This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE INFOCOM 2009 proceedings.

Capacity analysis of wireless mesh networks with
omni or directional antennas

Jun Zhang
Dept. of Computer Science
City University of Hong Kong
junzhang @cityu.edu.hk

Abstract—In this paper we analyze the capacity of wireless
mesh networks that use omni or directional antennas. The
capacity in our analysis is the end-to-end per-node throughput.
QOur analysis is based on the assumption that there is only one
gateway in the network and all end-users’ traffics go through the
gateway. Non-gateway nodes are uniformly distributed in a two-
dimensional region centered at the gateway. The main results of
our analysis can be summarized as: 1) The capacity is O(1/N)
for both omni and directional antennas, where /N is number of
nodes in the network. 2) the capacity is O( lgTm) for m = 2, and
O(%) for m > 2, where m is the number of antennas on

each node, and 0 is the beamwidth of antennas.'

I. INTRODUCTION

Wireless mesh networks receive much research interest in
recent years [1]. A wireless mesh network [2] is a wireless
network consists of a set of nodes, some of them connected to
the Internet directly by wired links, called gateway nodes, and
the rest are non-gateway nodes. The clients in wireless mesh
networks are directly connected with the non-gateway nodes
or gateway nodes by wireless links and access the Internet by
the mesh backbone, which is formed by gateway nodes and
non-gateway nodes via wireless links.

Most of the traffic of a wireless mesh network is to or from
the gateway nodes, and the nodes do not have mobility in
general. Thus, previous research results on the throughput of
the wireless networks, such as [3], [4] cannot be applied to
the wireless mesh networks directly. Also, as far as we know,
there is no theoretic analysis on throughput of mesh networks.
In recent years, the deployment of directional antennas in
wireless networks is of increasing research interest, while
some works on the performance of directional antennas in
ad hoc networks can be found in [5]-[9]. Nevertheless, there
is no performance analysis of directional antennas in wireless
mesh networks yet. Therefore, the relationship between mesh
networks’ throughput with the number of nodes, the transmis-
sion distance, the number of antennas on each node and the
beamwidth of antennas is unclear.

In this paper, we analyze the capacity, that is, the maximal
per-node end-to-end throughput, of a single channel wireless
mesh network. The antennas on each node can be omni-
antennas or directional antennas. We show that the capacity is
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O(1/N), where N is the number of non-gateway nodes. The
capacity is an increasing function of the transmission distance.
Directional antennas can achieve higher capacity compared
with omni-antennas, and the capacity increases as the increase
of the number of directional antennas on each node, and the
decrease of the beamwidth of antennas.

The remainder of the paper is organized as follows. The
related work on the capacity of the wireless networks is shown
in section II. The framework of the analysis of capacity is
presented in section III. The analysis of the capacity with
omni-antennas is presented in section IV. The analysis of the
capacity with directional antennas is presented in section V.
We conclude the paper in section VI.

II. RELATED WORK

In our analysis, we use per-node capacity, which is the max-
imal per-node end-to-end throughput. For easy comparison, in
the following related work, we have converted all analytical
results of total capacity to per-node capacity and we simply
use capacity to refer per-node capacity in the rest of the paper.

The capacity of wireless ad hoc networks was analyzed in
[31, [4], [10]-[13]. The capacity of a random ad hoc network
was shown to be ©(y/1/(N1gN)) in [3], where N is the
number of nodes. Later in [4] and [12], it was found that
the capacity of a delay tolerant network is possible to reach
©(1) when nodes have mobility. When the network has multi-
channels and multi-interfaces, it was shown in [14] that the
capacity remains as ©(,/1/(N1g N), as long as the number
of channels is O(lg N). The work in [15]-[19] analyzed how
capacity was improved by adding K base stations into a
network. The base stations have both wireless and wired con-
nections. It was shown that capacity can be improved to ©(1)
by adding sufficient base stations [19], [15], or employing
power control [17]. The work in [20] analyze the capacity of
wireless mesh networks, assuming that all traffic goes through
gateway nodes, and showed that the capacity is O(1/N)
through examples. In recent years, there are some works
about the capacity analysis [5]-[9] and capacity improvement
[21], [22] by using directional antennas. It was shown in [6]
that directional antennas can gain 472/(a/3) more capacity
in random ad hoc networks, compared with omni-antennas,
where « and [ are the beamwidths of the transmitter and
receiver.
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II1. THE FRAMEWORK OF CAPACITY ANALYSIS

In this section, we present the network configuration of the
mesh network we studied and the framework of the analysis
of the per-node end-to-end capacity.

A. System model

The wireless mesh network under our analysis consists
of one gateway node and N non-gateway nodes. The non-
gateway node’s traffic is destined to or originated from the
gateway. Nodes are evenly distributed in a region of circle,
where the gateway node is located in the center. The diameter
of the circular region is D. Our analysis includes the cases
of omni-antennas and directional antennas. For the case of
directional antennas, we assume each node is equipped with m
radios and each radio is associated with a directional antenna.
Radios on the same node can be active at the same time. All
antennas have the same beamwidth 6 (m# < 27) and are fixed
after configuration. For the case of omni-antennas, we assume
each node is equipped with a single radio. All nodes have
fixed transmission distance r;. We consider one channel in
the system and communication links are bi-directional. Since
each antenna corresponds to a radio on a node, we use antenna
and radio interchangeably in the rest of the paper.

We start with some definitions of interference. The trans-
mission area of an omni-antenna with transmission distance
r; is a disk with radius r;, and its interference area is a disk
with radius gr;, where ¢ is the ratio of interference distance
to the transmission distance, and ¢ > 1. ¢ is assumed to be
an integer in this paper. The transmission area of a directional
antenna with beamwidth 6 and transmission distance r; is a
sector with angle # and radius r, and its interference area is
a sector with angle 6 and radius qr;. For directional antennas,
we assume both transmission and reception are directional, as
discussed in paper [6]. Thus two directional antennas interfere
with each other iff they are face to each other and inside each
other’s interference area, as shown by the examples in Fig. 1.

Now, we look at the interference between two communica-
tion links. Generally, the interference area of a link is the joint
area covered by the two interference areas of the end-nodes
of the link. For omni-antennas, link /; interferes with link /; if
at least one end-node of /; is inside /;’s interference area, as
shown in Fig. 2(a). For directional antennas, link [; is said to
interfere with link /; iff one end-antenna of /; interferes with
one end-antenna of /;. As shown in the example in Fig. 2(b),
link wv interferes with xy, because node v interferes with node

==y

(a) u interferes with v.(b) u does not inter-
fere with w.

Fig. 1. Directional reception/interference with directional antennas.
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Fig. 2. Interference area of a link between node u and v.
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Fig. 3. Node v;, its corresponding link [, and its subtree T'(v; ).

B. Performance metric

The capacity in the analysis of this paper is the per-node
end-to-end capacity. We assume each node has the same end-
to-end traffic demand, denoted by «. The capacity is defined
as the maximal value of « that the system can support.

Since we consider only one gateway in the analysis and all
end-users’ traffic is destined to or originated from the gateway
node, the topology of the network can be represented as a tree
where the root of the tree is the gateway node. We assume the
tree is the shortest path tree in the analysis. The end-users’
traffic is merged at the tree nodes who further pass the traffic
to their parent nodes towards the gateway. Let us denote T'(v;)
as the subtree rooted at node v;, [(v;) as the link connecting
subtree 7'(v;) to its parent node, and L(v;) as the load of link
I(v;), as show in Fig. 3. Thus

S a=alT(w). M

v; €T (v;)

L(v;) =

where |T'(v;)| is the size of T'(v;), which is the number of
nodes in T'(v;), including v; itself.

We define the collision set of link I(v;) as a set of links
interfering with link I(v;), including link [(v;) itself, and
denote it as I(I(v;)). We consider the most conservative case
that no two links in the same collision set can be active at the
same time in order to guarantee successful transmissions.

Therefore

>

UCHIIUCH)

U(v;)€I(l(vi))

L(vj) = « T <C, 2

where C' is the channel bandwidth.
From ineq. (2), we have

o< ¢ . 3)

Y. T

U(v;)€I(l(vi))

The capacity is the maximal possible value of « that meets



ineq. (3) for all node v;. That is,

. C C
Cap = min = .
v o Tyl max Y [T(vy)]
1(v,)€1(1(v:) I(v,) 1))
“)
Let
Ligwy = Y, [T(v)l 5)

L) el (U(vs))

We call Lj(,,)) the (normalized) collision load of link I(v;).
Then eq. (4) becomes

Cap = mln ¢ = ¢ . (6)
i Liqy)  maxLig,))

Ui

In the next two sections, we first analyze the network
capacity with omni-antennas. Then, we extend our work to
the case of directional antennas.

IV. ANALYSIS OF WIRELESS MESH NETWORKS OF
OMNI-DIRECTIONAL ANTENNAS

Fig. 4. Examples of the topology of 2-dimensional region deployment

All N non-gateway nodes are assumed to be evenly dis-
tributed in a region of circle of diameter D and the gateway
node is located in the center of the circle. Let k = [D/(2r)]],
which represents the minimal hops from the furthest node in
the network to the gateway node. We divide the region into
rings by circles centered at the gateway and with radius from
Ty 21, 37¢,..., to kry. We denote ring ¢ as the area between
circles with radius (i—1)r; and iry, ¢ € [1, k]. To be consistent,
ring O contains only the gateway node. Let R; denote the set of
nodes in ring ¢. Since nodes are evenly distributed, the number
of nodes in ring 7, except the ring 0, is

(i —

%N N(2i—1)/k. (7)

To minimize the end-to-end hops, we assume that the links
always connects nodes in the adjacent rings, as shown in Fig.
4. The subtrees rooted from nodes in R; contains all the nodes
outside ring ¢ (including R; itself). Thus, we have for ¢ > 1

Y [ |—ZN N Gy

vER,; k2

The number of links in the collision set of link /(v) remains
as a constant when the distance between two end-nodes is
fixed, since nodes are evenly distributed. Also load of links
increases when links get closer to the gateway, due to more
relayed traffic. Thus, the collision load reaches the maximum

1)/k* = (8)
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for a link that is directly connected to the gateway. Let [(v)
be such a link. The interference area of [(v) is the joint area
of two circles with radius ¢qr; and centered at the two end-
nodes of I(v). The interference area of I(v) is larger than the
circle with radius gr; and smaller than the circle with radius
(¢ + 1)ry all centered at the gateway. Thus, we use the circle
of radius gr; centered at the gateway as a close lower bound
to approximate the interference area of {(v). The collision set
of /(v) contains all links between rings ¢ — 1 and i, for ¢ =
1,...,min(q + 1, k). That is

I(I(v)) 2 {l(u) :uw € R;yi € [1,min(¢+ 1,k)]}.  (9)

Therefore, we have

min(k,qg+1)
max Ly > Z > IT(v) (10)
vER;
mln( ,q+1) 3 2
1—1
>y va-d kz) ) an
i=1
Therefore according to eq. (6), we have
C .
Cap < kaNZZ:sz‘l ae Thsatd (12)
- = otherwise.
(g+1)N-N 2 ~] 12 /k?

From (12) we have the following observations:

a) When k < ¢ + 1, the capacity is independent from g,
because the link of the maximal collision load interferes all
links in the network.

b) The capacity is O(1/N), and decreases as the increase
of k.

¢) When k = 1, the network has éhe highest capacity, which
is C'/N; when lim — =C/((qg+

k—co (g +1)N — NZ 142/ k2
1)N). Therefore, the capacity is in the range of [C/((qg +
1)N), C/N].

V. ANALYSIS OF WIRELESS MESH NETWORKS OF
DIRECTIONAL ANTENNAS

In the analysis in this section, each node is equipped with
m directional antennas of beamwidth 6, and m > 2. All the
other network parameters are the same as the section for omni
antennas.

Similar to the analysis for omni-antennas, the region is
divided by circles centered at the gateway and with radius
from r;, 2ry, 3ry,..., to kr;. Now we look at the maximum
collision load of links in the system. Different from the case
of omni-antennas, the link with the maximum collision load
may not appear on the links that are directly connected to the
gateway. This is because the collision set of a link depends on
the orientation of antennas of this link and the orientation of
other nearby links. Nevertheless, since load of links increases
as they get closer to the gateway, the collision load of a link
that directly connects to the gateway is a close approximation
of the maximum collision load. Let © € R; be a node that
directly connects to the gateway and [(u) is the link connecting
u to the gateway. The interference area of link [(u) is fully



covered by a circle from the gateway with radius ¢r;. To
compute the collision load of I(u), we use the average size

of subtrees whose parent links have at least one end-node in
min(k,q+1)

2 2w

vER;
which is the total size of all the subtrees whose parent links

have at least one end-node falling into the circle with radius
min(k, g) and centered at the gateway. L, is actually the total
load of the links that have at least one end-node in the circle.
The total load of the links that have at least one end-node
in the interference area of I(u) is L,¢, where ¢ is the ratio
between the size of the interference area of [(u) and the size
of this circle. According to the link interference definition
of antennas, not all the links that have an end-node in the
interference area of I(u) interfere with {(u). Let py be the
probability that a link that has an end-node in the interference
area of I[(u) interferes with [(u). The average total-load of
links in the collision set of I(u) is

this circle as an estimation. Let L, =

Lq¢po, (13)

We use this average collision load as a close lower bound of
the maximum collision load in the system. That is

max L)) = Lqppo- (14)
On the other hand, the gateway has N nodes in its tree and

it has m antennas for use. Thus, we have

mUaXLI(l(v)) > N/m (15)
In the following, we will show how to obtain L,, ¢ and py.
First, we consider computing L,. We divide the region into

two parts, the area inside ring 1 and the area outside ring 1.

Let Lg, denote the total size of all the subtrees whose roots

are inside ring 1, and Lp,, the total size of all the subtrees

whose roots are outside of ring 1. That is:

= > IT() (16)
vER1
min(g+1,k)
RIS W a7
vER;
We have
LQZLR1 -‘r-LRQ*‘ (18)

We first calculate L, as follows. Let h denote the number
of hops necessary to cover all nodes in ring 1. At least Gﬂ miN
nodes in ring 1 can be covered by the m antennas from
the gateway. For those nodes that are directly connected to
the gateway, each of them uses 1 antenna for the uplink to
the gateway, and m — 1 antennas to link children. They can
establish links to cover at least —ﬂr;;év (m — 1) child nodes,
which can further link 2= 2 (m—1)? child nodes. We assume
that all the link child nodes are still ring 1 nodes before they

are all linked to the tree. Repeat the above operation, let H;
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denote the set of nodes that are ¢ hops to the gateway, then

we have
Nmo

=" -1 i—l.
il = 55 (m—1) (19)
Since
i=h—1
Z |H|<|R1\<Z|H| (20)
we have
Nmf =2 . Nmb = .
oz 2 (m =1 < N/ < -1 @D
i=0 =0
Thus, we have
e ) e ) .
e ShEEglE AL ifm>2 g
/0 <h<m/0+1 if m=2.

Since the total number of nodes in the subtrees whose roots
are in H; plus the number of the nodes that are less than 7
hops to the gateway is IV, we have, for each i < h,

j—i—1 i
- Nom 3

S T@I=N- Y I =N-5

veEH; j=1 7=0

(m — 1),

(23)
Summing up the size of the subtrees whose roots are in H;
for all 1 <7 < h, we have

S 1)

Lr, =
i1=1veH;
7r9h :
Nh — Nh(h - 1)l if m=2.

Next we calculate Lg,,. Lg,, reaches its minimum when
all nodes in ring 7 4 1 are directly connected to the nodes in
ring ¢, for all ¢+ > 1, due to the least relayed load. With the
similar technique as in section IV, we have

i=k—1
N (1—-i*/k*) ifk<q+1
Lp,. = g (25)
NS (1 -4%/k?) otherwise.
i=1

We calculate ¢ as follows. Let a and b are the two end-
nodes of a link, and A and B are the two sectors centered at
a and b, respectively, with angle 6 and radius qr;, as shown
in Fig. 5. Since the distance between a and b is less than 7y,
we can always find a sector of angle 6 and radius (¢ — 1),
inside sector A and outside sector B. Let us denote this sector
as sector as A’. The size of the joint area of sector A and B
is at least

bq 5 0lg—1)
?r? + 5 7“,52. (26)
Therefore, we have
2¢—146
>4 "7 27
2q



Fig. 5. The joint area of two sectors A and B of angle 6 and radius gq.
[ladl| < gre.

We calculate pg as follows. Let Pr(u,v) be the probability
that a node u is in the interference sector of an antenna at a
node v with beamwidth 0, ||uv|| < gr;. We have

Pr(u,v) =0/(2m). (28)

Suppose that link [ = (s, t) has at least one end-node, say
node s, inside the interference area of link I(u) = (u,v),
[|sul| < gr and ||sv|| < gr;. The probability po that link [
interferes with link [(u) is at least the probability that u or v
falling into the interference sector of s. Thus, we have

po > 1—(1—Pr(u, s))(1—Pr(v,s)) = 0/m—(0/(27))?. (29)
Substitute Ly, ¢, po into eq. (14) from eq. (18),(27),(29) and
consider eq. (15), the capacity according to (6) is
C

max(N/m, 252 ((2)? = (3(2)*)(Lr, + Lr,.))
(30)

Cap <

From (30) we have the following observations:

a) The capacity with directional antennas depends on q.

b) The directional antennas achieve higher capacity than
omni-antennas, and this capacity increases as the increase of
number of antennas m, and the decrease of beamwidth 6. The
capacity is O(lng) for m = 2, and O(%) for m > 2.

However, the capacity does not increase to infinity with the
decrease of 0. According to eq. (15), it is upper bounded by

Cm/N. (31)

c) When k& — oo, the ratio between the capacity of
directional antennas and omni-antennas is upper bounded by

qg+1

max(1/m, %52 (q + h) (% — (55)?))

d) When 6 is sufficiently small, the capacity is upper
bounded by C'm/N. Recall that the nodes in the ring 1 is
N /k2, and an antenna will not be used when it does not
cover any node in its transmission sector. Thus the number
of used antennas on the gateway is at most N/k?, and the
capacity is upper bounded by C/k?. This means that, when

m = ©(N/k?) and 6 is sufficiently small, the mesh network
is possible to achieve a capacity of O(C/k?).

(32)

VI. CONCLUSION

We presented a model to analyze the per-node end-end
capacity of the single channel wireless mesh networks. We
analyzed the case that nodes are uniformly distributed around
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one gateway. The capacity is shown to be O(1/N), where
N is the number of non-gateway nodes. The capacity can
be improved by using directional antennas. The capacity is
O(lng) for m = 2, and O(%) for m > 2, where m is
the number of antennas on each node, and 0 is the beamwidth
of antennas. However, the capacity is bounded by C'm/N, no
matter how small the beamwidth can be.
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