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The planar directed k-Vertex-Disjoint Paths problem is
fixed-parameter tractable
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Abstract
Given a graph G and k pairs of vertices (s1,t1), ..., (Sk,tx), the k-Vertex-Disjoint Paths
problem asks for pairwise vertex-disjoint paths P;, ..., Py such that P; goes from s; to t;.

Schrijver proved that the k-Vertex-Disjoint Paths problem on planar directed graphs can

2
be solved in time n°*). We give an algorithm with running time 22°°“ . n° for the problem,
that is, we show the fixed-parameter tractability of the problem.
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1 Introduction

A classical problem of combinatorial optimization is finding disjoint paths with specified endpoints:

k-Vertex-Disjoint Paths Problem (k-DPP)
Input: A graph G and k pairs of vertices (s1,t1), ..., (Sg, tx)-
Question: Do there exist k pairwise vertex-disjoint paths P,
..., P such that P; goes from s; to t;?

We consider only the vertex-disjoint version of the problem in this paper; disjoint means vertex
disjoint if we do not specify otherwise. If the number k of paths is part of the input, then the
problem is NP-hard even on undirected planar graphs [20]. However, for every fixed k, Robertson
and Seymour showed that there is a cubic-time algorithm for the problem in general undirected
graphs [24]. Their proof uses the structure theory of graphs excluding a fixed minor and therefore
extremely complicated. More recently, a significantly simpler, but still very complex algorithm was
announced by Kawarabayashi and Wollan [17]. Obtaining polynomial running time for fixed k is
significantly simpler in the special case of planar graphs |23]; see also the self-contained presentations
of Reed et al. [21] or Adler et al. [1].

The problem becomes dramatically harder for directed graphs: it is NP-hard even for £k = 2
in general directed graphs [8]. Therefore, we cannot expect an analogue of the undirected result
of Robertson and Seymour [24] saying that the problem is polynomial-time solvable for fixed k.
For directed planar graphs, however, Schrijver gave an algorithm with polynomial running time for
fixed k:

Theorem 1.1 (Schrijver [28]). The k- Vertez-Disjoint Paths Problem on directed planar graphs can
k)

be solved in time n°(

The algorithm of Schrijver is based on enumerating all possible homology types of the solution
and checking in polynomial time whether there is a solution for a fixed type. Therefore, the running
time is mainly dominated by the number n®*) of homology types. Our main result is improving
the running time by removing k from the exponent of n:

Theorem 1.2. The k-Vertex-Disjoint Paths Problem on directed planar graphs can be solved in
time 22O(k2) O,

In other words, we show that the k-Disjoint Paths Problem is fixed-parameter tractable on
directed planar graphs. The fixed-parameter tractability of this problem was asked as an open
question by Bodlaender, Fellows, and Hallett [3] already in 1994, in one of the earliest papers on
parameterized complexity. The question was reiterated in the open problem list of the classical
monograph of Downey and Fellows [7] in 1999. Note that, for undirected planar graphs, the
algorithm with best dependence on k is due to Adler et al. [1] and has running time 2290 pOQ)
Therefore, for the more general directed version of the problem, we cannot expect at this point a
running time with better than double-exponential dependence on k.

For general undirected graphs, the algorithm of Robertson and Seymour [24] relies heavily on
the structure theory of graphs excluding a fixed minor; in fact, this algorithm is one of the core
achievements of the Graph Minors series. More recent results on finding subdivisions [11] or parity-
constrained disjoint paths [16] also build on this framework. Even in the much simpler planar case,
the algorithm presented by Adler et al. [1] uses the concepts and tools developed in the study of
excluded minors. In a nutshell, their algorithm has three main components. First, if treewidth (a



measure that plays a crucial role in graph structure theory) is bounded, then standard algorithmic
techniques can be used to solve the k-Vertex-Disjoint Paths Problem. Second, if treewidth is large,
then (planar version of) the Excluded Grid Theorem [4}12}22,25] implies that the graph contains a
subdivision of a large wall, which further implies that there is a vertex enclosed by a large number
of disjoint concentric cycles, none of them enclosing any terminals. Finally, Adler [1] et al. show
that such a vertex is irrelevant, in the sense that it can be removed without changing the answer
to the problem. Thus by iteratively removing such irrelevant vertices, one eventually arrives to a
graph of bounded treewidth.

Can we apply a similar deep and powerful theory in the directed version of the problem?
There is a notion of directed treewidth [14] and an excluded grid theorem holds at least for planar
graphs [13] (and more generally, for directed graphs whose underlying undirected graph excludes
a fixed minor [15]). However, the other two algorithmic components are missing: it is not known
how to solve the k-Vertex Disjoint Paths problem in f(k) - n®®) time on directed graphs having
bounded directed treewidth and the directed grids excluded by these theorems do not seem to be
suitable for excluding irrelevant vertices. There are other notions that try to generalize treewidth
to directed graphs, but the algorithmic applications are typically quite limited [2,/9,/10}18,|19}26].
In particular, the k-Vertex-Disjoint Paths Problem is known to be W/[1]-hard on directed acyclic
graphs [29], which is strong evidence that any directed graph measure that is small on acyclic
graphs is not likely to be of help.

Our algorithm does not use any tool from the structure theory of undirected graphs, or any
notion of treewidth for directed graphs. The only previous results that we use are the results of
Ding, Schrijver, and Seymour [5,/6] on various special cases of the directed disjoint paths problem,
the cohomology feasibility algorithm of Schrijver [28], and a self-contained combinatorial argument
from Adler et al. [1]. Therefore, we have to develop our own tools and in particular a new type of
decomposition suitable for the problem. A concept that appears over and over again in this paper
is the notion of alternation: we are dealing with sequences of paths and cycles having alternating
orientation (i.e., each one has an orientation that is the opposite of the next one), we measure
the “width” of a sequence of arcs by the number of alternations in the sequence, and we measure
“distance” between faces by the minimum alternation on any sequence of arcs between them.
Section [2] gives a high-level overview of the algorithm. Let us highlight here the most important
steps and the main ideas:

e Irrelevant vertices. Analogously to Adler et al. [1], we prove that a vertex enclosed by a
large set of concentric cycles having alternating orientation and not enclosing any terminals
is irrelevant. As expected, the proof is more complicated and technical than in the undirected
case (Section [3).

e Duality of alternation. We show that alternation has properties that are similar to the
classical properties of undirected planar graphs (Section. We prove an approximate duality
between alternating paths and the minimum alternation size of a cut (reminiscent of max-flow
min-cut duality), and between concentric cycles and alternation distance (reminiscent of the
fact that two faces far away in a planar graph are separated by many disjoint cycles).

e Decomposition. We present a novel kind of decomposition into “dis¢” and “ring” compo-
nents (Section . The crucial property of the decomposition is that the set of arcs leaving a
component has bounded alternation. That is, the components are connected by a bounded
number of bundles, each containing a set of “parallel” arcs with the same orientation.

e Handling ring components. Ring components pose a particular challenge: we have to
understand how many turns a path of the solution does when connecting the inside and the



outside. We prove a rerouting argument showing that only a bounded number of possibilities
has to be taken into account for the winding numbers of these paths.

e Guessing bundle words. Given a decomposition, a path of the solution can be described
by a word consisting of a sequence of symbols representing the bundles visited by path,
in the order they appear in the path. Note that a bundle can be used several times by a
path of the solution, thus the word can be very long. Our goal is to enumerate a bounded
number of possible bundle words for each path of the solution. These words, together with
our understanding of what is going on inside the rings, allow us to guess the homology type
of the solution, and then invoke Schrijver’s cohomology feasibility algorithm to check if there
is a solution with this homology type.

In the next section we present an informal overview of the algorithm; all formal arguments follow
in the rest of the paper.

The techniques introduced in this paper were developed specifically with the k-Vertex-Disjoint
Paths Problem in mind. It is likely that some of the duality arguments or decomposition techniques
can have applications for other problems involving planar directed graphs.

In general directed graphs, vertex-disjoint and edge-disjoint versions of the disjoint paths prob-
lems are equivalent: one can reduce the problems to each other by simple local transformations
(e.g., splitting a vertex into an in-vertex and an out-vertex). However, such local transformations
do not preserve planarity. Therefore, our result has no implications for the edge-disjoint version of
the problem on planar directed graphs. Let us note that in planar graphs the edge-disjoint version
seems very different from the vertex-disjoint version: as the paths can cross at vertices, the solution
does not have a topological structure of the type that is exploited by both Schrijver’s algorithm [28]
and our algorithm. The complexity of the planar edge-disjoint version for fixed k£ remains an open
problem; it is possible that, similarly to general graphs [8], it is NP-hard even for k = 2.

One can define a variant of the planar edge-disjoint problem where crossings are not allowed.
That is, in the noncrossing edge-disjoint version paths are allowed to share vertices, but if edge e;
entering v is followed by eo, and edge f1 entering v is followed by fs, then the cyclic order of these
edges cannot be (e1, f1,e2, f2) or (e1, f2, ez, f1) around v. It is easy to see that this version can be
reduced (in a planarity-preserving way) to the vertex disjoint version by replacing each vertex by
a large bidirected grid. Therefore, our algorithm can solve the noncrossing edge-disjoint version of
the k-Disjoint Paths Problem as well.

2 Overview of the algorithm

The goal of this section is to give an informal overview of our main result — the fixed-parameter
algorithm for finding k disjoint paths in directed planar graphs.

2.1 Irrelevant vertex rule

Let us first recall how to solve the k-disjoint paths problem in the undirected (even non-planar)
case. The algorithm of Robertson and Seymour [24] considers two cases. If the treewidth of the
input graph G is bounded by a function of the parameter (k, the number of terminal pairs), then
the problem can be solved by a standard dynamic programming techniques on a tree decomposition
of small width of G. Otherwise, by the Excluded Grid Theorem [4,/12}22,25], G contains a large
grid as a minor.

The idea now is to distinguish a vertex v of GG, whose deletion does not change the answer
of the problem; that is, there exist the required k disjoint paths in G if and only if they exist in
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Figure 1: A situation where a shortcut can be made and how it can be made. There are more
than 2% horizontal segments of the paths, crossed by sufficiently many vertical chords, that, in the
directed setting, are required to be of alternating orientation. Moreover, it is assumed that no
other path of any path intersects the gray area, so that the paths remain pairwise disjoint after
rerouting.

G \ v. Note that the disjoint paths problem can become only harder if we delete a vertex; thus, to
pronounce v irrelevant, one needs to prove that any solution using the vertex v can be redirected
to a similar one, omitting v.

In the case of planar graphs one may apply the following quite intuitive reasoning. Assume that
G contains a large grid as a minor; as there are at most 2k terminals, a large part of this grid does
not enclose any terminal. In such a part, a vertex v hidden deep inside the grid seems irrelevant:
any solution using v needs to traverse a large part of the grid to actually contain v, and it should be
possible to “shift” the paths a little bit to omit v. This reasoning can be made formal, and Adler
et al. [1] proved that, in undirected planar graphs, the middle vertex of a grid of exponential (in k)
size is irrelevant. In fact, they show a bit stronger statement: if we have sufficiently many (around
2F) concentric cycles on the plane, such that the outermost cycle does not enclose any terminal,
then any vertex on the innermost cycle is irrelevant.

One of the main argument in the proof of Adler et al. |1] is as follows. Assume that there
are many pairwise disjoint segments of the solution that cross sufficiently many orthogonal paths
(henceforth called chords) in the graph; see Figure 1, Assume moreover that the aforementioned
segments are the only parts of the solution that appear in the area enclosed by the outermost
segments and chords (i.e., in the part of the plane depicted on Figure . Then, if the number of
segments is more than 2*, one can redirect some of them, using the chords, and shortening the
solution. Thus, in a minimal (in some carefully chosen sense) solution, a set of more than 2 paths
cannot go together for a longer period of time.

The argument of Adler et al. [1] described in the previous paragraph redirects the paths of the
solution using the chords in an undirected way, and hence the direction in which a chord is used
is unpredictable, depending on the order in the which the segments appear on the paths of the
solution. Hence, if we want to transfer this argument to the directed setting, then we need to make
some assumption on the direction of the chords. It turns out that what we need is that the chords
are directed paths with alternating orientation. This ensures that we always have a chord going in
the right direction at any place we would possibly need it.

If a set of paths intersect the innermost cycle, then they need to traverse all cycles. Adler
et al. [1] show how to find a subset of these paths and how to cut out chords from the cycles in
a way that satisfies the conditions of the rerouting argument. In the directed setting, in order
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Figure 2: A d-bend B with chords Cy, C4, ..., Cy, and how it can be cut out from concentric cycles,
using parts of the cycles as chords.

to obtain chords of alternating orientation, we need to assume that the cycles have alternating
orientation too.

Definition 2.1. We say that cycles C1, ..., Cy form a sequence of concentric cycles with alternating
orientation in a plane graph G if

1. they are pairwise vertex disjoint,
2. for every 1 < i < d, cycle C; encloses C;11, and
3. for every 1 <i < d, exactly one of the cycles C; and (4 is oriented clockwise.

Luckily, it turns out that such a sequence of cycles is sufficient for the irrelevant vertex rule. In
Section |3 we prove the following.

Theorem 2.2 (Irrelevant vertex rule). For any integer k, there exists d = d(k) = 2°0**) such
that the following holds. Let G be an instance of k-DPP and let C1,Cs,C5,...,Cq bet a sequence
of concentric cycles in G with alternating orientation, where Cy is the outermost cycle. Assume
moreover that C1 does not enclose any terminal. Then any vertex of Cy is irrelevant.

At the heart of the proof of Theorem lies the rerouting argument described above, which
states that a solution can be rerouted and shortened if a set of more than 2* paths travel together
through sufficiently many (exponential in k) chords cut out from the alternating cycles C;. However,
it is much harder to prove the existence of these paths and chords needed for the rerouting argument
than in the undirected case, and we now sketch how it could be done.

Consider the situation assumed in Theorem and assume we have a solution where one path,
say P, intersects the innermost cycle. On one side of P we obtain a structure we call a bend,
depicted on Figure |2l The parts of the cycles are called chords, a bend with d chords is a d-bend.
Moreover, the type of the bend is the number of different paths from the solution that intersect the
interior or the boundary of the bend; our initial bend is of type at most k. Our main technical
claim in the proof of Theorem is that in a (somehow defined) minimal solution there do not
exist d-bends of type t, for d > f(k,t) and some function f(k,t) = 20(k) that do not enclose any
terminals.



Figure 3: Part of a path creates a bend inside another bend.

Assume we have a d-bend B of type t, for some large d, enclosed by a part of a path P; of the
solution. We analyze the segments of the solution: the maximal subpaths of the paths Py, ..., P
in the interior of the bend. If the interval vertices of the last two chords are not intersected by any
segment, then one of these two chords has the right orientation to serve as a shortcut for the path
P;, contradicting the minimality of the solution. Therefore, we can assume that all but the last
two chords are intersected by segments. If any segment of Py intersects the j-th chord of B, then
it itself induces a j’-bend B’ inside B, for some j' = j — O(1) (see Figure [3). Hence, if the path P,
itself does not intersect the interior of the d-bend B, any bend inside B is of strictly smaller type,
and the claim is proven by induction on t.

Otherwise, we can argue that several segments of P; enter the interior of the d-bend B. Our
goal is to prove that there is a large set of segments of P; entering B that form a nested sequence
and they travel together through a large number of chords deep inside the bend, with no other
segment of P; between them. Then we can argue that any other segment of some P with i’ # ¢
intersecting these chords is also nested with these segments, otherwise they would create a large
bend of strictly smaller type, and induction could be applied. Therefore, we get a large set of paths
travelling together through a large number of chords, and the rerouting argument described above
can be invoked.

To find this nested sequence of segments of P;, we analyze how P; intersects the chords of B.
We construct the following auxiliary graph H: start with a subgraph of G consisting of P and the
chords of B and suppress all vertices of degree 2. Let H* be the dual of H and T™* be subgraph
of H* consisting only of chord arcs. It is not hard to see that T* is a tree, with at least d — O(1)
vertices; see Figure {4 for an illustration.

Roughly speaking, if the segments of P; reaching deep inside the bend are not nested, then we
can find a face f, hidden deeply inside the d-bend B, such that at least three of the connected
components of T\ f cross many chords. If one of these components has the property that none
of the faces appearing in this component contains a terminal, then the part of the path P; that
encloses this component is, by the definition of 7™, encloses a bend of type at most ¢ — 1. Thus, by
the induction hypothesis, it cannot cross more than f(k,t — 1) chords of the d-bend B. However,
if all such connected components of 7 \ f contain faces with terminals inside, we cannot argue
anything about f: the path P may need to do travel in such strange manner in order to go around



Figure 4: A d-bend with chords Cy, C4,...,Cy appearing on a path P,. The dotted lines show the
edges of the tree T*.

some terminals. The crucial observation is that there are O(k) faces for which this situation can
arise: as there are 2k terminals, there are only O(k) vertices of the tree T such that at least three
components of 7™\ f contain faces with terminals. Therefore, if we avoid these O(k) special faces,
then we can find the required set of nested segments and we can find a place to apply the rerouting
argument. This finishes the sketch of the proof of the irrelevant vertex rule (Theorem [2.2)).

We would like to note that we can test in polynomial time if the irrelevant vertex rule applies: if
we guess one faces enclosed by C,. and the orientation of C)., we can construct the cycles in a greedy
manner, packing the next cycle as close as possible to the previously constructed one. However,
we do not use this property in our algorithm: the decomposition algorithm, described in the next
subsection, returns an irrelevant vertex situation if it fails to produce a suitable decomposition.

We would also like to compare the assumptions of Theorem with the conjectured canonical
obstruction for small directed treewidth, depicted on Figure 5] It has been shown that a planar
graph [13], or, more generally, a graph excluding a fixed undirected minor [15], has small directed
treewidth unless it contains a large directed grid (as in Figure [5), in some minor-like fashion,
and this statement is conjectured to be true for general graphs [14]. Although the assumption
of bounded directed treewidth may be easier to use than the bounded-alternation decomposition
presented in the next subsection, we do not know how to argue about irrelevancy of some vertex
or arc in the directed grid. Thus, we need to stick with our irrelevant vertex rule with relatively
strong assumptions (a large number of alternating cycles), and see in the rest of the proof what
can be deduced if such a situation does not occur.

2.2 Decomposition and duality theorems

Once we have proven the irrelevant vertex rule (Theorem [2.2]), we may see what can be deduced
about the structure of the graph if the irrelevant vertex rule does not apply. Recall that in the



Figure 5: A directed grid — a conjectured canonical obstacle for small directed treewidth.
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Figure 6: An illustration of the definition of S(~v,p) for p € y N G.

undirected case the absence of an irrelevant vertex implied a bound on the treewidth of the graph,
and hence the problem can be solved by a standard dynamic programming algorithm.

In our case the situation is significantly different. As we shall see, the assumptions in Theorem
are rather strong, and, if the irrelevant vertex rule is not applicable, the problem does not
become as easy as in the bounded-treewidth case. Recall that Theorem [2.2] assumed a large number
of cycles of alternating orientation, and these alternations were crucial for the rerouting argument.
It turns out that, if such cycles cannot be found, we can decompose the graph into relatively simple
pieces using cuts of bounded alternation.

Consider a directed curve v on the plane that intersects the plane graph G only in a finite
number of points (i.e., v does not “slide” along any arc of G). For any point p € vy N G we define
S(v,p) € {—1,+1} as follows: —1 € S(~,p) if it is possible for a path in G to cross 7 in p from left
to right, and +1 € S(v,p) if it possible to cross v from right to left (see Figure[6). The alternation
of 7y is the length of the longest sequence of alternating +1 and —1s that is embeddable (in a natural
way) into the sequence S(v,p)pernc-

Note that the existence of a curve « with alternation a connecting faces f; and fy proves
that f; and fo cannot be separated by a sequence of more than a concentric cycles of alternating
orientation. Thus, a curve of bounded alternation is in some sense dual to the notion of concentric
cycles of bounded alternation. It turns out that this duality is tight: such a curve of bounded
alternation is the only obstacle that prevents the existence of these concentric cycles. One can also
formulate a duality statement similar to the classical max-flow min-cut duality, with a set of paths
of alternating orientation playing the role of the flow and a curve of bounded alternation playing
the role of a cut. The following lemma states both types of duality in an informal way (see Figures
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Figure 7: Two cases in Lemma 2 ): cycles of alternating orientation between f;, and fu,: or a
curve of bounded alternation connectlng fin and fous-

f out f out

Figure 8: Two cases in Lemma (2): paths of alternating orientation connecting f;, and f,,: or
a curve of bounded alternation separating f;, and fou:.

and |8 for illustration).

Lemma 2.3 (Alternation dualities, informal statement.). Let G be a graph embedded in a subset of
a plane homeomorphic to a ring, and let fi, and fou: be the two faces of G that contain the inside
and the outside of the ring, respectively. Let r be an even integer. Then, in polynomial time, one
can in G:

1. either find a sequence of v cycles of alternating orientation, separating fin, from four, or find
a curve connecting fin with four with alternation at most r (Figure @; and

2. either find a sequence of r paths, connecting fin, and four, with alternating orientation, or find
a closed curve separating fin from four with alternation at most r + 4 (Figure @

Let us now give intuition on how to prove statements like Lemma If we identify f;, and fous,
or more intuitively, extend the surface with a handle connecting f;, and f,,:, we can perceive G as
a graph on a torus. After some gadgeteering, we may use the following result of Ding, Schrijver,
and Seymour [6]: if one wants (in a graph G on a torus) to route a set of vertex-disjoint cycles with
prescribed homotopy class and directions, a canonical obstacle is a face-vertex curve 7 (of some
other homotopy class), where the sequence S(7,p)peynG does not contain the expected subpattern
of +1 and —1s. Note that such a curve is not far from the curves promised by Lemma

11
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Figure 9: An example of a decomposition. The disc components are red, the ring component is
yellow.

Equipped with this understanding of alternation, in Section [5]we prove a decomposition theorem
that is crucial for our algorithm. We state this theorem here informally (see Figure @] for an
illustration); the precise statement appears in Theorem

Theorem 2.4 (Decomposition theorem, informal statement). Assume that G is a plane graph with
k terminal pairs to which the irrelevant vertex rule is not applicable. Then one can partition the
graph G into a bounded (in k) number of disc and ring components, using cuts of bounded total
alternation; a disc (resp., ring) component occupies a subset of the plane that is isomorphic to a
disc (resp., ring). Moreover, each terminal lives on the border of a disc component, and each ring
component contains many concentric cycles of alternating orientation, separating the inside from
the outside.

The decomposition of Theorem is obtained by iteratively refining a decomposition, moving a
terminal to the boundary of a component in each step. If a disc component contains a terminal such
that there is a curve of bounded alternation from the terminal to the boundary of the component,
then the terminal can be moved to the boundary by removing the arcs intersected by the curve. This
operation increases the alternation of the cut separating the component from the rest of graph only
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by a bounded number, thus we can afford to perform one such step for each terminal. Otherwise,
if there is no such curve, then Lemma (1) implies that there is a large set of concentric cycles
of alternating orientations separating all the terminals in the component from the boundary. We
again consider two cases. If there is large set of paths with alternating orientations crossing these
cycles, then the paths and cycles together form some kind of grid, and we can easily identify a
vertex that is separated from all the terminals by a large set of concentric cycles with alternating
orientation. Such a vertex is irrelevant by Theorem and hence can be removed. On the other
hand, if there is no such set of paths, then Lemma (2) implies that there is a curve of bounded
alternation separating the terminals of the component from the boundary of the component. We
can use this curve to cut away a ring component and we can do this in such a way that after
removing the ring component, one of the terminals is close to the boundary of the remaining part
of the disc component (in the sense that there is a curve of bounded alternation connecting it to
the boundary). Therefore, we can apply the argument described above to move this terminal to
the boundary. Iteratively applying these steps until all the terminals are on the boundary of its
component produces the required decomposition.

How can we use the decomposition of Theorem to solve k-DPP? The disc components are
promising to work with, as the k-DPP problem is polynomial if all terminals lie on the outer face
of the graph [5]. In a topological sense, if the terminals are on the outer face, then the solutions
are equivalent, whereas if the terminals are on the inside and outside boundaries of a ring, then
the solutions can differ in how many “turns” they do along the ring. This possible difference in
the number of turns create particular challenges when we are trying to apply the techniques of
Schrijver [28] to find a solution based on a fixed homotopy class.

Theorem [2.4) would be nicer and more powerful if we could always obtain a decomposition using
only disc components, but as Figure indicates, this does not seem to be possible in general.
Assume that one part of the graph (inside) is separated from the outside by a large number of
concentric cycles of alternating orientation, but with cuts of bounded alternation between each
consecutive cycles. Suppose that there are terminals inside the innermost cycle and outside the
outermost cycle. Then the irrelevant vertex rule of Theorem is not applicable, as we cannot
find suitable set of cycles without enclosing some terminals inside the innermost cycle. Moreover,
if we aim for bounded alternation cuts, we cannot cut through too many cycles. Thus, this set of
concentric cycles need to be embedded in a separate ring component.

The formal statements of Lemma [2.3] are proven in Section [d] whereas the decomposition theo-
rem is proven in Section [5

2.3 Bundles and bundle words

From the previous subsection we know that, if the irrelevant vertex rule is not applicable, one may
decompose the graph into a bounded number of disc and ring components, using cuts of bounded
alternation. Let us reformulate this statement: we can decompose the graph into a bounded number
of disc and ring components, connected by a bounded number of bundles; a bundle is a set of arcs
of GG that form a directed path in the dual of GG, such that no other arc nor vertex of GG is drawn
between the consecutive arcs of the bundle. Thus, we obtain something we call bundled instance
(G,D,B): a graph G with terminals, a family of components D and a family of bundles B. On
Figure [9 one can see a partition of arcs between components into bundles. With any path P in a
bundled instance (G, D,B) we can associate its bundle word, denoted bw(P): we follow the path P
from start to end and append a symbol B € B whenever we traverse an arc belonging to a bundle
B. That is, bw(P) is a word over alphabet B; see Figure [L1| for an example.

Assume for a moment that there are no ring components in the decomposition; ring components
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Figure 10: A situation, where a ring component is necessary: there are many concentric cycles of
alternating orientation, but the arcs between the cycles have bounded alternation.

present their own challenges requiring an additional layer of technical work, but they do not alter
the main line of reasoning. Assume moreover that we have computed somehow bundle words
bw(P;), i = 1,2,...,k for some solution (Pz')le for k-DPP on G. The important observation is
that, given the bundle words, the cohomology feasibility algorithm of Schrijver [2§] is able to extract
(an approximation of) the paths P; in polynomial time.

To show this, let us recall the algorithm of Schrijver [28] that solves k-DPP in polynomial time
for every fixed k. The heart of the result of Schrijver lies in the proof that k-DPP is polynomial-time
solvable if we are given a homotopy class of the solution. In simpler words, given a “pre-solution”,
where many paths can traverse the same arc, even in wrong direction (but they cannot cross), one
can in polynomial time check if the paths can be “shifted” (i.e., modified by a homotopy) so that
they become a feasible solution. In such a “shift” (homotopy) one can move a path over a face, but
not over a face that contains a terminalE] See Figure [12| for an illustration of different homotopy
classes of a solution.

In our setting, we note that, in the absence of ring components, two solutions with the same
set of bundle words of each paths are homotopical; thus, given bundle words of a solution, one can
use the algorithm of Schrijver to verify if there is a solution consistent with the given set of bundle
words. However, one should note that the homotopies are allowed to do much more than to only
move paths within a bundle; formally, using the Schrijver’s algorithm we can either (i) correctly
conclude that there is no solution with given set of bundle words (p;)%_,, or (ii) compute a solution
(P;)k_, such that the bundles of bw(F;) is a subset (as a multiset) of the bundles of p;.

Unfortunately, if the decomposition contains ring components as well, then the bundle words of
a solution does not describe the homotopy class of the solution. What do we need to learn, apart
from bundle words of the solution, to identify the homotopy class of the solution if ring components
are present? The answer is not very hard to see: for any subpath of a path in a solution that crosses

Note that we can assume that each terminal is of degree one, and the notion of “face containing a terminal” is
well-defined.
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Figure 11: An example of a solution. The green path has bundle word ANMDFEFHDE and the
blue path has bundle word K LID.

el

Figure 12: Different homotopy classes of a solution: in the first two figures, the solutions are of the
same class, whereas on the third figure the homotopy class is different.
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Figure 13: Winding numbers inside a ring component; formally defined as the signed number of
crosses of some fixed chosen reference curve. The green line has winding number 0, the blue +2
and the red —1.

some ring component (i.e., goes from the inside to the outside of vice versa) we need to know how
many times it “turns” inside the ring component; we call it a winding number inside a componentﬂ

Thus, our goal is to compute a small family of possible bundle words and winding numbers
such that, if there exists a solution to k-DPP on G, there exists a solution consistent with one of
the elements of the family. In fact, our main goal in the rest of the proof is to show that one can
compute such family of size bounded in the parameter k.

2.4 Guessing bundle words

Assume again that there are no ring components; we are to guess the bundle words of one of the
solutions. Recall that the number of bundles, |B|, is bounded in k. Thus, if a bundle word of some
path P; from a solution (Pi)le is long, it needs to contain many repetitions of the same bundles.

Let us look at one such repetition: let uB be a subword of bw(F;), where B is the first symbol
of u and u contains each symbol of B at most once. We call such place a spiral. Note that this
spiral separates the graph into two parts, the inside and the outside, where any other path can
cross the spiral only in a narrow place inside bundle B (see Figure . As the arcs of B go in one
direction, any path P;, j # i can cross the spiral only once, in the same direction as F;, and the
path P; cannot cross the spiral uB again. Note that we know exactly which paths cross the spiral
uB: the paths that have terminals on different sides of the spiral uB.

There is also one important corollary of this observation on spirals. If bw(P;) = zuBy for some
words z,y and spiral uB, then, for any bundle B’ that does not appear in u, only one of the words
x or y may contain B’: the bundle B’ is either contained inside the spiral B or outside it. By
some quite simple word combinatorics, we infer that bw(P;) can be decomposed as uj'us’us® . .. ule,
where each word u; contains each symbol of B at most once, each r; is an integer and s < 2|B|.

2Formally, for a part of a path that starts and ends on the same side of the ring component we need to know also
on which side it leaves the other side of the ring component; however, it turns out that this knowledge is quite easy
to guess or deduce and we ignore this issue in the overview.
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Figure 14: A spiral. Any other path may cross the dashed curve only in a narrow place in the top
bundle (highlighted with darker blue colour).

Note that if we aim to guess bundle words of some solution (P;)_,, there is only a bounded number
of choices for the length s and the words wu;; the difficult part is to guess the exponents r;, if they
turn out to be big (unbounded in k). That is, we can easily guess the global structure of the spirals
(how they are nested, etc.), but we cannot easily guess the “width” of the spirals (how many turns
of the same type they do). We need further analysis and insight in order to be able to guess these
numbers as well.

Let us focus on a place in a graph where a path P; in the solution (P;)%_; contains a subword
u" B of bw(F;) for some large integer r, where B is the first symbol of u. The situation, depicted
on Figure looks like a large spiral; the spiraling ring is the area between the first and last spiral
uB in the subword " B. Note that any path P; that enters this area, actually needs to traverse all
7 spirals uB and bw(P;) contains a subword u" 1 B; let I C {1,2,...,k} be the set of indices j such
that P; traverses uB. Moreover, note that, since B contains arcs going in only one direction, these
parts of paths (Pj);cr are the only intersections of the solution (Pi)le with the spiraling ring.

Our main claim is that we can choose r to be as small as possible, just to be able to route
the desired paths through the spiraling ring in G. More formally, we prove that if we can route
|I| directed paths through the spiraling ring, such that each path traverses B roughly r* times
(but they may start and end in different places than the parts of the solution (P;)%_, traversing
the spiraling ring), then we can modify the solution (P;)%_; inside the spiraling ring such that
r <r*40(1). If we choose r* to be minimal possible, we have |r —r*| = O(1) and we can guess 7.

To prove that the paths can be rerouted, we show the following in Section [4
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Figure 15: A spiraling ring; the dashed lines are its borders.

Theorem 2.5 (rerouting in a ring, informal statement). Let G be a plane graph embedded in a ring,
with outer face four and inner face fi,. Assume that there exist two sequences of vertex-disjoint
paths (P;)5_; and (Qi);_, connecting fin with four, such that P; goes in the same direction (from
fin to fout or vice versa) as Q;, and the endpoints of (P;)f_, lie in the same order on fi, as the
endpoints of (Q;)5_,. Then one can reroute (P;)5_, inside G, keeping the endpoints, such that the
winding number of Py differs from the winding number of Q1 by no more than 6.

How to prove such a rerouting statement? We again make use of the results of Ding et al. @ on
a canonical obstacle for routing a set of directed cycles on a torus (as in the proof of Lemma .
We connect f;, and f,,; with a handle, and perceive the paths P; and @Q); as a cycles on a torus.
The winding number wp of P; determines the homotopy class of the cycles (F;){_;, and the winding
number wg of 1 determines the homotopy class of the cycles (Q;);_,. Now we observe that an
obstacle for routing the same set of cycles with “homotopy” w for wg+O(1) < w < wp —O(1) (or,
symmetrically, wp + O(1) < w < wg — O(1)) would be an obstacle for “homotopy” either wg or
wp, a contradiction. Hence, almost all “homotopies” between wg and wp are realizable. By some
gadgeteering, we may force the cycles to use the same endpoints as the paths (P;);_;, at the cost
of O(1) loss in the “homotopy” class.

We would like to note that Theorem is a cornerstone of our result. The exponential time
complexity of the algorithm of Schrijver comes from the fact that the number of homotopy
classes of a solution solution cannot be bounded by a function of k, because the number of pos-
sibilities for the number of turns of the solution in some ring-like parts of the graph cannot be
bounded by a function of k. Theorem overcomes this obstacle by showing that that for each
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such ring, one can choose a canonical number of turns (that depends only on the ring, not how it
is connected to the outside) and the solution can be assumed to spiral a similar number of turns
than the canonical pass. In other words, if one would try to construct a W{[l]-hardness proof of
k-DPP by a reduction from, say, k-CLIQUE, one cannot expect to obtain a gadget that encodes a
choice of a vertex or edge of the clique by a number of turns a solution path makes in some ring-like
part of the graph — and such an encoding seems natural, taking into account the source of the
exponential-time complexity of the algorithm of Schrijver [28].

However, it still requires significant work to make use of Theorem In the case of spiraling
rings, the question that remains is how to get minimal exponent r* such that |I| paths can be
routed through a spiraling ring with r* turns. The idea is to isolate a part of the graph and parts of
the bundle words of the solution where only one exponent is unknown, and then apply Schrijver’s
algorithm for different choices of exponent; the desired value 7* is the smallest exponent for which
Schrijver’s algorithm returns a solution.

However, in this approach we need to cope with two difficulties. First, the Schrijver’s algorithm
may find a solution that follows our guidelines (bundle words) in a very relaxed manner. However,
as at each step we choose the exponent r to be very close to the minimum possible number of turns
in a spiraling ring, the bundle words of the solution found by the algorithm cannot differ much
from the given ones, as they need to spiral at least the number of times we have asked them to (up
to an additive constant).

Second, it is not always easy to isolate a part of the graph where one spiraling occurs. A natural
thing to do is to cut the graph along bundles not used in the spiral and attach auxiliary terminals;
however, in a situation on Figure we cannot separate the middle spiraling ring from the two
shorter ones outside and inside it. Luckily, it turns out that here the additional spirals use always
strictly smaller number of bundles, and we can guess exponents r in terms u” in the increasing
order of |ul.

2.5 Handling a ring component

In the previous subsection we have sketched how to guess bundle words of the solution in absence
of ring components. Recall that, for a ring component, and for any part of a path that traverses
a ring component (henceforth called ring passage; note that ring passages are visible in bundle
words of paths) we need to know its winding number: the number of times it turns inside the ring
component.

As we have learnt already how to route paths in rings, it is tempting to use the aforementioned
techniques to guess winding numbers: guess how many ring passages there are, and find one winding
number w* for which routing is possible (using Schrijver’s algorithm)EI; the actual solution should
be reroutable to a winding number w close to w*.

However, there are two major problems with this approach. First, not only the ring passages of
the solution use the arcs and vertices of a ring component, but parts of paths from the solution that
start and end on the same side of the ring component (henceforth called ring visitors) may also
be present. Luckily, we may assume that the ring components contain many concentric cycles of
alternating orientation, as otherwise the decomposition algorithm would cut it though to obtain a
disc component. If a ring visitor goes too deeply into the ring component, it creates a d-bend for too
large d and we can reroute it. Thus, the ring visitors use only a thin layer of the ring component,
and we can argue that we can still conduct the rerouting argument in the ring component without
bigger loss on the bound on |w — w*|; see Figure (17| for an illustration.

3Note that all winding numbers of passages in one ring component do not differ by more than one, and in this
overview we assume they are equal.

19



Figure 16: A nontrivial situation around a spiral on P;. Path P; first spirals two times using four
bundles (red spiral), then makes the spiral we want to investigate by spiraling two times using six
bundles (pink spiral), and finally makes one turn of a spiral using three bundles (blue spiral). Note
that the set of bundles used in the red spiral and in the blue spiral is a subset of the set of bundles
used in the pink spiral, which we aim to measure. The crucial observation is that these sets of
bundles must be in fact proper subsets of the set used by the pink spiral.

Second, we do not have yet any means to control the number of ring passages, and the previous
techniques of guessing bundle words have significant technical problems if we try to handle spiraling
rings involving ring components. Hence, it is not trivial to guess the set of ring passages traversing
a ring component. Here again we may use the concentric cycles hidden inside a ring component,
as well as bounded alternation cuts that can be found repeatedly inside the ring component if the
irrelevant vertex rule is not applicable. We argue that, if we have many ring passages, a large
number of them need to travel together via a large number of concentric cycles of alternating
orientation and we can use a rerouting argument in the spirit of the one used by Adler et al. E|
Overall, we obtain that there exists a solution with a bounded number of ring passages, and we
are able to guess a good candidate for a winding number inside a ring component. To merge the
techniques of the previous and this subsection, we need to handle ring visitors when guessing bundle
words: these visitors may take part in some large spiraling ring. Luckily, as ring visitors are shallow
in ring components, we can “peel” the ring components: separate a thin layer that may contain
ring visitors, cut it through and treat is as disc component for the sake of bundle word guessing
algorithm.

The analysis of bundle words, ring visitors and ring passages is done in Section[6] The Schrijver’s
algorithm is recalled in Section The final guessing arguments — both for bundle words and
winding numbers — are described in Section [§]

4Tt is worth noticing that the bound on directions make it possible to use a simple flow argument instead of the
techniques of Adler et al. .
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Figure 17: Guessing winding number in a (flattened) ring component. The green pass is the actual
solution we seek for, and the blue pass is the path we found. The red parts are used by ring visitors
in the solution, thus we are not able to use the rerouting argument to the whole ring component.
However, we are able to use it for the ring component with the red parts removed; we then argue,
basing on the shallowness of ring visitors, that the winding numbers of the entire blue pass and the
subpath of the blue pass that connects the red parts on the top with the red parts on the bottom
do not differ much.

2.6 Summary

We conclude with a summary of the structure of the algorithm.

First, we invoke decomposition algorithm of Theorem [2.4] If it fails, it exhibits a place where the
irrelevant vertex rule is applicable; apply the rule and restart the algorithm. Otherwise, compute
bundled instance (G, D,B), with |D| and |B| bounded in k.

Given the bundled instance (G, D, B), we aim to branch into subcases whose number is bounded
by a function of k, in each subcase guessing a set of bundle words for the solution, as well as winding
numbers of each ring passage. Our branching will be exhaustive in the following sense: if G is a
YES-instance to k-DPP, there will be a guess consistent with some solution (but not all solutions
will have their consistent branches).

We branch in two phases. First, we guess the bundle words; the hard part is to guess exponents
in spiraling rings u", where we argue that we can choose an exponent close to minimal possible
number of turns in a spiraling ring, and detect this number using an application of Schrijver’s
algorithm for a carefully chosen subgraph of G. Second, we guess the winding numbers; here we
argue that the winding numbers of the solution can be assumed to be close to a winding number
of an arbitrarily chosen way to route ring passages through the ring component, ignoring the ring
visitors.

Finally, given bundle words and winding numbers, we deduce the homotopy type of the solution
and invoke Schrijver’s algorithm on the entire graph to verify whether our guess is a correct one.
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3 Irrelevant vertex rule

We prove the validity of the irrelevant vertex rule in this section.

Definition 3.1. Consider an instance of the k-path problem with graph G and terminals T'. Let
v be a nonterminal vertex. We say that v is irrelevant if the instance on G has a solution if and
only if the instance on G \ v has.

The main result of the section is the following:

Theorem 3.2 (Irrelevant Vertex Rule). Consider an instance of the k-path problem with a graph
G embedded in the plane and a set T' of terminals. There is a d = d(k) = 200:) such that the
following holds. Let Cy, ..., Cq be an alternating sequence of concentric cycles (Cy is outside) such
that there is no terminal enclosed by Cy. If v is a vertex of Cy, then v is irrelevant.

We prove Theorem [3.2] by formulating a statement about unique solutions.

Definition 3.3. Let G be a graph with a set T of terminals. We say that a solution Py, ..., Py is
unique if for every solution P, ..., P/ we have P; = P/ for every i. Given a solution P, ..., Py,
we say that an arc is free if it is not used by any P;.

The main technical statement that we prove is that a unique solution cannot enter a large set
of concentric free cycles:

Lemma 3.4. There is a function d(k) = 20(:) such that if an instance has a unique solution such
that there is an alternating sequence of d(k) free concentric cycles not enclosing any terminals, then
the solution does not intersect the innermost cycle.

The setting of Lemma somewhat simplifies the proof, as we have to argue about a solution
that is disjoint from the concentric cycles. Theorem [3.2] follows from Lemma[3.4] by the combination
of a minimal choice argument and contracting arcs that are shared by the solution and the cycles.

Proof (or Theorem . Let E¢ be the union of the arc sets of every cycle C;. If the instance has
no solution, then v is irrelevant by definition. Otherwise, let P;, ..., P, be a solution using the
minimum number of arcs not in E¢; let Ep be union of the arc sets of every path F;. We may
assume that this solution uses vertex v, otherwise we are done. We create a new instance and a
corresponding solution the following way. First, let us remove every arc not in Ep U E¢. Next, we
contract every arc of Ep N E¢. Note that it is not possible that the solution uses every arc of a
cycle C}, thus each cycle C; is contracted into a cycle CJ’.. (The length of the cycle C’]’- might be 1
or 2; in order to avoid dealing with loops and parallel arcs, we may subdivide such arcs without
changing the problem.) Let G’ be the graph obtained this way. Clearly, each path P, becomes a
(possibly shorter) path P/ with the same endpoint and the paths remain disjoint, hence P, ..., P;
is a solution of the new instance that is disjoint from the cycles C7, ..., C). The arcs of Ec \ Ep
are free, and hence the cycles Cf, ..., C’, are free.

As one of the paths P; used vertex v of Cy, there is a path P/ intersecting C’,. Therefore, by
Lemma P[, ..., P/ is not the unique solution. Let @1, ..., Q) be a solution different from Pj,
..., P[. As the arcs of Ep \ E¢ form disjoint paths connecting the terminals, there has to be an
arc e* € Ep \ E¢ not used by any Q. We construct a solution Q1, ..., Q of the original instance
from @1, ..., Q). by uncontracting the arcs contracted during the construction of the new instance.
We have to verify that each @); is a directed path. In general, if we contract an arc a@ into a single
vertex v,y in a directed graph, then a path ) going through v,, in the contracted graph might not
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correspond to any directed path in the original graph: it is possible that ) enters v;, on an arc
that corresponds to an arc entering y and it leaves v,, on an arc that leaves x, hence replacing v,
with the arc ﬂ/ in Q does not result in a directed path. However, in our case, when we contracted
an arc :@, then a@ is the only arc leaving x and it is the only arc entering y: this follows from the
fact that we remove every arc not on any path P; or on any cycle C;. Therefore, the paths Q1, ...
Q. obtained by reversing the contractions form a solution of the original instance. Let us observe
that, as no Q) uses the arc e* € Ep \ E¢ in G', no @Q; uses the corresponding arc in G, which is
an arc not in E¢o. Moreover, if some (); uses an arc that is not in E¢, then this arc is in Ep and
hence used by some Py (otherwise we would have removed it in the construction of G'). Thus Q1,

)

.., Qg is a solution that uses strictly fewer arcs not in E¢ than P, ..., Pk, which contradicts the
minimality of the choice of Py, ..., Pg. O
3.1 Bends
Definition 3.5. Let G be an embedded planar graph, T a set of terminals, and Py, ..., P, a

solution. A d-bend B = (P;Cy,...,Cy) consists of

e A subpath P of some P; with endpoints xy and yg, and distinct vertices xq, ..., Zd4, Yd, - - -,
1o appearing on it in this order or in the reverse of this order.

e For every every 0 < i < d, a free path C; with endpoints {z;,v;} (the chords) such that

The paths C; are pairwise vertex disjoint.

— The orientations of the paths are alternating, i.e., for every 0 < ¢ < d, vertex x; is the
start vertex of C; if and only if x;11 is the end vertex of Cj4.

— The internal vertices of C; are not on P.

The undirected cycle formed by C; and Plx;,y;] (see footnoteﬂ) encloses C; for every
Jj >

We say that d-bend B (strictly) encloses a vertex/face/path if the undirected cycle formed by P
and Cy (strictly) encloses it. We say that B is terminal free if it does not enclose any terminals.
We say that d-bend B appears on a path @ if P is a subpath of Q.

Note that we do not specify the orientation of the paths P and Cp, (only that the orientations
of Cy, ..., Cy are alternating).

Observe that if B = (P;Cy,...,Cq) is a d-bend of G, then it is a d-bend of every (embedded)
supergraph of G: adding new arcs in an embedding-preserving way does not ruin any of the
properties. It also follows that if B is a d-bend of a subgraph G, then it is a d-bend in G as well.

Definition 3.6. Given a solution P, ..., Py and d-bend B = (P;Cy, ..., Cy), the type of a d-bend
is the number of paths P; that have a vertex enclosed by B.

Note that if B appears on some FP;, then a subpath of P; is enclosed by B and hence counted
in the type of B. We prove the following statement by induction on type t.

Lemma 3.7. There is a function f(k,t) such that if Py, ..., Py is a unique solution, then no
f(k,t)-bend of type t.

5 If P is a directed path, then P[z,y] is the subpath with endpoints 2 and y. We do not specify which of 2 and y
is the start vertex, i.e., P[z,y] = Ply, z].
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Figure 18: A d-bend B = (P;Cy,...,Cy).

The following simple parity argument will be used several times:

Lemma 3.8. Let C be an undirected cycle, @ a subpath of C, and L a path with endpoints not
enclosed by C such that L does not share any arcs with C, does not go through the endpoints of
Q and crosses Q@ an odd number of times. Then there is a verter wy of Q@ N L and a vertexr wo of
(C\ Q)N L such that the subpath Ljwi,ws)] is enclosed by C and the internal vertices of Lwy, ws)]
are disjoint from C.

Proof. Clearly, L crosses C' an even number of times; let p1, ..., pay be these crossing points in the
order they appear on L (see Figure . As the endpoints of L are not enclosed by C, the subpath
L{paj—1,p2;4] is enclosed by C for every 1 < j < f. Path L crosses ) an odd number of times, which
means that there is a 1 < j < f such that exactly one of the crossing points p2;j_1 and pa; is on Q.
If L{paj—1,p2;] has no internal vertex on @, then we are done. Otherwise, as there are no crossing
points between poj_1 and poj, path L touches C' at every such internal vertex. Suppose that there
are s such touching points (possibly s = 0); let they be ¢, ..., ¢s in the order they appear on L
from poj_1 and py;. Let qo = poj—1 and gs41 = paj. As exactly one of gg and gs41 is on @, there
has to be an 0 < ¢ < s such that exactly one of ¢; and ¢;41 is on Q. Let w1 € {¢s,qs+1} be the
vertex on @ and let wy be the other one; the subpath L[w;,ws] now has no internal vertex on C
and is enclosed by C' (as L[qo, gs+1] is enclosed by C), thus L{w;, wo] satisfies the requirements. [

The following lemma shows that if a solution uses the innermost cycle of an alternating sequence
of concentric cycles, then there is a d-bend. This allows us to use the bound on d-bends to show
that a unique solution cannot use the innermost cycle. That is, the following lemmas show that
Lemma, implies Lemma

Lemma 3.9. Let Cy, ..., Cyy1 be an alternating sequence of free concentric cycles. Assume that
a path Py of the solution contains a subpath P := Py[xg,yo] such that xo,yo € Cp, P does not
contain any other vertex of Cy except for xo and yo, and P intersects Cyr1. Moreover, assume
that for one of the two subpaths C{y of Cyy between xo and yo, the cycle PUCY] does not enclose any
terminals. Then there exists a terminal free d-bend (P, Cj,C1,...,C"), where C! is a subpath of C;
for1<i<d.

Proof. Let z be an arbitrary vertex of Cyy1 N P. We may also assume that the graph has no other
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Figure 20: A possible layout of the i-chords and the selection of the chords C!. Note that each
chord is enclosed by the cycle C.

arc than the arcs of P and the arcs of the C;’s: if we can find a d-bend after removing the additional
arcs, then there is a d-bend in the original graph as well.

Consider the cycle C' := C{ U P. As C intersects Cy1, it cannot enclose any C; with ¢ < d.
Therefore, every C; with 0 < i < d has an arc e; not enclosed by C. For every 0 < i < d, let us
subdivide e; with two new vertices and let us remove the arc between these two new vertices. Now
these two new vertices are the endpoints of a path L;; it is clear that the endpoints of L; are not
enclosed by C.

Let @ be the subpath P[zg, z]. Clearly, @ crosses each C; with 1 < i < d an odd number of
times. As () does not use the arc e;, this implies that L; crosses () an odd number times. Applying
Lemma [3.8] on the path L; and the subpath @ of cycle C, we get that for every 1 < i < d, there
is at least one subpath L;[w,ws] enclosed by C such that w; € Q, wy ¢ @, and the path has no
internal vertex on P. We will call such a subpath of L} an i-chord (see Figure . In particular, C{)
is the unique 0-chord. Note that these chords are internally vertex disjoint (but two i-chords can
share an endpoint), thus they have a natural ordering along @), starting with C{. Let us observe
that if an i-chord and a j-chord are consecutive in this ordering, then |i — j| < 1: this is because
then there is a face whose boundary contains both chords and no such face is possible if |i — j| > 1
(recall that we assumed that there is no other arc in the graph than the arcs of P and the arcs of
the Cj’s).

Let C! = L;i[z;, y;] be the first i-chord in this ordering. We claim that for every 0 < i < d, the
orientation of C7 in the cycle C] U P[z;,y;] is the same as the orientation of the cycle C;. For i = 0,
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Figure 21: Proof of Lemma via Lemma The dashed segments are the i-chords (note that
that there are three 2-chords, sharing some endpoints).

this follows from the fact that P is enclosed by Cy. For some 1 < i < d, let K be the last chord
before C!. We claim that K is an (i — 1)-chord. By our observation in the previous paragraph,
it is either an (i — 1)-chord, i-chord, or (i + 1)-chord. As C! is the first i-chord, K cannot be an
i-chord. If K is an (i + 1)-chord, then there has to be another i-chord between C{) and K (as the
difference is at most one between consecutive chords), again contradicting the choice of C/. Thus
K is an (i — 1)-chord. Consider the face F' whose boundary contains both K and C!: this face is
between C;_; and C;. If C; is oriented clockwise (the other case follows by symmetry), then C!
goes counterclockwise on the the boundary of F. The undirected cycle CjU Plzg, z;] U C?U Plyo, yi]
encloses C/_;, hence it encloses F' as well, which means that the undirected cycle C} U P[z;, y;]
does not enclose F. It follows that if the orientation of C] is counterclockwise on the boundary of
F, then it is clockwise on the undirected cycle C] U P[z;, y;], i.e., same as the orientation of C;.
Therefore, we have shown that the orientations of the chords Cf, ..., C/ are alternating, hence
they form a d-bend. Moreover, as P U C{, does not enclose any terminals, the bend is terminal
free. O

Lemma 3.10. Let Cy, ..., Cqy1 be an alternating sequence of free concentric cycles such that the
outermost cycle Cy does not enclose any terminals. If a path Py, of the solution intersects Cgqq,
then there is a terminal-free d-bend appearing on P,.

Proof. Let z be an arbitrary vertex of Cyi1 N FP;. As the endpoints of P, are not enclosed by Cp,
both subpaths of P from z to its endpoints have to intersect Cy. Let xg and yg be the intersections
on these two subpaths closest to z. Let P = Py[zg,y0]. Note that P is enclosed by Cy and xg, yo
are the only vertices of P on Cy. Let Cj be one of the two subpaths of Cp between xy and
chosen arbitrarily; by our assumption, no internal vertex of C{y is on P. Moreover, as Cp does not
enclose any terminals, neither does C{yU P. The claim follows from Lemma on P, C{ and cycles
Co,C1,y...,Cqa1. O
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Figure 22: Proof of Lemma The dotted segments are the i-chords, and the strong line is Q.

3.2 Paths and segments in bends

In this section, we discuss how new bends can be formed from paths appearing in a bend and how
this can be used to obtain bounds on bends. From now on, we fix ¢ and assume that Lemma (3.7
holds for t — 1, i.e., f(k,t — 1) is defined.

The following lemma will be our main tool in constructing a new bend whenever there is a path
that starts on some chord, visits many chords, and returns to the same chord. The proof is very
similar to the proof of Lemma but note that here we cannot assume that the path is enclosed
by the bend B (see Figure 22).

Lemma 3.11. Consider a solution Pi, ..., Py and let B = (P,Cy,...,Cy) be a terminal-free d-
bend appearing on some Py. Let P be a subpath of Py (possibly b=1") that is vertez-disjoint from
P and going from v1 € C; to v € Cy and intersecting Cy. Assume furthermore that the internal
vertices of Cy[v1,v2] are not on P'UP, and the cycle Cy[v1,ve] UP’ does not enclose any terminals.
If |x —y| > d' + 2, then there is a terminal-free d’-bend B' = (P'; Cy, ..., CY,) with Cy = Cylvr, v2].

Proof. We claim that the cycle C := C[v1,v2] U P' does not enclose any vertex v of P. Since the
endpoints of P, (which are terminals) are not enclosed by C, the two subpaths of P, from v to the
endpoints of Py intersect the cycle at two distinct points. This is only possible if P, = Py and v,
vg are the two intersection points. However, then path P’ and the subpath of P, going from v; to
ve via v forms a cycle, a contradiction. Therefore, no vertex of P is enclosed by C; in particular,
the endpoints of C; are not enclosed by C for any 0 < i < d.

In the rest of the proof, we will consider only the subgraph containing only the d-bend B and
the path P’. It is clear that if we find the required d’-bend B’ in this subgraph, then it is a d’-bend
of the original graph as well.

Let Cf = Cyyi if y > x and let CF = Cp—; if y < z. Let z be an arbitrary vertex of Cy N P’
and let @ be the subpath P'[vy, z]. Clearly, @ crosses each C with 1 <7 < d'+ 1 an odd number
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Figure 23: Lemma An example where path P’ starts on Cy, intersects C5, and there is a
3-bend (P;Cy, CY, C4, CY). Note that X cannot be a chord as it intersects C(; and Y cannot be the
chord after C) as it has the wrong orientation.

of times. We have seen that C' does not enclose the endpoints of C/. Applying Lemma on the
path C and the subpath @ of cycle C, we get that for every 1 < ¢ < d’ + 1, there is at least
one subpath C}wy,ws] with wy € @, wy ¢ @, and no internal vertex on P. We will call such a
subpath of Cf an i-chord. In particular, Cjlvy, v2] = Cylvr,ve] is a 0-chord, but there could be
other 0-chords as well. Note that these chords are internally vertex disjoint (but two i-chords can
share an endpoint), thus they have a natural ordering along (). Let us observe that if an i-chord
and a j-chord are consecutive in this ordering, then |i — j| < 1: this is because then there is a face
whose boundary contains both chords and no such face is possible if |i — j| > 1.

Let C] = C} [z}, y;] be the first i-chord in this ordering. We claim that for every 1 <i < d’, the
orientation of C/ (i.e., whether it goes from z to y, or the other way around) and the orientation
of Cj | are opposite. Let K be the last chord before Cj. We claim that K is an (i — 1)-chord. By
our observation in the previous paragraph, it is either an (¢ — 1)-chord, i-chord, or (i + 1)-chord.
As C! is the first ¢-chord, K cannot be an i-chord. If K is an (i + 1)-chord, then there has to be
another i-chord between C{j and K (as the difference is at most one between consecutive chords),
again contradicting the choice of C]. Thus K is an (i — 1)-chord. Recall that we are considering
only the subgraph consisting of the d-bend B and the path P’. Therefore, there is a face I whose
boundary contains both K and Cj. Observe that Cj and Cj; have the same orientation along the
the boundary of F' and this orientation depends on the parity of ¢. Note furthermore that face F' is
enclosed by the undirected cycle C{ U P’[z(, ;] U C! U P'[y}, yy] and it is not enclosed by the cycle
C! U P[z},y}]. Therefore, the orientation of C; along the cycle C! U P[z},y}] is the opposite of its
orientation along the boundary of the face F', that is, this orientation also depends on the parity
of i. This proves that the orientation of C; and Cj,, are opposite for every 1 < i < d'. If the
orientation of C{; and C7 are also opposite (see Figure [23| for an example), then we get a d’-bend
B' = (P;C},C1,...,C") and we are done. If the orientation of C is the same as the orientation of
C1 (implying that it is the opposite of C3), then we get a d’-bend B" = (P; Cy, Cy, Cs, ..., Cly ). O

28



Note that the example on Figure 23| that the requirement |x — y| > d’ 4+ 2 in Lemma is
tight: path P’ intersects Cj, ..., C5, but there is only a 3-bend enclosed by P’.

Definition 3.12. Let B = (P;Cy,...,Cy) be a d-bend in a solution Py, ..., P;. A segment (with
respect to B) is a subpath S of some P, with endpoints on Cp, enclosed by B, and no internal vertex
on Cy. A segment of path @ is a segment S with respect to B that is a subpath of (). We say that
a segment S with endpoints ¢, g2 € Cy (strictly) encloses X if the undirected cycle S U Cy[q1, ¢2]
(strictly) encloses X. Two segments are nested if one encloses the other; a set of segments is nested
if they are pairwise nested. If segment 57 encloses segment S, then we say that X is between Sy
and Sy if X is enclosed by S7 and no vertex of X is strictly enclosed by Ss.

In particular, P is a segment of bend B = (P;Cy,...,Cy). As the chords are free, every segment
is arc disjoint from every chord. Note that two distinct segments of a path P, are not necessarily
disjoint: they can share endpoints. However, they cannot share both endpoints (otherwise they
would form a cycle in the path P,) and cannot share any internal vertices (since every internal
vertex of the path P, has exactly two arcs of P, incident to it).

The parity argument of Lemma [3.8] can be stated with a chord C; playing the role of L and a
segment playing the role of the cycle C:

Lemma 3.13. Let B = (P;Cy,...,Cy) be a d-bend, let S be a segment, and let Q be a subpath
of S with endpoints on C, and Cy. For every x < i <y, there are vertices wi,ws € S NC; such
that wy € Q, wy & Q, Cilwy,ws] is enclosed by S and has no internal vertex on S, and S[w,ws)]
includes an endpoint of Q).

Proof. Clearly, @ crosses C; an odd number of times. Let v; and v2 be the endpoints of S on Cj.
We apply Lemma [3.§ on the line L = C; and the cycle C = SUCyv1,v2]. As wy € Q and wo ¢ Q,
the path S[wi,ws] includes an endpoint of Q. O

In the following lemmas, we prove certain bounds on d-bends under the assumption that the
solution is unique. Note that the following proof and the proof of Lemma [3.17] are the only places
where we directly use the fact that a solution is unique; all the other arguments build on these two
proofs.

Lemma 3.14. Consider a unique solution Py, ..., Py and let (P;Cy,...,Cyq) be a terminal-free
d-bend of type t appearing on Py. If no internal vertex of Cy is on Py, then d < f(k,t — 1) + 2.

Proof. Observe that P is the only segment of P, with respect to B: as Cy has no internal vertex on
P, the endpoints of a segment S of P, have to be x¢ and yg, and therefore if S and P are different,
they would form a cycle in Py, a contradiction. This means that Cy and Cyj_; have no internal
vertex on P,. Now for some i € {d,d — 1}, the orientation of C; is such that paths P|xg,z;], C;
Plyo, yi] can be concatenated to obtain a directed path P’. If no internal vertex of C; is used by the
solution, then we can replace P by P’ in P, to obtain a new solution, contradicting the assumption
that Py, ..., Py is unique. Thus C; is intersected by a segment S of some P, with b # b'. Now
Lemma implies that there is a d’-bend B’ = (S;Cy,...,C%) with d' =i —2 > d — 3 and C
being the subpath of Cjy connecting the endpoints of S. Observe that S UCY is enclosed by B, thus
the type of B’ is at most the type of B. In fact, the type of B’ is strictly smaller: as S and C{, are
disjoint from P, no vertex of P, is enclosed by B. By the induction hypothesis of Lemma [3.7] this
implies d’ < f(k,t — 1) and therefore d < f(k,t — 1) + 2 follows from d’ > d — 3. O

Lemma 3.15. Consider a unique solution Py, ..., Py and let B = (P,Cy,...,Cy) be a terminal-
free d-bend of type t appearing on some P,. Let QQ be an subpath of P, with endpoints vi,ve € C,
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that intersects Cy. If Cylur,v2] has no internal vertex on P, and the cycle Cylvi,v2] U Q does not
enclose any terminals, then |x —y| < f(k,t — 1) + 4 holds.

Proof. If Cy[vi,v2] has no internal vertex on P, then Lemma implies the existence of a

terminal-free d’-bend B' = (Q;CY,...,CY,) with &’ > |z — y| — 2 and C) = Cy[v1, v2]. However,
since C{, has no internal vertex on P,, Lemma implies d' < f(k,t — 1) + 2 and the claim
follows. H
Lemma 3.16. Consider a unique solution Py, ..., Py and let (P;Cy,...,Cq) be a terminal-free

d-bend of type t appearing on some P,. Let S be a segment of P, that intersects Cy for some
y > f(k,t—1)+6. Then S encloses another segment of P, that intersects Cyy fory =y — f(k,t —
1)—5>1.

Proof. Let us first verify the claim for the case when P = S. If no segment of P, intersects
the internal vertices of Cy, then B" = (Plzy,yy];Cy,...,Cq) is a d-bend with d’ = d -y >
f(k,t — 1) + 5 such that no internal vertex of Cy/ is on P,, which would contradict Lemma
Thus in the following, we assume that P # S.

Let z be a vertex of SN Cy and let sq,s2 be the endpoints of S on Cy. Let @ be the subpath
S[s1,2]. By Lemma there is a subpath Cy[wy,ws] enclosed by S and wy € Q, wy € S\ Q
and having no internal vertex on S (note that ¢’ > 1 and the endpoints of Cy are not enclosed
by S as S # P). This implies that S[wi,ws] contains z and hence intersects Cy. If the internal
vertices of Cy (w1, wo)] are intersected by P, then we are done, as every such vertex is on a segment
S’ (different from S) enclosed by S. Otherwise, we apply Lemma on the segment Swi,ws]
(note that P # S implies that Sfwi,ws] is disjoint from P), and y —y' > f(k,t — 1) + 5 gives a
contradiction. O

3.3 Rerouting nested segments

Our goal is to show that if we have a large nested set of segments crossing many chords and having
no other segment between them, then we can simplify the solution by rerouting. However, it seems
hard to ensure the requirement that there are no other segments in between; therefore, we weaken
the requirement by asking that there is a large area (intersecting many chords) such that there are
no other segments between our nested segments in this area (see Figure .

Lemma 3.17. Consider a unique solution Py, ..., Py. Let B = (P;Cy,...,Cy) be a d-bend and
let ST and S? be two nested segments with respect to B. Let x',y' € S* and 2%, y? € S? be vertices
with x*, 22 € Cy and y',y* € Cy, for some y > x+2(2 +1) such that subpaths C% = Cy[z', 2% and
C, =0y [y!, y?] are between S and S?. If the set of segments intersecting C or C, (including St
and S?) is nested between S' and S2, then this set has size at most 2F.

The proof of Lemma [3.17] requires two tools. As an important step in the proof of the undirected
irrelevant vertex rule of Adler et al. [1, Lemma 6], it is proved that if there is a disc in the plane
such that a solution of the k-disjoint paths problem that contains nothing else than a set of £ > 2F
parallel paths, then one can “redraw” the solution by replacing the part of the solution in the disc
by introducing a set of strictly less than £ new noncrossing edges inside the disc. Then if these new
“virtual” edges can be actually realized by the edges of the graph inside the disc, then it follows
that we can modify the solution, and hence it is not unique.

The following lemma is a directed analogue of the statement of Adler et al. |1, Lemma 6]. The
same prooﬁ works for the directed case; in fact, the proof in [1] first assigns an arbitrary orientation
to each path, thus it is clear that there is a correct directed solution in the modified graph.

5The proof appears in the full version, which can be accessed at http://www.ii.uib.no/~daniello/papers/planarUniqueLinkage.
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Figure 24: Condition of Lemma the segments intersecting Cylx1, x2] or Cyly1, y2] (i-e., seg-
ments entering the gray area) are nested.

Co

Lemma 3.18. Let G be a graph embedded in the plane with k pairs of terminals with a solution
Py, ..., P.. Let D be a closed disc not containing any terminals and suppose that x1, ..., ¢, Yy,
.., Y1 appear on the boundary of D (in this order) for some £ > 2F. For every 1 <i < £, let Q;
be a directed path with endpoints {x;,y;} (going in arbitrary direction) such that these paths are
pairwise disjoint and contained in D. Suppose that every QQ; appears as a subpath of the solution
and the solution uses no other vertex in D. Let Vg and Vg be the starting points and end points
of all the Q;’s (clearly, |Vs| = |Vg| =£). Then there is a noncrossing matching of size strictly less
than ¢ between Vs and Vg such that if G' is the planar graph obtained by removing every arc in D
and adding every e; oriented from Vg to Vg, then there is a solution in G'.

To use Lemma to modify a solution, we have to show that there are pairwise disjoint
directed paths inside the disc D that correspond to the noncrossing matching. The existence of
such directed paths connecting vertices on the boundary of the disc can be conveniently shown by
the sufficient and necessary condition given by Ding, Schrijver, and Seymour [5], which will be our
second tool in the proof of Lemma We review this condition next.

Let G be a directed graph embedded in the plane; for simplicity we will treat only the case when
the boundary of the infinite face is a simple cycle, as it is already sufficient for our purposes. Let
(r1,81), -, (7%, Sk) be pairs of terminals on the boundary such that all 2k terminals are different.
We say that (r;,s;) and (1}, s;) cross, i.e., they appear in the order 4, 7;, s;, s; or in the 74, sj, s,
r; on the boundary of the infinite face. We say that the noncrossing condition holds if no two pairs
cross. We say that the cut condition holds if the following is true for every curve C of the disc D
going from a point on the boundary of D to another point on the boundary of D, intersecting G
only in the vertices, and not intersecting any terminal:

If C separates (74,, i), -- -, (Ti,, i, ) in this order, then C' contains vertices p1, ..., pn,
in this order so that for each j =1,...,n:
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Figure 25: Proof of Lemma The figure shows two nested segments between S' and S2. The
light gray shows the disc Dy, which is extended to D by the dark gray area.

e if r;; is at the left-hand side of C, then at least one arc of G is entering C' at p;
from the left and at least one arc of G is leaving C' at p; from the right.

e if r;; is at the right-hand side of C, then at least one arc of G is entering C' at p;
from the right and at least one arc of G is leaving C' at p; from the left.

If is easy to see that both the noncrossing and the cut conditions are necessary for the existence
of pairwise vertex-disjoint paths connecting the terminal pairs. The result of Ding, Schrijver, and
Seymour states that these two conditions are sufficient:

Theorem 3.19 ( [5]). Let (r1,81), ..., (rk,Sk) be pairs of terminals on the infinite face of an
embedded planar graph. There exist k pairwise vertex-disjoint directed paths Py, ..., Py such that
P; goes from r; to s; if and only if the noncrossing and the cut conditions hold.

We are now ready to prove Lemma Let us remark that this proof is the second and last
place (after Lemma [3.14]) where the uniqueness of the solution is directly used.

Proof (of Lemma[3.17). Let Sy, ..., S¢ be the segments nested between S' and S? intersecting C;;
or Cy in the order they are nested (51 = St Sy = S?). If £ < 2%, then we are done. Otherwise, we
argue that it can be assumed that £ = 2% + 1. Let S’ := Sy ;. Let 2’ be the vertex of " on C;;
closest to 2! one C} (such a vertex exists, as S’ is nested between S and $2). Similarly, let 3’ be
the vertex of S’ on C* closest to y'. Now we can replace S?, 22, y?, with S, 2/, /, respectively.
Note that Cy 2!, 2'] is between S! and S, hence only the segments Si, ..., Sor,; = S’ can intersect
it, satisfying the conditions of the lemma being proved. Thus if we can arrive to a contradiction
for £ = 2F + 1, the lemma follows.

Let Dq be the disc enclosed by the cycle St[z!, y']UCHUS?[22, y?|U Cy- 1t is tempting to try to
apply Lemma [3.18 on the disc Dy and the subpaths of the S;’s inside Dy, but as Figure [25] shows,
these subpaths are not necessarily parallel (and therefore Figure [24] gives only a simplified picture
of what is happening inside the gray area). To avoid this difficulty, we extend Dy to a disc D the
following way: for every subpath @ of every S;, if @) has both endpoints on C7 or both endpoints
on Cj and no other vertex in Dy, then we add to D the disc enclosed by @ and the subpath of C7
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or C} between the endpoints of ). This process creates a disc D whose boundary consists of the
subpath S1[z!,y!], a path B, from z! to 22, the subpath S?[z2,y?], and a path B, from y' to 3.

Claim 3.20. Only the segments Sy, ..., Sy intersect D.

Proof. Suppose that a segment S contains a vertex z in D. If x is in Dy, then it is clear that S
is part of the nested sequence of segments. Otherwise, x is in D because it is enclosed by a cycle
formed by a subpath @) of some S; and a subpath of C; or Cj. Since every segment intersecting C;
or Cy is in the nested sequence by assumption, we can conclude that S is also one of these nested
segments. J

Among all intersections of S; with C or €} consider those two that are closest to the endpoints
of S;; one of these intersections (denote it by z;) has to be on C?, the other (denote it by y;) has
to be on C; Let Qz = Sz[SUZ, yz]

Claim 3.21. For every 1 <i </,
1. vertex x; is on By,
2. vertex y; is on By, and
3. Q; is enclosed by D.

Proof. If x; is not on the boundary of D, then it is enclosed by a subpath @ of some S; and
a subpath of C7, which contradicts the assumption that there is a subpath of S; from z; to an
endpoint of S; and not intersecting C3 U Cy. Similarly, every y; is on the boundary segment B, of
D.

Suppose that a vertex z of @; is not enclosed by D (and hence by Dy). Let Q" be the subpath of
Q; containing z with both endpoints on the boundary of Dy and no internal vertex enclosed by Dy.
Then either both endpoints are on C} or both endpoints are on Cy. In either case, the definition
of D would add the disc enclosed by Q' to D, contradiction that z is not enclosed by D. a

It is clear that the solution uses no other vertex of D than the vertices of the (Q;’s: we have seen
that every vertex in D belongs to some S; and this vertex of .S; has to be part of ();. Therefore, the

conditions of Lemma hold for @1, ..., Q¢ and we may assume the existence of the matching
M = {ey,...,ep} of size ' < 2F+1. We consider the arcs ey, ..., ey to be directed, with orientation

as given by Lemma [3.18

Claim 3.22. There ewist pairwise vertez-disjoint paths Ry, ..., Ry enclosed by D such that R;
has the same start vertex rj and end vertex sj as the start and end vertex of e;, respectively.

Proof. We use Theorem to prove the existence of these paths. The fact that the matching
is noncrossing implies that the noncrossing condition holds. Suppose now that a curve C in D
with endpoints on the boundary of D violates the cut condition. If C' intersects both B, and By,
then it has a subpath with an endpoint on C; and an endpoint on Cj. Therefore, C crosses all
the chords between C, and Cy, thus we can find the required vertices p1, ..., poryq (note that
y >z +2(2% 4+ 1)). Therefore, we may assume that C is disjoint from B, (the case when C has no
endpoint on B, is similar).

Without loss of generality, we may assume that C separates the pairs (r1,s1), ..., (74, 5¢) only
and in this order. As C is disjoint from B,, there is a subpath B’ of the boundary of D that
connects the endpoints of C' and is disjoint from By; let by, by be the endpoints of B’. Now C
separates the pair (rj,s;) if and only if exactly one of r; and s; is on B’; denote this vertex by
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Bj € {rj,s;}. Moreover, the order in which C separates the pairs correspond to the order in which
the vertices §; corresponding to the separated pairs appear on B’, that is, vertices by, f1, ..., (2,
by appear in this order on B’. Each vertex ; is a vertex z;; for some 1 < i; < 2% 41 and there
is a corresponding path @);; that enters 3; if §; = r; and leaves §3; if 8; = s;. Let p; to be the
first intersection of C' with @Q;; (note that this cannot be w;; or y;;, as C' does not intersect the
terminals). The path Q;; shows that p; has the required arcs entering and leaving, and therefore
this sequence witnesses that C' does not violate the cut condition. J

As the matching M was given by Lemma [3.18] if we remove every arc enclosed by D and add
the arcs e, ..., ey, then there is a solution. Therefore, if we remove every arc enclosed by D
except those that are on some R;, then there is still a solution. This solution is different from P,
..., Py: the paths in the solution have at most ¢/ < 2¥ + 1 maximal subpaths enclosed by D. This
contradicts the assumption that Py, ..., P is a unique solution. O

3.4 Rerouting in a bend

Before beginning the main part of the inductive proof of Lemma [3.4] we need to introduce one
more technical tool. We have to be careful to avoid certain subpaths of the solution, as they
enclose terminals and hence the inductive argument cannot be applied on them. The following
definitions will be helpful in analyzing this situation:

Definition 3.23. Let Py, ..., P, be a solution, let B = (P’,Cy,...,Cy) be a d-bend appearing on
a path P,. Let H be the undirected Py-graph formed by the paths P, and Cy, ..., Cy, with every
degree-2 vertex suppressed. We call an edge of H a Py-arc if it corresponds to a subpath of P, or a
chord arc if it corresponds to a subpath of some C;. A subpath of C; that corresponds to a chord
arc (i.e., the endpoints of the subpath is on P, and the internal vertices are disjoint form P,) is
called a Py-bridge. The dual Py-graph is the dual H* of H. The subgraph T* of H* containing the
chord arcs is the P,-tree of B.

Note that the graphs defined in Definition [3.23]are all undirected. The following lemma justifies
the name Pj-tree:

Lemma 3.24. Let B = (P',Cy,...,Cy) be a d-bend appearing on an a path P, of the solution.
The Py-tree T* of B is a spanning tree of the dual Py-graph.

Proof. Suppose that there is a cycle C* in T™. This cycle C* corresponds to a cut C' in the primal
graph H, thus removing the edges of C' disconnects the graph H. However, P, is a connected
spanning subgraph of H not containing any edge of the cut C, a contradiction. To see that T
is connected and spanning, suppose that the dual graph H* has a a minimal cut consisting only
of Py-edges. Then the primal graph H contains a cycle consisting only of P, edges, meaning that
there is cycle in P, a contradiction. ]

A variant of the segment is the j-segment, which has its endpoints on Cj:

Definition 3.25. Let P;, ..., P; be a solution and let B = (P;Cy,...,Cy) be a d-bend. A j-
segment is a subpath @ of some P, with endpoints on C}, no internal vertex on (), and enclosed
by the cycle C; U Plx;, y;].

Note that every j-segment S; is on a unique segment S, but segment S can contain multiple
Jj-segments. Observe that if j-segment S; is on segment S, then the subpath of C; connecting the
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Figure 26: A d-bend (P;Cy,...,Cy) appearing on a path P,. The dotted lines show the arcs of the
Py-tree.

Figure 27: A segment S in a bend and four j-segments Si, ..., Sq4 on S.
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Figure 28: In T}, there are two disjoint paths from Cjay, £1] to the faces between C; and Cj_1,
but there are no two disjoint paths from Cj[ae, as], as Cy [/, f'] is a separator.

endpoints of S; are not necessarily enclosed by S (see Figure . Therefore, to avoid confusion,
we do not define the notion of “enclosing” for j-segments.

We need the following technical lemma in the proof of Claim [3.28] Intuitively, if S is a j-segment
and e is a Py-bridge having an endpoint on S, then the P,-bridges having an endpoint on S give
two paths from e to Cj in the Py-tree T™. For example, in Figure one can see the two paths
from Cj[aq, 1] to Cj. However, these two paths are not necessarily edge disjoint: for example, in
Figure there are no two disjoint paths from Cjlag, f2] to C;j. The following lemma shows that
the two disjoint paths always exist if the Py-bridge e has ezactly one endpoint on S (as it is the
case with Cj[aq, 81], but not with Cj[ag, B2]).

Lemma 3.26. Let B = (P;Cy,...,Cy) be a d-bend appearing on, let S be a j-segment of some Py,
and let edge e of the Py-tree T correspond to Py-bridge Cjla, 5] having exactly one endpoint on S.
Let TG be the subgraph of Ty containing edges corresponding to Py-bridges having an endpoint on
S. Then there are two edge-disjoint paths Q1,Q2 in TG such that the first vertex of each @Q; is an
endpoint of e and its last vertex corresponds to a face of the Py-graph between C; and Cj_1.

Proof. Suppose without loss of generality that o € S. Note that the endpoints of e correspond to
to faces of the Py-graph, one between C; and Cj11, the other between C; and C;_1. By Menger’s
Theorem, if there are no such paths, then there is an edge e’ of T§ separating the endpoints of e
from the faces between C; and Cj_1. Suppose that €’ corresponds to P,-bridge C/[a/, §'] for some
o, € P,. Observe that both o and ' have to be on S, otherwise S has a subpath from « to
one of its endpoints on C; that is disjoint from {/, '}, and the Py-bridges along this subpath of
S give a path in T avoiding €/, contradicting the assumption that ¢’ is a separator. By the same
reason, « has to appear between o and 8’ on S, that is, S[a/, 5'] contains a.
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Let Cs be the cycle formed by S and the subpath of C; connecting the endpoints of S. Suppose
first that Cg encloses 3. Consider the cycle C' = Cj[o/, 5] U S[e/, B']. This cycle encloses o (as
a € S[o/, B']) but cannot enclose 3, which is on a j-segment of P, different from S: Cj/[¢/, 8] has
no internal vertex on P,. This is only possible if Cjs[a/, 5] is not enclosed by Cg. Thus the edges
of T¢ corresponding to Py-bridges enclosed by Cg are disjoint from €’ and connect e to the faces
between C; and Cj_1.

The argument is similar if C'g does not enclose 5. Again, C' = Cy[o/, B'] U S[¢/, '] encloses «
but does not enclose 3. This is only possible if Cj[o/, ] is enclosed by Cg. Thus the edges of
T¢ corresponding to Py-bridges not enclosed by Cyg are disjoint from €’ and connect e to the faces
between C; and Cj_1. L]

We are now ready to start the main part of the proof.
Lemma 3.27. If f(k,t — 1) is defined, then f(k,t) is defined.

Proof. We define the following constants:
s:=2F41 m:= f(k,t—1)+5 M := 40sm, f(k,t) := M(2k +4).

Note that this recursive definition of f(k,t) implies that f(k,t) = 29**) Suppose that a terminal-
free d-bend B = (P;Cy,...,Cy) of type t appears on path P, in a unique solution for some
d > f(k,t). Let T be the Py-tree as in Definition We define a set I of special faces of the
Py-graph H containing

e the infinite face,

e faces strictly enclosing a terminal sy or t, for some o’ # b,

e the at most two faces whose boundaries contain s, and ¢, (which are degree-1 vertices), and
e the two faces whose boundary contains the arc of P incident to xg.

Note that |F| < 2k + 3. Let Tj be the minimal subtree of T} containing every vertex that
corresponds to a face in F'. Let X be the set of vertices of T;" that have degree at least 3 in 7. As
T3 has at most 2k + 3 leaves, we have |X| < 2k + 1.

Consider the faces of Hj enclosed by the d-bend B. At most 2k + 1 of these faces correspond
to elements of X, thus d > f(k,t) implies that there is an h > M such that no face corresponding
to X appears between C}, and Cj,_ s in the d-bend B. Let us fix such an A and let h* = h — 30sm.

Let a and B be two vertices of P, enclosed by B. We say that « sees 5 from the inside if o and
B are both on the same Cj;, vertex « is strictly enclosed by the segment of P, containing [, and
the subpath Cj[a, 5] does not have any internal vertex on P,. Note that this subpath C;[c, 5] may
intersect some Py with o’ # b.

First we find a sequence of nested segments Sy, ..., Ss of P, (see Figure such that, in a
weak but precise technical sense, there are no further segments of P, between them. What we show
is that each segment has a subpath that is seen from the inside only by vertices of the next segment
in the sequence.

Claim 3.28. There are distinct nested segments St, ..., Ss of P, with respect to B and an (h*—im)-
segment S! of each S; such that

1. S does not intersect C,.

2. S! intersects Ch_im,
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Figure 29: The segments in Claim

3. every vertex of Py seeing a vertex of Sj from the inside is on Sj, ;.

Proof. There is at least one segment of P, intersecting Cp_,,: P itself is such a segment. Let S7 be
a segment of P, intersecting C}_,,, but not enclosing any other segment of P, intersecting Cp_,.
It follows that S; does not intersect Cj: otherwise Lemma implies that it encloses another
segment intersecting Cj,_ ¢ —1)—5 = Ch—m. The segments Sy, ..., Ss; we construct in the rest
of the proof are all enclosed by S, thus they do not intersect Cj, either. Let S| be an arbitrary
(h* —m)-segment of S intersecting Cp_y,.

Suppose that we have constructed such a sequence up to S;—; and S,_;. We find S; and 5]
the following way. Again by Lemma there is a segment of P, enclosed by S5;_; that intersects
Ch—im, thus there is at least one S; enclosed by S;_;. Therefore, there is at least one (h* — im)-
segment S/ intersecting Cj,_;,. We show that there is at most one such (h* — im)-segment that
contains vertices seeing S;_; from inside, thus we can define S; satisfying property (3).

Suppose (h*—im)-segments S” and S” of P, contain vertices o’ and o that see 3/, 8” € S!_, from
the inside, respectively. Let S* be the (h* —im)-segment of S]_; (note that S!_; isa (h*—(i—1)m)-
segment, thus its (h* — im)-segment is unique). Let L be the vertices of T} corresponding to faces
between Chr_i and Chr—im—1-

Let Z be the subtree of T, that corresponds to P,-bridges enclosed by S;_1 and having an
endpoint on S!_,; clearly, Z is connected. The edges corresponding to Py-bridges with an endpoint
on S* contain a path @ from Z to L (see Figure [30). By Lemma [3.26] applied on the Py-bridge o/’
and the segment S’ (resp., /" and S”), we get two edge-disjoint paths @}, Q) (resp., Qf, Q%) that
go between Z and L and each edge of the paths corresponds to a P,-bridge having an endpoint on
S’ (resp., S”). We show that in T} there are three edge-disjoint paths between Z and L. If there
are no such paths, then Menger’s Theorem implies that there are two edges e; and es covering all
such paths. Observe that each edge can be contained in at most two out of the five paths @, Qf,

5, QF, QF: otherwise the Py-bridge corresponding to the edge would have an endpoint on all three
of the (h* — im)-segments S*, S’ and S”, which is impossible. Therefore, one of these paths is
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Figure 30: Proof of Claim . In T}, there are two disjoint paths from o/’ to L, and two disjoint
paths from 8" to L using the edges shown on the figure. There is also a path from Z to L using
edges that correspond to P,-bridges having an endpoint on S;_1. There are three edge-disjoint

paths from vertex v to L in T}, and we arrive to a contradiction using the path Py[&, f] intersecting
many chords but not enclosing any terminals.

disjoint from e; and es, a contradiction.

Let Q1, Q2, Q3 be three edge-disjoint paths from Z to L; we can assume that they start at
(possibly not distinct) vertices vy, ve, vs of Z and they contain no other vertices of Z. Let Z’
be the minimal subtree of Z containing vy, ve, and vs. This subtree Z’ has a vertex v (possibly
v € {vy,v2,v3}) and three edge-disjoint paths Z1, Za, Z3 (possibly of length 0) where Z; goes from
v to v;. Now the concatenation of Z; and @Q; for i = 1,2,3 gives three edge-disjoint paths from
vto L. As v € Z, the length of the paths is at least m = f(k,t — 1) + 5. Let Tl,TQ,Tg be the
components of T \ v that contain these paths (minus v). We have chosen h such that no face of X
appears between C}, and C},_,r; in particular, as h* —im > h — M, vertex v is not in X. Therefore,
it cannot happen that all three of Tl, Tg, T contain vertices from 7| o+ this would imply that v € T{}
and has degree at least 3 in 7}, i.e., v € X by the definition of X. Suppose that T € {Tl, oy Tg} is
disjoint from 7} and let é be the edge connecting T and v. Suppose that é corresponds to P,-bridge
Cj [&, B] Note that &, 3 & P, as they are enclosed by S;_1 (which is different from P).

We would like to invoke Lemma with Q = P&, B] to arrive to a contradiction, but we need
to verify the conditions that no terminal is enclosed and this path is disjoint from P. This is the
part of the proof where the definition of 7{j and the fact that T is disjoint from T}} comes into play.
Consider the cycle C' formed by dB and Pyq, B] Removing the edge é from T™ splits T* into two
parts, one of which is 7. The cycle C encloses the faces corresponding to one of these two parts;
more precisely, it encloses the part that does not contain the infinite face. As T is disjoint from 77,
it cannot contain the infinite face, thus C encloses exactly the faces of 7. This means that C' does
not enclose any face of 7;7 and hence does not enclose any terminals. Moreover, we claim that C'is
disjoint from P. As &, B ¢ P, if Pa, B] contains a vertex of P, then it fully contains P, including
the arc of P incident to zg. Both faces incident to this arc is in 7§, thus if C contains this arc,
then C encloses a face of T, a contradiction. Thus P[4, B] is disjoint from P. The tree T contains
a vertex of L (since it contains one of the three paths @1, Q2, @3, minus v), which means that C
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Figure 31: A more complicated example of the segments in Claim Segment S; has an (h*—im)-
segment different from S/, which is seen from inside by vertices on a segment S* different from S; 1,
and also by vertices on a (h* — (i + 1)m)-segment of S;;; different from S;_ ;.

encloses an arc of Cp»_;p,. Therefore, Py[é&, f] intersects Ch«_;, and &, 8 has no internal vertex on
P,. Thus we arrive to a contradiction by Lemma 4

Note that the statement of Claim [3.28]is somewhat delicate. It does not claim that every vertex
of S; on Cj for some j > h* — im is only seen from inside only by Sj_ ;; it claims this only for a
one specific (h* —im)-segment S; of S;. Also, the (h* — (i + 1)m)-segment S;, | could contain more
than one (h* — im)-segments (see Figure [31)).

Not all vertices of S; are seen from inside by the vertices of Sj : for example, if for some
v1,v2 € ;N Cj, the path Cjlvi, v2] is enclosed by S; and does not have any internal vertex on P,
then v; and vy are not seen from inside by any vertex of S;y1. Nevertheless, the following claim
shows that if a subpath of S intersects many chords, then it contains a vertex seen from inside by
a vertex of S]_ ;.

Claim 3.29. Let Q be a subpath of S, having an endpoint on Cy and an endpoint on Cy. If
x4+ f(k,t—1)4+5<j<y— f(k,t —1)—5 holds for some j, then there exists at least one vertex
of Q on Cj that is seen from inside by a vertex of Sj, .

Proof. By Lemma there are vertices wi, ws € C;N.S; such that subpath Cj[wq, ws] is enclosed
by S; and S;[wy, we] contains an endpoint of (), which implies that S;[w1, ws] intersects C, or Cy.
Moreover, the internal vertices of Cjlwi, ws] are not on S;. Note that S;[wi,ws] is disjoint from
P. As |z —i|,|ly —i| > f(k,t — 1) + 5, Lemma [3.15 implies that a segment of P, different from S,
intersects Cjlwi, ws]. Let z be the vertex of Cjlwi, ws)] closest to wy (but different from w) that
is in Py. As the internal vertices of Cjwi,ws] are not on S;, vertex z is not on S;. Now z sees w;
from inside, hence z is on S} ;. J

We would like to say that a subpath of some C; between S and S intersects no other segment
of Py than 51, ..., Ss. This is not completely trivial, as we can use the third property of Claim [3.28
for a vertex of S; only if we show that it is on S, as well. Claims [3.30[{3.32 provide such paths.

40



Claim 3.30. Let z be a vertex of SN C; for some j > h* +2sm. Then for every 1 <i <s, there
is an undirected path W; from x to a vertex y € S such that

o W, is between S1 and S;,
o W, is between Cj_oim and Cjyoim,
o W, does not intersect any segment of P, different from Sy, ..., Ss.

Proof. The proof is by induction on i. A path Wi consisting of only = y; shows that the statement
is true for ¢ = 1. Suppose that y; is on Cj,. Let ¢ be a vertex of S either on Cj,_2m, or Cj,1om
such that S![y;,q] has no internal vertex on either Cj,_2m, or Cj,1am (as the endpoints of S! are
on Chp+_iym and j; — 2m > j — 2em — 2m > h* + 2sm — 2¢m — 2m > h* — im holds, such a vertex
q has to exists). Suppose therefore that ¢ is on Cj,, ,, where j;y; is either j; — 2m or j; 4+ 2m.
Let Qi = S![yi,q]. By Claim there is a vertex z of Q; on Cj,, seen from inside by a vertex
Yi+1 € S, Appending Q;[y;, z] and the subpath of Cj,, | between z and ;1 to the path W; gives
the required undirected path W;,1 ending at y;11. If path W; is between Cj_2;, and Cjy2im, then

W/’i+1 is between Cj—?(i—i—l)m and Cj+2(i+1)m' -

Claim 3.31. For some j > h* 4+ 4sm + 1, let C* = Cjlvi,v2] be a subpath between Sy and S
with v1 € S}, va € S5, and having no internal vertex on Sy or Ss. Then Sy, ..., Ss are the only
segments of Py intersecting C*.

Proof. Let S be a segment intersecting C*, which means that S is enclosed by S;. The path C*
splits the area between S7 and S; into two regions. At least one of these two regions contains an
endpoint of segment S; let R* be such a region and let S’ be a subpath of S in this region between
Cp and C*. Let R* be enclosed by subpaths ST of Sy, subpath S} of S, subpath Cfj of Cy, and C*.

Let u be a vertex of S7 on Cj_2sm—1 closest to vq; as vy € Siand j —2sm —1 > h* + 2sm, we
have u € S{. Let Wy be the undirected path given by Claim As path Wy connects u to S,
contained between S7 and Sy, and contained also between Cj_45,,—1 and Cj_1, it cannot intersect
C* and hence it is in the region R*. Now path W separates C* and Cj in R*, thus W, intersects
S’. Since Si, ..., Ss are the only segments of P, that W intersects, it follows that S is one of these
segments. 4

Claim 3.32. Let Q be a subpath of S§ from a vertex of Cy to a vertex of C,. Suppose that
r+2sm < j<y-—2sm and j > h* +4sm+1 holds for some j. Then there is a verter o € QQ N C;
and vertex f € Ss N C; such that the subpath Cjla, f] is between Si and Ss, has no internal vertex
on S1 and Ss, and intersects no segment of Py, other than Sy, ..., Ss.

Proof. Consider the subpath C}wy,ws] given by Lemma with wy,wy € S]. If it intersects S,
then let 5 be the vertex of Sy closest to a := wy on this subpath and we are done by Claim [3.31
Otherwise, we arrive to a contradiction as follows. The path Sj[w;,ws] contains an endpoint of
@, hence it contains a vertex z that is either on C; or on Cy. Applying Claim on this vertex
z gives a path W, from z to Ss and enclosed by Si. Path W, cannot intersect Cjlwi,ws] as
|z — j|,|ly — j| > 2sm. Thus Wj is enclosed by the cycle Siwi,ws] U Cjlwi, we]. As W has an
endpoint on Sy, this contradicts the assumption that Cjw1,ws] does not intersect S. J

We are now ready to find the area required by Lemma [3.17, where all the segments are nested.
Let j; = (h* +4sm + 1) 4+ 2smi for ¢ = 0,...,8 (note that j; < h* +20sm + 1 < h —m for every
such j;). As S7 is an (h* — m)-segment and intersects Cj,_,,, we can choose vertices vp, ..., vg
appearing on S} in this order such that v; is on Cj,. For ¢ = 1,3,5,7, Claim W gives a subpath
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Figure 32: Claim The segments C7, C3, C5, C7 connecting 51 and Sy, and two additional
segments that intersect C3 or CF.

Cy = Cj,[ag, By] between Sy and Ss with o, being an internal vertex of Sj[vy—1,vg4+1]. This means
that C}, C3, Cz, C7 are distinct and connect S; and S, in this order.

Claim 3.33. Every segment S intersecting C3 or Cz is nested between S1 and S;.

Proof. By Claim if S is a segment of P, then it is one of Sy, ..., Ss, hence the claim is
certainly true. Consider now a segment S of Py for some o’ # b and let @ be a subpath of S from
one of its endpoints on Cp to a vertex z of C5 or CF. Clearly, @ has to intersect either C] or C7
(see Figure[32)). Let us assume that S intersects C} (the case when S intersects CZ is similar).
Assume by contradiction that S is not nested between S and S;. Let w; and wse be the
endpoints of C7; clearly, S does not enclose w; and wy (as they are on S; and Ss, respectively).
Let us use Lemma on the line Cf[wy, ws], on the cycle formed by S and the subpath of Cj
connecting the endpoints of S, and on the subpath @ of S connecting Cy and z while intersecting
Cy. We get a subpath S[wi,ws] containing z such that wy,wy € Cf and Cj[wi, ws] contains no
vertex of S. Let us observe that the internal vertices of Cj[w1, wa] are not on any segment of Py: any
such segment would be enclosed by S, thus it is in contradiction with Claim which states that
this segment has to be one of Sy, ..., Ss. Since S[wy, wq] contains z, which is on C5 or CZ, the path
Slwi, ws) intersects both Cf and C§. By Lemma [3.11] there is an m-bend (S[wy,ws], Cy, ..., C},),
with C} = Cf[w1,ws]. The type of this bend is at most ¢ — 1 (as both Sw1,ws] and C*[wy, we] are

disjoint from P,), which contradicts m > f(k,t —1). 4

We have shown that the conditions of Lemma, 3.17: hold for St := Sy, §? := S, Cp[zt, 2?] == Cs3,
and Cyly',y?] := Ci. Thus there are less than 2" = s segments nested between S; and S,
contradicting the existence of the sequence Sy, ..., Ss. O
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4 Min-max theorems for paths, cycles, and cuts

4.1 Framework

In this section we consider graphs embedded on surfaces. By abusing the notation, we identify the
graph with its image in the embedding.

Definition 4.1. Let G be a digraph embedded on a compact surface 3. A directed curve N on X
is called non-degenerate, if N intersects embedding of GG in a finite number of points and for each
intersection point x of N and G there exists a neighbourhood U, of z such that N N U, separates
some non-empty subsets of (GNU,;) \ N in U,. For a non-degenerate curve N, let

e J/(N) = (x1,x2,...,xp) be the sequence of vertices and edges through which N passes, in
their order of appearance on N;

e /i(N)=(51,52,...,5p) be the sequence of subsets of {—1,+1}, defined as follows:

— if x; is a vertex, then —1 € §; if there exists an arc entering z; from the left of N and
an arc leaving x; to the right of N, and +1 € S, if there exists an arc entering x; from
the right of N and an arc leaving x; to the left of N;

— if z; is an edge, then S; = {—1} if the z; traverses N from the left to right, and S; = {+1}
if x; traverses N from right to left.

Intuitively a directed curve is non-degenerate if it does not touch an edge (or vertex) and return
to the same face. We point out that a non-degenerate curve is not necessarily non-self-crossing, it
is just a smooth, regular image of an interval [0,1]. A curve is called simple if it visits every vertex,
arc, and face of G at most once; observe that every simple curve is also non-degenerate. We often
consider closed curves, that is, smooth and regular images of a circle, and call such a curve a noose.
The sequences 7 and i are defined in the same manner in this situation; note that they are unique
modulo cyclic shifts.

From now on we assume that all the considered curves are non-degenerate (with a single excep-
tion of spiral cuts defined in Section @; hence we ignore stating this attribute explicitely.

When we consider a curve or a noose in our algorithms, we may represent it as a sequence
consisting of alternately vertices or edges and faces which the curve traverses. However, for some
proofs it will be useful to imagine the curve as an actual topological object being an image of a
circle or a closed interval.

Definition 4.2. For a sequence (Si,S52,...,5,) where S; C {—1,+1} we say that a sequence
(s1,...,8¢) is embeddable into (S1,S2,...,Sy) if there exists an increasing function ¢ : [¢] — [p]
such that s; € S,(;). In this case, function ¢ is called an embedding.

We are now ready to state the following Theorem of Ding, Schrijver, and Seymour [6].

Theorem 4.3 ( [6]). Let G be a digraph embedded on a torus ¥, and let Cy,Ca,...,Cy be closed,
non-crossing directed curves on X of homotopies {(0,¢;)}, where ¢; = %1, located in this order
on the torus. Then one can find vertex-disjoint directed cycles D1, D, ..., Dy in G homotopic to
C1,Cs,...,Ck if and only if there does not exist a noose N with the following property: if (p,q) is
the homotopy of N, then p > 0 and no cyclic shift of (c1,ca,...,ck)P is embeddable into fi(N).

Let us remark that by homotopic we mean that there exists a continuous shift of ¥ that
simultaneously shifts all the cycles C1,Cs,...,Cr to Dy, Ds, ..., Dy, ie., a continuous map h :
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¥ x [0,1] — X such that X(-,0) is identity and o(-, 1) maps every cycles C; to the corresponding
cycle D;.

In the original paper of Ding, Schrijver, and Seymour [6], the noose N was required only
to traverse vertices and faces, that is, it was a face-vertex curve. However, we may relax the
requirement on the curve to just being non-degenerate, as after relaxation the assumed object still
remains a counterexample, and this relaxation simplifies notation in the further parts of the article.

Let G be a digraph embedded into a ring R with outer face C7 and inner face Cs. We choose
an arbitrary curve W in R that (i) avoids V(G), (ii) crosses E(G) in a finite number of points, (iii)
connects Cy and Co, and (iv) is directed from C; to Co, as the reference curve. For every path P
connecting C7 and Cy in G, by W (P), the winding number of P, we denote the number of signed
crossings of W defined in the following manner: we traverse P in the direction from C; to Cy and
each time we intersect W, if W crosses from left to right (with respect to the directed curve W)
then this contributes +1 to the number of crossings, and from right to left we count —1 crossing.
Note that even if P is in fact a directed path directed from Cs to C7, we count the crossings by
traversing from C7 to Cs.

If a ring is equipped with a reference curve, we call it a rooted ring. We would like to stress
here that the reference curve is required to be fully embedded into the ring, i.e., between cycles C
and Cy. This property will be (implicitly) important to many claims, so we will always make sure
that the constructed reference curves have this property.

Let P = (P1, Pa, ..., Px) be a family of directed paths connecting C; and Cy. For a sequence
C = (c1,¢9,...,c), where each ¢; is +1, we say that P is compatible with C if for each index i, path
P; is directed from C7 to Cy if ¢; = +1, and from C5 to Cy otherwise. Let us note the following
observation.

Observation 4.4. Let G be a digraph embedded into a rooted ring with outer face Cy and inner face
Cy. Let s1,89,...,8; be terminals lying on the outer face in clockwise order, and let t,ta, ..., tg
be terminals lying on the inner face in clockwise order. Let us fix a sequence C = (c1,c¢2,...,Ck),
consisting of entries £1. Let P = (P, P, ..., Py) be a family of directed vertex-disjoint paths
connecting corresponding s; with t;, compatible with C. Then the winding numbers of paths P;
differ by at most 1.

For such family of paths P = (P, Py, ..., Py), we denote W(P) := W (P;). Note that for every
i we have that |W(F;) — W(P)| < 1.

4.2 Understanding homotopies in a ring

We use Theorem to prove the following result. Intuitively, it says that the possible homotopies
of families of paths crossing a ring behave roughly in a convex way.

Theorem 4.5. Let G be a digraph embedded into a rooted ring with outer face Cy and inner face
Csy. Let s1,89,...,s; be terminals lying on the outer face in clockwise order and ty,ts, ..., t; be
terminals lying on the inner face in clockwise order; assume further that the reference curve W
connects the interval between si and s1 on the boundary of C1 and the interval between ti and
t1 on the boundary of Cy. Let us fiz a sequence C = (c1,ca,...,c), consisting of entries +1.
Let P = (P, Py, ..., Py) be a family of directed vertex-disjoint paths connecting corresponding s;
with t;, compatible with C. Assume further that there are some families Q = (Q1,Qa2, ..., Qk) and
R = (R1, Ra, ..., Ri) of directed vertez-disjoint paths connecting C1 and Cy that are also compatible
with C. Then, for every number o such that W(Q) +6 < o < W(R) — 6, there exists a family
P'=(P{,P,...,P}) such that P’ is compatible with C, P! connects s; and t;, and W(P') = a.

)
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Proof. By the assumed property of the reference curve W we have that for every sequence A of
vertex-disjoint paths connecting si, So, ..., sk with corresponding t1,to, ..., %, all the paths of A
have the same winding number, equal to W (A). Let us change the curve W to any curve W’
that has the same endpoints as W, but has winding number « with respect to W. Then, winding
numbers with respect to W’ are exactly the same as with respect to W, but with —«a additive
constant. Therefore, without loss of generality we may assume that o = 0.

Compactify the plane using one point in the infinity. Take any disk D; outside C, any disk Do
inside C5, and cut them out of the compacted plane. Then identify boundaries of D; and Ds, thus
obtaining a torus X. For every index i, insert an arc (¢;, s;) if ¢; = +1, and an arc (s;,¢;) if ¢; = —1.
Observe that these new arcs can be realized on ¥ without introducing crossings by drawing them
through the identified boundaries of Dy and Dj. Let us denote the new graph by G; we will also
refer to it as to extended G. For i = 1,2,....,k, let the face F; be the face of G enclosed by arcs
between s;,t;, between s;41,t;+1, and fragments of boundaries of C1, Cs between terminals s;, s;11
and ¢;,t;41, respectively, where sy11 = s1 and ¢+ = t1. Moreover, we can extend the curve W to
a closed curve W on X by closing it through the face Fj. We can set the homotopy group on ¥ so
that W has homotopy (0,1) and D := D1 = D5 has homotopy (1,0).

Figure 33: Initial situation in the proof of Theorem Paths of the family P are coloured blue,
and paths of the family Q are coloured red. Family R is not depicted in order not to overcomplicate
the picture. The cycles in the family P already have homotopies (0,¢;) (i.e., 8 = 0), hence they
may serve as P

Similarly, using new arcs connecting s; and t; we can close each P; into a directed cycle P;,
thus obtaining a family of vertex-disjoint cycles P. Note that a cycle P; has homotopy (¢; - 3, ¢;)
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for = W(P). Also, the postulated family of paths P’ exists if and only if there exists the same
family closed by the new arcs connectlng s; and t;; that is, in the theorem statement we postulate
existence of a family P = (Pl, P2, oo ,Pl) of vertex-disjoint cycles on ¥, located in this order,
such that Pi has homotopy (0, ¢;).

For the sake of contradiction assume that the assumed family P’ does not exist. By Theorem
there exists a noose N of some homotopy (p,q), where p > 0, such that (c1,co,...,c,)? is not
embeddable in ji(N).

We now construct an infinite graph @, called also unravelled G, by taking the torus 3, cutting
it along W and D thus obtaining a rectangle, and filling the plane with copies of this rectangle in a
grid-like manner. The halves of arcs cut when cutting W and D are joined with the corresponding
halves from a neighbouring rectangle. The rectangles are called cells; we index them naturally by
7 x 7., where the first coordinate corresponds to the direction of D, and the second to the direction
of W. Let us locate the cells on the plane in such a manner that a cell (a,b) is the square with
coordinates of corners (a —1,b—1),(a — 1,b), (a,b),(a,b —1). By Fi(a7b) we denote the face of G
originating in the face F; of G that lies between cells (a,b) and (a,b + 1); the copy of the face F
that lies on the meet of cells (a,b), (a + 1,b), (a +1,b+ 1) and (a,b + 1) has index (a,b). Let F
be the set of all the faces of the form Fi(a’b). Note that then a line y = ¢ for ¢ € Z traverses all the
faces of F with the second coordinate of the upper index equal to ¢; moreover, no vertex of G has
integer second coordinate.

Let us define a family P as an infinite family of parallel vertex-disjoint infinite paths that are
results of unravelling the cycles of P on the plane. Also, we can define unravelled families Q and
R as infinite families of vertex-disjoint paths originating in unravelling of Q and R, respectively.
Note that each path from @ or R is finite and contained in one row of the grid.

Let us elaborate a bit on the family P. Paths of P divide the plane into infinite number of
strips, each with two ends and bounded by two paths of P. The strips can be labeled by integer
numbers so that each strip is neighbouring only with the strips with numbers differing by one.
Observe that every path of P traverses every line y = ¢ for ¢ € Z exactly once, using one of the
arcs between neighbouring faces of F. Thus, P divides each line y = ¢ for ¢ € Z into intervals,
corresponding to intersections of this line with strips. We call these intervals strip intervals.

Moreover, observe that the family P is invariant with respect to integer shifts, i.e., for any
(a,b) € Z x Z we have that P + (a,b) = P. Observe also that a shift (a,0) acts on a line y = ¢ for
¢ € Z by shifting the strip intervals k - a to the right. As strip intervals are intersections of strips
with this line, shift (a,0) acts on the plane divided into strips by mapping each strip into the strip
k - a to the right, in the order of strips.

We now move to families O and R. Take each path @ from Q contained in {y € [c¢,c + 1]}
and extend it by short curves contained in single faces of F at which @) starts and ends, so that )
connects the line {y = ¢} with the line {y = ¢+ 1} (recall that each path in Q connects Cy with Cs,
not Dy with Ds). The original part of @, being its intersection with @, is called the core of @, and
the two small curves at the ends are called extensions of (). Clearly, we may add the extensions
in such a manner that (i) curves originating in the same path from Q are extended in identical
manner, and (ii) all the curves from Q are still pairwise disjoint. Perform the same construction
for the family R.

Observe that families Q and R have a similar periodic behaviour inside parts of the plane
{y € [¢,c+1]} for ¢ € Z. Curves from O (R) divide each {y € [c, ¢+ 1]} into small strips, naturally
linearly ordered along {y € [c,c + 1]}. The partition is invariant with respect to shifts by vectors
(a,0) for a € Z: each such shift maps every strip to the strip that is a - k£ to the right of it, counting
in the natural order of the strips.
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Let us now examine what happens with the noose N. Clearly, N also unravels into an infinite
family of infinite-length parallel curves (see Fig. . We take one of them and declare it N , the
unravelled noose N. By slightly perturbing N we may assume that intersections of N with lines
{y = ¢} for ¢ € Z are not contained in G.

Note that N is s periodic in the followmg sense: N + (p,q) = N. If we take a fragment of N
between any # € N \ G and z + (p,q) € N \ G, denote it by N[z], then this corresponds to the
closed curve N on ¥ cut in the vertex . In particular, no cyclic shift of CP can be embedded into
i(N[a)). B o

Assume now that ¢ = 0, that is, N does not wind in the direction of W. Take any = € N\ G and
consider the curve N [x]. By the previous observations, = + (p,0) is located in the strip & - p to the
right with respect to the strip containing z. It follows that any noose travelling from z to = + (p,0)
must cross the k - p consecutive paths from P between these strips; this applies in particular to
N [z]. We may now define an embedding of a cyclic shift of C? into (N [ |), by embedding a +1
into each crossing of these paths with N [x], where we choose the sign depending on the direction
in which a corresponding path is directed. This is a contradiction with the assumed properties of
N.

Hence, we infer that ¢ # 0. For the rest of the proof we assume that ¢ > 0 and we will use only
the family Q. The proof for ¢ < 0 is symmetric and uses only family R.

Let us perform another slight modification to N. By slightly perturbing N within faces it
travels through, we may assume that whenever N travels through a face F' € F (say, lying on a
line {y = c}), it firstly touches the line {y = c}, then crosses all the extensions of paths from O,
then again touches the line {y = ¢}, and then finally leaves the face F'. In other words, we may
assume that before the first intersection and after the last intersection with the line {y = ¢}, no
extension of a path from Q is crossed. This purely technical property will be used later to avoid
counting crossings of extensions of paths from Q as true crossings contributing to 7(NV).

We now need the following two claims.

Claim 4.6. Let M be a curve with an origin in a point (z1,¢) ¢ G and end in a point (z2,¢) ¢ G,
where ¢ € Z. If r = max(0, |z2]| — [x1]), then C" is embeddable in fi(M).

Proof. 1If r = 0 then the claim is trivial, so assume that » > 0. As (21, ¢) is located in the interval
([z1] — 1, [21]] on the line y = ¢ and (72, ¢) is located in the interval [|z2], |z2] 4+ 1) on the same
line, it follows that one can find r consecutive bundles of paths from P corresponding to cycles
P1,Ps, ..., Py, separating (z1,c) from (x2,c). Each such bundle is formed by paths of P that
intersect an interval [\, A + 1) on the line {y = ¢} for [z1] < A < |x2], A € Z. Similarly to the
proof for the case ¢ = 0, crossings of M with these paths define an embedding of C" into ji(M). O

Claim 4.7. Let M be a curve contained in the part of the plane {y € [c,c+ 1]}, where the origin is
of the form (z1,c) and the end is of the form (z2,c+1). Moreover, assume that M does not cross
any extension of any path from Q. If r = max(—4, |z2| — [x1]), then C" is embeddable in ji(M).

Proof. 1f r = —4 then the claim is trivial, so assume that r > —4. We examine the mutual location
of (z1,¢) and (w2, ¢+ 1) with respect to the strips into which O divides {y € [c, ¢ + 1]}. We claim
that the strip containing (x9,c) is at least (r + 5) - k strips to the right with respect to the one
containing (z1,c). By the properties of Q with respect to shifts, we have that (zy; + r,c) is r- k
strips to the right when compared with (x1,c); note that possibly 7 < 0 — then it means —r - k
strips to the left. Now note that |xa] > x1 + r, so (|x2],c) is at least r - k strips to the right
when compared with (z1,c¢). Observe that (|z2],c+ 1) is at least 5 - k strips to the right when
compared to (|x2],c). This follows from the fact that the the segment between points (|z2 ], c) and
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Figure 34: The unravelled graph G with families P and O depicted (blue and red, respectively),

where § =

—1 and (p,q) =

(4,3). On the curve N, the interval N[z] between z and z + (4,3) is

highlighted, and partitioned into parts K;, L; by points x = Ay, By, A1, B1, A9, Ba, A3 = .+ (4, 3).
For the sake of simplicity, paths from the family Q have winding numbers —1 instead of required
at most —6.

(|x2],c+ 1) is exactly the line W, and as W(Q) < —6, then by Observation each curve of Q
has signed crossing number at least 5 with respect to W. This means that during its travel from
(lz2],c) to (|x2],c+ 1) we travel at least 5 - k strips to the right in the partition of {y € [¢,c+ 1]}
into the strips by Q. As |z2| < 2, point (z2,c¢+ 1) can be only even further to the right when
compared with (|x2],c+ 1)
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Hence, in total (z2,c+ 1) lies at least (r+5) - k strips to the right with respect to (z1,¢). As in
the previous proofs, it follows that every curve M travelling from (x1,c) to (xz2,c+ 1), contained
in {y € [¢,c + 1]} and not crossing any extensions of paths from O, must admit an embedding of
a cyclic shift of CU 9% into J(M). As every cyclic shift of C (r+5)k has D, a5 a subword, we
have that CU"+4)* is embeddable into fi(M). O

Now observe that

max(0, [z2] — [x1]) > 22 — 21 — 2,
max(—4, [z2] — [z1]) +4 > 22 — 21 + 2.

Let us now examine the curve N. As N is invariant under the shift (p,q) and g # 0, it follows
that the set of intersections of N with {y = 0} is nonempty and contained in a compact interval on
N. Let then z be the first intersection of N with {y = 0}. Consider the curve N [x]; similarly as in
the case ¢ = 0, we have that [i(N [ |) does not admit embedding of any cyclic shift of CP. By the
choice of z and invariance of N under the shift (p,q) we have that z + (p, q) is the first intersection
of N with the line {y =q}.

We would like now to divide N [x] into smaller curves. Let Ay = x. We inductively define points
By, A1, B, ...,B;_1, A4 as follows: B is the last intersection of the part of N [x] after A; with line
{y =i}, while A;; is the first intersection of the part of N[z] after B; with the line {y = i+1}. As
2+ (p, q) is the first intersection of N with {y = ¢}, it follows that Ay =2+ (p,q). Let A; = (a;,1)
and B; = (b;,1). Fori=0,1,...,q—1 let K; be the part of N[m] between A; and B;, and let L; be
the part of N[z] between A4; and Bi1.

Therefore, N [z] consists of curves Ko, Lo, K1, L1,...,K41,Ls—1 concatenated in this order.
Each curve Kj; satisfies the conditions of Claim [£.6] while each curve L; satisfies the conditions of
Claim |4.7} note that the claim for curves L; follows from the technical property about visits of N
in faces of F that we ensured before introducing Claims [4.06] [4.6] and [£.7] By applying these two claims
we have that ji(N [z]) admits an embedding of C!, where

q—1 q—1
t> (bi—ai—2)+ ) (aiy1—bi+2)=ag—ap=¢q
i=0 i=0
This is a contradiction with the assumed properties of V. ]

We now provide two corollaries of Theorem which will be used in our algorithm.

Lemma 4.8 (Rerouting in a ring). Let G be a digraph in a rooted ring with outer face Cy and
inner face Co, where W is the reference curve.

o Let pl, ..., pl be vertices on Cy (clockwise order) and let p?, ..., p? be vertices on Cy
(clockwise order).

e Let qi, ..., q} be vertices on Cy (clockwise order) and let ¢, ..., q> be vertices on Cy
(clockwise order).

o Let P, ..., P be a set of pairwise vertex-disjoint paths contained between Cy and Co such
that the endpoints of P; are p} and p?.

o Let Q1, ..., Qs be a set of pairwise vertex-disjoint paths contained between C1 and Co such

that the endpoints of Q; are qi and q?.
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o B and Q; go in the same direction, i.e., P; goes from pz1 to p? if and only if Q; goes from qi1
to qiz.

Then there is set P;, ..., P. of pairwise vertez-disjoint paths between C1 and Cy such that P! and

s

P; have the same start/end vertices and |W (P}) — W(Q;)| < 6.
Proof. The Lemma follows from the application of Theorem to families

Pa QaR: {P17P25"'7P8}7{P1aP27°"aPs}v{QlaQZa"'aQs}a
or

7)7 QaR: {P17P2a"'7P8}7{Q17Q27"'7QS}3{P17P27'--7P8}a
depending on the inequality between W ({Py, P, ..., Ps}) and W({Q1,Q2,...,Qs}). O
Lemma 4.9 (One-way Spiral Lemma). Let G be a digraph in a rooted ring with outer face Cy and

inner face Co, where W is the reference curve. Assume moreover that W induces a directed path
W* in the dual of G, directed from Cy to Cs.

o Let pl, ..., pl be vertices on Cy (clockwise order) and let p?, ..., p? be vertices on Cy
(clockwise order).
o Let qi, ..., q} be vertices on Cy (clockwise order) and let ¢, ..., q> be vertices on Cy

(clockwise order).

o Let P, ..., P be a set of pairwise vertex-disjoint paths contained between Ci and Co such
that P; goes from pz1 to pg.

o Let Q1, ..., Qs be a set of pairwise vertex-disjoint paths contained between C1 and Co such
that Q; goes from qi1 to q?.

Then there is set P|, ..., P! of pairwise vertez-disjoint paths between Cy and Cs such that P! and
P; have the same start/end vertices and —6 < |E(P/) N E(W*)| — |E(Q;) N E(W*)| <6.

Proof. The Lemma follows from Lemma and the assumption that W crosses only arcs directed
in one direction, so for any path P the winding number with respect to W is the number of arcs of
E(W*) used by P. O

4.3 Min-max theorems for alternating cuts

4.3.1 Alternations

We now introduce the language and basic facts about measuring the number of alternations along
a curve.

Definition 4.10. An alternating sequence is a sequence of entries £1, where +1 and —1 appear
alternately.

Note that for every p there are two alternating sequences of length p: one starting with +1 and
one starting with —1.

Definition 4.11. Alternation of sequence A of subsets of {—1,41}, denoted a(A), is the largest
possible length of an alternating sequence embeddable into A. Alternation of a non-closed curve IV,
denoted a(N), is defined as a(fi(IN)), while alternation of a noose N, also denoted a(/V), is defined
as the maximum of a(ii(N)) over all cyclic shifts of fi(NV).
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We now define a notion of a pretty curve that will be useful for cutting the digraph using small
number of alternations. Intuitively, a pretty curve uses as little crossings of vertices as possible.

Definition 4.12. A non-degenerate curve N is called pretty if all S;-s in ji(/N) corresponding to
crossings of vertices are equal to {—1,+1} or ().

We state now the following observation that shows that pretty curves behave robustly with
respect to alternations. We stress that in the following two observations we are considering non-
closed curves, not nooses.

Observation 4.13. Let G be a digraph embedded on a compact orientable surface ¥ and let N be
a non-degenerate curve on .. Then there exists a pretty curve N’ that has the same endpoints as
N, is homotopic to N and a(N') = a(N).

Proof. We just need to make some simple local modifications to N. Whenever N traverses a vertex
v; with S; = {—1}, we have that all arcs adjacent to v; from the right of N are directed from v;, or
all arcs adjacent to v; from the left of N are directed from v;. Then in N’ we may either circumvent
v; by traversing it from the left or from the right side, thus traversing all the arcs adjacent to v;
from the left or from the right of N, respectively. Note that the corresponding change in f(N')
is substitution of one term {—1} with an arbitrary number of terms {—1}, which does not change
the alternation of the sequence. We perform a symmetric operation for every traversed v; with
S; = {+1}. Observe that the modifications performed do not spoil non-degeneracy. O]

We now show that one can conveniently reduce any pretty curve to a simple curve.

Observation 4.14. Let N be a pretty curve in a graph G embedded on a compact orientable surface
Y. Then there exists a simple curve N' with the same endpoints as N, such that a(N') < a(N),
and N’ is constructed by taking disjoint subcurves of N, and appending them in the order of their
appearance on N, and possibly some consecutive two using small shortcutting curves, each entirely
contained in the interior of one face of G.

Proof. We build N’ by travelling along N, and whenever we encounter a vertex or face visited more
than once, we continue further from the last visit, thus omitting the interval on N between the
first and the last visit (in case of double visit of a face, we may have to make a shortcut inside the
face). N’ built in such a manner is simple. Hence, we need to argue that a(N’) < a(N).

Observe that cutting out a segment between two visits of the same face corresponds to taking
a curve with new [ being a subsequence of the old one; hence, the alternation cannot increase.
The non-trivial part is that when we cut out a segment between the first and the last visit of some
vertex v, then the alternation also cannot increase. Let Ny be the original curve and Nj be the
curve after cutting out. Let Sy be the set in [i(/Ng) corresponding to the first visit of v and S; be
the set in fi(INg) corresponding to the last visit of v; by the fact that N is pretty we have that
S¢,S; are equal to {+1,—1} or (). Let S be the set in [i(Nj) corresponding to the only visit of v
after the shortening.

If Sf or S is equal to {41, —1}, then we have that S C Sy U .S;. This suffices for our purposes,
as then every embedding of an alternating sequence into a cyclic shift of fi(N()) can be lifted to an
embedding into an appropriate cyclic shift of ji(Ny) by mapping the term mapped to S in fi(N))
either to Sy or to S;.

If Sy = S; =0 then v is a sink or source in G, which means that also S = (). Hence fi(N}) is a
subsequence of fi(N) and the claim follows. O

We remark that in Observation the assumption of NV being pretty is necessary. Moreover,
the simple curve given by Observation [4.14] is not necessary pretty; however, it is non-degenerate
as it is simple.
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4.3.2 Many alternating cycles, or a short cut of a ring

The first min-max theorem follows from the torus theorem of Ding, Schrijver, and Seymour, that

is, Theorem

Lemma 4.15 (Alternating cycles/cut duality). Let G be a graph embedded in the plane and let
71,72 be two disjoint closed Jordan curves not containing any point of G. Let G be the subgraph
of G that consists of the vertices and edges that lie between v1 and v2, and let Fy, Fy be the faces
of G that contain 1,72, respectively (it is possible that Fy = Fy). Then, for any positive even
integer r, in time polynomial in r and G, one can find either:

1. a sequence C1,Cy, ..., C, of alternating concentric cycles in G~ that separate f1 from fa, and
C; being separated from fo by C; fori < j; or

2. a simple curve M that starts in Fy, ends in Fs, and such that M has alternation at most r.

Proof. Observe that finding a sequence C1,Co, ..., C, can be performed in polynomial time using
the algorithm of Schrijver [28], while finding curve N can be easily done using breadth-first search
in polynomial time. Hence, we are left with proving that one of these objects always exists.

Let us perform a similar operation to that from the proof of Theorem we compactify the
plane using a point in the infinity, cut the plane along +v; and =9 constraining ourselves to the part
between them, and identify v; and ~» thus creating a torus ¥. Thus we may imagine that that G
is a graph embedded on torus Y. We choose the homotopy group on ¥ so that the identified 1, o
have homotopy (0, 1) while an arbitrarily chosen simple curve connecting v; and 72 has homotopy
(1,0).

By Theorem [4.3] if there is no feasible sequence C1, Cs, ..., C,, this means that there exists a
noose N of homotopy (p,q) for p > 0, such that no cyclic shift of (—1,+1)?"/? is embeddable in
[(N) (recall that r is even). As N winds p times in the direction from 7; to 72, it follows that one
can find p disjoint segments N1, Na, ..., N, on N such that every N; travels from ~; to 72 and does
not touch v; or 72 apart from the endpoints (is entirely contained in the part of the plane between
~v1 and 72). Assume that every N; has alternation at least r 4+ 1, hence some alternating sequence
of length 7 + 1 can be embedded into fi(N). It follows that one can embed (—1,+1)"/2 into every
fi(N;). Therefore, one can embed (—1,+1)P"/2 into [i(N), which is a contradiction with the assumed
properties of N. We infer that there exists some My = N; such that fi(Mj) has alternation at most
r. By applying Observation [£.13] and Observation [f.14] to the curve My we obtain the desired curve
M. O

4.3.3 Many alternating paths, or a short circular cut in a ring

The second min-max theorem is considerably more difficult to prove. It is possible to prove it also
by the means of Theorem but in order to avoid unnecessary technical details, we choose to use
the algorithm for cohomology feasibility problem of Schrijver [28].

Let A be a free group on r generators ¢gi,¢g2,...,¢g-. In the cohomology feasibility problem
we are given a directed graph G together with some labeling ¢ of arcs with elements of A, and
a downward-closed set H(a) C A for each arc a (i.e., if a word w belongs to H(a), then so does
every subsequence of w). We say that a labeling ¢ : E(G) — A is cohomologous to ¢ if there exists
F : V(G) = A, such that 9 ((u,v)) = F(u)~'-¢((u,v))- F(v) for every (u,v) € E(G). The question
asked in the problem is whether there is some 1) cohomologous to ¢ such that ¢(a) € H(a) for
every a € E(G). The following theorem is the fundamental result standing behind the algorithm
of Schrijver [2§].
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Theorem 4.16 ( [28]). The cohomology feasibility problem is polynomial time solvable, even if sets
H(a) are given as polynomial-time oracles that check belonging.

We describe the instance of the cohomology feasibility problem as a quadruple (G, A, ¢, H). We
remark that the algorithm works also in a more general setting than just for free groups, i.e., for
free partially commutative groups, but we do not need this in this work. However, we will use
the fact that in the algorithm one can require for an arbitrary subset of vertices S C V(G) that
F(s) = 14 for every s € S. In this case, we add set the S as the fifth coordinate of the problem
description.

In [27], Schrijver explicitely describes the obstacles for existence of the solution.

Theorem 4.17 ( [27], Theorem 3 with adjusted terminology). Let I = (G, A, ¢, H) be an instance
of the cohomology feasibility problem. Then there is a solution v to the instance I if and only if
for every vertex u and every two undirected walks P,Q from wu to u there exists x € A such that
7 ¢(P)-z € H(P) and 21 ¢(Q) -z € H(Q), where for an undirected walk S, ¢(S) denotes the
product of group elements along S, while H(S) denotes the set of all possible such products where the
factors are taken from H(a) for consecutive arcs a of S. Moreover, the algorithm of Theorem
can provide walks P, @Q contradicting this assumption, in case no solution was found.

We remark that in the sense of the above theorem, a walk is undirected, that is, it does not
necessarily respect the direction of arcs; it can go via an arc in the reverse direction, and if this is
the case, the contribution to ¢(S) and H(S) is the normal contribution reversed.

Let G be a directed graph embedded into a ring R, where C and C5 are cycles being boundaries
of the faces outside and inside the ring, respectively. Contrary to Lemma in the following we
assume that these two faces are different, and in fact C and Cs are disjoint. Let r be an even
number. We say that a family of vertex-disjoint paths P = (Py, P,..., P,) is an alternating join
of C7 and Cy of size r, if every path P; connects C and Co and is directed from C; to Cy if ¢ is
odd, and from C5 to (' if ¢ is even, and paths P; are located in clockwise order in the ring.

We now show how to, given a digraph G, construct an instance of the cohomology feasibility
problem that encodes existence of an alternating join; the construction closely follows the lines of
constructions of Schrijver for various other problems, but we include it for the sake of completeness.

We define an extended dual G of G as follows: we construct the classical dual G*, and for
every vertex v and every two faces sharing v and not sharing an edge adjacent to v, we add an
additional arc between the corresponding pair of vertices in the dual, in an arbitrary direction; we
call these arcs added. We delete the vertices in the dual corresponding to faces with boundaries
C4,Cy, i.e., we delete the inner and outer of the ring. Note that G is not necessarily planar.

We take A to be a free group on r generators gi,g2,...,g.. For every original arc a of
the dual we define H(a) = {1,01,92,-..,9:}, and for every added arc a™ we define H(a™) =
{1,91,92,--. ,gr,gfl,ggl, ..., g '}, Take any path P in G connecting C; and Cy and put ¢(a*) =
g1 -92_1 g3 Gp1 g;l for all arcs a of P, where a* is the arc in the dual corresponding to a.
Moreover, if a™ is an added arc connecting two faces Fy, Fy sharing a vertex v, take the boundary
of the face in the dual corresponding to the vertex v, define R to be any path on this boundary
connecting Fy and Fy, and put ¢(a®) = ¢(R). Note that after deleting the outer and inner face,
at least one such path exists. Put ¢(a) = 1 for all the other arcs.

Having defined the instance, we prove the following claim.

Lemma 4.18. Let [ = (G, A, ¢, H) be the defined instance of the cohomology feasibility problem.
Then I has a solution v if and only if there exists an alternating join of C1 and Cy of size r.
Moreover, given a solution ¢ one can construct the alternating join in polynomial time.
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Figure 35: The marked edges belong to the path P. On the right we have a subgraph of the
extended dual depicting the values ¢(a), where g = ¢1 ~g§1 g3 Gl gyt

Proof. Assume first that an alternating join P = (Py, Py, ..., P,) exists. Put ¢¥(a*) = ¢; if a € P,
¥(a*) = 1 for every other arc of the dual, and ¥(a™) = ¥(R) for every added arc, where R is defined
as in the definition of the instance. It is easy to verify that v is indeed a solution: satisfaction of
constraints imposed by the function H follows from vertex-disjointness, while being cohomologous
can be easily seen by drawing paths aside one by one, modifying each path by a sequence of
operations of jumping over a single face at a time.

Assume then that we are given a solution ¢ to the instance I. Take any vertex v € V(G).
Let a1, as9,...,a; be arcs adjacent to v that do not lie on C or (s, in this order on the plane.
As constraints imposed by the function H are satisfied, each of the corresponding arcs in the
dual can accommodate only a symbol g; or 1. The added arcs ensure that there are no two arcs
accommodating two different generators and that every two consecutive arcs accommodating a
generator have different directions. Hence, if by ; we denote the subgraph of G consisting of arcs
a such that 1 (a*) = g; and vertices adjacent to them, then subgraphs G; are vertex-disjoint.

Consider the graph G;. Partition arcs of G; into cycles and paths as follows: if we have an arc
(u,v) € E(G;), then we say that the next arc on the path or cycle is the arc (v, w) € E(G;) that
is the next arc incident to v accommodating a nontrivial symbol in clockwise order. Thus, G; is
partitioned into paths and cycles, where each path begins and ends on C; or Cy. These paths and
cycles are edge-disjoint and noncrossing by their construction; moreover, the paths can begin and
finish only on C7 or Cy. We say that a path P is a connector if it connects from C; to Cs; the
symbol associated with a connector from Gj is g; if it goes from C; to Cs, and g; Lif it goes from
Cs to C1. Let P be the family of all connectors for all G;-s. As connectors from P are non-crossing,
they can be naturally ordered along the cycle. Let C be the sequence of symbols associated with
connectors in this order; note that C is defined uniquely up to a cyclic shift. As the other paths
and cycles from partitionings of G;-s are edge-non-crossing, one can find a cycle C' in G+ winding
one time around the ring such that ¢(C) = C.

As 1) is cohomological to ¢, we have that 1(C) is conjugate to ¢(C). It follows that C must
admit a cyclic shift of the sequence (g1, g5 Lgs, o g, g 1) as an embedding. Therefore, we can
find r connectors, that is, paths connecting C7 and Cs, such that every two clockwise consecutive
traverse the ring in different directions. Such a family is an alternating join of size r. Careful
inspection of the proof shows that all the steps of the construction of this family can be performed
in polynomial time, given a solution . O

Now, using obstacle characterization of Theorem[4.17]and cohomological formulation of Lemma
we are able to prove the following min-max theorem.

o4



Lemma 4.19 (Alternating paths/circular cut duality). Let G be a graph embedded into a ring with
C4 being the boundary of the outer face and Co the boundary of the inner face. Assume moreover
that C and Co are disjoint. Let r be an even integer. Then there exists a polynomial-time algorithm
that returns either

e an alternating join of C1 and Cy of size r, or
e a simple noose inside the ring, separating C1 and C2 and having at most r + 4 alternations.

Proof. Before we start the proof, without loss of generality we assume that C and C5 are in fact
directed cycles going clockwise. Indeed, we can redirect the arcs of C; and C5 in any manner, as
we can safely assume that the alternating join will not use any of these arcs, and also redirecting
these arcs do not influence alternation of any noose contained inside the ring.

We construct the instance of the cohomology feasibility problem I = (GT,A, ¢, H), as in
Lemma and apply the algorithm of Theorem If the algorithm returns a solution,
by Lemma we can extract a sufficiently large alternating join and return it. Otherwise,
by Theorem we are left with two closed undirected walks P, @ in G rooted in some vertex
u € V(G™T), such that for no element 2 € A we have that 27 1¢(P)x € H(P) and 27 1¢(Q)z € H(Q).
Fix an arbitrary reference curve and let wp and wg be the winding numbers of P and @ in the
ring; by reversing each cycle if necessary, we may assume that wp,wg > 0. Note that then
PR)=(g1-95" 93 .. gr—1-g;1)"" for R € {P,Q}.

For clarity, in the following, whenever considering alternation, we think of P, as non-closed
undirected walks that only by coincidence begin and end in the same point. That is, we consider
embeddings of alternating sequences into sequences ji(P), [i(Q), where these sequences begin and
end in v.

We now claim that if (wg -7 < a(R) or wg = 0) for both R = P,Q, then for z = 1 we have
that 27 1¢(P)x € H(P) and 27 1¢(Q)z € H(Q), which is a contradiction. Indeed, if wp = 0 then
¢(P) =1 € H(P), and if a(P) > wp - r, then we can embed a sequence (+1, —1)“P"/2 in ji(P); by
taking consecutive g:' from the sets H(a) for images of the embedding, and 1 from all sets H(a)
for all the other arcs of P, we see that ¢(P) € H(P). The same argument holds for Q.

Without loss of generality assume then that wp - r > a(P) and wp > 0. By somehow abusing
notation, from now on we identify the undirected walk P in GT with a naturally corresponding
non-degenerated noose in G; by Observation [£.13] we may assume that P is pretty. We consecutively
extract nooses from P keeping the invariant that wp - r > a(P) and that P is pretty. At each step
we either find a simple noose with winding number 1 and alternation at most r + 4, which can be
output by the algorithm, or shorten (with respect to some measure to be defined) noose P keeping
the invariant. Moreover, if the extraction step cannot be applied, then P is already simple, has
winding number 1 and (by the invariant) at most r alternations when treated as a noose, hence it
can be output by the algorithm.

We proceed with a similar cutting scheme as in the proof of Observation Assume then
that the noose P is not simple, hence some vertex or face is visited more than once. Let us take
a shortest interval on P between two consecutive visits of the same face or vertex; by minimality
it follows that we may partition P into a simple noose N traversing this interval and the resulting
noose P’ that is P with the interval cut out (in case of visiting the same face twice, we may need
to add small connections within this face). Note that the winding number of N is of absolute value
at most 1, as it is simple.

If the cutting was performed due to visiting the same face twice, we have a simple situation:
f@(P") is fi( P) with fi(N) carved out, so a(P’) < a(P) and a(P’) < a(P) —a(N)+ 3 (we may lose at
most two alternations on the cut points and potentially one alternation on a cyclic shift of fi(V)).
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Hence if the winding number of N equals zero or a(/N) > r + 3, we are keeping the invariant, and
otherwise we may output N (or N reversed if its winding number is —1). Note that thus P’ is still
pretty.

Assume now that cutting was performed due to visiting the same vertex w twice. Note that
f@(P’) is basically fi(P) with fi(NN) carved out, only with possible manipulations on the term cor-
responding to passing through the vertex w. Again, it follows that a(P’) < a(P) — a(N) + 5: if
we can embed some alternating sequence into a cyclic shift of f{(P’) and some other alternating
sequence into a cyclic shift of fi(/N), then after removing terms corresponding to passing through
w from both embeddings, shifting the alternating sequence embedded into a cyclic shift of ji(N)
so that it corresponds to the shift rooted at w, and gluing the embedding together, we obtain an
embedding into fi(P) of an alternating sequence of length at least a(N) + a(P’) — 5 (we may lose
additional 2 alternations on gluing and one on shifting fi(N)). Hence, if N has nonzero winding
number, then either we may reduce P by shortening it to P’ (in case a(N) > r+5) or output N (in
case a(IN) < r+4). In order to ensure that P’ is still pretty, we may need to apply Observation m
to it. Note that this application can only make a small circumvent of the vertex w, and by the
assumptions that C; and Cs are directed cycles, this circumvent will not make P’ go outside the
ring.

Now consider the case when N has zero winding number; we need to argue that a(P’) < a(P),
as then we can shortcut P to P’, possibly again applying Observation to it. This, however,
follows from the same argumentation as in the proof of Observation from the fact that P is
pretty we can argue that the term corresponding to passing w in fi(P’) is contained in the union
of terms corresponding to passing w in ji(P), which means that every sequence embeddable into
[(P') is also embeddable into fi(P).

We are left with arguing that the presented procedure will terminate in polynomial number of
steps. Note that in every cutting step we either decrease the number of vertices visited by P, or do
not increase the number of vertices visited by P but decrease the number of faces and arcs visited
by P. Hence, the maximum number of steps performed is at most the number of vertices visited
by P times the size of the graph. O

The following corollary will be used in the algorithm.

Lemma 4.20 (Handling a large ring). Let G be a directed graph on the plane with some terminals.
Let r be an integer and let C1, ..., Car13 be an alternating sequence of concentric cycles in G with
no terminal between C1 and Copy3. Then there exists a polynomial-time algorithm that outputs
either:

e a simple noose separating C1 and Cori3 having at most 2r + 8 alternations, or

e q vertex v surrounded by a sequence of T alternating concentric cycles with no terminals inside
them.

Proof. Let R be a ring with C] being the outer cycle and Cy,.13 being the inner cycle. We use
the algorithm of Lemma to either find an simple noose having at most 2r + 8 alternations
that separate C from Co,13, which can be returned by the algorithm, or an alternating join of
size 2r + 4. Assume then that the join Pi, Ps, ..., Py, 44 has been found, where the indices reflect
clockwise order of the paths on the ring.

Let v be any vertex that is on the intersection of cycle Cy42 and P,12. We modify the ring R
using with the following operations. We delete the part of the ring between Ps,.,3 and Py, thus
cutting through the ring and creating a graph with outer face boundary consisting of paths Pj,
Py, +3 and subpaths of cycles C; and Cy,13 (see Fig. . Moreover, we delete the vertex v from
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Figure 36: The outer face of the ring R’ is marked with dashed gray.

the graph and declare the face in which it was embedded the inner face. Thus, the resulting graph
may be viewed as embedded into a ring R’ with the aforementioned inner and outer face.

We now apply Lemma to the ring R'. We either find r alternating cycles around the
inner face, which constitute r alternating cycles around v with no terminals embedded that can be
returned by the algorithm, or a simple curve M starting in the inner face and ending in the outer
face, having at most r alternations. Assume then that curve M was found.

Assume first that M reaches the part of the boundary of the outer face of R’ that is on C.
Then M must have passed through cycles Ci,Cy, ..., Cr11; these passages define an embedding
of an alternating sequence of size r + 1 into (M), which contradicts the fact that a(M) < 7.
Similarly, if M reaches Co,43, P, or Ps.y3, then it must have passed through sequences of paths
(Criy3,Criay...yCoy3)y (P1, Pay...y Pryq),0r (Prys, Prya, ..., Parys), respectively, and in each case
we get a contradiction. Hence, the curve M could not be found and we are done. O

5 Decomposition

In this section we show how to decompose the graph G into a bounded number of weakly connected
subgraphs (called henceforth components), such that the interaction between the components is
somehow limited, and the terminals are kept outside of the components. We start with defining a
notion of an alternation suitable for weakly connected subgraphs of GG; the main property of our
components is that we control their alternation.

Definition 5.1 (incident arcs). Let G be a graph and let H be its subgraph. By E(H) we
denote the set of arcs of G incident to at least one vertex of H, but not belonging to H; that is,

E(H) = BE(G)\ (E(H) U E(G[V(G) \ V(H)])).

Definition 5.2 (alternation of a face of a subgraph). Let G be a plane graph, let H be a weakly
connected subgraph of G and let f be a face of H. Consider an undirected walk P in H that goes
around the face f in such a direction that it leaves the face f to the right, and the subgraph H
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to the left; that is, P goes counter-clockwise if f is the outer face of H, and clockwise otherwise.
Consider a cyclic sequence P(E(H)) of elements of {+1,—1} constructed as follows: we go along
E(H) and insert into P(E(H)) an element +1 or —1 for each endpoint of an arc of E(H) we
encounter along the walk P, depending on whether this is a starting or ending point of the arc.
If multiple arcs are encountered at one vertex v € V(H), consider them in the counter-clockwise
order as they appear on the face f. The alternation of the face f in H is the alternation of the

sequence P(E(H)).

Note that each arc e € E(H) corresponds to exactly one entry in P(E(H)) if it has exactly one
endpoint in V(H), and to two entries if it has both endpoints in P(E(H)).

We also note that for any weakly connected subgraph H and its face f, there exists a noose
N(f,H) that goes parallely and very closely to the walk P, is contained in the face f, does not
visit any vertex of G and fi(N(f, H)) = P(E(H)) (up to a cyclic shift). We call such a noose a
border noose of H. Moreover, we may assume that a border noose of a H is sufficiently close to H,
so that for any two disjoint weakly connected subgraphs of GG, their border nooses and the areas
enclosed by them are disjoint.

We are now ready to define components in our decomposition.

Definition 5.3 (disc component). Let G be a plane graph and let H be a weakly connected
subgraph of G. We call H a disc component of G if every arc in E(H) is contained in the outer
face of H. The alternation of a disc component H is the alternation of its outer face.

Definition 5.4 (ring component). Let G be a plane graph and let H be a weakly connected
subgraph of G. We call H a ring component of GG if there exists a face f;y of H different than
its outer face (called the inner face of the component) such that every arc in E(H) is contained
either in the outer face of H or in f;y. The alternation of a ring component H is the maximum of
alternations of its outer face and the inner face fry.

By a(H) we denote an alternation of a component H.
Note in both component definitions, we do not require that the graph H is an induced subgraph
of G. In other words, we allow arcs in E(H) that have both endpoints in H.

Definition 5.5 (decomposition). Let G be a plane graph having a set T C V(G) of terminals.
Then a set D of (disc and ring) components of G is a decomposition of G iff

e every vertex of G is in exactly one component of D;

e for each terminal ¢ € T there exists a disc component H{*° € D that consists of the vertex ¢
only.

The disc (ring) alternation of the decomposition D is the maximum alternation of a disc (ring)
component in D.

We will control two natural measures of a quality of a decomposition: its alternation and the
number of its components. Moreover, we will require that ring components are embedded into a
decomposition in a special way.

Definition 5.6 (isolating component). Consider a decomposition D of a plane graph G with
terminals 7. We say that a disc component HU¢ € D is a d-isolating component if the subgraph of
G induced by the vertices of HY5¢ (i.e., the subgraph HU together with all the arcs of E’(H disc)
that have both endpoints in H%¢) contains a sequence of d alternating concentric cycles and each
edge of E(H dis¢) that has exactly one endpoint in H9¢ either lies inside the innermost of these
cycles (an inner edge) or lies outside of the outermost of these cycles (an outer edge).
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Figure 37: A ring component with two levels of isolation.

We note that, if the graph G is weakly connected, in the space enclosed between the innermost
and the outermost cycle from the definition of the isolating component H%U¢ there are only arcs
and vertices of H45 and arcs of E(HY) that have both endpoints in H %5,

Definition 5.7 (ring isolation). Consider a decomposition D of a plane graph G with terminals 7.
We say that the decomposition has ring isolation (A, d) if for every ring component H'" € D with
outer face foyr inner face fry there exist 2A disc components H}i}\S,fA, HgiffT,A €D, 1 <AN<A,
such that each of these components is d-isolating and:

e the components H}i}\?c/\, 1 < A < A, are contained inside f7y and the components Hgi(sz \
1 < A < A are contained in foyr;

e for each 1 < A < A, each inner arc of H}l]i\sf‘:)\ has the second endpoint in H}i}\s,c/\ 41, and each

outer arc of H3%¢. | has the second endpoint in HI$¢. | Y1

e for each 1 < A < A, each outer arc of H}l]i\S,CA has the second endpoint in H}i}\s,‘:)\fl, and each

inner arc of H, gllSJCT y has the second endpoint in H, gilsz [T

e each outer arc of H}i}\s,cl and each inner arc of HgiECT 1 has the second endpoint in H ring

Moreover, we require that no disc component serves as an isolation to two ring components, that is,
the components H}i}\s,c/\ and H g‘ffT yv» 1 <A< A are pairwise distinct for different ring components
of D.

Note that each of the d alternating concentric cycles of H ?}S}C)\ (forming a d-isolation) is contained
in the inner face f;y, while each of the d alternating concentric cycles of HgiECT ) encloses H ring,
We say that a decomposition has positive isolation if it has isolation (A, d) for some A,d > 0.

We are now ready to state our decomposition theorem.
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Theorem 5.8 (Main Decomposition Theorem). Let G be a plane graph with k terminal pairs, each
of them having degree 1. Let A, d and r be positive integers. Then in O* (20<A(d+r)k2)) time we can
either find a set of r alternating concentric cycles with no terminal inside the outermost cycle, or
compute a set of at most 20(A(d+7)k?) pairs (G, D;) where:

1. each G; is a plane graph of size polynomially bounded in the size of G, with k terminal pairs,
where each terminal is of degree one in G;;

2. D; is a decomposition of the graph G; with O(Ak?) components, ring isolation d and alterna-
tion O(A(d + r)k?);

3. G is a YES-instance to k-DPP, if and only if there exists i such that G; is a YES-instance
to k-DPP.

Proof. We decompose the graph in an iterative manner. At i-th iteration, we are given a graph
Gy with k terminal pairs and family C of pairwise disjoint disc components of Gg that are to be
partitioned further. Moreover, we assume that each terminal in Gy has degree one. Each iteration
decreases the total number of terminals in the components of C, thus the iteration ends after at
most 2k steps.

In each iteration, we first filter out any component H € C that does not contain any terminals.
Such a component may be output as a disc component in the final decomposition. If C becomes
empty, we finish the algorithm.

Otherwise, we pick any component Hy € C to decompose it further (and remove it from C). By
k denote the number of terminals contained in Hy. If there is a terminal on the outer face of H,
we create a new disc component that contains it, delete the terminal and its incident arc from Hy
and add back Hp to C. Each such step produces a new disc component, decreases x and increases
a(Hp) by a constant. Moreover, it maintains the connectivity of Hy.

Thus, from this point we may assume that Hy contains x > 0 terminals, but none of these
terminals lies in the outer face of Hy. Let us pick one terminal ¢t € T'N V(Hy) and let F} be the
face that contains t. Let 7 be an arbitrary circle with centre ¢t and with sufficiently small radius
such that v N G consists of a single point which is an intersection of v; with the arc incident to
t. Invoke Lemma on the graph Gy \ {t}, curves ; and a border noose N = N( fo, Hy), where
fo is the outer face of Hy. Find the largest even a for which we obtain a sequence C1,C5,...,C,
of alternating concentric cycles in Hy. Moreover, invoke Lemma for a 4+ 2 and obtain a simple
curve M connecting ¢ and N with at most a + 2 alternations.

Assume (' is the innermost and C, is the outermost of the constructed cycles. For s =1,2,... kK
let i(s) be the largest integer 0 < i(s) < a such that there are at most s terminals contained in the
area enclosed by the cycle Cj(,) (note that no terminal lies on any of the cycles C1,Cy,...,Cy, as
terminals are of degree one in Gy). Note that i(k) = a; we denote i(0) = 0.

Let ¢ = 2r + 1 and let SP® C {1,2,...,k} be the set of such integers that s € SP*® whenever
i(s)—i(s—1) > 2Ad+2(A+1)g+2. For each s € SP® apply Lemma to the following 2(A +1)

sets of ¢ + 2 = 2r + 3 concentric cycles:
® Cits—1)+(A-N)(d+q)+1 Cits— 1) (A-N) (d+q)+25 - - - » Ci(s— 1)+ (A=A)(d+q)+q+2 for 0 <A <A

* Cits)~(a-N(d+9)—g—1> Cits)~(A=(d+a)-q> - -+ Cils)—(A-N)(d+q) for 0 S A< A

If any of the applications of Lemma [4.20] returns a sequence of r concentric cycles, we return it
as an outcome of the algorithm. Otherwise, we obtain 2A + 2 circular cuts NSI NA and NSO UT’)‘,

0 < A < A: the cut NIV separates Cj(s_1)4(A—x)(d+q)+1 TOM Ci(s_1)4 (A—2)(d+q)+q+2 and the cut
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NSOUT’)\ separates Ci(s),(A,)\)(dJrq),q,l from Ci(s),(A,)\)(dJrq). As i(S)—i(S—l) > 2Ad+2(A—|—1)q+2,

we have that
i(s—1)+Ad+q)+q+1<i(s)—A(d+q)—qg—1

and the cycle Cys_1)1 A(d+q)+q+2 lies between NSIN’0 and NSOUT’O,

Note that, for any 1 < A < A:

o thedcycles Cigs—1)+ (A-2)(d+a)+g+2) Cils—1)+ (A=) (d+a)+a+3> - - - Ci(s—1)+(A-A+1)(d+g)+1 T€ CON-
tained between NSIN’A and NSIN’)‘_I7

e the d cycles Ci(s)—(A—)\—l)(d—i—q)aCi(s)—(A—)\—l)(d+q)+la cee 7Ci(s)—(A—)\)(d+q)—q—l are contained
oUT -1 OUT,\
between N and N .

As the simple curve M connects v, with N, it crosses all cycles C; as well as all circular cuts
NSIN’)‘, NOUTA for s € Shie 1 <\ < A. By slightly perturbing M, we may assume that M crosses
these circular cuts either in a vertex of G or inside a face of G, never on an edge of GG. For each
s € SP& remove from M the subcurve between the intersection with NSI N0 that is closest to Ve
on M and the intersection with NSO UT0 that is closest to N on M ; if the intersection happens in
the vertex of GG, we remove a slightly shorter part of M, so that the remaining curve still traverses
the intersection vertex and ends in a face of G. Denote by M the set of remaining subcurves of M
(note that the are at most |SP®| +1 < x + 1 of them).

We now note that all curves in M intersect O(A(d + r)k) alternating cycles from the sequence
C1,Cy, ..., Cy, as they intersect O(A(d+ 1)) cycles between Cj(s_1)41 and Cj,) for each 1 < 5 < k.
Recall that the alternation of M is at most a + 2, while M intersects all cycles C1,Cy, ..., C,.
Therefore the sum of alternations of all curves in M is O(A(d + r)k).

We are now going to cut the graph along the circular cuts NI NA and NSO UTA for s € Shig,
1 < A <A, as well as along the curves of M. However, both circular cuts and the curves in M may
traverse a vertex, whereas we want to cut arcs only. To cope with this, we introduce the following
bounded search tree strategy.

Recall that any curve of M as well as any cut N, SI N”\, N, ? UTA is a simple curve. Therefore we
can apply Observation [£.13] to each of those curves, making them pretty. Let Ny be any of these
curves, and let v be a vertex on Ny. By the definition of a pretty curve (Definition , the set
Sy € [i(Np) that corresponds to v equals {+1,—1} or 0.

For a given curve Ny, we first resolve all vertices with S, = {+1, —1}. For each such vertex, we
branch into four cases. We choose one side of the curve Ny (left or right) around the vertex v and
one type of arcs incident to v (incoming or outgoing arcs). In each branch, we delete from the graph
Gy the arcs of the chosen type from the chosen side of the curve and perturb Ny slightly to omit
the vertex v from the chosen side. In this way, we do not increase a(Ny), as in ji(Ng) we exchange
the S, = {+1, —1} for a sequence (of arbitrary length) of equal one-element sets, corresponding to
the remaining arcs from the chosen side of Ny. Moreover, for any solution to the k-DPP problem,
there exists a choice where we do not delete any arcs of the solution, as the vertex v may lie only
on one path of the solution, and this path cannot enter and leave the vertex v from both sides of
No.

Note that the number of these vertices is at most a(Ny), thus we create at most 4%°0) branches.

Once we have resolved all vertices with S, = {+1, —1}, we move to the second case. For a vertex
v we may have S, = () in two situations. First, Ny may visit the vertex v, but leaves all incident
edges on one of its sides. However this would contradict the assumption that Ny is non-degenerate.

Second, v may be a source or a sink. We consider here two options: either we modify the curve
Ny to omit the vertex v from the left or from the right. Let us investigate how such a change
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will influence fi(Ny) and a(Ny). We replace S, = () with a sequence (of arbitrary length) of equal
one-element sets corresponding to the traversed arcs of G; such a situation may increase a(Ny) by
one. However, we have a choice of whether we insert a sequence of sets {+1} or {—1}: if we omit
the vertex v from the left, we cross the arcs incident to it in a different orientation than if we omit
the vertex v from the right.

If in fi(Np) there exists a vertex v with S, = (), but one neighbouring set S with S| = 1, we
may modify Ny around v so that we replace S, with a sequence of sets equal to S. It may be easily
seen that if we apply this operation to all the sets S, equal to (), then the alternation of Ny does
not increase in case Ny is a non-closed curve (from M) or increases by at most 1 in case Ny is a
noose (of form NIV or N, o UT-X) " As we have removed all two-element sets from [(Ng), we may
not perform the above operation only if fi(Ny) consists only of empty sets. In this case, we modify
Ny around each vertex, so that fi(Np) is a sequence of sets {+1}; note that the alternation of Ny
changes from 0 to 1 in this case.

Let us now summarize. Recall that:

o IM|<r+1;

e there are at most 2(A + 1)k curves NSIN’)‘, NSOUT’)‘, se Shie 0 <\ <A,

e the sum of alternations of all curves of M is O(A(d + r)k);
e cach curve N, s[ NA and N, SO UTA has alternation at most 2r + 8 (by Lemma 4.20)).

Therefore the aforementioned procedure generates 4°(A(@+7)%) gubcases, and increases alternation
of each curve by at most one.

Before we describe the outcome of the partitioning of Hy, let us define the notion of connectifying
a component. Assume we are given an open connected subset A of the plane, isomorphic to a disc
or to a ring, such that no vertex of Gy lies on the border of A (i.e., not in A, but in the closure
of A). For each of the (one or two) borders of A that are homeomorphic to a circle, travel along
the border and, for each arc that it intersects, subdivide it, inserting a new vertex inside A. For
each two consecutive newly added vertices, connect them with a length-two path inside A, where
the middle vertex of the path is a sink (i.e., both arcs from the path point from the subdivided
arcs of Gy towards the vertex in the middle). As Gy is weakly connected, after this operation, the
subgraph of G consisting of all arcs and vertices completely contained in A is weakly connected,
whereas the answer to k-DPP on G does not change, as the added arcs are useless from the point
of view of constructing directed paths.

We are now ready to partition the graph into the following components.

e We create a disc component containing the terminal ¢ only.
e For each s € SP8, we create the following 2A + 1 components.

— A ring component HI™® that is a connectification of a subgraph consisting all vertices
and edges of the graph Gy contained between the noose N, IN0 and the noose NOUT0.
The face of HE™ that contains NI™VY is the inner face of H™®, and the face that contains
]\fSOUT’0 is the outer face. Note that, as H™8 contains the cycle Ci(s—1)4A(d4q)+q+2 these
faces are distinct.

— For any 1 < A < A, a disc component HSIIS}’V , that is a connectification of a subgraph
of Gy enclosed in the area with its border being a concatenation of the following four

.. . INA-1 _ . INA
curves: a minimal segment of a curve of M connecting Ng with Ng7", the curve
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NI N’)‘, the same minimal segment of a curve of M, but now traversed backwards, and
the curve N, S,I NA=1 Note that, as the chosen subset of the plane is homeomorphic to a

disc, the HSIISJCV ) s in fact a disc component.

: disc : disc
— For any 1 < A < A, a disc component H&OUT’/\ created in the same manner as HS7IN7/\,

NSOUT,)\fl NSOUT’/\.

but between curves and

We note that the d alternating cycles Ci(8_1)+(A_,\)(d+q)+qf2, oy Ci(s—1) (A= A1) (d+q)+1 aT€
contained in the subgraph of GG induced by the vertices of Hg‘lsfv y, fulfilling all the requirements
to make H;‘ISR, ) @ d-isolating component. Similarly, the components Hgi(s)CUT? ) are d-isolating

as well. Therefore H:™® has (A, d)-isolation, as required.

e For each s € SP8U{k+1}, we insert into C the connectification of a subgraph enclosed by the

following noose. We denote NOO UTA ¢ and IV, iiviA = N. We concatenate a minimal segment

OUT,A
Npred(s)

segment but traversed backwards, and the curve

IN,A INA . ..
and Ng ", the curve Ng ", again the same minimal

OUT,A
Npred(s) )

element of SP8 smaller than s, or 0 if it does not exist. Note that, as in the case of previous
two components, the aforementioned area in the plane is homeomorphic to a disc, thus we
insert into C disc components only.

of the curve of M connecting

where pred(s) is the maximum

We note that at each step, we invoke the connectification algorithm a few times, but in pairwise
disjoint subsets of the plane. Therefore, the enhanced graph G remains plane.

Note that, after this step, the total number of terminals in C decreased by one, as the terminal
t is put in its own disc component and each other terminal is put into exactly one new recursive
call. Therefore, the number of iterations is at most 2k. Moreover, as the step creates at most s
ring components and 2Ax disc components that are not components with a terminal, we obtain at
most O(Ak?) components in total and at most 20 (d+mk)

Let us now bound the alternations of the constructed components. Each constructed ring
component H™8 has two borders NIV? and NOUT0 of alternation at most 2r + 8, with possible
slight modifications due to the branching procedure that can add 1 to the alternation, thus its
alternation is at most 2r+9. Similarly, each isolating component HSIIS?V 5 and HS%CUT ) is surrounded
by two circular cuts of alternation 2r+9 each and two subcurves of a curve of /\/l, again with possible
slight modifications due to the branching procedure that can add 1 to the alternation. Recall that
the sum of alternations of all curves in M is O(A(d + r)k), thus each isolating disc component has
alternation O(A(d + r)k). Moreover, y; has alternation 1.

At each iteration, we put into C components surrounded by two copies of a subcurve of a curve
from M and two nooses being either circular cuts IV, SI N’A, N, SO UT’A, the curve «; or N. An operation
of cutting away a disc component with a terminal may increase the alternation of a component by
at most one per terminal, thus 2k in total. We infer that at iteration i, any component in C has
alternation bounded by O(i(A(d + r)k)). Therefore any computed disc component has alternation
O(A(d +1)k?).

This concludes the proof of the decomposition theorem. O

subcases.

6 Bundles and bundle words

Our decomposition theorem, Theorem provides us either with a situation where an irrelevant
vertex can be found, or with a bounded number of subcases, each of the subcase being a modified
graph G with a decomposition D of bounded number of components and with bounded alternation.
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In this section we focus on solving one fixed subcase, that is, we focus on a single graph G with a
decomposition D.

6.1 Bundle arcs, bundles and component multigraph

Consider a graph G with its decomposition D. For any v € V(G), let H(v) be the component of D
that contains v. Let E(G,D) be the set of arcs of G that are not contained in any component of
D, that is, E(G, D) = E(G) \ Upep E(H). Any element of E(G, D) is called a bundle arc.

The set of bundle arcs form a structure of a multigraph on the set of components D; we call
this multigraph a component multigraph. If the number of components and the alternation of D is
bounded, the set of arcs of the component multigraph can be decomposed into a bounded number
of bundles of arcs that go parallely and in the same direction. We now formalize these notions.

Definition 6.1 (component multigraph). Let G be a plane graph and let D be its decomposition.
The component multigraph of G and D, denoted Geomp(G, D), is a multigraph with vertex set D
and arcs set {(H(u), H(v)) : (u,v) € E(G,D)}.

Note that the component multigraph is planar, and the embedding of G naturally imposes a
non-standard embedding of Geomp(G, D), where each disc component is contracted into a single
point and each ring component is contracted into a closed curve, separating the part of the graph
inside the ring component from the part outside it.

We sometimes abuse the notation and identify the bundle arc being an arc in the multigraph
with the vertex set D with the corresponding arc in G.

We now define a notion of a bundle, that gathers together bundle arcs that “serve the same
role”.

Definition 6.2 (bundle). Let G be a graph and let D be its decomposition. A sequence B =
(b1,ba,...,bs) of bundle arcs is called a bundle if

e there exist two components Hy, Hy, such that each bundle arc b; leads from H; to Ha (possibly
H1 = HQ);

e for any 1 < i <'s, in the graph Hy U Hy U {b;—1,b;} the unique face to the left of b;_; and to
the right of b; is empty, that is, does not contain any point of the embedding of the graph G.

Note that there may exist other arcs from H; to Hy in GG, that do not belong to B.

Consider faces of G. We say that a face is a component face if it belongs to some component H;
otherwise it is called a mortar face. A mortar face F' can be either a bundle face if all the bundle
arcs on the boundary of F' belong to the same bundle (in which case there is at most 2 of them),
or an end-face otherwise.

Lemma 6.3 (bundle in the dual). Let G be a graph, D be its decomposition and B = (by,ba, ..., bs)
be a bundle. Then B is a directed path or a directed cycle in the dual of G.

Proof. Let B connect H; with Hy in D. By the definition of a bundle, in the graph H; U Ho U B
for any 1 < ¢ < s there exists a face f; whose border consists of b;_1, b; and parts of H; and Ho;
moreover, f; lies to the left of b;_; and to the right of b;. Therefore, in the dual of GG, for 1 <1 < s,
b; is an arc between f;_; and f;. Moreover, no face f; is an endpoint of bs nor a starting point of
b1. Therefore B is indeed a directed path or a cycle in the dual of G. O

We now show that, given a graph G with a decomposition D with bounded alternation, we can
efficiently partition the bundle arcs into a bounded number of bundles.
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Lemma 6.4 (bundle recognition). Given a graph G embedded in a plane, together with its decom-
position D of alternation a(D), one can in polynomial time partition the bundle arcs into a set B
of bundles, such that each component H € D with is incident to O(a(D)|D| + |D|?) bundles.

Proof. Consider first any two components Hy and Hy, Hi # Hs. We are to partition the bundle
arcs with one endpoint in H; and second endpoint in Hy into O(a(D) + |D|) bundles. If there is a
constant number of them, the task is trivial, so let us assume there are at least three bundle arcs
between these two components.

Note that, if any of the components Hi, Ho is a ring component, the bundle arcs between H;
and Hs lie either in the inner face of the ring component, or in the outer face. Moreover, due
the assumption of isolation it may not happen that both H; and H, are ring components. Let
b1,bo,...,b, be the bundle arcs with one endpoint in H; and the second endpoint in Hs, in the
order of their appearance on a walk around the face of H; that contains Hy (i.e., the outer face if
H, is a disc component, and the outer or the inner face if H; is a ring component). By planarity,
this is also a reversed order of they appearance in a walk around the face of Hs that contains Hj.

Denote by = by, and let A;, 1 <i < m, be the unique face of the graph H; U Ho U{b;_1,b;} that
does not contain any arc b; for j & {i — 1,i}. Note that b;_; and b; may not be grouped together
in the same bundle for the following reasons.

1. b;_1 and b; go in different directions, that is, one of this bundle arcs leads from H; to Hs and
the second one from Hs to H;. However, this may happen at most O(a(D)) times.

2. There is a component inside A;; as the areas of the components are disjoint and disjoint with
bundle arcs, this may happen at most |D| times.

3. There is a bundle arc that is a self-loop of Hy or Hs in the component multigraph contained
in A;. However, as both its endpoints are contained in A;, this happens at most O(a(D))
times.

If none of the aforementioned events happens between the arcs b;, bj11,b;42,...,bj, then all these
arcs form a bundle (possibly in the reversed order). As there are O(a(D) + |D|) aforementioned
events, the claim is proven.

We are left with the task of partitioning self-loops (in the component multigraph) of an arbi-
trarily chosen component H into O(a(D)+ |D|) bundles. The arguments are similar to the previous
case, but the topology of the situation is a bit different.

We focus on bundle arcs that lie in a single face f of H; there is one such face in the case of a
disc component and two such faces in the case of a ring component. Denote the set of bundle arcs
in question by B. The bundle arcs of B partition f into a number of areas; let us denote the set of
this areas as A. Let us define a (natural) structure of a tree on the set A: two areas are adjacent
in the tree T4 if they share a bundle arc of B as a part of their borders. Note that the edges of T4
are in a bijection with the set B.

First, note that the edge of T4 incident to a leaf in the tree T4 corresponds to a bundle arc
b € B whose both endpoints are subsequent intersections of B with a border noose of H. Therefore,
the number of leaves of T4 is bounded by a(H) < a(D). Consequently, the same bound holds for
the number of vertices of T4 of degree at least three.

Second, as in the case of bundle arcs between two different components, there are:

1. at most |D| areas A € A that contain a component inside;

2. O(a(D)) areas A € A that are of degree two in T 4, but the two bundle arcs on the border of A
do not form a bundle, as they are both oriented clockwise or both oriented counter-clockwise
around the area A;

65



These O(a(D) + |D|) vertices of T 4, together with at most a(D) vertices of degree at least 3,
partition the set edges of T4 into a set of O(a(D) + |D|) paths, and the edges on each path form a
bundle. This concludes the proof of the lemma. ]

The ability to partition the bundle arcs of a given decomposition into bundles motivates the
following definition.

Definition 6.5 (bundle multigraph). For a plane graph G, its decomposition D and partition B of
bundle arcs into bundles, we define a bundle multigraph Gyundie(G, D, B) as a multigraph obtained
from Geomp(G, D) by identifying bundle arcs of one bundle in B. In other words, Ghundie(G, D, B)
is a multigraph with vertex set D and edge set B.

Note that Ghundie(G, D, B) is planar and the non-standard embedding of Geomp(G, D) natu-
rally imposes a non-standard embedding of Ghyndgle(G,D,B) (i.e., where each disc component is
represented by a point, and each ring component by a closed curve).

Definition 6.6 (bundled instance). A bundled instance is a tuple consisting of a k-DPP input G,
its decomposition D of positive isolation and partition into bundles B, equipped with an embedding
of G into a plane together with corresponding embeddings of Geomp(G, D) and Ghunaie(G, D, B).

We somewhat abuse the notation and denote a bundled instance as (G,D,B), making the
embeddings implicit.

6.2 Bundle words and spirals

The following notion is crucial for the rest of this section.

Definition 6.7 (bundle word). Let (G,D,B) be a bundled instance. Then, for a directed walk P
in G we define a word bw(P) over the alphabet B, called the bundle word of P, as follows: we follow
P and for each bundle arc e visited by P we append the bundle B € B that contains e to bw(P).

Intuitively, bw(P) describes precisely how does the path P circulate around the component
multigraph Geomp(G, D). Note that it does not distinguish different bundle arcs inside one bundle.

Assume for a moment that D does not contain any ring components. Consider a solution (F;) le
to k-DPP in G. The core observation is that if we know bw(F;) for each 1 < i < k, then the k-DPP
problem can be solved using the cohomology algorithm of Schrijver [28]; a generalization of this
statement, including some technical difficulties around ring components, is proven in Section[7} The
goal of Section [§ is to show that there is only a bounded number of reasonable choices for bw(P;);
in other words (but still ignoring the ring components) we show how to construct an f(k)-sized
family of sequences (pz')f:l such that if GG is a yes instance to k-DPP, then there exists a solution
(P)¥_, and a sequence (p;)%_, such that bu(P;) = p; for each 1 < i < k. In this section we prepare
some preliminary results for both claims.

We start with an insight into properties of bundle words (bw(F;))%_; for a solution to k-DPP.

Definition 6.8 (spiral in a bundle word). Let P be a directed path in a bundled instance (G, D, B).
A subword w of bw(P) is called a spiral if it starts and ends with the same bundle B, but all other
letters in w are pairwise distinct and different than B.

In other words, a spiral corresponds to one ‘turn’ of a path, between two arcs in the same
bundle.
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Note that a spiral w in bw(P) corresponds to a closed walk without self-intersections in Gpynaie(G, D, B).
Moreover, no arc incident to a terminal may be a part of a spiral, as terminals are of degree one in
G, and each terminal is in a single-vertex disc component of D.

We now make a key observation about the spirals.

Definition 6.9 (spiral cut). Let P be a directed path in a bundled instance (G, D,B) and let w
be a spiral on P. Assume that the first and the last symbol of w is B and let b, > € B be two
arcs on P that correspond to these two occurrences of B in w. Then a spiral cut associated with
the spiral w of the path P is a closed curve - that consists of a subset of the drawing of P between
a midpoint of b' and a midpoint of b?, and a drawing of a directed path in the dual of G that
connects b and b? and uses only the arcs of B (an existence of such path is guaranteed by Lemma

53).

We would like to note that a spiral cut is degenerate (see Definition {4.1)), as it goes along an
arc.

Lemma 6.10. Let (G,D,B) be a bundled instance, let P be a path in G, and let w be a spiral in
bw(P) that starts and ends with a bundle B, and let b* and b? be two arcs of B that correspond to
the two occurrences of B on w. Let ~y be the spiral cut associated with the spiral w on P. Then any
path P’ that does not contain any vertex that lies on ~y (i.e., does not contain any inner vertex of
the subpath of P that corresponds to the spiral w) intersects v at most once. Such an intersection,
if exists, is contained in an arc of B between b' and b*> and P' traverses v in the same direction
(i.e., either from the inside to the outside or from the outside to the inside) as the path P.

In particular, the path P does not intersect v except for the subpath that corresponds to the
spiral w.

Proof. The statement follows from the fact that (v N G) \ P is contained in the arcs of B between
b' and b?; moreover, all these arcs are directed in the same direction as b' and b?. ]

Let P be a path in G and let w be a spiral in bw(P). Assume moreover that B contains only
bundle arcs with both endpoints on disc components. Then, knowing only the spiral w (as a bundle
word), for each bundle B that is not in w, we know on which side of w it lies, and the notions of
bundles inside w and outside w are well-defined. Note that this statement is not true if w contains
a subword Bj Bs, where B leads to some ring component H ring and By leaves H'™2 on the same
side as Bj: in this situation from w we cannot deduce on which side of the spiral cut associated
with the spiral w on P lies the other side of the ring component H'"&,

Note the following.

Corollary 6.11. Let P be a directed path in a bundled instance (G,D,B), let w be a spiral in P
and let vy be the spiral cut associated with the spiral w on P. Assume bw(P) = ujwugs. Then one

of the following holds.

o The word uy contains only bundles from w or outside v and the word us contains only bundles
from w or inside vy. Moreover, for any path P’ that is vertex-disjoint with P there exists a
partition bu(P') = ujul, (where u} or ufy, may be empty) such that v} contains only bundles
from w or outside vy and uly contains only bundles from w or inside .

o The same situation happens as in the previous point, but with the role of inside and outside
exchanged: uy and uy are allowed to contain only bundles from w or inside vy, whereas ug and
uly are allowed to contain only bundles from w and outside .
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If w contains only bundles with endpoints in disc components, then the statements ‘inside/outside
v’ can be replaced with ‘inside/outside w’.

A similar statement as Corollary is also true if we consider paths traversing a single bundle.
Consider the following definitions.

Definition 6.12 (bundle profile). Let (G,D,B) be a bundled instance, let B = (by, b, ..., bs) be
a bundle in G and let (P;)¥_; be a solution to k&-DPP in G. Then a bundle profile of the bundle
B, denoted bp(B, (P;)F_,), is a word over the alphabet {1,2,...,k} constructed in the following
manner: we inspect arcs by, ba,...,bs of the bundle B in this order and whenever b; € F;, we
append the symbol ¢ to the word bp(B, (Pz)f:l)

We sometimes shorten bp(B) if the solution (P;)%_; is clear from the context.

Definition 6.13 (spiral pack). Let (G,D,B) be a bundled instance, let B = (b1, bg,...,bs) be a
bundle in G and let (P;)¥_; be a solution to k-DPP in G. A spiral pack is a subword w of the word
bp(B) such that w starts and ends with the same symbol, but all other symbols of w are pairwise
distinct and different than the starting symbol of w.

Lemma 6.14. Let (G,D,B) be a bundled instance, let B = (by,ba,...,bs) be a bundle in G and
let (P,)k_, be a solution to k-DPP in G. Let 1 < j(i,1),5(i,2),...,7(i,J(i)) < s be such indices
that bj(;1),b53,2), - -+ bj(i,70)) are precisely the arcs of B that appear on P;, in the order of their
appearance on P;. Then:

1. forany 1 <i <k and 1 <1< J(i), the subword of bu(P;) between the occurrences of B that
correspond to j(i,i) and j(i,0+ 1) is a spiral;

2. 3(i,1) < 3(i,2) < 5(i,3) < ... < j(i, J()) or j(i,1) > j(i,2) > j(i,3) > ... > j(i, J(i));

3. if for some i # i, the order from the previous point is different (i.e., J(i),J(i') > 1, but
J(4,1) < j(i,2) and j(i',1) > j(i/,2)) then either j(i,t) > j(i',J) for any ¢,/ or j(i,1) <
@'y for any o, 0.

Proof. Let 1 < i < k be such an index that J(i) > 1 and let w be a subword of bw(P;) that starts
and ends with B, but contains the symbol B only twice (i.e., w corresponds to a part of the path
P; between two consecutive arcs on B). We first prove that B is a spiral. Assume otherwise: as
w does not contain B except for the first and last symbol, w needs to contain a different bundle
twice, thus w needs to contain a spiral w’. Moreover, this spiral does not contain B. However,
bw(P;) contains B both before the spiral w’ and after it, a contradiction to Corollary

We infer that, by Lemma the path P; does not intersect the spiral cut associated with
w except for the spiral w itself, and this spiral cut separates the arcs of B that lie on P; after
w from the arcs of B that lie before w. This proves that j(i,1),7(4,2),...,75(i, J(i)) are ordered
monotonically.

Take any other path Py, i’ # i, and assume that Py contains an arc of B that lies on B between
the arcs of B on the spiral w. In this situation, P; intersects the spiral cut associated with w. By
Lemma [6.10] P contains the arcs of B in the same order as P;, and the lemma is proven. ]

Corollary 6.15. Let (G, D,B) be a bundled instance, let B = (b, ba, ..., bs) be a bundle in G and let
(P)¥_, be a solution to k-DPP in G. Let w be a spiral pack in bp(B) and assume bp(B) = ujwus.
Then if a symbol v € {1,2,...,k} appears both in uy and in ug, then v appears in w.
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Proof. By Lemma [6.14] if ¢ is the first and last symbol of w, then the subpath of P; that connects
the arcs that correspond to the first and the last symbol of w is a spiral. If a symbol 7' # i does
not appear in w, the path P/ does not intersect the spiral cut associated with the aforementioned
spiral on P; and cannot contain arcs of B both inside and outside this spiral. O

We now investigate a situation where the same spiral appears on bw(P) several times in a row.

Definition 6.16 (spiraling ring). Let P be a directed path in a bundled instance (G, D,B) and let
u be a word over B, such that u contains each symbol of B at most once, v contains only bundles
with both endpoints in disc components, and bw(P) contains u"B as a subword for some r > 2,
where B is the first symbol of u. Let wy and ws be the first and the last of the r spirals uB of
bw(P) that appear in the subword u"B and let v; and 72 be the spiral cuts associated with these
spirals; in case 7 = 2 we slightly modify 1 and -5 around the midpoint of the second arc of PN B
so that they do not intersect. The closed area of the plane contained between v, and -, is called a
spiraling ring. The curve 1 is the input border of the spiraling ring, and the curve v, is the output
border.

Note that, by Lemma the input and output borders do not intersect each other, and any
spiraling ring is homeomorphic to a closed ring.

Lemma 6.17. Let P be a directed path in a bundled instance (G, D,B) and let u be a word over B,
such that u contains each symbol of B at most once, u contains only bundles with both endpoints
in disc components, and bw(P) contains u"B as a subword for some r > 2, where B is the first
symbol of u. Let Agr be the spiraling ring associated with u" B and let 1 and o be its input and
output borders. Let P’ be a directed path in G that is contained in AR, except for possibly the first
and last arc that may belong to the bundle B intersecting v1 and 2, respectively. Then

1. bu(P') is a subword of u"" for some integer 1’

/

2. if P' starts and ends with an arc of B intersecting v1 and 2, respectively, then bu(P') = u™ B
for some integer v’ > 1;

3. if, additionally to the previous point, we assume that P’ is vertex-disjoint with P, then r' =
r—1, ie, bw(P) =u""1B.

Proof. Let u = B1Bs...Bs, where By = B. For 1 < j < s let H; be the component of D that
contains the ending points of arcs in the bundle B;. Note that, although the bundles B; are
pairwise distinct, the components H; may be equal for different indices j. For 1 < j < s, denote
by G; the subgraph of H; contained between the subpath of P between arcs on Bj and Bj1; (with
Bs11 = By = B) that is contained in 7, and the subpath of P between arcs on B; and Bj; that
is contained in v (including paths and vertices on these paths as well). As the bundles B; are
pairwise distinct, the graphs G; are pairwise disjoint. Moreover, the subgraph of G contained in
the spiraling ring Ag consists of the graphs Gj, 1 < j < s, and parts of bundles B;, 1 < j < s that
connect G; with Gj41; note that here we used the fact that all components H; are disc components.

Therefore, if some path, that is contained in the subgraph of G contained in Ag, starts in G;
and ends in G, then its bundleword equals B;jBjy1 ... Bsu" By ... Bjr_y for some integer r’ (or
BjBji1...Bj_1 provided that j < j’). This proves the first two claims of the lemma. For the
third claim, we apply the second claim for » — 1 subwords u?B of the subword u" B of bw(P). [

Corollary 6.18. Let P be a directed path in a bundled instance (G, D,B) and let u be a word over
B, such that u contains each symbol of B at most once, u contains only bundles with both endpoints
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in disc components, and bw(P) contains u” as a subword, for some r > 2. Let B be the first symbol
of u and let w = uB be any of the r — 1 spirals w contained in the subword u” of bw(P). Then
for any directed path P’ in G that contains arcs from bundles both outside and inside w and is
vertex-disjoint with P, the bundle word of P’ contains w"~2>B as a subword.

Proof. We apply Lemma for the spiraling ring that corresponds to the subword u" !B of
bw(P). O

6.3 Structure of bundle words and bundle profiles

Corollaries and imply some structure on bundle words and bundle profiles. To recognize
it, we need the following observation.

Definition 6.19 (spiral decomposition of a word). Let u be a word over an alphabet X. Let s
and (r;)5_; be positive integers and let (u;)j_; be words over X. We call uj'uy’...uy* a spiral

decomposition of wu if:

— "1, T2 Ts.
Lou=uuy® .. ug;

2. each word u; contains each symbol of ¥ at most once;

3. for each 1 < j < s, there exists a symbol of ¥ that appears in exactly one of the two words
uj and ujqq;

4. for each letter o € ¥ that appears in u, there exists j(o,1), j(o,2) such that o appears in u;
if and only if j(o,1) < j < j(0,2).

Lemma 6.20. Let u be a word over an alphabet ¥ and let ui'uy? ... u%? be a spiral decomposition

of u. Then s < 2|X|.

Proof. The claim follows from the fact that, for each 1 < i < s, there exists a symbol o € ¥, such
that w; is either the first word that contains o, or the last one. ]

Definition 6.21 (nonnested word). A word u over an alphabet |X| is called nonnested if it satisfies
the following property: for any letters a,b € X, a # b, and any (possibly empty) words w1, wa, ws
such that u = wiawsaws, if b appears in w1 and ws, then b appears in wo as well.

Lemma 6.22. Let u be a nonnested word over an alphabet |X|. Then one can in polynomial time

compute a spiral decomposition ui'uy® ... u* of u.

Proof. Consider the following greedy algorithm that decomposes u as viva...v4: construct v;
consecutively, taking v; to be the longest possible word that does not contain the same letter of X
twice. By construction, the words v; contain each letter of ¥ at most once and v;41 starts with a
letter that appears in v; for each 1 < j < g.

Now assume that o € ¥ appears both in v;; and v;,, but does not appear in v;, for some
i1 < iy < i3. Let o’ be the first letter of v;,11; by the properties of the words v;, ¢’ appears in
v, and o’ # o. However, this contradicts the assumptions on the word u for a = ¢/ and b = 0.
Therefore, for each letter o € ¥ that appears in u, there exist i(o, 1), i(o,2) such that o appears
in v; iff i(o,1) <7 <i(0,2).

Now assume that, for some 1 < ¢ < ¢, v; and v;4;1 consist of the same letters of 3, but in
different order. Let v; = vov}, viy1 = VO41] 41 Where o; # 011, i.e., the first position on which
v; and v, differ is |v| + 1. However, in this case u contains vgvaiﬂ as a subword that does contain
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the letter 0,1 twice and does not contain o;, whereas both vo; and v] 41 contain oy, a contradiction
with the properties of u.

Therefore, if we define uy,us, ..., us as the sequence of pairwise distinct words of the sequence
V1,v2,...,%, and 7; as the number of consecutive occurrences of u; in the sequence v, va, ..., vq,
we obtain a correct spiral decomposition of . ]

By Corollaries and both bundle words and bundle profiles are nonnested. We infer
the following decomposition statements.

Corollary 6.23 (Bundle word decomposition). Let (G,D,B) be a bundled instance and let P be
a path in G. Then there exists a spiral decomposition bw(P) = uj'us®...ul* where s < 2|B|.
Moreover, if uj is a cyclic shift of ujr for some 1 < j < j' < s and rj,rj > 1, then u; contains a

bundle incident to a ring component.

Proof. The first part of the corollary is straightforward. For the second part, first note that, as
u; and uj41 need to differ on at least one symbol, we have j* > j + 1. As u; and uj are cyclic
shifts, u;11 contains a bundle B that does not appear in u; nor in u;. However, if r;,7; > 1 then
the terms ugj and u;?/ contain the same spiral, a contradiction to Lemma unless u; contains
a bundle incident to a ring component.

Corollary 6.24 (Bundle profile decomposition). Let (G,D,B) be a bundled instance, let B be a
bundle in G and let (Pi)le be a solution to k-DPP in G. Then there exists a spiral decomposition
bp(P) = uj'uy? ... uls where s < 2[B|.

We also note the following.

Lemma 6.25. Let w be a word over an alphabet 3 and assume w contains a subword vio, where
v contains each letter of ¥ at most once, o is the first letter of v and q > 3. Then any spiral
decomposition of w needs to contain a term u”, where u is a cyclic shift of v and r > q — 1.

Proof. Consider a spiral decomposition w = uj*u3? ... u’*. Let 7 be any letter of the middle v?~2¢

subword of v%¢ in w. Assume that this occurrence of 7 appears in u; in the spiral decomposition.
Then, if |uj| > |v|, u; contains the same symbol twice, and if |u;| < |v|, u; is a subword of v?¢ and
the word v9c contains the same symbol on both sides of the subword u;, and this symbol does not
appear in u;. In both cases we have reached a contradiction, so |u;j| = |v| and u; is a cyclic shift of
v. As the choice of 7 was arbitrary, we infer that r; > ¢ — 1. O

Lemma 6.26. Let (G, D,B) be a bundled instance. Let P be a path in G with bu(P) = u®B where u
contains each bundle at most once, u contains only bundles with both endpoints in disc components,
and B is the first symbol of u. Moreover, let Q be a path in G with bu(Q) = vB’ where v is a
permutation of u that is not a cyclic shift of u and B’ is the first symbol of v. Then P and Q share
an internal vertex.

Proof. Assume the contrary: P and () do not intersect, except possibly for the endpoints.

Let b1, b9, b3, by be the four arcs of PN B in the order of their appearance on P and let R be
the subpath of P that starts with by and ends with b3; note that bw(R) = uB. Let yg and 7 be
spiral cuts corresponding to R and @), respectively.

We claim that g and yg do not intersect. Assume the contrary; let p € v9 Nyg. As Q and R
are vertex-disjoint except for possibly the endpoints, the point p must belong to v \ @ or yg \ R
(i.e., to the part of v¢ inside B’ or the part of yg inside B). If p € g \ @ then, as g visits each
bundle of u exactly once, the midpoints of the two arcs of @ N B’ lie on different sides of g, and
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@ needs to contain an arc of B that lies between by and bs. Otherwise, if p € (yg \ R) N Q, then,
as Yr \ R connects be with b3 inside B, ) again contains an arc of B that lies between be and bs.

If Q is contained in the spiraling ring Ap associated with the path P (recall bw(P) = u®B)
then, by the first claim of Lemma bw(Q) is a subword of u”" for some 7/, a contradiction to the
assumption that v is not a cyclic shift of u. Otherwise, () contains an arc b’ € B, contained either
between b1 and bo or between b3 and bs. Consider the first case; the second one is symmetrical. Let
P’ be the subpath of P between b and bs; note that bw(P’) = u?B. Let A/, be the spiraling ring
associated with P’ and let Q" be the subpath of @ contained in A%, that contains the aforementioned
arcs of B between by and by as well as between by and bs. By the third claim of Lemma[6.17}, applied
to the spiraling ring A, and the path @', bw(Q') = uB, a contradiction. Hence, () cannot contain
an arc b € B that lies between by and b3, and g and yr do not intersect.

As v is a permutation of u, but not a cyclic shift of u, there exist three pairwise distinct bundles
B1,Br,Bg and a component D such that g first goes through the part of the plane occupied
by Bi, then through D and then through the part of the plane occupied by Br, whereas g goes
thought the part of the plane occupied by Bj, then through D and then through Bg (see Figure
. Let ’yb be the subcurve of vg between the midpoint of the traverse of By and the midpoint
of the traverse of Bg that includes the traverse of Bg. Obtain a curve v by closing 7&2 as follows:
from the midpoint of the traverse of Br go along the bundle B in the dual of G to the curve yg,
follow vr backwards through G to the midpoint of the traverse of vz though B; and then go along
the bundle Bj in the dual of G to the start of ’y('g.

Note that the only intersection of ~ with ~g is the part of vz between the midpoint of its
traverse of By and the midpoint of its traverse of Bg, containing the traverse of D. As 7q lies on
the same side of 7vg both in B; and in Bg, vg leaves v to the same side in By and in Bg. That is,
the start and the end of the part of curve vr that traverses By, D and Bp lies on one of the two
sides of . However, since in B, Bg and Bpr the curve g needs to lie on the same side of vg, the
part of the curve yg that traverses B lies on the other side of v, a contradiction. This finishes the
proof of the lemma. O

Corollary 6.27. Let P be a family of pairwise vertex-disjoint paths in a bundled instance (G,D,B)
with fized bundle word decompositions for each P € P. Assume there exists a path Py € P and
a subword u" B of bw(Py) such that u contains each bundle at most once, u contains only bundles
with both endpoints in disc components, B is the first symbol of u and r > 4. Moreover, assume
that any path P starts and ends with an arc that belongs to a bundle that is not contained in wu.
Then, for any P € P either

1. the first and the last arc P lie on the same side of the spiral uB and there does not exist any
term v? in the bundle word decomposition of bw(P) such that ¢ > 1 and v is a permutation

of u;

2. the first and the last arc of P lie on different sides of the spiral uB and there exists exactly
one term v? in the bundle word decomposition of bu(P) where ¢ > 1 and v is a permutation
of u; moreover, in this case v is a cyclic shift of u and ¢ > r — 2.

Proof. First, observe that by Corollary [6.23] there is at most one v? in the bundle word decomposi-
tion of bw(P), where v is a cyclic shift of uw and ¢ > 1. Let us prove that for any P € P the bundle
word bw(P) does not contain a subword v? where v is a permutation of u that is not a cyclic shift of
w. This is clearly true for P # Py, due to Lemma [6.26] and the assumption of the subword «"B in
bw(Py). Moreover, any such subword v? of bu(Py) would be disjoint with one of the two subwords
u" 1B of u” B, which is in turn a subword of bw(Fy). As r > 4, the claim follows from Lemma
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B

Figure 38: An illustration of the proof of Lemma

as we have two disjoint (except for possibly the endpoints) subpaths of Py with bundlewords v?
and u?B.

Now let us consider two cases. First assume that P = F,. Then the endpoints of P lie on
different sides of the spiral uB, and the bundle word decomposition of bw(Fy) obviously contains
u”.

Finally, assume that P # Py. Note that if the endpoints of P € P lie on different sides of the
spiral uB then, by the third claim of Lemma [6.17] combined with Lemma the bundle word
decomposition of P needs to contain the term v? for v being a cyclic shift of w and ¢ > r —2 > 1.
In the reverse direction, if bw(P) contains a subword v? where v is a cyclic shift of u, then bw(P)
contains a subword uB and, by Corollary P has endpoints on different sides of the spiral
ubB. [

6.4 Ring components: basics

The ring components have more complicated topology structure than the disc ones, but, thanks
to the isolation property, we are able to prove that, if we are given a YES-instance to k-DPP,
there exists a solution with the interaction with ring components that is somehow bounded. In this
section we give some basic notions towards proving this statement.

Assume we are given a bundled instance (G, D,B), such that D has isolation (A,d), A,d > 0.
Consider a ring component H''"& with isolation components H}iﬁfA and Hgi(SfT, v 1 <A< A Fix
a choice of the d concentric cycles in the subgraph induced by the vertices of H}l}\s,f/\ promised by
the definition of an isolating component and let Cyn x\(H 'ng) he the innermost of these cycles.
Similarly, let Coyra(H rng) he the outermost of a fixed choice of a alternating sequence of cycles
in HE3 -
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Definition 6.28 (closure of a ring component). Let (G,D,B) be a bundled instance, such that
D has isolation (A,d), A,d > 0. Let H""8 be a ring component in D and let 1 < A < A. Then
cIM(H™8), the level-\ closure of H™™, is the subgraph of G that contains H"™8U Ui<n<a Hdise  u

Haise, |, as well as all bundle arcs of G that are contained between Cyy \(H™8) and Copr\(H'™"8)

or on one of these cycles. Moreover, we define the closure of H""8, cl(H""8) as the A-level closure
of H'™2 and the 0-level closure of H™"8, clO(H'™2), as H' itself.

Note that, since each disc component may serve as an isolation only to one ring component,
closures are pairwise disjoint. By splitting some bundles incident to the isolation components of
H™% into smaller bundles, we may assume that either none or all arcs of a single bundle are
contained in the closure of a ring component. By Lemma [6.10] a cycle in G may contain at most
one arc from a single bundle. Therefore, the aforementioned splitting operation partitions each
bundle with arcs with both endpoints in an isolation component into at most three parts, and,
consequently, at most triples the number of such bundles.

Definition 6.29 (normal, ring and isolation bundles). Let (G,D,B) be a bundled instance, such
that D has isolation (A, d), A,d > 0. A bundle B € B is a ring bundle if it is contained in a closure
of some ring component, and a normal bundle otherwise. A level of a ring bundle B contained in
the closure of a ring component H''"8_ is the minimum nonnegative integer ), such that B contains
arcs incident to cI*(H*™). A ring bundle is an isolation bundle if it has both endpoints in the same
isolating disc component.

Definition 6.30 (ring part). Let P be a directed path in a bundled instance (G, D, B) with isolation
(A,d), A,d > 0. Then a maximal subword of bw(P) that consists of only ring bundles and contains
at least one level-A ring bundle for some A < A is called a ring part of bw(P). The normal bundles
preceding and succeeding a ring part of bw(P) are called the predecessor and successor of the ring
part, respectively.

For a ring part w of bw(P), a ring part of P is maximal possible subpath of P that corresponds
to w. The predecessor and the successor of a ring part of P is an arc that precedes (resp. succeeds)
the ring part on the path P.

Note that the predecessor or successor of a ring part may not be defined if P ends or starts in
the closure of the ring component; however, they are always well-defined for paths connecting a
terminal pair.

Note also that ring parts of a bundle word are pairwise disjoint and there is at least one normal
bundle between any ring parts in the bundle word bw(P). Moreover, as each disc component may
serve as an isolation component to at most one ring component and closures of ring components
are pairwise disjoint, each ring part of a bundle word contains bundles from a closure of a single
ring component and the corresponding ring part of a path is contained in the closure of this ring
component.

Definition 6.31 (isolation passage). Let P be a directed path in a bundled instance (G, D,B)
of isolation (A,d), A,d > 0, let H"™8 be a ring component in D and let HU¢ be any isolation
component of H"" such that P does not start nor end in H4¢, Then an isolation passage of
P through H9s¢ is any maximal subpath of P that is contained in cl(H™™&)[V (HY)] (i.e., Hdse
with arcs of its isolation bundles), but the arc preceding and succeeding the subpath on P lie on
different faces of cl( H'"8)[V (H4¢)]. The level of the isolation passage is the level of Hdisc,

Note that P starts and ends outside H4¢ for example, if P connects a terminal pair in G.
Moreover, an isolation passage of P though HY¢ is preceded and succeeded by an arc connecting
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HY¢ with a neighbouring isolation component, a normal bundle (possible if H4¢ is of level A) or
H18 (possible if HU is of level 1).

Definition 6.32 (ring passage, ring visitor). Let P be a directed path in a bundled instance
(G,D,B). Let w be a ring part in bw(P) in the closure of the ring component H*™&  for which the
predecessor and the successor are well-defined. Then w is a ring passage if the predecessor and the
successor of w lie on different faces of the closure of H""& (equivalently, lie on different faces of
H™"8 itself), and ring visitor otherwise.

Definition 6.33 (level-\ ring passage). Let P be a directed path in a bundled instance (G, D,B)
with isolation (A,d), A,d > 0. Let 0 < A < A, let w be a ring part in bw(P) in the closure of the
ring component H""8 and assume that P starts and ends outside Cl’\(H rng)  Then any maximal
subpath of a ring part w of P that is contained in cI* (H'"8) that has a preceding and succeeding
arc on P contained in different faces of cl*(H'™8) is called a level-\ ring passage.

Note that a level-A ring passage is simply a ring passage.
We also note the following.

Lemma 6.34. Let (G,D,B) be a bundled instance with positive isolation and let P be an arbitrary
path connecting a terminal pair in G. Then any spiral in bw(P) contains at least one normal
bundle or is contained in a ring passage of bw(P). In particular, any ring visitor of bu(P) consists
of pairwise distinct bundles.

Proof. Let w be a spiral in bw(P) that contains only ring bundles and let v be the corresponding
spiral cut. As w contains only ring bundles, the curve + is completely contained in cl(H"™&) for
one ring component H""8. If the curve v separates the inner face of cl(H""8) from the outer face,
Lemma implies that the predecessor and the successor of w lie in different faces of cl(H""8).
In other case, the graph enclosed inside + is contained in cl(H™"). This contradicts Lemma
as P connects a terminal pair in G and there is no terminal contained inside ~. 0

By the definition of ring isolation, all bundle arcs incident to at least one vertex of cl)‘(H ring)
(for some 0 < A\ < A and some ring component H"™8), but not belonging to cl*(H""8), lie either
in the outer face of cI*(H' ), or in one other face of cI*(H'™) inside Cry ,(H'™8) (or H'"¢ if
A=0).

Lemma 6.35. Let (G,D,B) be a bundled instance of isolation (A,d), A,d > 0. Then in polynomial
time we may compute a set of reference curves yr)‘ef(H”"f’) for all0 < X < A and H™9 being a ring
component of D in such a manner that:

1. 'ylf;f(Hrmg) connects the outer face of cI(H™9) with the inner face;

2. for each bundle B, either 'yr’\ef(H”"Q) does not intersect B, or contains a subcurve that inter-
sects each arc of B and nothing else,

8. v (H™™M9) is a subcurve of ’y;\;frl(H””f’) for 0 < X < A and ) (H™9) N MNH™™) =
,y;\e-}-l (Hmng) ) CIA (Hring)’.

4. fyr);f(H ring) N H¥s¢ = () for any disc component H¥*¢ that isolates H™9.

Proof. For each ring component H'"8 I' € {IN,OUT} and 1 < A < A, choose an undirected path
in the dual of G that connects the outer and inner face of cl(H*"8)[V (H35%)] and contains bundle
arcs only. Connect these paths with parts of (again undirected) cycles in the dual of G that contain
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bundle arcs connecting HI5¢ with H35¢ | (or H'™8 if A = 1). The drawings of these undirected

paths in the dual of G yield the desired paths 'yﬁef(H ring). the paths VE\ef(H ring) are their appropriate
subcurves. ]

In this manner, the subgraph cl’\(H rng) hecomes a rooted ring, and we may use the notion of a
winding number with respect to ’y;\ef(H ring)  In particular, given a path P that connects a terminal
pair in G, and a level-\ ring passage w of bw(P), we define the winding number 7} (H"™8)(w) of
the level-A ring passage w as the winding number of the corresponding subpath of the path P.

6.5 Bundle words with holes

In this section we introduce a modification of the definition of bundle words that takes care also
of ring components. Informally speaking, if we want to apply Schijver’s cohomology algorithm, we
need not only to know bundle words of the paths, but also the number of turns a path makes when
it makes a ring passage.

Definition 6.36 (bundle word with ring holes). Let (G,D,B) be a bundled instance of isolation
(A,d) for A,d > 0. Let 0 < X\ < A. A pair ((pj)j—g, (w;)i_,) is called a bundle word with level-\
ring holes if:

1. each pj, 0 < j < ¢ is a bundle word in (G,D,B) that does not contain two bundles that lie
on different sides of cl*(H'™8) for any ring component H'"8;

2. each wj, 1 < j < ¢ is an integer;
3. for each 1 < j < g, there exists a ring component H;mg € D, such that

(a) the last bundle of p; ; is a bundle that contains arcs with ending points in cI*(H™®)

i J
but starting points not in cl’\(er.mg);

(b) the first bundle of p; is a a bundle that contains arcs with starting points in cl’\(er-ing)

but ending points not in cl)‘(H;ing);

(c) the two aforementioned bundles lie in different faces of cl’\(H;ing) (i.e., one lies in the
outer face, and one in the inner face).

We say that a path P is consistent with a bundle word with ring holes ((p;)7_g, (w;)i_,) if
bw(P) = poripireps . . . Tqpq, Where 11,72, ..., 14 are exactly the level-A ring passages of bw(P), and
for each 1 < j < g, the subpath of P corresponding to the ring passage r; has winding number w;

in the level-A closure of the appropriate ring component.

We first note that, knowing a bundle word with ring holes for some level, we in fact know the
bundle words with ring holes for all higher levels.

Definition 6.37 (projection of bundle words with ring holes). Let (G, D,B) be a bundled instance
of isolation (A, d) for A,d > 0 and let ((p;)i_g, (w;)7_;) be a bundle word with level-A ring holes for
some 0 < A < A — 1 such that py starts with a normal bundle and p, ends with a normal bundle.
Let A < X < A. A level-)\ projection of ((p;)i_, (w;)j—,) is a bundle word with level-\" ring holes

((pg)?lzo, (wg)glzl) defined as follows. Let p = powipiwaps ... wepq be a word over alphabet B U Z
and let p = pyr1piTs ... vy P, be such that each x;, 1 < j < ¢’ is a maximal subword of p that

contains at least one integer w,, and all the bundles it contains are in cl)‘,(H ring) for some ring
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component H'"&. Let w;, for 1 < j' < ¢’ be equal to the sum of integers w; contained in x; plus

+1 or —1 for each bundle in z; that crosses ’y;\e/f(H rng). the sign depends on the direction of the
crossing.

Lemma 6.38. Let (G,D,B) be a bundled instance of isolation (A,d) for A > 2,d > 0. Letp a
bundle word with level-A ring holes for some 1 < X\ < A. and let P be a path consistent with p.
Assume that p starts and ends with a normal bundle. Let A < X < A and let p’ be the level-N
projection of p. Then P is consistent with p’ as well.

Proof. Let p = ((pj)j—o, (w))j—;) and let ¢, p, z; and w be as in the definition of the level-\'

projection; in particular p’ = ((p;-)?/:o, (w;)g;l) Let bw(P) = poripir2 . .. 7qpq and let r1,79,..., 7

be the level-A ring passages of P. Note that, as pg starts with a normal bundle and p, ends
with a normal bundle, by the definition of level-\’ ring passages, bw(P) = pyrip] . ..rypy where
by 7“;, are exactly the level-)’ ring passages of P. Moreover, as the reference curve v (H'"8)
contains 7\ ;(H*"8), does not contain any point of cI*(H*"8) outside v\ (H'"#) and is disjoint with
isolating components of H'"& w}; equals the winding number of r7. O

Finally, we note an easy fact that any path in a bundled instance (G,D,B) yields a unique
bundle word with holes for each fixed level \.

Lemma 6.39. Let (G,D,B) be a bundled instance of isolation (A,d) for A > 2,d > 0. Let P
be a path in G, whose both starting and ending points are not contained in any closure of a ring
component. Then, for any 0 < XA < A, there exists a unique level-\ bundle word with ring holes
that is consistent with P.

Proof. First, let us construct a level-0 bundle word with ring holes for P. We start with the bundle
word bw(P). For any level-0 ring passage P* of P, let b; and by be the arcs on P preceding and
succeeding P* and let By, Bo € B be such that by € Bi, be € By; take the subword Bibw(P*)B;
of bw(P) that corresponds to the subpath P* with arcs b; and by and replace bw(P*) with the
winding number of P* in its ring component H""8 (note that P* may contain arcs of bundles with
both endpoints in H'"8). Performing this operation for each level-0 ring passage of P, we obtain
a bundle word with level-0 holes that is consistent with P and, moreover, starts and ends with a
normal bundle. By Lemma [6.38] a level-A projection of this bundle word with level-0 ring holes is
a bundle word with level-A ring holes consistent with P. The uniqueness follows from the fact that
in the consistency definition we require that the integers w; correspond exactly to the level-\ ring
passages of P. O

We also define the following property of bundle words with ring holes that will be useful in the
future.

Definition 6.40 (flat bundle word with ring holes). Let (G, D, B) be a bundled instance of isolation
(A,d) for A > 2, d > 0. Let p a bundle word with level-A ring holes for some 0 < A < A — 1 that
starts and ends with a normal bundle. We say that p is flat if the level-(\ 4 1) projection of p does
not contain any bundles of level A or lower.

6.6 Minimal solution

We now define the notion of a minimal solution to a bundled instance (G,D,B). Assume that D
has ring isolation (A, d).

77



Definition 6.41 (minimal solution). A solution (7;)%_; to &-DPP on a bundled instance (G, D, B)
is called minimal if:

1. the words (bw(P;))%_; have minimal possible total number of bundles that are not isolation
bundles;

2. satisfying the above, the words (bw(P;))¥_, have minimal possible total length.
One of the ways we use minimality of a solution is the following.

Lemma 6.42. Let (G,D,B) be a bundled instance and let (P;)¥_, be a minimal solution to k-DPP
in G. Assume that for some 1 < <k, bu(P,) contains a subword u", where u contains each bundle
at most once, u contains only bundles with both endpoints in disc components, and r > 10. Let Ag
be the spiraling ring (as a closed subspace of a plane) associated with the subword u" in bw(FP,) and
borders 1 and 2. Let Gr be the subgraph of G consisting of those vertices and arcs of G that lie
in Ar \ 2. Let f1 be the face of Gg that contains the part of the plane separated from Ar by v
and let fo be defined analogously for ~vo. Let I C {1,2,...,k} be the set of indices of those paths
that intersect Gr. Then, for any set of vertex-disjoint paths (Q;)icr such that for each i € I, Q;
starts in a vertex on f1 and ends in a vertex on fa, the bundle word of each Q; contains u" 0 as
a subword.

Proof. First note that, by Lemma [6.10] the intersection of a path P; with G is either empty or is
a single path connecting a vertex on f; with a vertex on fs.

Let B be the first bundle on u. We treat G as a rooted ring with faces f; and f», containing
the parts of the plane separated by the curves 1 and 5 from Ag, and with a reference curve being
the bundle B in the dual of G.

Assume the contrary: let (Q;);c; be such that bw(Q;) does not contain v"~*° as a subword.
By Lemma the winding number of @Q; is at most » — 10. By Observation the winding
number of any @); for ¢ € I is at most r — 9.

By Lemmata and for each i € I, the intersection of P; with G is a path P, . that
connects a vertex on f; with a vertex on fs such that Bbw(P;,) = u"~! and, consequently, the
winding number of P; , is r — 2. Note that for any ¢ ¢ I, P; does not intersect Gg.

By Lemma, there exists a sequence of vertex-disjoint paths (P} ,)ier in G such that P/,
connects the same pair of vertices as P, but has winding number at most » — 3. Therefore
Bbw(P],) = u,@; for some r(i) <r — 1.

For each 1 < i < k, construct a path P/ from P; by replacing the subpath P; , with Pl-/’*. As P,
and Pi/,* have the same endpoints, P/ connects the i-th terminal pair. As PZ-C* were pairwise disjoint,

10

and the intersection of (P;)k_; with G is exactly (P.)ier, the sequence (P/)*_; is a solution to
k-DPP in G. However, bu(P;) = bu(P/) for i ¢ I and bw(P}) is a proper subsequence of bw(F;) for
i € 1. As ¢ € I, this contradicts the minimality of (P;)F_;. O

6.7 Ring components: bound on the interaction

The goal of this section is to show that a minimal solution has a limited interaction with ring
components. As a tool, we use the following routing argument.

Lemma 6.43 (one-directional routing). Let H be a connected graph, embedded in a plane. Let

£ > 0 be an integer and let (pj)?il, (q]‘)?il be pairwise distinct vertices that lie on the outer face of
H in the order p1,pa,...,D2,q20,92¢—1,---,q1. Moreover, let (aj)§:17 (bj)§:1 be pairwise distinct
vertices that lie on the outer face of H in the order by,bs,...,bs,ap,a9_1,...,a1 and such that
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ai,az,...,ap lie on the outer face of H between pay and qop (possibly pay = a1 or qap = ag) and
b1,ba, ..., by lie on the outer face of H between q1 and py (possibly pr = by or q1 = by). Assume
that there exists a set of 2¢ vertex-disjoint paths (Pj)iil in H such that for 1 < j < 20, P; starts
in p; and ends in qj, and a set of £ vertex-disjoint paths (Cj)§:1 in H such that for 1 <5 </{, C}
starts in a; and ends in b;.

Then there exist a sequence (Rj)gz1 of vertex-disjoint paths in H such that for 1 < j < £, the
path R; starts in p; and ends in q;1y.

Proof. We first note that, by planarity, any set of £ vertex-disjoint paths that connects {p1, p2, ..., pe}
with gey1,qeya, - .-, e needs to connect p, with qoy, for 1 <o < £. Therefore, by Menger’s theorem
if the desired paths (Rj)§:1 does not exist, there exists a set X C V(H), |X| < ¢, such that in
H \ X no vertex gy, is reachable from p, for any 1 < ¢,// < ¢, However, as | X| < ¢, there exists
1 <,/ < £ such that X does not contain any vertex of P,, Py, and C,,. Due to the order of the
vertices pj, qj, a; and b; on the outer face of H, the union of these three paths contain a path from
p, to qe4,, a contradiction. ]

We now use the isolation components Hgif’]CT \ and ]'{Id]i\s;cA to show that there is a bounded
number of ring parts in a minimal solution.

Theorem 6.44 (bound on the number of isolation passages). Let (G, D,B) be a bundled instance,
such that D has isolation (A,d) where A > 0 and d > 2k. Assume that G is a yes instance to
k-DPP and let (P,)k_, be a minimal solution. Then the paths P;, in total, contain at most 4|B|?k>
isolation passages.

Proof. Consider one ring component H'™™& € D and one its isolation component H¢, Fix one
bundle B! that contains arcs with ending points contained in H4¢ fix one bundle B? that contains
arcs with starting points in H4¢. Consider isolation passages of paths (Pi)i-“:l such that that B!
contains the arc preceding the isolation part and B? contains the arc succeeding it. Note that
between B! and B? the path P; may contain arcs only in bundles that are isolation bundles of
component Hdise,

To prove the lemma, we need to show that in a minimal solution there are at most 4k? isolation
passages. for a fixed choice of H'™& Hdisc Bl and B2. Note that the choice of B! determines
H™% and H4¢ thus there are less than |B|? choices.

Consider a choice of A& Hdisc Bl and B? where there are more than 4k2 such isolation
passages. Denote all such passages, in the order of their appearance on B!, as Q1,Qa,...,Q,.
Assume @Q); belongs to a path P;,. Let prec(Q;) € B! be an arc preceding Q; on P;; and suce(Q;) €
B? be an arc succeeding Qj on P;,.

Let H = cl(H""&)[HY5¢]. By the definition of isolation, all arcs of G' that are not contained in
H, but are incident to at least one vertex of H, are contained in one of the two faces of H: the one
containing H""® and B?, and the one containing B'. Thus, by planarity, the paths Q1, @2, ..., Q,
arrive at bundle B? in order Qq+1,Qq+2,- -, Qr,Q1,Q2,...,Q, for some 1 < g < r. We assume
q > 7/2; the second case is symmetrical. Note that ¢ > r/2 implies ¢ > 2k?.

Consider an area Ag of the plane enclosed by:

e the path @1, together with parts of arcs of prec(Q;) and succ(Q1);

e a drawing of a path in the dual of G, connecting the arc succ(Q)1) and the arc succ(Qy), that
intersects only the arcs of B? between succ(Q1) and succ(Qg);

e the path @)y, together with parts of arcs of prec(Q,) and succ(Qq);
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e a drawing of a path in the dual of G, connecting the arc prec(Q)1) and the arc prec(Q), that
intersects only the arcs of B! between prec(Q;) and prec(Q,).

Note that any path may enter Ay only via an arc of B! between prec(Q) and prec(Q,) and leave
Ap only via an arc of B? between succ(Q1) and succ(Q,). Moreover, Ag does not contain any
terminal, as it contains only elements of H. Therefore the paths Q1,Qo,...,Q, (with preceding
and succeeding arcs) are the only intersections of the solution (P;)*_; with the closure of the area
Ag.

By Corollary the word iyis . .. g over alphabet {1,2,...,k} can be decomposed into powers
of at most 2k words, such that each of these words contains each symbol at most once. As g > 2k?,
there exist a subword w or 717z ...17, of the form u?, where u contains each symbol at most once.
Assume |’LL‘ =/ and w = ’ij’ij+1 . ,ij+2[_1, T, = 4y for j <uv<j+4£.

Consider now a subarea A of Ag, defined similarly as Ag, but with paths @; and Qjy2.—1 as
borders. The intersection of the solution (P;)%_; with the closure of A is exactly the set of paths
Qj,Qj+1s---,Qjy20—1, together with parts of their preceding and succeeding arcs of B" and BF.
For j <. < j+2¢, let x, and y, be the first and the last point of (),, respectively. For j <1 < j+4¢,
the paths @, and @,+¢ belong to P;, and i, are pairwise distinct for j < ¢ < j+ 2.

Let H4 be a subgraph of H consisting of vertices and edges that are contained entirely in the
closure of A. Assume that Q); appears earlier on the path P;; than Q;s; in the opposite case, we
may consider a mirror image of H4. By Lemma for any j < ¢ < j + ¢, the path @, appears
on P;, earlier than Q4.

We now note that we may apply Lemma to the graph H4 with paths @, connecting
(azL)jHE*l with (yb)ﬂ%*l. Indeed, recall that d > 2k, thus H contains 2k alternating cycles

=3 =3 )
and each of these cycles intersects all paths (Qb)fife_l

§=1- We infer that in H 4 there exist a sequence of

Therefore k of these cycles (in one of

the directions) yield the promised paths (C})
-1
t=j
Consider the following set of paths (P/)¥_,. For each j < ¢ < j + ¢, we remove from P;, a
subpath starting from z, and ending at y,1, and replace it with R,. Since the intersection of H 4
with the solution (P;)¥_, consists of the paths {Q, : j < ¢ < j + 2¢} only, (P/)¥_, is a solution to

k-DPP on GG. Moreover, each path P{L contains strictly less arcs of non-isolating bundles than P; ,

as we removed from P, an arc prec(Q,,¢), and the paths R, contain only isolation arcs of Hdisc,
This contradicts the minimality of (P;)¥_; and concludes the proof of theorem.

vertex-disjoint paths (R,) such that R, starts in x, and ends in y, 4.

O

We now show that a minimal solution cannot oscillate between isolation layers.

Theorem 6.45 (no oscillators in the ring). Let (G,D,B) be a bundled instance, such that D has
isolation (A, d) where A > 1 and d > f(k,k) + 4, where f(k,t) = 200" is the bound on the type-t
bend promised by Lemma|3.7. Let H¥¢ be an isolation component of a ring component H™9, and
let fi and fy be the two faces of cl(H™™9)[V (H%¢)] that contain vertices and edges of G\ H%.
Let (Pi)le be a minimal solution to k-DPP on G and assume that, for some 1 < 1 < k, the path
P, contains a subpath P that starts with an arc ey with ending point in H¥¢, ends with an arc es
with starting point in HY¢, is contained in cl(H™9) and both e1 and ey lie in fi. Then P does
not contain any arc that lies in fo.

Proof. Assume the contrary, and the path P contains some arc in fs; in particular, P contains a
bundle arc e of bundle B leading from H¢ to another disc or ring component of cl( H'"8) that
lies in fo. Note that B is not an isolating component. Our goal is to apply the bound from Lemma
to reroute (Pi)f:l so that it does not use the arc e. In this way we would strictly decrease
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the number of non-isolation bundles of the solution, a contradiction to its minimality. However, to
reuse Lemma we need to make arguments similar to the proof of Theorem using Lemma
B4

Let C§,C5,...,C_, be a fixed choice of alternating cycles in cl(H'"8)[V (H95¢)] separating fi
from fo. Without loss of generality assume that f; is the infinite face of cl( H™"8)[V (HY5%)], and
C; encloses C whenever i < j (i.e., the cycle Cf is close to f; and C_, is close to f3). Let H*

be a subgraph of G consisting of the solution (P;)¥_; and the cycles (C’j* );l;é. Let H be a graph
obtained from H™* by contracting any arc that belongs both to some path P; and to some cycle C;-‘.
Each path P; projects to a path Q; in H, P projects to @, a subpath of (),, and each cycle C7
projects to a cycle Cj; note that C'; may consist of a single arc (self-loop at some vertex), but does
not disappear completely. Note that (Q;)F_, is a solution to k-DPP on H and the cycles (C’j)?;é
are free.

Let xy and yg be the two points of @ NCy closest (on Q) to the chosen edge e. As P is contained
in cl(H""8), for one of the two subpaths of Cy between zy and 7, denote it C}), we have that the
cycle C) U Q[zo, yo] does not enclose any point of f, and, therefore, does not enclose any terminal.
By Lemma there exists subpaths C/ of C; with endpoints x; and y; for 1 < i < d—1, such that
(Qlzo,y0],C}, C1, ..., Cly_5) is a (d — 2)-bend.

Let H! be a subgraph of H that consists of the paths (Q;)¥_; and the chords (CJ’-)?;?}. Clearly,
(Qi)¥_, is a solution to k-DPP on H' as well, and (R,C},C},...,C" ) is a (d — 2)-bend in H'.
Let (Qf)le be a solution to k-DPP on H! that uses minimum possible number of edges that do
not lie on the chords (C})?;S. We claim the following.

Claim 6.46. The paths (Q2)X_, do not use the arc e.

Proof. Construct a graph H? from H' as follows: first, for any 0 < j < d — 2, connect x; with
y;j outside the bend (R, Cp, C1,...,Cy_,) with an arc a; in a direction such that CF := C} U {a;}
is a directed cycle. Note that this can be done such that H? is planar and without changing the
embedding of H', as the vertices xj and y; lie in a good order along the path Q[zo,yo]: simply
draw the arc a; parallely to the path Q[zo,yo]. In this manner we obtain that (C;)?;g is a set of
alternating concentric cycles not enclosing any terminal.

Now construct a graph H?3 from H? by first removing any arc that does not belong to any cycle
C’]? nor any path Q7 and then by contracting any arc that belongs both to some path Q)7 and some
cycle C’JZ. Note that a; does not become contracted in this manner, and the cycle Cj2 projects to
a cycle C’;’ in H®. Moreover, the solution (Q¢)¥_, projects to a solution (Q3)*_, to k-DPP in H?
and the cycles C;’ are free with respect to this solution.

Assume that e € @ for some 1 <7 < k; as e does not lie on any cycle Cj’-, e e Q;g; as well. Note
that C{) separates e from the terminals in H 1 and thus Cg separates e from the terminals in H3.
Thus, there exist vertices x%, yg € Qf’] ﬁC’g that are closest to e on Q%; let C’g+ be the subpath of C’g’
between x3 and y that does not contain ag. Note that the cycle Co U Qf’] [23, y3] does not enclose
any terminal nor any arc aj, contains a vertex of 0372. By Lemma there is a (d — 4)-bend on
Q% that does not enclose any arc a;, 0 < j <d— 2.

As d > f(k,k) + 4, by Lemma (@3)k_, is not a minimal solution to k-DPP in H?\ {a; :
0<j<d-—2}. Let (R})E, be a different solution. Let Exr = J¥_, E(R}), Eg = U, E(Q3}) and
Ec = U;l;g E(ng) Note that E(H?3) = EqUE¢, and Eg is a set of disjoint paths. Hence Eg\ Ec
is a proper subset of Fg.

Similarly as in the proof of Theorem the solution (R?)%_, yields a solution (R¢)%_, in H!.
Indeed, H? is created from H'! by removing some arcs, adding arcs a; (not used by any path R3)
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and contracting some arcs: however, as H? consisted of cycles (0]2)?;8 and paths (Q9)F_,, if we
uncontract an arc xy the arc xy is the only arc leaving x and entering y, and any path going through
the image of 2y in H? can be redirected via the arc zy in H2. However, the solution (R )le uses
strictly less arcs outside the chords (C’;)?;g than (Q5)F_,, a contradiction to the choice of (Q)F_,.

This finishes the proof of the claim. O

Clearly, (Qf)i.“:l is a solution to k-DPP on both H and H' that does not use the arc e. Again,
by the construction of the graph H from H*, the solution (Q;’)le in H yields a solution (lf’io)f:1 in
H* that does not use the arc e. Hence, by the construction of H*, the bundle arcs of non-isolation
bundles of the solution (P?) is a proper subset of the bundle arcs of non-isolation bundles of the

solution (P;)¥_,, a contradiction to the minimality of (P;)%_;. O

Corollary 6.47 (no ring visitors). Let (G,D,B) be a bundled instance, such that D has isolation
(A,d) where A > 1 and d > f(k,k) + 4, where f(k,t) = 200 js the bound on the type-t bend
promised by Lemma . Assume that G is a YES-instance to k-DPP and let (P;)¥_, be a minimal
solution. Then there are no ring visitors on any path P;.

Proof. We apply Theorem forA Hdise — Hl‘ihff for ' € {IN,OUT} and Hfhi\c be an isolating
component of a ring component H™"8, O

Corollary 6.48 (bundle words with ring holes for paths in a minimal solution). Let (G, D,B)
be a bundled instance, such that D has isolation (A,d) where A > 2 and d > f(k,k) + 4, where
flk,t) = 20(kt) s the bound on the type-t bend promised by Lemma . Assume that G is a
YES-instance to k-DPP and let (P;)*_, be a minimal solution. Then, for any 0 < A < A — 1 and
1 <1 <k, the unique bundle word with level-\ ring holes that is consistent with P; is flat, that is,
the its level-(A + 1) projection does not contain any arcs of bundles of level A or lower.

Proof. As a bundle word with level-(\ + 1) ring holes does not contain any symbol corresponding
to an arc that belongs to a level-(A+ 1) ring passage, any level-A ring bundle in such a bundle word
with ring holes needs to correspond to an arc on a structure forbidden by Theorem ]

7 From bundle words to disjoint paths

In this section we prove the following theorem that will be the main tool both for measuring the
good guesses for winding numbers, as well as for seeking the ultimate solution.

Theorem 7.1. For any bundled instance (G, D,B) of ring isolation (A,d), A,d >0, any 1 < XA < A
and any sequence (pi)le of bundle words with level-\ ring holes that do not contain any level-0
bundles, one may in polynomial time either:

1. correctly conclude that there is no solution (P;)¥_; to k-DPP on G such that P; is consistent
with p; for each 1 < i < k; or

2. compute a solution (Pi)le to k-DPP on G with the following property: for any 1 <i <k and
any bundle B that is a normal bundle or has at least one endpoint in an isolation bundle of
level higher than A, the number of appearances of B in bw(P;) is not greater than the number
of appearances of B in p;.

The rest of this Section is devoted to the proof of Theorem Intuitively, the argument is
based on designing an instance of cohomology problem in a natural manner, and then running the
algorithm of Theorem However, formal construction of the instance and proof that the output
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of the algorithm of Theorem is meaningful requires technical effort. In particular, we need
to check that bundle words with level-A ring holes (pi)i-“:l contain already enough information to
deduce the topology of path network in the graph.

Apart from the decomposition D, we will be working as well on a modified decomposition D’
where for every ring component H""8, all the isolation components of H'™& up to level \ are
included into H'™&. In other words, for every ring component H"" we identify component H'»&
together with first A layers of IN- and OUT- isolation into one ring component cl/\(H ring)  We also
define B’ to be the set of these bundles B € B that are normal bundles or have at least one endpoint
in a isolation component of level higher than A.

In decomposition D', for every component H choose an arbitrary vertex v(H) € V(H), and for
every bundle B € B’ choose an arbitrary arc a(B) € B. Moreover, if B connects components Hy
and Ha, let us choose arbitrary undirected paths P(B, Hy) and P(B, Hs) in H;, Hy that connect
v(Hy),v(Hy) with a(B), respectively. Note that this is possible as every component is weakly
connected. Moreover, we can choose the paths so that they do not cross each other in the planar
embedding (though may use the same arcs). In addition, for every ring component H""& ¢ D’
choose an arbitrary undirected cycle C(H""8) of homotopy 1 that passes through v(H'"8), again
in such a manner that this cycle does not cross any path P(B, H""8) for any bundle B adjacent to
Hrlng.

Now, given a sequence (p;)*_; of bundle words with level-A ring holes in decomposition D,
we construct undirected paths (Qi)le connecting respective terminals. Intuitively, paths @Q; are
going to model seeken paths P; in the solution. Consider one bundle word with level-A holes
P = ((pi,j)(;g), (wz])?g) We say that a bundle is deep if both its endpoints are either in ring
components or in isolation components of level lower or equal to A, i.e., it does not appear in B’;
otherwise the bundle is shallow. Note that by our assumption on (pi)le, every deep bundle of
each p; has both endpoints in an isolation component of level lower or equal to A. In each bundle
word p; j, distinguish maximal subwords consisting of deep bundles only. Then (note that in the
following we refer to components in decomposition D):

e For every two consecutive shallow bundles By, By on p; ;, such that By is directed toward a disc
component HY¢ while By is directed from HY5¢, take concatenation of paths P(By, H%5)
and P(Bg, HY°) (note here that Hs¢ ¢ D).

e Consider now any two shallow bundles By, By on p; j such that the subword v between B1, By
consists of deep bundles only. Then bundles Bi, Bo are on the same side of Hiing, and the
subword v between them can visit only isolation components of H""8 of levels smaller or equal
than A on the same side as Bj, Bo. Examine word v and compute the signed number w of
how many times bundles from v cross the reference curve of cI*(H"™2). Observe that, by the
construction of the reference curve of Cl)‘(H ring) “any path consistent with bundle word BjvBs
will have winding number w in cI*(H""). Note that any such path leads from one face of
cM(H™™2) to the same face of cI*(H'8), so its winding number with respect to the reference
curve of cI*(H"™8) must belong to the set {—1,0,1}. Hence, if w ¢ {—1,0,1}, then we can
conclude that there cannot be any solution consistent with bundle words with level-\ ring
holes (pi)le, and we terminate the whole algorithm returning the negative answer. Otherwise,
we take the concatenation of paths P(By, cI*(H'"8)), C(cI*(H""¢))*" and P(Bs, cI*(H'%)),
where w’ is chosen such that the resulting path has winding number w in cI*(H""¢). Note
here that of course By and By are adjacent to cI*(H"™8) in D',

e For every two bundles B1, By such that By is the last bundle of p; ; and By is the first bundle
of p;j+1, perform the following construction. Let H™$ be the ring component such that
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B1, By are on different sides of cl’\(H rng) and let w := w; j+1 be the winding number between
them. Take concatenation of P(By, cl*(H™8)), C(cI)(H™¢))*" and P(Bsy, cl*(H"™2)), where
w’ is chosen such that the resulting path has winding number w.

Finally, obtain @); by concatenating constructed undirected paths in a natural order imposed by
(pi)F_,, and gluing them in between by arcs a(B) for B € p;. If some arc a(B) is traversed in the
constructed path in a wrong direction, we may immediately terminate the computation providing
a negative answer: the corresponding path of the solution would also need to traverse the same
bundle in the wrong direction, which is impossible.

We have already constructed models @; for paths P;, but to finish the construction of the
instance of the cohomology problem, we need to choose consistently the order of paths on shared
arcs.

Consider two paths Q;,Q; (possibly @ = j) and let M;, M; be some (possibly consisting of a
single vertex) maximal fragments of @;,Q; that are common, i.e., M; and M; are the same path,
but the arcs p;, p; preceding M; and M; on Q;, (), respectively, are different, as well as arcs s;, s
succeeding M; and M; on @Q;,Q; are different. Contract fragments M;, M; to one vertex v and
consider the positioning of arcs p;, p;, s;,s; around v. Observe that if there is a solution (Pi)le
consistent with (pi)le, then p; and s; cannot separate p; from s;: otherwise, the parts of paths
P;, P; between the last bundles preceding M;, M; and the first bundles succeeding F;, P; would
need to cross. Therefore, if we think of paths Q);, Q); as curves on the plane, it is possible to spread
them slightly along the common path M;, M; so that the curves do not intersect along this path.
The same reasoning can be performed when paths @);, Q); traverse the common path in different
directions, i.e., M;, M; are two maximal subpaths such that M; is M; reversed, the arc preceding
M; on Q; is different than the arc succeeding M; on @, and the arc preceding M; on @; is different
than the arc succeeding M; on Q;.

We perform this reasoning for every pair of indices ¢, j, every two maximal common fragments,
and both directions of traversal; if for any pair of fragments we obtain inconsistency, we terminate
the algorithm providing an answer that no solution can be found. As a result, for every arc that
is traversed by some path at least two times, we obtain a constraint between every two traversals,
which traversal should be spread towards the face on one side of the arc, and which should be
spread to the other side. It can be easily seen that this constraints are transitive, i.e., if traversal a
must be left to traversal b and b must be to the left to traversal ¢, then traversal a must be to the
left to traversal c; if this is not the case, we can again terminate the algorithm providing a negative
answer. Hence, we may order the traversals of every arc in a linear order, so that slightly spreading
all the paths (Qi)le according to these orders on arcs yields a family of pairwise non-intersecting
curves, denoted (Q)le

We now consider a free group A on k generators g1, g2, - . . , gk, corresponding to paths Py, Ps, ..., Pk.
Define a function ¢ : E(G) — A by putting for every arc a the product of generators or their in-
verses corresponding to traversals of this arc: if P; traverses a respecting direction of a then we take
i, if disrespecting then we put g; ! and we multiply these group elements according to the linear
order of traversals on this arc, found as in the previous paragraph. As the family (Q)le is pairwise
non-intersecting, it follows that for every non-terminal vertex v, if we compute the product of group
elements on the arcs incident to v in the order imposed by the planar embedding, where the value
of every arc is taken as its inverse if the arc is incoming to v and as the value itself otherwise, then
we obtain 1,.

Let G* be the dual of G and let G* be the extended dual of G. Clearly, as F(G) = E(G*), we
may consider ¢ also as a function from arcs of G* to A. Moreover, we may naturally extend ¢ from
E(G*) to ¢T defined on E(GT), as in the proof of Theorem
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We are now going to define an instance of cohomology feasibility problem similarly as in the
proof of Theorem For every arc a € E(GY), let H(a) = {1,91,92,...,9x} if a € E(Q),
and let H(a) = {1,91,92,. .- ,gk,gl_l,ggl, - ,gk_l} if a € E(GT)\ E(G), i.e., a was added in the
extension. Moreover, let S be the set of end-faces in decomposition D’; we would like to stress that
we consider decomposition D’, hence we do not put any restrictions on faces that are contained in
level-\ closures of ring components. Thus we have defined an instance of cohomology feasibility
problem (G*,A, ¢, H,S), to which we can apply the algorithm of Theorem The rest of the
proof of Theorem follows from the two lemmata that show equivalence of the cohomology
instance and the statement of Theorem [7.1]

Lemma 7.2. If there is a sequence of disjoint paths (P;)¥_, consistent with (p;)%_,, then instance

(GT,A, ¢, H,S) has some solution 1.

Proof. Assume that we have a sequence of disjoint paths (Pi)le consistent with (pi)le. Similarly
to paths (Q;)%_, and function ¢, sequence (P;)¥_; also naturally defines a function 1 : E(G*) — A,
as in the proof of Theorem Moreover, 1 satisfies all the constraints imposed by H. It remains
to prove that 1) is cohomologous to ¢ via a function F' that assigns 1 to all the end-faces in
decomposition D'.

For every path P;, decompose it into sequence (b; o, Pi1,bi1, P2, ..., bit, Pit,bi+1), where P ;
are maximal subpaths contained in decomposition D’ and b;; are bundle arcs from bundles of
decomposition D’ that appear on p; (note that not every bundle appearing in p; is represented
by some arc b;;, as we omit the bundles that are not in B'). As both P; and @Q; are consistent
with p; and p; is a level-A bundle word with holes, path @; can be similarly decomposed into
sequence (bf o, Qi 1,051, Qi2,- -, b4, Qit, b y1), Where arcs b; j and b ; belong to the same bundle
for every j, while P;; and @;; traverse the same component from the same bundle to the same
bundle. Moreover, if P; ; and @); ; are connecting sides of the same ring component ring (regardless
whether the same or different), then P; ; and @Q; ; have the same winding number in H ring

It follows that for every component H, all the traversals of paths (Qi)i?:l via H can be simulta-
neously shifted to (P;)*_; using a by a continuous shift of the interior of H (formally, by a continuous
function f: U(H) x [0,1] — U(H) such that f(-,0) is identity and in f(-,1) paths Q); are mapped
to respective paths P;). Note that we may choose this shift so that end-faces of bundles adjacent to
H stay invariant, as ends of paths in a particular bundle must be mapped to ends of paths in the
same bundle. Now observe that this shift can be modelled by a function F' defined at vertices of
G, which measures which paths are shifted over a given face and in which order. If we define this
function F' for each component separately, then F' will be defined consistently in the same manner
on the mortar faces of D’. Moreover, invariance of the end-faces in the homeomorphisms means
that end-faces will be assigned 15. Hence ¢ and v are cohomologous via a cohomology that fixes
end-faces. O

Lemma 7.3. If the instance (G*, A, ¢, H, S) has some solution 1), then there is a solution (P;)¥_,
to k-DPP on G with property (2) defined in the statement of Theorem .

Proof. Assume that ¢ : E(GT) — A is a function that is consistent with H and is cohomologous
to 1 via a function F' that assigns 1, to all the end-faces of D'. For i = 1,2,...,k, let G; be the
subgraph of G consisting of all the arcs a of G such that ¢(a*) = g;. Note that conditions imposed
in the cohomology instance imply that:

e subgraphs G; are vertex-disjoint;
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o for every ¢ = 1,2,...,k, all the vertices of GG; have the same in- and outdegrees, apart from
s; and t; that have exactly one outgoing arc in G; and exactly one incoming arc in Gj,
respectively.

By the standard degree counting argument, we infer that for each ¢ = 1,2, ...,k vertices s; and ;
must be in the same weakly connected component of GG;. Moreover, this weakly connected compo-
nent must contain an eulerian tour from s; to ¢;. By shortcutting this eulerian tour appropriately,
we obtain a simple path P; in G; leading from s; to ¢;. As subgraphs G, are vertex-disjoint, so do
paths P;. It remains to prove that paths P; satisfy the property that for each shallow bundle B,
the number of occurrences of B in bw(P;) is not larger than the number of occurrences of B on
p;. To this end, we will prove that the subgraph G; in total contains exactly the same number of
arcs of B as the number of occurrences of B on p;; as P; is a subgraph of G;, the lemma statement
follows.

Consider any component H of D’ and any bundle B € B’ adjacent to H. Let P}, be the directed
path or directed cycle in G traversing the bundle B, whose existence is guaranteed by Lemma
Let fo, f1,-.., fr are the consecutive faces of G visited by Pj and a1, as, ..., a, are consecutive arcs.
Suppose for a moment that fo and f, are end-faces. We claim that then the products of elements
assigned by v and by ¢ to the arcs aj,a3,...,a; are equal. Indeed, we have that

[Tv) =] F (fim)b(@)F(f;) = F(fo) (H ¢>(a:>> F(f;) =] ¢tai),
i=1 i=1 =1 =1

where the last equality follows from the fact that F' assigns 15 to all the end-faces. If now fj
and f, are not end-faces, then fy = f,, B is the only bundle adjacent to H, and [[;_, ¥(a}) and
[T;_; ¢(a}) are conjugate using F(fy) = F(f).

For « = 1,2,...,k, consider a homomorphism h, : A — Z defined on generators by h,(g,) = 1
and h,(g,) = 0 for // # ¢; this homomorphism just counts the number of g,-s. It follows that in

both cases h, ([Ti=; ¥(a7)) = h. (ITi=y ¢(a7)): either simply [[;_; ¢(a}) = [I;=; 6(af), or

h, (H w<a2‘>) = h (F_l(fo) (H ¢<a:>) F(ﬁ))
i=1 i=1
= h (H ¢><az‘>> +h(F(fr)) = hu(F(fo)) = R, (H <z><a:‘>> :
i=1 1=1

Note that all the elements 1)(a}) are simply generators, as 1 respects constraints imposed by
H, and ¢(a;) are only multiplications of positive powers of generators, as we excluded the cases
where paths Q; traverse bundles in the wrong direction. Hence, h, (I;_; ¥ (a])) is the number of
arcs of G, contained in the bundle B, and h, ([];_; #(a})) is the number of passages of path @, via
arc a(B), which, by the construction of @,, is equal to the number of occurrences of B on p,. [

8 Guessing bundle words and their winding numbers

The aim of this section is to prove that, for a given bundled instance (G,D,B) with sufficient
isolation, the number of reasonable bundle words with holes for a minimal solution on G is bounded
by a function of |B|, |D| and k. Note that, as each terminal lies in its own component of D and G
is weakly connected, we may assume 2k < |D| < |B| + 1.

Formally, we prove the following theorem.
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Theorem 8.1. Let (G,D,B) be a bundled instance of isolation (A, d), where A > 3, d > max(2k, f(k, k)+
4), and f(k,t) = 200 s the bound on the type-t bend promised by Lemma. Then in 20**[BI* log [B]) |G|°M)
time one can compute a family of at most 90 (k?[B|* log [B) sequences (pi)le of bundle words with
level-2 ring holes, not containing any level-0 bundle, such that if (G,D,B) is a YES-instance to
k-DPP, then there exists a solution (P;)%_, to k-DPP on (G,D,B) and a sequence (p;)¥_; in the
generated set such that P; is consistent with p; for each 1 <1 < k.

The proof of Theorem consists of two steps. In Section we show that there is only a
bounded number of reasonable word parts of the promised bundle words with ring holes. Then, in
Section we show that we may pick winding numbers from a bounded set of candidates.

8.1 Zooms

In this section we introduce a toolbox for measuring spiraling properties of parts of the graph G.
Informally speaking, Lemma [6.42] implies that in a minimal solution to k-DPP, the length of any
spiral is (close to) minimum possible in G — otherwise, we should be able to reroute the solution
to a shorter spiral, contradicting the minimality of the solution. We now introduce some gadgets
and auxiliary graphs that allow us to measure this minimum possible size of spirals in G.

Definition 8.2 (zoom). Let (G,D,B) be a bundled instance with isolation (A,d). A zoom is a
pair (D IB%) such that B is a subset of B that does not contain any bundle with an arc incident to
a terminal, DCDand H €D if and only if there exists B € B whose arcs start or end in H.

We say that a zoom (D,IB%) is level-\ safe for some 0 < A < A, if for any ring component
H'8 ¢ D, either the set B contains all bundles with arcs with both endpoints in cI*(H""8) or D
is disjoint with the set of components of cI*(H*"8).

Definition 8.3 (zoom pass, pack of zoom passes). Let (D,B) be a zoom in a bundled instance
(G, D,B) with isolation (A, d) that is A-safe for some 0 < A\ < A. A level-A zoom pass in (D,B) is
a bundle word with level-\ ring holes p = ((pj)?zo, (wj)gzl) in (G,D,B) such that:

1. ¢ > 1 or |pg| > 2, i.e., the bundle words of p contain at least two symbols in total;

2. the first bundle of py (called the first bundle of p) does not belong to B, but its arcs end in a
component belonging to D;

3. the last bundle of p, (callgd the last bundle of p) does not belong to B, but its arcs start in a
component belonging to D;

4. all other bundles of p;, 0 < j < ¢, belong to B.
. A pack of level-\ zoom passes in (ﬁ,]ﬁ%) is a pair ((pr)rer, (¥B,a) BeB,1<a<2) Where

1. (pr)rer is a sequence of level-A zoom passes for some index set I;

2. ¢, is a permutation of those indices 7 € [ for which p, starts with B, and ¢p2 is a
permutation of those indices 7 € I for which p, ends with B.

Informally speaking, a zoom is a part of a graph G which we investigate, and zoom passes
are bundle words with ring holes of chosen parts of a solution that pass through a zoom. The
permutations ¢ 1 and 12 are intented to correspond to the order of the chosen parts on bundle
B when entering and leaving the zoom, respectively. Note that we do not require (f), I@%) to be an
induced subgraph of (D, B) and, consequently, we allow a zoom pass p to start or end with a bundle
with arcs with both endpoints in components of D (but this bundle cannot belong to I@)

We now note that the number of choices for ¢p , is bounded.
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{sr : 7 € I'}, ordered by ¢
]

Figure 39: An illustration of the zoom pass starting gadget, attached to bundle B with endpoints
in component D. The gray squares represent the new terminals, and the dashed lines represent the
arcs of the bundle B.

Lemma 8.4. Let (D,B) be a zoom in a bundled instance (G,D,B) with isolation (A,d) and let
(pr)rer be a sequence of level-A zoom passes in (D, B) for some 0 < A < A. Then there exist at most
(|1|")? sequences (¥p.a)BeB.1<a<2 such that (pr)rer, (VB.a)BeB1<a<2) S a pack of zoom passes in

(D,B).

Proof. For B € B, let Ig; be a set of indices 7 € I such that p, starts with B, and Ip 2 be a set of
indices 7 € I such that p; ends with B. By definition, 9p o is a permutation of Ip . for any B € B,
1 < a < 2. The lemma follows from the convexity of the factorial function and the fact that

S Upal = 3 sal = 1.

BeB BeB
O

We now define how a zoom with a pack of zoom passes defines a sub-instance of the original
k-DPP bundled instance (G,D,B).

Definition 8.5 (Zoom pass starting and ending gadget). Consider a bundled instance (G, D,B)
and a bundle B € B. Let I be an index set and let ¢ be a permutation of I.

The zoom pass starting gadget is constructed as follows. First, take a bi-directional grid of size
|I| x |B|, that is, take a set of vertices {v, : 7 € I,b € B} and connect v,j and v, with arcs
in both directions for 7 € I and b, ' being two consecutive arcs of B, as well as v, and v, for
b € B and 7, 7’ being two consecutive indices in the permutation v of I. Let 7, € I be the first
element of I in the permutation ¢ and b; be the first arc of B. For each b € B, make an arc from
vr, p» to the endpoint of b in G. For each T € I, create a new source terminal s, and connect it with
Urp, . See Figure 39 for an illustration.

The zoom pass ending gadget is constructed similarly as the zoom pass starting gadget, except
for three differences: the arcs are reversed, the constructed terminals are sink terminals, and the
gadget is attached to the starting points of the arcs of B.
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Definition 8.6 (zoom auxiliary graph). Let (D, B) be a zoom in a bundled instance (G, D, B) and
let ((pr)rer, (¥B.a)BeB1<a<2) be a pack of zoom passes in (D,B).

The zoom aumlzary graph is constructed as follows. First, we take a subgraph of G consisting
of all components of D and all arcs of bundles of D. Then, for each bundle B € B that is the first
symbol of some bundle word with ring holes p,, we define I ; to be the set of those indices 7 € I
for which p, starts with B, and we construct a zoom pass starting gadget for bundle B, index set
Ig1 and permutation 1 p 1. Similarly, for each bundle B € B that is the last symbol of some p,,
we define Ip o to be the set of those indices 7 € I for which p, ends with B, and we construct a
zoom pass ending gadget for bundle B, index set Ip 2 and permutation ¢p o.

We note that a zoom auxiliary graph is always planar: any bundle B for which we construct
a starting or ending gadget does not belong to ]IAB, and we can embed these gadgets in the plane
in the space occupied by B in the embedding of the graph G. Note that this claim remains true
also if a bundle B appears both as the first bundle of some zoom pass and the last bundle of some
(possibly other) zoom pass.

Moreover, note that the aforementioned embedding imposes a natural decomposition of the
zoom auxiliary graph. Formally, as a set of components we take D, the set of bundles B and we
add the following components and bundles:

1. for each zoom pass starting gadget for a bundle B, we take a disc component H%isf that

contains the bidirectional grid, and a bundle Bp; that contains arcs connecting Hp' d‘SC with
the endpoints of the bundle B;

2. similarly, for each zoom pass ending gadget we define disc component H%izc and a bundle
Bp2;

3. each introduced terminal is embedded in its own disc component, and its incident arc is
embedded in its own bundle.

In this manner we define at most 4|I| new components and bundles, and we create a bundled
instance with |/| terminal pairs indexed by I. Let us call this instance a zoom auziliary instance.

Let (D,B) be a level-) safe zoom in a bundled instance (G, D,B) with isolation (A, d) for some
0 < A < A. Let (P;)%_, be asolution to k-DPP on G and assume D does not contain any component
with a terminal. For one path P;, we say that its subpath P; is a zoom incident (with respect to
the zoom (D,B)) if P

1. starts with an arc b, that belongs to a bundle B, ¢ I@%, but the ending point of b, 1 belongs
to a component of D;

2. ends with an arc b, 5 that belongs to a bundle B, > ¢ Iﬁ%, but the starting point of b, 2 belongs
to a component of D;

3. all other arcs of P; either belong to a bundle of B or a component of D.

Note that all zoom incidents of a path P; are pairwise disjoint, except for possibly overlapping the
first and last arcs; let P; 1, P2, ..., P 4(;) be the sequence of all zoom incidents on P; (with respect
o (D,B)) in the order of they appearance on P;. Let I = {(i,j): 1 <i <k, 1<j <q(i)}.

For 7 = (i,7) € I, let p; be a bundle word with level-A ring holes constructed as follows: we
take bw(P;) and for each level-\ ring passage of P, through cl*(H'™8) for some H'"¢ ¢ D, we
replace the subword corresponding to this ring passage with its winding number. The fact that p,
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satisfies all properties of a bundle word with level-\ ring holes follows from the assumption that
the zoom (D,B) is level-\ safe.

For any B € Band 1 < o < 2,let I, = {7 € I : by € B} and ¢, be the order of the
indices 7 € I, in which arcs b, appear on B. Observe the following.

Observation 8.7. The pair ((9+)rcr, (¥B,a)BeB,1<a<2) defined above is a pack of zoom passes
n (15,1@3) Moreover, the zoom auziliary instance constructed for this pack of zoom passes has a
solution (P})rcr, where PF is constructed from Pr by modifying its first and last arcs: we replace
br.1 with a path from s through vertices vrp up to indexr by and then through vertices vy, . up to
Ury b, and to the ending point of br1; a similar replacement is made for by 2. Moreover, the bundle
word with level-A ring holes for P} in the created instance is equal to p%, except for the prefix and
suffiz that correspond to the passage in the zoom pass starting and ending gadgets.

8.2 Deducing bundle words

In this section we present the first half of the algorithm of Theorem we aim to guess the bundle
word part of the required bundle words with holes; the winding number part is guessed in the next
subsection.

Consider a minimal solution (P;)%_; to the bundled instance (G, D,B). By Corollary the

bundle word bu(P;) can be decomposed into u, ;' u;’ . uzlss(ig) for some s(i) < 2|B|. Note that
there is only a bounded number of choices for ‘the words &i,ji the difficult part is to guess the
exponents r; ; for those j where r; ; is large. In this section we guess only exponents 7; ; for which
u; ; contains only bundles with both endpoints in disc components (i.e., does not contain any level-0
ring bundles); in the next section we ‘hide’ the unknown exponents by going to the level-1 projection
of the bundle words and using results of Section

However, if some path P, has subpath with bundle word «" for some large integer r and u not
containing any level-0 ring bundles, we have a spiraling ring A and we may use Lemmal6.42} we are
not able to route the same paths through the spiraling ring using less than r — 10 turns. Lemma
m gives us an answer how many times the paths (Pi)f:1 cross the spiraling ring A and in which
direction. Our approach is to create a zoom containing the spiral u, attach to it all paths that want
to cross the spiraling ring A and measure the minimal number of turns they need to make along
the spiral w.

However, there is a significant difficulty with this approach — it is unclear where to attach the
paths crossing A to the zoomed spiral u. To create a zoom instance, we need that each zoom pass
starts and ends in a bundle that does not appear in the zoom (in our case, does not appear on the
spiral u). However, any path P;, before spiraling on the spiral u, may go along a bundle word v?,
where v contains a proper subset of the symbols of u. Thus, we need to include such spirals as well
in our zoom instance. Luckily, we can assume that the exponent ¢ is already known to us, if we
assume that we guess exponents r; ; in the order of increasing lengths |u; ;|.

The approach from the previous paragraph, although resolves the issue of where to attach the
zoom passes in the created zoom instance, creates a new problem. If we apply Theorem to
the created zoom instance, the returned paths follow our guessed bundle words in a very relaxed
manner. As we have included in our zoom instance all parts of the solution that cross the spiraling
ring A, by Lemma[6.42] in the returned solution the path P, needs to spiral at least r — 10 times in
this ring. However, it is no longer true for other terms v? where v contains a proper subset of the
symbols of u: the solution returned by Theorem may “borrow” some bundles from such terms,
in order to spiral along u significantly more times than 7.

To circumvent this problem, we add even more passes to our zoom instance: for each path P;
we add a zoom pass that corresponds to a maximal subpath of P; that does not contain arcs from
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bundles that do not appear in u, and contains a subword v% for some vg. Corollary ensures
that the only unknown exponent in our zoom instance is the number of turns along the spiral u,
while the presence of all these zoom passes allow us to use Lemma, for any term v? in bw(P,),
not only to u". Hence, in the solution returned by Theorem the simulated part of the path
P, needs to behave very similarly as in the original solution (P,-)le, and we are able to guess the
exponent r.

Let us now proceed to the formal argumentation. We perform multiple branching steps, one
for each unknown exponent r; ;. We start with the following set of definitions that formalizes the
state of this branching procedure.

Definition 8.8 (potential spiral). Let (G, D,B) be a bundled instance. Let u be a nonempty word
over alphabet B that contains each letter of B at most once. Then u is a potential spiral if, for each
two consecutive bundles BBy on u, the components where the arcs of B; end and the arcs of By
start are equal. Moreover, u is a potential closed spiral if the components where the arcs of the last
bundle of u end and the arcs of the first bundle of u start are equal.

Definition 8.9 (potential long spiral). Let (G, D, B) be a bundled instance of isolation (A, d) where
A > 2, d > max(2k, f(k,k) +4), and f(k,t) = 2°*Y is the bound on the type-t bend promised by
Lemma [3.7] A potential closed spiral u is a potential long spiral if either:

1. u contains at least one normal bundle and does not contain any ring bundle of level A — 1 or
lower; or

2. u contains only ring bundles of cl(H""8) for some ring component H""& and does not contain
non-isolation bundles of different levels.

Definition 8.10 (partial bundle word). Let (G,D,B) be a bundled instance of isolation (A, d)
where A > 2, d > max(2k, f(k, k) +4), and f(k,t) = 290" is the bound on the type-t bend
promised by Lemma A partial bundle word is a (formal) string m = u{"ub® ... u5*, where

o s <2B;
e cach u; is a potential spiral;

e for each 1 < j < s, there exists a symbol of B that appears in exactly one of the two words
uj and uj41;

e if a bundle B € B, if B appears in u;, and in uj,, then B appears in all words u; for
<< g2

e cach p; is either a positive integer or a symbol 7; moreover, if p; =? then u; is a potential
long spiral and if p; # 1 then u; is a potential closed spiral.

Definition 8.11 (consistent with partial bundle word). A bundle word w is consistent with a partial
bundle word ufub? ... us* if there exists positive integers 71, 72,...,7s such that u = uj*ul? ... uls

and, for each 1 < j < s, either 7 = pj, or p; =7; in the second case we require that r; > 4.

Definition 8.12 (semi-complete partial bundle word). A partial bundle word uf'ub?...u%"

semi-complete if p; =7 implies that u; contains at least one level-0 ring bundle.

is

Note that, if p; =7 in some semi-complete partial bundle word, then (as (G,D,B) has isolation
(A, d) with A > 2) the word u; contains only level-0, level-1 and level-2 ring bundles and does not
contain any normal bundle.

We now note the following about a minimal solution to k-DPP.

91



Lemma 8.13. Let (G, D, B) be a bundled instance of isolation (A, d) where A > 2, d > max(2k, f(k, k)+
4), and f(k,t) = 2001 is the bound on the type-t bend promised by Lemma . Assume (G, D,B)
is a YES-instance to k-DPP and let (P,)%_, be a minimal solution. For each 1 < i < k, let

Ti1  Ti2 Ti,s(3)

U T Uy s Uy o) be a decomposition of bu(F;) given by Corollary|6.23. Let p; j =1 if 155 < 4

or u; j 18 not a potential long spiral, and p; j =7 otherwise. Moreover, let p;-j =7 if pij =7 and u; ;
contains at least one level-0 ring bundle, and pg’j = r;j otherwise. Then, for each 1 <1 <k,:

1. uzil’luzgz .. uf;a(;) is a partial bundle word consistent with bw(P;);
PR BTl / lete partial bundle word consistent with bu(P,);
Uy sy is a semi-complete partial bundle word consistent wi bw(P;);

8. for each 1 < j < s(i), if pij #7 then p} ; = pij = 7ij;
4. for each 1 < j < s(i), if pi; #7 then p;; < 4B|*k* + 1.

Proof. Each word w; ; is a potential spiral due to the properties promised by Corollary and the
fact that they are subwords of bundle words of paths in G. Moreover, Corollary as well as the
definitions of p; ; and p; ; directly imply Claims Claim |3| follows directly from the definitions.
What remains is to show Claim [4]

To this end, fix a choice of 1 < i < k and 1 < j < s(i) and assume that p; j = r; ;. If r;; <4,
the claim is obvious, so let 7; ; > 4 which, by the definition of p; ;, implies that u; ; is not a potential
long spiral. By the definition of a potential long spiral, u; ; contains at least one arc of bundle of
level A — 1 or lower. If u;; contains at least one normal bundle, then the word u:ZJ’ (which is a
subword of bw(P;)) contains at least r; ; — 1 pairwise equal disjoint subwords, each corresponding
to an isolation passage or a ring visitor. By Theorem and Corollary rij < 4B%k? + 1,
as desired.

In the other case, assume that all bundles of u;; are ring bundles of some ring component
H™™g and the subpath of P; that corresponds to the bundle word u?j] is completely contained in
cl(H™®8). If u; ; contains bundle arcs from non-isolation bundles of different levels, then a situation
forbidden by Theorem [6.45] appears on the path P;. This completes the proof of Claim [4] O

Lemma allows us to perform the following branching step.

Lemma 8.14. Let (G,D,B) be a bundled instance of isolation (A,d) where A > 2 and d >
max(2k, f(k, k) +4), where f(k,t) = 20F s the bound on the type-t bend promised by Lemma .
Then in O(20HBI*1og[B)|G10M)) time one can enumerate a set of at most 20+BI*1oe[B) sequences
(m:)k_, of partial bundle words, such that for any minimal solution (P;)%_; to k-DPP there exists
a generated sequence (m;)¥_, such that bu(P;) is consistent with m; for all 1 < i < k.

Proof. By Lemma it is sufficient to prove that for any 5 > 1 there are at most 20(BI* log [B|+[B| log )
partial bundle words uf{'ub? ... u5* with s < 2|B| and p; < 8 whenever p; #7? (recall that 2k <
IB| — 1) and they can be generated in O(20(BI*log [BI+[Bllog £)) |19 time.

To this end, note that there are less than |B| - |B|! words u over alphabet B that do not contain
a symbol twice, and can be enumerated with polynomial delay. As we require s < 2|B|, there are
only 20(BI*log [B]) choices for the values of s and the strings uj, 1 < j < s. Moreover, there are at
most 3 + 2 choices of each value p;. Note that one can verify in polynomial time if a given choice
of s, u;s and p;s yields indeed a partial bundle word. O

Lemma [8.14] enables us to guess partial bundle words that are consistent with bundle words
of a minimal solution to the given bundled instance (G, D,B). Thus, henceforth we assume that,
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apart from a bundled instance (G, D, B), we are given a set (;)%_, of partial bundle words and we
look for a minimal solution (Pz-)f:1 such that bw(F;) is consistent with 7; for each 1 < i < k. By
Lemma there are at most 20BI*1og[B)) sybcases to consider.

Our goal now is to show a branching procedure that yields a bounded in |D|, k¥ and |B| number
of subcases of evaluating all values p; ; for which p; ; =? but u; ; does not contain any level-0 ring
bundle. In other words, we aim to produce a bounded number of semi-complete partial bundle
words and seek for minimal solutions consistent with one of them.

To achieve this goal, we analyze exponents p; ; =7 one by one, and prove that there is only a
bounded number of choices for r; j, given the guesses made so far.

Formally, let m; = uz il’luﬁ 5. uflszg) Assume that 1 < < k and 1 <7 < s(¢) are chosen that
Puy =1, w,y does not contain any level-0 ring bundle, but for any ¢ and j such that |u; ;| < |u,,], if
the exponent p; ; =7 then u; ; contains least one level-0 ring bundle. In other words, we guess the
exponents p, ,, starting from the shorter strings u, .

In one step, we identify a set of possible values of for the exponent r, ,, whose size is bounded
as a function of |D|, |B| and k, and branch into a number of subcases, replacing the value of p,
with one of the elements of the identified set.

Note that a bundle word of a path P, needs to start with the bundle that consists of the arc
incident to the first terminal of the i-th terminal pair, and ends with a bundle that consists of the
arc incident to the second terminal of the i-th terminal pair. Moreover, these arcs appear only
once in the bundle word of P;. Therefore, we may assume that for each i, p;1 = p; 5(;y = 1 and the
corresponding words u; 1 and u; 4;) start and end respectively with the appropriate bundle; if that
is not the case, we may terminate the current branch.

Let (P;)¥_, be a (hypothetical) solution to k-DPP on G, such that bw(P;) is consistent with ;
for all 1 <i <k, i.e., let bu(P;) = u;fl’l u;f; .. u?ssil)) As p,, =7, 7., >4 and u, contains a spiral
u,»B, where B is the first symbol of u,,. Note that u,, needs to be a potential long spiral in the
bundle graph (as p,, =?), and it does not contain any level-0 ring bundles. In particular, we may
use Corollary and speak of bundles inside and outside u, .

Directly from Corollary [6.11] we have the following.

Lemma 8.15. Consider a term ufzg in bu(P,) for some 1 < ( < s(1) where u, ¢ does not contain

any level-0 ring bundles and v, > 4. Then u,¢ is a potential long spiral and the terminals of the
t-th pair lie on different sides of the closed walk u, ¢ in the bundle graph (D,B). Moreover, for any
1 <<k either:

1. both terminals of the i-th pair and all bundles of bw(FP;) lie inside the closed walk u, ¢ ;
2. both terminals of the i-th pair and all bundles of bu(P;) lie outside the closed walk u,¢;

3. the terminals of the i-th pair lie on different sides of the closed walk u, and the starting
terminal of the i-th pair lies inside u, ¢ if and only if the starting terminal of the v-th pair
does.

Let I E) be the set of those indices ¢ for which P; satisfies the last option in Lemma for the
term u:zg.

Let u:Z]J be a term of the bundle word decomposition of P; where r; ; > 2 and w;; does not
contain any level-0 ring bundles. Let B; ;1 be the last bundle on bw(F;) that lies on the same side
of u; j as the starting terminal of the i-th pair, and B; ;2 be the first bundle of bw(P;) that lies on
the same side of u; ; as the ending terminal of the i-th pair. Let u;, ;1) be the word that contains

the last occurrence of B; ;1 on bw(F;) and Ui jn(i,2) be the word that contains the first occurrence of
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Bi jo on bu(P;). Let P; ; be the subpath of P; between the ending point of the arc corresponding to
the last occurrence of B; ;1 and the starting point of the arc corresponding to the first occurrence
of B@j,g in bw(]ji).

(\f)

Figure 40: A nontrivial situation around spiral u:Z]J on P;. Path P; first spirals two times using
four bundles (red spiral), then makes the u:l]] spiral by spiraling two times using six bundles (pink
spiral), and finally makes one turn of a spiral using three bundles (blue spiral). Note that the set
of bundles used in the red spiral and in the blue spiral is a subset of the set of bundles used in the
pink spiral, which we aim to measure. The crucial observation of this section is that these sets of

bundles must be in fact proper subsets of the set used by the pink spiral.

Lemma 8.16. Let u?f be a term of the bundle word decomposition of P; where r; j > 2 and u; j
does not contain any level-0 ring bundles. Then B; ;1 occurs on bw(P;) before By o and n(i,j,1) <
J <nl(i, j,2). Moreover, for any j' # j, n(i,j,1) < j' <n(i,j,2) we have |u; j| < |u;;|.

Proof. The first claim follows directly from Corollary [6.11} As for the second claim, by the proper-
ties of the bundle word decomposition, if 7(i,j,1) +1 < j, there exists a symbol Bi,j,l that appears
in u;; but not in wu; j» for any n(i,j,1) < j/ < j. Thus, as for each such j’ the set of symbols of
u; j» is not only a subset of the set of symbols of w; j/, but also a proper subset, and consequently
lu; j| < |uij]. A symmetrical argument holds for the case j/ > j and a symbol B; ;2 is missing
from all words w; ;- for j < j' < n(i,j,2). O
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Lemma 8.17. Consider a term ufzf in bw(P,) for some 1 < ( < s(1) where u,¢ does not contain
any level-0 ring bundles and r, . > 4. Let B, ¢ be the first symbol of u,c. Then, for any i € Ig)

1. there exists a unique index 1 < j(i,¢) < s(i) such that r; j; ) > 2 and u;
Of Uy ¢y

4(i¢) 18 a cyclic shift

2. |rijgic) — rucl <3

Proof. The first claim, as well as inequality 7; j; ) > 7,¢ — 3 follows from Corollary applied
for Py = P, and P = {Py, P;}. On the other hand, assume for the sake of contradiction that
T < Tijic) — 3. 1f we apply Corollary to Py = P, and P = {P,;, P,} (note that we can do
it as 7 j(i¢) = 5), we infer that bw(F,) must contain a term v? where v is a cyclic shift of w; j(; ¢)
and q > ;¢ — 3. As bw(P,) already contains u:’zg, this implies that v = u, ¢, ¢ = r,¢, and,
consequently r, ¢ > r; j; oy — 3. This is a contradiction. O

Note that the values of 1.7, j(i,() as well as B; j1, Bijz2, 1(i, j,1) and n(i, j, 2) for valid values
of 7, j and (, are known, given the partial bundle words (m)f:l: the values of r; ; for p; ; =7 are
not necessary to compute these values. If there is some inconsistency in the current branch (say,
there is no unique candidate for j(i,()), we terminate the current branch.

Moreover, bw(F; ;) is consistent with the partial bundle word

Qg Em(EBa D+ Pim(ig2)=1p
00065, Y n(i,5,1)+1 " Yin(iyg,2)—1 im(i.4,2)
where 4, ,(; j,1) 1S the maximal suffix of w;,; ;1) that does not contain B; ;1 and ;2 is the

maximal prefix of u; ,(; j2) that does not contain B; ;2 (note that any of these two words may be
empty).

Recall that we aim to guess r,,. We claim that, if there exists a minimal solution (P)¥_, such
that P; is consistent with 7; for each 1 < < k, then for any i € I,” and any 7(i,j(i,1),1) <
Jj < n(i,j(i,n),2) the exponent p;; may be equal to ? only for j = j(i,7). Indeed, take any such
j. As u,; does not contain any level-O0 ring bundles, u;; does not contain as well. By Lemma
|ui ;| < |u,y| unless j = j(i,m). The claim follows from our chosen order of guessing of the
exponents p; ;. Therefore we may safely terminate branches where the claim is not satisfied.

Moreover, by Lemma there exist integers (o );e I -3 < a; <3, a =0, and a single
integer 4 < ® < n such that p; j;,) =N+ q; for any i € I?. We branch into at most 7%~ options,
guessing the values of «; for 7 € I?. If for any i € In_’, the value p; ;(; ) does not equal ?, the value
of p,n is determined. Thus, henceforth we assume that this is not the case.

To choose a good value for p, ,, we construct a zoom and a pack of zoom passes. Let B be the
set of bundles that appear in u,,, and let D be the set of components that contain endpoints of
arcs of bundles of B. Clearly, (75,1@3) is a zoom. As u,, does not contain any level-0 ring bundles,
D does not contain any ring components, and hence is level-0 safe.

Fix 4 < X < n. We are to construct a pack of zoom passes, parameterized by N. Intuitively,
we want to reproduce what happens in all the spirals u:’f for n(i,n,1) < ¢ < n(i,n,2), so that the
equivalent of the path P, ;, will behave in our zoom instance in a very similar way to the original
(unknown to us) path P, .

To this end, for each partial bundle word 7; we say that a pair (a,b), 1 < a < b < s(i) is relevant
if

1. each u; j, a < j < b contains only symbols that appear in u, 4;

2. at least one exponent p; j, a < j < b, does not equal 1.
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A pair (a,b) is a mazimal relevant pair if neither (a — 1,b) nor (a,b+ 1) is a relevant pair. Recall
that u;1 and w; 4;) contains bundles incident to terminals, and thus a > 1 and b < s(i) for each
relevant pair (a,b) and, consequently, for any relevant pair (a,b) there exists a unique maximal
relevant pair (a/,0) with o’ <a <b <V

By definition, for any i € 1,7, the pair (n(4, j(i,7), 1) +1,1(4, (i, 1), 2) — 1) is a maximal relevant
pair in 7m;. We now note that, in the parts of the partial bundle words 7; that correspond to relevant
pairs, almost every exponent p; ; is known.

Figure 41: An example showing that there may be relevant pairs that satisfy the second option in
Lemma The path P; spirals multiple times using five bundles (the red spiral), while path Py
spirals using a subset of these bundles (blue spiral) creating a relevant pair. Note that this happens
even though both of the terminals of P, are enclosed by the red spiral.

Lemma 8.18. Let (a,b) be a maximal relevant pair in m;. Then exactly one of the following holds:

1iely, a=n(,j(mn),1)+1,b=mn(i,jn),2) —1 (in particular, p;j =7 fora < j < b if
and only if j = j(i,n)); or

2. for any a < j <b, |u;j| < |uy| or pij =1 (in particular, p; j #? fora < j <b).

Proof. Note that if the first option is satisfied, then there exists j = j(¢,7), for which p; ; =? and
|uij| = |u.,p|, so the second option is not satisfied. We are left with proving that if the second
option is not satisfied, then the first is.

Let (a,b) be a maximal relevant pair in 7; that does not satisfy the second option from the
statement of the lemma. That is, there exists j, a < j < b, such that p; ; # 1 (and, consequently,
ri; > 1) but |u; ;| = |u,y|. Thus, u;; is a permutation of w,,. By Corollary ui; is a cyclic
shift of w,,, i € I,” and, by the uniqueness of j(i,n), j = j(i,n). O

For a fixed value of 4 < X < n, for any 7; and any maximal relevant pair (a,b) in 7;, we define
the following bundle word:

/ / /
_ pl N Pia Piat1 Pib ~ /
i) (R) = Bj (a,0),18i,(a,0),1Uig Yiart - Ui Ui(a,)2Bi (ap),20

where:
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L} i = R+ s and pj ; = pij for j # j(i, n);

2. (qp),1 is the maximal suffix of u;,—1 that contains only symbols that appear in u,, and
Blf’(a,b)’l is the symbol of u; ,—1 immediately preceding ; (4 ) 1;

3. symmetrically, U; (4 5)2 is the maximal prefix of w; 41 that contains only symbols that appear

in u,,; and Bg7(a’b)72 is the symbol of u;p41 immediately succeeding ; (q,p) 2-

Note that both @; (4,1 and @; (442 may be empty.

We observe that, by Lemma i(ap)(R) is a bundle word: all exponents are integers. As D
does not contain any ring components, g; (4.5 (R) is also a level-0 zoom pass in (15, I@%) Let I be the
set of pairs (7, (a,b)) where 1 < i < k and (a,b) is a maximal relevant pair in ;. As s(i) < 2|B| for
each i, we infer that |I| < 2|B|k.

Using Lemma branch into at most (|I]!)? < ((2|B|k)!)? subcases, guessing the permutations
(¥B,a) BeB,1<a<2 for which ((¢r(R))rer, (¥B,a)BeB,1<a<2) is a pack of level-0 zoom passes in (D, B)
for any 4 < X < n (note that the set of possible options for permutations ¢ o, does not depend on
N). For B € B and 1 < o < 2, define Ip o = {7 € I : B, = B}; the permutation ¢ , permutes
IB.a.

Construct the zoom auxiliary graph and instance for this pack of zoom passes in (15,1@) and
denote it (H, ﬁH,EH)

The discussion in Section [8.1] concluded with Observation immediately yields the following.

Lemma 8.19. If there exists a solution (P;)%_, to the bundled instance (G,D,B) such that

Ti,s(i)
1,5(2) ’

1. for each 1 <i <k, bu(P;) is consistent with m;, bu(P;) = u:filu;ff coou
2. for each i € I, 1; jy) = Qi + Tup;

3. if we denote for T = (i, (a,b)) € I by Q, the subpath of P; that corresponds to the subword
q-(r,n) of bu(F;), then for each B € B the permutation g 1 is equal to the order of first arcs
of paths Q@+ on B for T € Ig1 and the permutation {2 is equal to the order of the last arcs
of paths Q on B for T € Ipo;

then there exists a solution (Q.)rcy to the constructed zoom auziliary instance such that bu(Q.)
equals q-(r.y,) up to the prefix and suffix that corresponds to the part of the path contained in the
zoom starting and ending gadgets.

Let us solve the constructed zoom auxiliary instance (H, @H,BH) using Theorem (7.1} (note
that D and Dy do not contain any ring components). For a fixed choice of the permutations ¥ p 4,
BeB, 1< a<?2, we find a minimum Ny such that Theorem returns a solution for bundled
instance (H,Dpy,By) and bundle words (¢-(Xg))res. If there is no such ¥y, by Lemma we
may terminate the current branch. Otherwise we note the following.

Lemma 8.20. Let (P)*_, be a solution to the bundled instance (G,D,B) as in Lemma and
suppose that (P;)¥_| is minimal. Then No <r,, < Ry + 32[B|.

Proof. The inequality Rg < 7, is straightforward by the choice of Ny and Lemma

Let (Q.)rcr be the family of paths returned by Theorem |7.1| for bundle words (¢, (Ro))res. Let
t=(¢,(n(e,m, 1) +1,m(e,m,2) — 1)) € I. We claim that for each n(¢,n,1) < ¢ < n(¢,n,2) such that
r,¢ > 10, the bundle word bw(Q}) contains u:’LC'FlO as a subword and those subwords are pairwise
disjoint for different choices of (.
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Indeed, consider the subword u ¢ of bw( ,) and the corresponding spiraling ring A associated

with the subpath of P, correspondmg to u C ¢ with borders ¢ and ¢ 2 and faces fe1 and feo. As
r,¢ > 10, for any i € I_> the index j(z, C) is defined, u; ;) is a cyclic shift of u, ¢ and 7; ;) >
r,¢c — 3 > 7. Therefore there exists an element 7; = (i, (al, b;)) € I such that a; < j(i,{) < b;, the
terminals of the pair 7; in the bundled instance (H, Dy, B m) lie on different sides of the spiral u, ¢
and the path Q' contains a subpath R’ that starts in a vertex on <. 1 and ends in a vertex on
Y2 As (B )%_, is a minimal solution, by Lemma the bundle word of each path R;, contains

TLCC 1% a5 a subword. Since the spiraling rings AC are disjoint for different choices of (, the paths

RT/ are edge-disjoint for different choices of (. Ast € I, ~ for any choice of (, the claim is proven.

We infer that
77(%”72)71

(@) > D (rue —10)|ungl.
¢=n(e,n,1)+1
On the other hand, as bw(Q}) contains a subset (as a multiset) of the symbols of ¢(Rg), we have

that
77("77772)_1

ow(Q)] < lge(Ro)l =2 + Jaea| + |l + Y plclunel-
¢=n(t,m,1)+1

Recall p - = r,¢ for ( # n and p;, = Ng. Moreover, |u,¢| < [u,y| and [tga| < |u,y| for a = 1,2.
We infer that

(o — 10 = No)|up] <2410 (24 1(e,1,2) — 0L, m, 1) — 2)|wy 4]
As n(e,1,2) —n(e,m,1) < s(¢) < 2|B|, we have 7., < Ry + 32|B|, as desired. O

Lemma allows us to conclude with the following lemma that summarizes the branching
steps made in this section.

Lemma 8.21. Let (G,D,B) be a bundled instance of isolation (A,d) where A > 2 and d >
max(2k, f(k, k) + 4), where f(k,t) = 291 js the bound on the type-t bend promised by Lemma
. Then in 20**[BI* log |]B|)|G\O(1) time one can compute a family of at most 20 (K*[B|* log [B]) gopyi-
complete sequences of partial bundle words (m;)¥_, such that for any minimal solution (P;)¥_, to
k-DPP on (G,D,B), there exists a generated sequence (m)f:l in the set such that P; is consistent
with m; for each 1 <1 < k.

Proof. We first branch into 20 (k[B|* log [B]) subcases, guessing the initial partial bundle word =; for
each 1 <4 < k, using Lemma([8.14} Then, for each unknown exponent p, ,, in the order of increasing
lengths of |u, |, we guess the value of p, ;. Recall that this includes guessing the values «; (at most
78=1 options) permutations (¢p o) BeB,1<a<2 (at most (|I]!)? < ((2|B|k)!)? options) and a value 7,
between Ny and Ry + 32|B|. Therefore we have at most 20("““BI log [Bl) gubcases for each exponent p, ,
to guess.

Recall that in each 7; we have s(i) < 2|B|. Therefore, we perform the aforementioned guessing
step at most 2|B|k times. The promised bound follows.

Finally, note that if p; ; =? implies that u;; contains a level-0 ring bundle for any 1 <1 < k,
1 < j < s(i), then (m;)%_, are semi-complete by the definition. O
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8.3 Ring components: deducing winding numbers

In the previous section we have shown that there is a bounded number of semi-complete partial
bundle words to consider. Here our goal is to change this semi-complete partial bundle words into
bundle words with ring holes. The main difficulty is to find a set of good candidates for paths’
winding numbers in the ring components. To cope with this, we use Lemma if we know
which parts of paths traverse a ring component, and we find one way to route them through a ring
component, there exists a solution that winds in the ring component similarly as the way we have
found.

However, there are two main technical problems with this approach. First, the paths may visit
an isolation of a ring component, but do not traverse the ring component itself (i.e., there are ring
visitors). These visitors block space for rerouting: we cannot use Lemma directly to a ring
component or some fixed closure of it. Here the rescue comes from results developed in Section
that help us control the behaviour of a minimal solution in the closure of a ring component.

A second problem is that, if we ask Theorem [7.1]to provide us with some canonical way to route
ring passages through (a closure of) a ring component, the returned solution follows our guidelines
(i.e., bundle words with ring holes) in a quite relaxed way. To cope with that, we employ a similar
line of reasoning as in the previous subsection: if in a minimal solution a ring passage spirals along
a bundle word u", for some large r, then Lemma [6.42] forces any canonical way found by Theorem
to spiral at least r — 10 times (i.e., to contain «"~!° in its bundle word). Hence, the solution
returned by Theorem [7.1] can differ from the minimal solution only by a limited number bundles,
which implies that their winding numbers also do not differ much.

In this section we assume that the isolation of our decomposition is (A,d) for A > 3 and
d > max(2k, f(k, k) +4). The assumption d > max(2k, f(k, k) + 4) allows us to use the results of
Section The assumed 3 layers of isolation gives us space to carefully extract the ring on which
Lemma[4.8)is applied. It is worth noticing that all essential argumentation happens in layers 1 and
2; the last layer are added only for the sake of clarity of the presentation (for example, we do not
need to care about normal bundles with both endpoints in the same level-A isolation component
etc.).

Let us now proceed with a formal argumentation. We first note that a semi-complete partial
bundle word contains more information than the bundle word part of a bundle word with level-1
ring holes.

Lemma 8.22. Let (G,D,B) be a bundled instance with isolation (A,d) where A > 2 and d >
max (2k, f(k,k) +4) and f(k,t) = 20(kt) 45 the bound on the type-t bend promised by Lemma .
Let 7 be a semi-complete partial bundle word in (G, D,B). Then there exists a unique sequence of
bundle words (pj)?:(] such that the following holds: (pj)?:(] does not contain any level-0 bundles and
for any path P that connects a terminal pair, is consistent with m and its unique bundle word with
level-1 ring holes does not contain any level-0 ring bundle, there exists a choice of integers (wj)?:1
such that ((pj);-lzo, (wj)?zl) is a bundle word with level-1 ring holes consistent with P. Moreover,
the sequence (pj)?zo can be computed in polynomial time, given 7.

Proof. Let m = uf'uf? ... u5*. Assume P is consistent with 7 and let bw(P) = uj'u5?...u’*. Note

that, as P connects a terminal pair, r; = rs = 1, u; starts with a bundle that contains the arc
incident to the starting terminal of P and us ends with a bundle that contains the arc incident to
the ending terminal of P.

Consider now an index j for which p; =?7. As 7 is semi-complete, u; contains at least one level-0
ring bundle, is a potential long spiral and, consequently, does not contain non-isolation bundles of
level different than 0. From the assumption that the bundle word with level-1 ring holes of P does
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not contain any level-0 ring bundle, we infer that the subpath of P that corresponds to the subword
ug-j is a part of a level-1 ring passage of P. As the choice of j is arbitrary, we infer that the bundle
word part of the bundle word with level-1 ring holes of P does not depend on the choice of P, but
only on .

Moreover, the aforementioned argument yields a polynomial-time algorithm to compute the
bundle words (p;) ?:0 from . We compute p defined as a bundle word created from 7 by evaluating
each p; =7 to a fixed positive integer. Then we compute the decomposition p = poripiraps . .. rph,

where (rj);-‘zl are all level-1 ring passages in p, and output the sequence (pj)?zo. O

Lemma 8.23. Let (G,D,B) be a bundled instance with isolation (A,d) where A > 2 and d >
max(2k, f(k, k) +4), f(k,t) = 2001 is the bound on the type-t bend promised by Lemma (3.7 Let
(Pi)f:1 be a minimal solution to k-DPP on G such that P; is consistent with m; for each 1 <1 < k.
Let (p”);l(:% be a sequence computed by Lemma |8.29 for m;. Then Zle h(i) < 4|B|?k? and there

h(i h(i

exist integers (wij)i<i<k,1<j<n(i) such that for each 1 < i < k the pair ((pi ;)
bundle word with level-1 ring holes consistent with P;.

) is a

Proof. The bound on Z,’f:l h(i) follows from Theorem As for the second claim, note that by
Corollary for any 1 < ¢ < k, the bundle word with level-1 ring holes consistent with P; does
not contain any bundle of level 0. O

From this point, we assume that the isolation of the bundled instance (G,D,B) satisfies A > 3
and d > (2k, f(k,k) +4), as in the assumptions of Theorem (8.1

Fix 1 <i<kand 1l <j<h(i). Let B;j1 be the last bundle of p; j_1 and B j2 be the first
bundle of p; ;. Directly from Lemma [8.23| we obtain the following observation.

Observation 8.24. [f there exists a minimal solution (Pi)f:l such that P; is consistent with m; for
each 1 <1i <k, then for each 1 <i <k and 1 < j < h(i) there exists a ring component H;}”g such
that

1. Bj i1 contains arcs leading from a level-2 isolation component of H;;"g to a level-1 isolation
component;

2. B j2 contains arcs leading from a level-1 isolation component of H;;"g to a level-2 isolation
component;

3. B; ;1 and B; 2 lie on different sides of H;:;"g.

Thus, if this is not the case, we may terminate the current branch. .
For each ring component H™¢ € D, we define I(H"™"®) = {(i,7) : H"™ = H;/*}. Note the
following, due to Lemma [8.23

Observation 8.25. If there exists a minimal solution (P;)¥_, to k-DPP on G such that P; is
consistent with m; for each 1 <1 <k, we have

k

> IHT)| = h(i) < 4[BPE.

HringeD =1

Again, if this is not the case, we terminate the current branch.
Observe that, by Theorem we obtain the following.
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Observation 8.26. If there exists a minimal solution (P;)¥_, to k-DPP on G such that P; is
consistent with m;, then for each 1 <i <k and 0 < j < h(i), the bundle word pi,j contains at least
one normal bundle.

Proof. The claim is obvious for j = 0 or j = h(i), as then p; ; contains a bundle with an arc incident
to a terminal. Assume that the claim is not true for some 1 < ¢ < k and 0 < j < h(i). Then
the subpath of P; between the arcs corresponding to the last symbol of p; j_1 and the first symbol
Pij+1 contains the structure forbidden by Theorem O

Again, if this is not the case, we terminate the current branch.
Recall that A > 3. For each 1 <i < k and 1 < j < h(i), we define B, ; to be the last bundle of

pij—1 that contains arcs leading from the level-3 isolation component of H njng to level-2 one, and
B}, 5 to be the first bundle of p; ; that contains arcs leading from the level-2 isolation component

ermg to level-3 one. Let pf;; be the suffix of p; ;1 starting with Bf;, and p ; , be the prefix of
Dij endlng with BZ] 9. Moreover, for 1 <1i <k, 0 < j < h(i) let g;; be the subword of p; ; between
Bj o and Bf; 1, where By 5 is the first symbol of pjo and B}, ;1. ; ; is the last symbol of p; ;).

level 3

level 2

level 1

ring

Figure 42: An exemplary beginning of the j-th ring passage on path P;. The blue circle depicts
bundle B?,,, where ¢; j—1 ends and p7 ;, starts. The orange circle depicts the last bundle of p; ;
(thus also of pm-’l), where the level-1 hole starts.

By Observation [8.26] and again Theorem we have the following.
Observation 8.27. If there exists a minimal solution (P;)*_, to k-DPP on G such that P; is
consistent with m;, then the bundles BOJ 1 and B” o are well defined and lie on the opposite sides of
Hif?lg. Moreover, for 1 < a <2, the bundle word p7; ,, except for the symbol B; jq, contams only
bundles with arcs with both endpoints in level-A, 1 < X\ < 2 isolation components of H;éng that lie
on the same side of H”ng as BY .

i,5,a°
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Again, if this is not the case, we terminate the current branch.
Now note that for ring passages in the same ring component H""&, by Observation the
winding numbers cannot differ too much.

Observation 8.28. Let (P;)%_, be a minimal solution to k-DPP on G such that P; is consistent

with 7; for each 1 <1 < k. For1<i<k, let ((p”)?i%, (wu)ﬁg) be the bundle word with level-1

ring holes of P,. Then, if for some (i,) and (i’,5') we have H''™ = H;

ij = Myl then |wij — wy y| < 1.

Observation [8.28 motivates us to the following branch. For each 1 < ¢ < k and for each
1 < j < h(i) we branch into three subcases, picking an integer —1 < «; ; < 1. By Observation
this step leads to at most 34BI*F* subcases. We say that a solution (Pi)f:l is consistent with the
current branch for each ring component H™" there exists an integer w(H""8) such that for each

1 <1 < k, the bundle word with level-1 ring holes of P; equals
h(i rin, h(i
(P10, (w(HE) + )i 8)).
By Observation [8.28| we obtain the following.

Observation 8.29. If there exists a minimal solution (P;)*_, to k-DPP on G such that P; is
consistent with m; for each 1 <i < k, then there exists a subcase with a choice of integers oy ; such
that (P;)¥_, is consistent with this branch.

Our goal now is, for a fixed branch with integers «; ; and for a fixed ring component H ring ¢ D
such that I(H"™8) £ (), to compute a set of bounded size of possible candidates for w(H""8).

For each ring component H""& € D such that I(H"™8) # () and for each integer —n <
w < n we construct an zoom auxiliary instance (H(H™8, w), Dy (H"™, w), By (H™E, w)) as fol-
lows. First we take a zoom (D(H'8) B(H'¢)) that includes all components in the level-2 clo-
sure of H"& and bundles with arcs with both endpoints in these components. Then, for each
(i,7) € I(H™™8) we construct bundle word with level-2 ring holes pi; = ((p7 ;1,07 2) w0 + i j);
note that, by the definition of p?,j,l and p;?,j,Q’ this pair is indeed a bundle word with level-
2 ring holes and a level-2 zoom pass in (D(H"™8),B(H""8)) as well. Finally, using Lemma
we branch into at most (|I(H""8)|")? subcases, guessing, for each B € B and 1 < a <
2, a permutation 9p,(H""8) of those indices (i,j) € I(H""8) for which B;;, = B. Thus,
(17 ;) (i.g)er(Erime) s (1B.o(H™)) peB 1<a<z) is a pack of zoom passes in (D(H'™2), B(H"™€)). The
zoom auxiliary instance (H(H"™2 w), Dy (H"™2, w), By (H"™8, w)) is defined as the zoom auxiliary
instance for this pack of zoom passes.

The discussion in Section [8.1] concluded with Observation immediately yields the following.

Lemma 8.30. If there exists a minimal solution (P;)¥_, to k-DPP on G such that
1. for each 1 <i <k, P; is consistent with m;;
2. for each ring component H™™9 where [(H™™) # () there exists an integer w(H™™9) such that

for each 1 <i <k and 1 < j < h(i) the level-1 ring passage that corresponds to the part of
the bundle word of P; between p; ;—1 and p; j has winding number w(H™) + a; j;

3. for each ring component H™9, B € B and 1 < a < 2, the order of the arcs b;ja for
(l,j) € I(H”ng) and bi,j,a € B is equal to ¢B7Q(Hring)7

then, for each H™ where I(H™™9) # () the zoom auziliary instance constructed for the pair
(H™9,w(H"™9)) has a solution (P}),cy(pgring), where the bundle word with level-1 ring holes of
P equals p? up to a prefiz and suffix that corresponds to the subpath in the zoom starting and
ending gadgets.
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For each ring component H™"& where I(H""8) # () and for each —n < w < n we apply Theorem
to the zoom auxiliary instance (H(H"™, w), Dy (H"™E, w), By (H"™, w)). For each H'ME, let
w(H™"8) be an integer for which Theorem returned a solution; if such an integer does not exist,
by Lemma we may safely terminate the current branch. Let (Pf).cj(griney be the solution
returned by Theorem and let w? be the winding number of P* in the level-2 closure of H*"&
(which is a subgraph of both G and H(H"™& w(H"18))).

We now prove the following crucial claim.

Lemma 8.31. If there exists a minimal solution (P;)%_, to k-DPP on G such that
1. for each 1 <1<k, P; is consistent with m;, and

2. for each ring component H™I, B € B and 1 < a < 2, the order of the arcs bija for
(i,7) € I(H™9) and b; jo € B is equal to ¥p o(H™9),

then, there exists integers (x;;)1<i<k, 1<]<h() such that |x;j — wy ;| < 40|BJ? + 2|B| + 8 for each
1<i<k,1<j<h(i) and a solution (P!)¥_, to k-DPP on G (not necessamly minimal) such that

P! is consistent with bundle word with level-2 ring holes ((q”);l('()), (xw)] 1) for each 1 <i < k.

Proof. Fix H'™& € D for which I(H™™8) # (). Our goal is to modify (P;)*_; in the level-2 closure
of H""& 5o that the winding numbers of passages of H''", indexed with 7 € I(H""®), do not differ
from w? much.

First, we slightly modify the graph le(H rng) so that further topological arguments become
cleaner. For each bundle B = (by,ba, ..., bs) contained in cl*( H""8) we first subdivide each arc b;
twice, introducing vertices v;1 and v;2, and then, for each 1 < j < sand 1 < o < 2, we add a
vertex zj o and arcs (vjq, 2j,o) and (Vj41,a, 2j,o) inside the face of G between b; and bj;1. We do it
in such a manner that, if the reference curve 72, (H""8) crosses B, it crosses arcs (v;1,v;2) for each
1 <j < s, ie., is contained between the undirected paths vi o21,4v2,022,0 - Vsa, 1 < o < 2. Note
that this operation does not change the answer to k-DPP on any supergraph of 012(H ring) as the
added arcs are useless from the point of view of the directed paths (vertices z;, are sinks). In the
new graph the bundle B consists of arcs (vj;1, ’Uj,g) for 1 < j < s, the vertices vj 1, 2j,1 belong to the
component where the arcs of B originally start, and the vertices v; 2, 22 belong to the component
where the arcs of B originally end.

Now we define the graph Gf. We start with the subgraph of G induced by the vertices of
the level-2 closure of H'™&, Then we repeatedly take maximal subpaths of paths (Pz-);?:1 that go
through vertices of cl?( H"™8) and, if such a path starts and ends on the same side of cl?( H™"8), we
remove from G* all arcs and vertices that lie on the subpath or on the different side of the chosen
subpath than H™8. As (P;)¥_, is a minimal solution, by Theorem any such path contains
only vertices of level 2, and G contains the subgraph of G induced by the vertices of cl!(H™e).

We identify two faces f; and fo of G* that contain the outer and inner face of cl(H""8),
respectively. We want to choose a subcurve of 72.(H"") to be a reference curve in G*. Let
f1 be the last face crossed by ~; f(H rng) - contained in fi, and let f} be the first face crossed by
72 ;(H™8). By the construction of 2 (H""8) (Lemma“ ), 1 appears on v2 (H""8) earlier than
14. We choose 7yef to be subcurve of 'yref(H ring) hetween leaving f] and entering f5. Note that e
is a reference curve in G¥, as it travels from the boundary of f; to the boundary of fo.

In the rest of the proof, we often measure winding numbers of different paths in G* with respect
to either yef or yfef(H ring): note that, although the latter may not necessarily be a proper reference
curve in G* (as it may visit f; and fo several times), the notion of winding number is properly
defined. However, Lemma requires us to use a proper reference curve o, for this reason we
need to translate winding numbers between these two curves.
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For each 7 € I(H""8), the path P’ contains a subpath in G* connecting a vertex on f; with a
vertex on fy (in one of the directions). Denote the first such path as Q*. Let Pf 1 be the subpath
of P* from the start of P} up to the beginning of Q* and Py “ be the subpath of P’ from the end
of @ to the end of P;.

*,1

P

=
2
b - 7
e
»
Y

P ring

T L
Hla]
=

pre
Figure 43: Situation in the proof of Lemma for one passage index 7. The red parts depict
parts of the graph removed while constructing G¥, that is, parts separated from the ring component
by paths from the minimal solution. The blue path is the path P found by Theorem n, while
the green path is the passage induced by the minimal solution. The orange circles depict points
where P is split into its three parts: Pr ’1, Q*, and P; 2 The reader may verify that this picture
can be realized so that in level 2, the blue path uses a subset of bundles used by the green path.

For a =1,2, let By, C I@%(H rng) he the set of bundles consisting of all bundles with at least one
endpoint in level-2 isolation component of H""8 that lie on the same side of H'"8 as f,,. Moreover,
let B° = B U BS.

For a path R and a set S C B, by [bw(R)N S| we denote the number of appearances of a bundle
from S in bw(R). We claim the following.

Claim 8.32.
|bw(P:’1) NB°| + |bw(PT*’2) NB°| < 2()|IB%|2.

Proof. Consider two cases. First, assume that there are two paths P and P7, 71,72 € I, that go
in different direction, that is, P; starts on f; and ends on fs and Py, starts on fo and ends on fi.

Then any path P} for 7 € I(H"™8) cannot contain two arcs of the same bundle, as otherwise its
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bundle word would contain a spiral and the existence of both paths P;, and Py, would contradict
Lemma Therefore, P} contains at most |B| arcs that are bundle arcs and the claim is proven.

In the other case, all paths P}, 7 € H'™8 go in the same direction; without loss of generality, let
us assume that they start in a vertex on f; and end in a vertex on fa. Note that, by the choice of 7,
any path Q% also starts in a vertex on fi and ends in a vertex on fy. Fix 7 = (i,) € I(H""8) and
let P; be a level-2 ring passage of H"" of the path P; (from the solution (P;)¥_,) that corresponds
to the bundle word with level-1 ring holes pS. Let B € B° and assume B appears in bw(FP;).
Then, as p? is a bundle word with level-1 ring holes, B appears in some term " of a bundle word
decomposition of p2. As p? does not contain any level-0 bundle, neither does u.

Assume for a moment that » > 10. Note that, by the definition of the ring G*, the spiraling
ring A associated with the term u” in the path P; is contained in Gf. By Lemma each path
Q7 for 7/ € I(H™"8) traverses A. By Lemma bw(Q*) needs to contain u" ! as a subword.
Moreover, as the spiraling rings A are disjoint for different terms u”, the subwords u" 19 of bw(Q%)
are pairwise disjoint for different terms u”.

By the properties of the solution (P}).cj(griney returned by Theorem the number of ap-
pearances of B in the bundle word of the path P} is not greater than the number of appearances
of B in p2. There are at most 2|B| terms in a bundle word decomposition of p?, and for each term
u”, a subword ¢™n(0:r=10) anpears in bw(Q%), and these subwords are pairwise disjoint for different
terms u”. We infer that B appears at most 2|B| - 10 times in bu(P;"") and bw(P;"?) in total. This
finishes the proof of the claim. O

We also need the following observations.

Claim 8.33. For any o = 1,2 and for any mazimal subpath R of P;*® that does not contain any
bundles of By, the winding number of R with respect to vfef(H”W) equals —1, 0 or +1.

Proof. Recall that the reference curve v2(H""8) has properties promised by Lemma If Ris
contained in the level-2 isolation component of H""® that lies on the same side of H"" as B; ,,
then R does not cross the reference curve and its winding number is 0.

Otherwise, recall that both endpoints of Q*, and thus P;*® as well, lie outside cll (H'1"8) since
cl'(H"8) is contained in Gf. Therefore the endpoints of R lie on the inside or outside face of
cl'(H8), and, as we exclude only bundles from BS, for either a = 1 or @ = 2, they lie on the same
side of R. Obtain a closed curve v from R by connecting the endpoints of R using parts of arcs that
precede and succeed R on P;'® and the arcs connecting the level-1 isolation and level-2 isolation
component of H'™ on the same side as By, in the dual of G, in such a manner that v does not
separate the sides of cl( H'™#). Note that this implies that the winding number of v is 0, whereas,
by the properties of Y ef(H™8), v\ R has winding number +1, 0 or —1. The claim follows. O

Claim 8.34. Let P be a path in G* connecting fi with fo. Then the winding number of P with
respect to curve Yyer differs by at most |B| from the winding number of P with respect to v2;(H™9).

Proof. Let f1, f2,...,f* = f{ be faces of cI>(H'8) crossed by 72;(H""), contained in fi, in the
order of their appearance on 2 (H""8). For 1 < j < s, let 'yfz’fj be the subcurve of 2, (H""8)
between f7 and fIt1. ‘

Let B be a bundle crossed by 'yrzef(H rng)  We claim that at most one curve yf;’c] may intersect
arcs of B. Recall the construction of G¥; let P be one of the maximal subpaths of a solution (P;)¥_,
that goes though the vertices of 012(H rng) and has both endpoints on the same side of H"" as the
face fi. Let B = (b1,ba,...,bs). Due to the subdivision of bundles we performed at the beginning

of the proof, any maximal subpath of P that consists of vertices and edges incident to the union
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of faces between arcs bj, bjy1, 1 < j < s, in fact consists of a single arc b, for some 1 < n < s.
However, due to Lemma P does not traverse B twice, and arcs b; for j > n or j < n are
removed from G*. Hence, the number of curves 'Yr]z%j , s—1, is not larger than the number of bundles
that lie on the same side of H""® as f1.

For each 1 < j < s, close the curve ’yr}z’fj inside fi to obtain a closed curve. The winding number
of P with regards to the closed curve yrIZ’fj is 0, +1 or —1. By performing the same analysis on the
side of H™"& that contains fa, the claim follows. O

We may now conclude with the following statement.

Claim 8.35. The winding number of Q* with respect to Yt differs from w? by at most 40|B|? +
|B| + 2.

Proof. By Claim we infer that the winding number of P;*', with respect to ~2 (H'8), is at
most 2[bw(P;') NBS| + 1, and a similar claim holds for P;**. Hence, by Claim 8.32L the winding
number of Q* with respect to 72, (H"") does not differ from w} by more than 40[B|? + 2. By
Claim the winding numbers of Q% with respect to v2;(H"™8) and v, differ by at most |B].
The claim follows by pipelining the above three bounds. O

Recall that, by the definition of the graph G¥, the intersection of the solution (Pi)f:l with G*
is a set of paths (PT),rE[(Hrmg); each such path is a level-2 ring passage consistent with p7, with the
first and last bundle removed. Moreover, note the following.

Claim 8.36. The (circular) orders of the starting and ending vertices of (Py),cpring on the faces
f1 and fo of GRr is exactly the same as the order of the starting and ending vertices of the paths

(Q%)re .

Proof. Recall that for each ring component H'™ B € B and 1 < a < 2, the order of the arcs
bij.o for (i,5) € I(H™8) and b; j, € B is equal to ¢p o(H"™8). By the construction of the zoom
auxiliary graph H(H™"& w(H"8)), in cl®(H""8), the orders of the starting and ending vertices of
(Pr)repring and the paths (P}),cppring are equal.

Consider now the following graph G#2, constructed similarly as G¥, but the removing procedure
is performed only on the side of fo. We start with the subgraph of G induced by the vertices of
the level-2 closure of H'"&, Then we repeatedly take maximal subpaths of paths (Pz-);-“:1 that go
through vertices of cI?(H'™2) and, if such a path starts and ends on the same side of cl?(H"%) as
the face fo, we remove from G¥2 all arcs and vertices that lie on the subpath or on the different
side of the chosen subpath than H'8. Note that G2 is a supergraph of G and a subgraph of
cl2(H™™8). One of its faces is fo, and the other face is one of the faces of cl2( H""8) that is contained
in fi; let us denote it f;.

Note that for any 7 € I(H""8), since Q% is the first subpath of P} that connects f; with fa,
Pty Q7 connects f] with fo inside G2, Hence, the order of the starting vertices of the paths
P* on f{ is equal to the order of the ending vertices of the paths Q% on fa. On the other hand, if
we look at G*, the order of the starting vertices of the paths Q* on f; is equal to the order of the
ending vertices of Q% on fa. This concludes the proof of the claim. O

Claim allows us to apply Lemmafor paths (Pr) cr(griney and (QF) ¢ p(griney in the rooted
ring Gr with reference curve 7., obtaining a sequence of vertex-disjoint paths (P.), ¢ [(Hring), SUCh

that for each 7 € I(H'™8) the path P! has the same starting and ending vertex as P,, but the
winding numbers of P/ and Q% with respect to 7y differ by at most 6. Let z, be the winding
number of P/ with respect to 2. (H""8).
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Claim 8.37. For each 7 € I(H™9) we have |z, — w}| < 40|B|? + 2|B| + 8.

Proof. By Claim the winding number of Q% with respect to Y and wi, differ by at most
40|B|? + |B| + 2. By Lemma the winding numbers of Q* and P/ with respect to e differ by
at most 6. By Claim the winding number of P, with respect to Jyef and z, differ by at most
IB|. The claim follows by pipelining the above three bounds. O

Recall that the paths () ¢ (priney are vertex-disjoint, are contained in Gg, and (Pr) ¢ (grine)
are the only parts of (F;) le in GR. Thus, if we conduct the same argument for each ring component
H™™8 with I(H'8) # () and replace in the solution (P;)¥_, each subpath P; ; with P for1 <i<k,
1 < j < h(i), we obtain another solution (P/)*_; to k-DPP on G. Moreover, as we modified only
subpaths P;; for 1 < i < k, 1 < j < h(i), each path P/ for 1 < i < k is consistent with the
bundle word with level-2 ring holes ((q”)?i%, ( ”)?g), as desired. This completes the proof of the
lemma. O

We can now summarize with the following lemma.

Lemma 8.38. Let (G, D, B) be a bundled instance of isolation (A, d) where A > 3, d > max(2k, f(k, k)+
4), and f(k,t) = 290 4s the bound on the type-t bend promised by Lemma|3.7. Assume we are
given a sequence (m;)*_, of semi-complete partial bundle words. Then in O(20F [BI”log [B])||O(1))
time one can compute a family of at most 90 (k?[B|* log [B) sequences (pi)le of bundle words with
level-2 ring holes such that if there exists a minimal solution (P;)¥_, to k-DPP on G such that P;
is consistent with m; for each 1 < i < k, then there exists a solution (P!)%_, to k-DPP on G and

generated sequence (pi)le such that P; is consistent with p; for each 1 < i < k.

Proof. First recall that we branch into at most 3B gubcases guessing the values «; ; and further

at most )
k

((Z hm) !> < ((4]B|*k?)!)? = 2O(EFH log B)
=1

subcases when we choose permutations (¢Bya(Hring))BeB’1§a§2 for each H""8 € D with [(H"8) £
0. Finally, once we compute integers (wj j)1<i<k,1<j<h(i), We may guess the values (; j)1<i<k,1<j<n(i);
by Lemma for each 1 < i < k, 1 < j < h(i) there are 80|B|? + 4|B| + 17 possible values for
xi . As Zle h(i) < 4|B|?k?, we end up with the promised running time and number of subcases.

Correctness follows from Lemmata [8.30 and [R-31] O

By pipelining Lemma [8.21] with Lemma we finish the proof of Theorem Note that
the output bundle words with level-2 ring holes does not contain any bundle of level 0 due to the
application of Lemma [8.22

9 Summary: proof of the main result

We are now ready to summarize the results of the previous sections by formally proving Theorem
1w

Proof of Theorem[1.3. Given an instance G of k-DPP with k terminal pairs, we first apply the
Decomposition Theorem (Theorem on G with constants A = 3, d = max(2k, f(k, k) + 4) and
r = d(k)+1, where f(k,t) = 209 is the bound on the type-t bend of Lemmaand d(k) = 20(k?)
is the bound on the number of concentric cycles of Theorem If Theorem [5.8| returns a set of
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r concentric cycles, we delete any vertex of the innermost cycle and restart the algorithm. The
correctness follows from Theorem and the algorithm is restarted at most |V(G)| times.

2
Otherwise, the algorithm of Theorem in time O(QO(A(dJ”")k\O(l)) = O(220(k )]G\O(l))
5.

returns a set of 20(A(@d+nk?) — 22O(k2) pairs (G;,D;); by Theorem [5.8 it suffices to check if any
graph G; is a YES-instance to k-DPP. Thus, from this point we investigate one graph G; with
decomposition D;. Note that |D;| = O(k2) and the alternation of D; is O(A(d + r)k2?) = 200:*).

We first apply the bundle recognition algorithm of Lemma to obtain a bundled instance
(G4, D, B;) with |B;| = 2°(¢*). Then we apply the algorithm of Theorem note that the values
of d and A are large enough to allow this step. We obtain a family F; of sequences (pi)le of
bundle words with level-2 ring holes with a promise that, if G; is a YES-instance to k-DPP, then
there exists a solution consistent with one of the sequences. As |B;| = 20(F) " the size of the family
F; is bounded by 220(k2) and the running time of the algorithm of Theorem is bounded by
O(22O(k2)|G|O(1)).

Moreover, Theorem promises us that the bundle words with level-2 ring holes of F; do not
contain any level-0 ring bundles. Thus, we may apply the algorithm of Theorem to each element
of F;. If it outputs a solution for some sequence (pi)le, we know that G; is a YES-instance to
k-DPP. Otherwise, by Theorem [7.1], there does not exist a solution to k-DPP on G; consistent with
an element of F;, and, by Theorem G; is a NO-instance. This finishes the proof of Theorem
1.2 O

References

[1] I. Adler, S. G. Kolliopoulos, P. K. Krause, D. Lokshtanov, S. Saurabh, and D. M. Thilikos.
Tight bounds for linkages in planar graphs. In L. Aceto, M. Henzinger, and J. Sgall, editors,
ICALP (1), volume 6755 of Lecture Notes in Computer Science, pages 110-121. Springer, 2011.

[2] D. Berwanger, A. Dawar, P. Hunter, S. Kreutzer, and J. Obdrzélek. The dag-width of directed
graphs. J. Comb. Theory, Ser. B, 102(4):900-923, 2012.

[3] H. L. Bodlaender, M. R. Fellows, and M. T. Hallett. Beyond NP-completeness for problems
of bounded width: hardness for the W hierarchy. In STOC, pages 449458, 1994.

[4] R. Diestel, T. R. Jensen, K. Y. Gorbunov, and C. Thomassen. Highly connected sets and the
excluded grid theorem. J. Comb. Theory, Ser. B, 75(1):61-73, 1999.

[5] G. Ding, A. Schrijver, and P. D. Seymour. Disjoint paths in a planar graph - a general theorem.
SIAM J. Discrete Math., 5(1):112-116, 1992.

[6] G. Ding, A. Schrijver, and P. D. Seymour. Disjoint cycles in directed graphs on the torus and
the klein bottle. J. Comb. Theory, Ser. B, 58(1):40-45, 1993.

[7] R. G. Downey and M. R. Fellows. Parameterized Complexity. Monographs in Computer
Science. Springer, New York, 1999.

[8] S. Fortune, J. Hopcroft, and J. Wyllie. The directed subgraph homeomorphism problem.
Theoret. Comput. Sci., 10(2):111-121, 1980.

[9] R. Ganian, P. Hlineny, J. Kneis, A. Langer, J. Obdrzélek, and P. Rossmanith. On digraph
width measures in parameterized algorithmics. In IWPEC, pages 185-197, 2009.

108



[10]

[11]

[12]

[13]
[14]

22]

[23]

[24]

[26]

[27]

R. Ganian, P. Hlineny, J. Kneis, D. Meister, J. Obdrzalek, P. Rossmanith, and S. Sikdar. Are
there any good digraph width measures? In IPEC, pages 135-146, 2010.

M. Grohe, K. Kawarabayashi, D. Marx, and P. Wollan. Finding topological subgraphs is fixed-
parameter tractable. In Proceedings of the 43nd ACM Symposium on Theory of Computing,
pages 479-488, 2011.

Q.-P. Gu and H. Tamaki. Improved bounds on the planar branchwidth with respect to the
largest grid minor size. Algorithmica, 64(3):416-453, 2012.

T. Johnson, N. Robertson, P. D. Seymour, and R. Thomas. Unpublished.

T. Johnson, N. Robertson, P. D. Seymour, and R. Thomas. Directed tree-width. J. Comb.
Theory, Ser. B, 82(1):138-154, 2001.

K. Kawarabayashi and S. Kreutzer. An excluded grid theorem for digraphs with forbidden
minors, 2013. Manuscript.

K. Kawarabayashi, B. A. Reed, and P. Wollan. The graph minor algorithm with parity con-
ditions. In FOCS, pages 27-36, 2011.

K. Kawarabayashi and P. Wollan. A shorter proof of the graph minor algorithm: the unique
linkage theorem. In STOC, pages 687-694, 2010.

S. Kreutzer and S. Ordyniak. Digraph decompositions and monotonicity in digraph searching.
Theor. Comput. Sci., 412(35):4688-4703, 2011.

D. Meister, J. A. Telle, and M. Vatshelle. Characterization and recognition of digraphs of
bounded kelly-width. In WG, pages 270-279, 2007.

M. Middendorf and F. Pfeiffer. On the complexity of the disjoint paths problem. Combina-
torica, 13(1):97-107, 1993.

B. A. Reed, N. Robertson, A. Schrijver, and P. D. Seymour. Finding dsjoint trees in planar
graphs in linear time. In Graph Structure Theory, pages 295-302, 1991.

N. Robertson and P. D. Seymour. Graph minors. V. Excluding a planar graph. J. Comb.
Theory, Ser. B, 41(1):92-114, 1986.

N. Robertson and P. D. Seymour. Graph minors. VII. Disjoint paths on a surface. J. Comb.
Theory, Ser. B, 45(2):212-254, 1988.

N. Robertson and P. D. Seymour. Graph minors. XIII. The disjoint paths problem. J. Combin.
Theory Ser. B, 63(1):65-110, 1995.

N. Robertson, P. D. Seymour, and R. Thomas. Quickly excluding a planar graph. J. Comb.
Theory, Ser. B, 62(2):323-348, 1994.

M. A. Safari. D-width: A more natural measure for directed tree width. In MFCS, pages
745-756, 2005.

A. Schrijver. Free partially commutative groups, cohomology, and paths and circuits in directed
graphs on surfaces. Preprint. Available at http://homepages.cwi.nl/ lex/files/dppg.pdf.

109



[28] A. Schrijver. Finding k disjoint paths in a directed planar graph. SIAM J. Comput., 23(4):780—
788, 1994.

[29] A. Slivkins. Parameterized tractability of edge-disjoint paths on directed acyclic graphs. STAM
J. Discrete Math., 24(1):146-157, 2010.

110



	1 Introduction
	2 Overview of the algorithm
	2.1 Irrelevant vertex rule
	2.2 Decomposition and duality theorems
	2.3 Bundles and bundle words
	2.4 Guessing bundle words
	2.5 Handling a ring component
	2.6 Summary

	3 Irrelevant vertex rule
	3.1 Bends
	3.2 Paths and segments in bends
	3.3 Rerouting nested segments
	3.4 Rerouting in a bend

	4 Min-max theorems for paths, cycles, and cuts
	4.1 Framework
	4.2 Understanding homotopies in a ring
	4.3 Min-max theorems for alternating cuts
	4.3.1 Alternations
	4.3.2 Many alternating cycles, or a short cut of a ring
	4.3.3 Many alternating paths, or a short circular cut in a ring


	5 Decomposition
	6 Bundles and bundle words
	6.1 Bundle arcs, bundles and component multigraph
	6.2 Bundle words and spirals
	6.3 Structure of bundle words and bundle profiles
	6.4 Ring components: basics
	6.5 Bundle words with holes
	6.6 Minimal solution
	6.7 Ring components: bound on the interaction

	7 From bundle words to disjoint paths
	8 Guessing bundle words and their winding numbers
	8.1 Zooms
	8.2 Deducing bundle words
	8.3 Ring components: deducing winding numbers

	9 Summary: proof of the main result

