1 M1
(7.6) Qi (y,t) = Ay (y T < + 2w1)) +In i’

we obtain the simplified expressions

mq \/h0+A eﬂlyt+ ho—Ae yt)’
Mo = 7 (\/ ho — Aleﬂl(y’t) —+ \/ ho —+ Ale_ﬂl(y’t)> .

Similarly, as per the cuspon solution, we define the constant vector <M(0)} Vo =
(v1,1v5) with vy, 15 real and positive, thereby ensuring

My = /Ay + hoe2Wt — /Ay — hoe= 2wt

= /Ay — hoef2Wh) 1 mg 2 yt)
Qao(y, 1) = Ao (y—ﬁ(uo ))+1H
A2 = \/ h% + )\%

(7.7)

(7.8)

The expression

iwlMle — )\2M1m2 . 765
iw1M1m2 — )\2M2m1 BCS’

(7.9) G22 =

whose explicit form may be deduced frome equations equations (7.7)-(7.8), has
denominator

(7.10)
BCS = — wl)\z A2 _ Al Q1+ A2 _ Al €_QI_Q2
\/<h0 — A1) (Ag — hg) \/(ho + Ay)(Ag + ho)
4 Ay 4 Ay e A+ Ay e it
\/<h0 — Ay)(Ag + ho) \/(ho + Ay)(Ag — ho)

where we note that Ay > hy > Ay thus ensuring Ay — Ay > 0.
Introducing the constants

oo + Ay o Mo+ Dy
11 = =
(7 ) n1 o N g .

we re-write this denominator according to

(7.12)

Q1402 -1 —Q2 Q1—Q2 —0214+Q2
e 1 e ny e Ny €

Bos = —Vwida(A2=A2) [ nin + + — + = )
@8 1Az 1)( ! 2/\1‘1‘/\2 nng A1+ ANy noAo— Ay Ay — Ay
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Similarly it is found that the numerator assumes the form

(7.13)

1
Tos = ivwida(A]-A3) (— -

nino A1 + A2

Q1402 -1 —Q2 Q1—-Q2

(& 77, €

77, e_Q1+QQ
A1 + A2 1y A2 A1 T A2 Al)

— nNin2

As with the two-cupson solutions we seek a solution of equation (4.32) in the form
of equation (4.13) with

0140 —0,-Q 01-Q —014Q
(7.14) Acs = aqe 2 e 72 4 ggett T2 g etttz

where the constants {o;}_, are as yet unknown. Equation (4.32) ensures that

(7.15) 2hoAcsBes + BesOyAcs — Acsd,Acs = 2hoTag
has a solution given by
(7.16)
1 691+Q2 e*QI n3 eﬂlfﬂg n3 6791+Q2
= Jwi A (A2—A?) [ —
ACS Wi 2( 2 1) (TL?’I’L% A1 + A2 + n1n2A1 + A2 + TLl A2 Al + A2 Al)

The ratio Acs/Bes may now be written as
1 A1+A2 2Q1 1 A1+A2 2Q2 221 +20Q9
ACS 4.4 g n$ Ap— M€ + 59 n§ Ap— A€ + ° nSn§

(7.17) BCS —mn 214 2A1+A262§21 +n2A1+A262§22 + n2n2e2n+2
—Ay —Ay

which we simplify by means of the following re-definitions:

(7.18)
t 1 / 1. A+A
Ql<y,t):A1( —2—%<U0+2—u}%))—|—ln %—lnn1+§ln%A2—Al,

t 1 141 1 A1+A2
Q t)=A - — 1 A — —1 1
Z(ya ) 2( 2 < Uy — 2)\2)) +1n ” nng + — nA2 A

These re-dfinitions are valid since Ay > A1, as was previously noted. Alternatively,
these may be simply written as

91(%’5):/\1( —%<Uo+2iw2))+§1
(7.19) to 11
92(%’5):/\2( _2—h0< Uy — 2)\2))+§2

for some constants {Sk}izl related to the initial separation of the cuspon and
soliton. This allows the expression (7.17) to be written as

T 1
niny

120 | 120 As
1 _'_ n4e _'_ n _'_ (A1+A2

) 0291 +299

(7.20) === =nin;

2
20 20 As 201 +2Q9
1+ nje2 + nie +<A1+A2) ninse
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with

Acs

X(y,t) = L+u0t+ln Bos

Vo

REFERENCES

Boutet de Monvel A. and Shepelsky D., A Riemann-Hilbert approach for the Degasperis-
Procesi equation, Nonlinearity 26 (2013), 2081-2107; arXiv:1107.5995 [nlin.SI]

Boutet de Monvel A. and Shepelsky D., Riemann-Hilbert approach for the Camassa-Holm
equation on the line, C. R. Math. Acad. Sci. Paris 343 (2006), 627-32.

Camassa R. and Holm D., An integrable shallow water equation with peaked solitons. Phys.
Rev. Lett. 71, 1661-1664 (1993); arXiv:patt-sol/9305002

Camassa R., Holm D. and Hyman J., A new integrable shallow water equation. Adv. Appl.
Mech. 31, (1994) 1-33.

Chen, S.; Foias, C.; Holm, D. D.; Olson, E.; Titi, E. S.; Wynne, S., A connection between
the Camassa-Holm equations and turbulent flows in channels and pipes,Phys. Fluids 11
(1999), 2343-2353; doi: 10.1063/1.870096

Constantin A., On the inverse spectral problem for the Camassa-Holm equation. J. Funct.
Anal. 155 (1998) 352-363.

Constantin A., Existence of permanent and breaking waves for a shallow water equation: a
geometric approach, Ann. Inst. Fourier (Grenoble) 50 (2000) 321-362.

Constantin A., On the scattering problem for the Camassa-Holm equation, Proc. R. Soc.
Lond. A457 (2001) 953-970.

Constantin A. and Escher J., Wave breaking for nonlinear nonlocal shallow water equations,
Acta Mathematica 181(1998) 229-243.

Constantin A. and Escher J., Global existence and blow up for a shallow water equation,
Ann. Sc. Norm. Sup. Pisa, Ser. IV 26 (1998) pp. 303-328.

Constantin A., Gerdjikov V. and Ivanov R., Inverse scattering transform for the Camassa-
Holm equation, Inv. Problems 22 (2006), 2197-2207; arXiv: nlin/0603019v2 [nlin.SI].
Constantin A.; Gerdjikov V. and Ivanov R., Generalised Fourier transform for the Camassa-
Holm hierarchy, Inv. Problems 23 (2007) 1565-1597; nlin.SI/0707.2048.

Constantin, A. and Ivanov, R., Dressing Method for the Degasperis-Procesi Equation, Stud.
Appl. Math. (2016), DOI: 10.1111/sapm.12149; arXiv:1608.02120 [nlin.SI]

Constantin A., Ivanov R. and Lenells J., Inverse scattering transform for the Degasperis-
Procesi equation, Nonlinearity 23 (2010), 2559 — 2575; arXiv:1205.4754 [nlin.SI)
Constantin A. and Kolev B., Geodesic flow on the diffeomorphism group of the circle,
Comment. Math. Helv. 78 (2003) 787-804.

Constantin A. and McKean H.P., A shallow water equation on the circle, Commun. Pure
Appl. Math. 52 (1999) 949-982.

Constantin A. and Lannes D., The hydrodynamical relevance of the Camassa-Holm and
Degasperis-Procesi equations, Arch. Ration. Mech. Anal. (2009) 192 165-186.

Constantin A. and Strauss W., Stability of peakons, Commun. Pure Appl. Math. 53 (2000)
603-610.

Dai H.-H., Model equations for nonlinear dispersive waves in a compressible Mooney-Rivlin
rod, Acta Mech. 127 (1998) 193-207.

Degasperis A. and Procesi M., Asymptotic integrability, in Symmetry and Perturbation
Theory, edited by A. Degasperis and G. Gaeta, World Scientific (1999), pp. 23-37.
Degasperis A., Holm D. and Hone A., A new integrable equation with peakon solutions,
Theor. Math. Phys. 133 (2002), 1461-1472.



34

22]

ROSSEN IVANOV, TONY LYONS, AND NIGEL ORR

Dullin H. R., Gottwald G. A. and Holm D. D.,; Camassa-Holm, Korteweg-de Vries-5 and
other asymptotically equivalent equations for shallow water waves, Fluid Dynam. Res. 33
(2003), 73-95.

Dullin H. R., Gottwald G. A. and Holm D. D., On asymptotically equivalent shallow water
wave equations, Physica D 190 (2004), 1-14.

Fokas A. S., On a class of physically important integrable equations, Physica D 87 (1995),
145-150.

Fokas A.S. and Fuchssteiner B., On the structure of symplectic operators and hereditary
symmetries, Lett. Nuovo Cimento 28 (1980) 299-303.

Gerdjikov V., Vilasi G. and Yanovski A., Integrable Hamiltonian Hierarchies. Spectral and
Geometric Methods, Lecture Notes in Physics 748, Springer Verlag, Berlin, Heidelberg, New
York (2008).

Gesztesy, F. and Holden, H.: Soliton Equations and Their Algebro-Geometric Solutions,
Volume I: (1+1)-Dimensional Continuous Models, Cambridge studies in advanced mathe-
matics, volume 79. Cambridge: Cambridge University Press, 2003

Holm D. and Ivanov R., Smooth and peaked solitons of the Camassa-Holm equation and
applications, J. Geom. Symm. Phys. 22 (2011) 13-49.

Holm D. and Marsden J., Momentum Maps and Measure-valued Solutions (Peakons, Fil-
aments and Sheets) for the EPDiff Equation, In: The Breadth of Symplectic and Poisson
Geometry, Progr. Math. 232, J. Marsden and T. Ratiu (Eds), Birkh&duser, Boston, 2004, pp
203-235.

Holm D., Marsden J. and Ratiu T., The Euler-Poincaré equations and semidirect products
with applications to continuum theories, Adv. Math. 137 (1998) 1-81.

Holm D., Marsden J. and Ratiu T., Fuler-Poincaré Models of Ideal Fluids with Nonlinear
Dispersion, Phys. Rev. Lett. 349 (1998) 4173-4176.

Holm D. and Staley M., Nonlinear Balance and Exchange of Stability in Dynamics of Soli-
tons, Peakons, Ramps/Cliffs and Leftons in a 1+ 1 nonlinear evolutionary PDE, Phys. Lett.
A 308 (2003) 437-444.

Hone, A.: The associated Camassa-Holm equation and the KdV equation. J. Phys. A: Math.
Gen. 32, 1.307-L314 (1999)

Ivanov R.I., Conformal Properties and Béacklund Transform for the Associated Camassa-
Holm Equation, Phys. Lett. A 345, 235-243 (2005); nlin.SI/0507005.

Ivanov, R., Lyons T. and Orr, N. A dressing method for soliton solutions of the Camassa-
Holm equation, AIP Conference Proceedings, 1895 (2017) 040003, doi 10.1063/1.5007370;
arXiv:1702.01128 [nlin.S]]

Johnson R.S., Camassa-Holm, Korteweg-de Vries and related models for water waves, J.
Fluid. Mech. 457 (2002) 63-82.

Johnson R.S.; On solutions of the Camassa-Holm equation, Proc. Roy. Soc. Lond. A 459
(2003) 1687-1708.

Johnson, R.S.: The Camassa-Holm equation for water waves moving over a shear flow, Fluid
Dynamics Research 33 (2003) 97-111.

Kirillov, A., The orbits of the group of diffeomorphisms of the circle, and local Lie superal-
gebras, Funct. Anal. Appl. 15 (1981) 135-136.

Kirillov, A., The orbit method, II: infinite-dimensional Lie groups and Lie algebras, Con-
temp. Math. 145 (1993) 33-63.

Li, Y. and Zhang, J.: The multiple-soliton solutions of the Camassa-Holm equation, Proc.
R. Soc. Lond. A 460, 2617-2627 (2004)

Matsuno Y., Parametric representation for the multisoliton solution of the Camassa-Holm
equation J. Phys. Soc. Japan 74 (2005) 1983-1987; arXiv:nlin.SI/0504055



[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]

[54]

[55]

A DRESSING METHOD FOR THE CAMASSA-HOLM EQUATION 35

Matsuno Y., The peakon limit of the N-soliton solution of the Camassa-Holm equation J.
Phys. Soc. Japan 76 (2007) 034003, arXiv:nlin/0701051

Misiolek G., A shallow water equation as a geodesic flow on the Bott-Virasoro group, J.
Geom. Phys. 24 (1998) 203-208.

Novikov S.P., Manakov S.V., Pitaevsky L.P. and Zakharov V.E.: Theory of solitons: the
inverse scattering method. New York: Plenum, 1984

Parker A., On the Camassa-Holm equation and a direct method of solution I. Bilinear form
and solitary waves. Proc. R. Soc. Lond. A 460 (2004) 2929-2957.

Parker A., On the Camassa-Holm equation and a direct method of solution II. Soliton
solutions, Proc. R. Soc. Lond. A 461 (2005) 3611-3632.

Parker A., On the Camassa-Holm equation and a direct method of solution III. N-soliton
solutions. Proc. R. Soc. Lond. A 461 (2005) 3893-3911.

Parker A., Cusped solitons of the Camassa-Holm equation. I. Cuspon solitary wave and
antipeakon limit. Chaos, Solitons & Fractals 34 (2007) 730-739.

Parker A., Cusped solitons of the Camassa-Holm equation. II. Binary cuspon-soliton inter-
actions Chaos, Solitons & Fractals 41 (2009) 1531-1549.

Parker A, Matsuno Y. The peakon limits of soliton solutions of the Camassa-Holm equation.
J Phys Soc Jpn 75(2006) 124001.

Rasin A. and Schiff J., Bicklund transformations for the Camassa-Holm equation, J. Nonlin.
Sei, 27 (2017) 45-69; doi:10.1007/s00332-016-9325-6; arXiv:1508.05636 [nlin.SI]

Popivanov P. and Slavova A., Nonlinear Waves: An Introduction, World Scientific, NJ
(2011).

V. E. Zakharov, and A. B. Shabat. A scheme for integrating nonlinear evolution equations
of mathematical physics by the inverse scattering method. I, Funct. Anal. Appl. 8 (1974)
226-235.

V. E. Zakharov, and A. B. Shabat. Integration of the nonlinear equations of mathematical
physics by the inverse scattering method II, Funct. Anal. Appl. 13 (1979) 166-174.

SCHOOL OF MATHEMATICAL SCIENCES, TECHNOLOGICAL UNIVERSITY DUBLIN, CITY CAM-
pUs, KEVIN STREET, DUBLIN D08 NF82, IRELAND
E-mail address: rossen.ivanov@dit.ie

DEPARTMENT OF COMPUTING AND MATHEMATICS, WATERFORD INSTITUTE OF TECHNOL-
0GY, WATERFORD, [RELAND
E-mail address: tlyons@wit.ie

SCHOOL OF MATHEMATICAL SCIENCES, TECHNOLOGICAL UNIVERSITY DUBLIN, CITY CAM-
pUs, KEVIN STREET, DUBLIN D08 NF82, IRELAND
E-mail address: nigel.orr@dit.ie



	1. Introduction
	2. The Spectral Problem for the Camassa-Holm Equation
	2.1. From the scalar to the matrix Lax pair
	2.2. The gauge transformed SL(2) spectral problem
	2.3. Diagonalisation
	2.4. Symmetry reductions of the spectral problem

	3. The Dressing Method
	3.1. The dressing factor
	3.2. The dressing factor with a real simple pole

	4. Cuspons, solitons and the cuspon-soliton interaction
	4.1. The one-cuspon solution
	4.2. The one-soliton solution
	4.3. The two-cuspon solution
	4.4. The two-soliton solution
	4.5. The cuspon-soliton interaction
	4.6. The general solution with multiple solitons and cuspons

	5. The geometry of the soliton and cuspon solutions
	6. Discussion
	Acknowledgements
	7. Appendix
	References

