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Abstract

We study the problem of identifying the best arm in a multi-armed bandit environment when each arm is a time-
homogeneous and ergodic discrete-time Markov process on a common, finite state space. The state evolution on each
arm is governed by the arm’s transition probability matrix (TPM). A decision entity that knows the set of arm TPMs
but not the exact mapping of the TPMs to the arms, wishes to find the index of the best arm as quickly as possible,
subject to an upper bound on the error probability. The decision entity selects one arm at a time sequentially, and all
the unselected arms continue to undergo state evolution (restless arms). For this problem, we derive the first-known
problem instance-dependent asymptotic lower bound on the growth rate of the expected time required to find the
index of the best arm, where the asymptotics is as the error probability vanishes. Further, we propose a sequential
policy that, for an input parameter R, forcibly selects an arm that has not been selected for R consecutive time
instants. We show that this policy achieves an upper bound that depends on R and is monotonically non-increasing
as R — oo. The question of whether, in general, the limiting value of the upper bound as R — oo matches with the
lower bound, remains open. We identify a special case in which the upper and the lower bounds match. Prior works
on best arm identification have dealt with (a) independent and identically distributed observations from the arms, and

(b) rested Markov arms, whereas our work deals with the more difficult setting of restless Markov arms.

I. INTRODUCTION

Consider a multi-armed bandit with K > 2 arms in which each arm is associated with a time-homogeneous and
ergodic discrete-time Markov process evolving on a common, finite state space. The state evolutions on each arm
are governed by the arm’s transition probability matrix (TPM). Given a function f on the common state space of
the arms, we define the best arm as the arm with the largest average value of f, averaged over the arm’s stationary
distribution. A decision entity that has knowledge of the set of TPMs of the arms, but does not know the exact
mapping of the TPMs to the arms, wishes to find the index of the best arm as quickly as possible, subject to an
upper bound on the error probability. Our interest is in the asymptotics as the error probability vanishes.

The above problem, known popularly in the literature as best arm identification, is an instance of an optimal
stopping problem in decision theory, and can be embedded within the framework of active sequential hypothesis

testing studied in the classical works of Chernoff and Albert [2]]. Prior works on best arm identification have
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dealt with (a) independent and identically distributed (i.i.d.) observations from the arms, as in [3], and (b) rested
Markov arms in which the arms yield Markovian observations and an arm evolves only when selected, and
remains frozen otherwise. In this work, we extend the results of [3]-[3] to the more difficult setting when the
unselected arms continue to evolve (restless arms). An examination of the results in [3]-[5] shows that given an
error probability threshold € > 0, the minimum expected expected time required to find the best arm (or, expected
stopping time) with an error probability no more than e grows as O(log(1/¢)) in the limit as ¢ | 0. We anticipate
a similar growth rate for the expected stopping time in the setting of restless arms. Our goal is to characterise or
bound the exact constant multiplying log(1/¢€) for the setting of restless arms and attempt to achieve the lower
bound of O(log(1/€)) in the limit as € | 0. Additionally, we aim to devise an efficient policy that achieves the

fundamental limit.

A. A Preliminary Trembling Hand Model

The continued evolution of the unselected arms in our work makes it necessary for the decision entity to keep
a record of (a) the time elapsed since each arm was previously selected (the arm’s delay), and (b) the state of
each arm recorded at its previous selection instant (the arm’s last observed state). The notion of arm delays is
superfluous when the arms are rested because the unobserved arms remain frozen. They are also redundant when
the arms yield i.i.d. observations because the observation from an arm at any given time is independent of all its
previous observations. When the arms are restless, the arm delays are non-negative, integer-valued, and introduce
a countably-infinite dimension to the problem. In a related problem of identifying an anomalous or odd arm in a
restless multi-armed bandit, Karthik and Sundaresan [6]], [[7] demonstrated that the arm delays and the last observed
states constitute a controlled Markov process. A key aspect of the works [6], is the notion of a trembling
hand for selecting the arms that is defined in the system model. Probabilistically, a trembling hand with parameter
v € [0,1] selects an arm uniformly at random with probability +y, and selects the intended arm with probability
1 — ~. As the authors note in [6], when v > 0, the controlled Markov process (of arm delays and last observed
states) satisfies a key ergodicity property (see [6, Lemma 1]) which is pivotal in establishing matching upper and
lower bounds on the expected time to find the odd arm. An understanding of whether the lower bound for the case

v = 0 admits a matching upper bound remains open.

B. Forgoing the Trembling Hand Model and Constraining the Maximum Delay of Each Arm

The trembling hand model of [6], implies that at any given time, the probability of selecting any arm is at
least v/ K, irrespective of the arm selection scheme used. In this work, we forgo the trembling hand assumption and
allow for arm selection schemes to put zero mass on certain arms. We derive a lower bound on the expected time
to find the best arm over all arm selection schemes. However, such a generic lower bound may not be achievable.
In order to analyse the achievability of the lower bound, we restrict attention to those arm selection policies which,
for an input parameter R > K, forcefully select an arm if its delay is equal to R. For this class of policies, we
derive an upper bound in terms of R and show that the sequence of upper bounds, one for each value of R, is

monotonically non-increasing as R increases. An advantage of our method over the methods of [6]], [7]] is that while



the arm selection schemes in [6], are not practically implementable, the arm selection schemes we propose in
this paper are easy to implement.

The question of whether, in general, the limiting value of the upper bounds matches the generic lower bound
appears to be a difficult problem and remains open. Notwithstanding this, we identify some special cases when the

limiting value of the upper bounds matches with the generic lower bound.

C. Prior Works on Multi-Armed Bandits and Best Arm Identification

The problem of minimising regret for multi-armed bandits was introduced in the seminal work of Lai and
Robbins when each arm yields i.i.d. observations. Anantharam et al. [9] extended the results of Lai and Robbins
to the setting of rested arms. We refer the reader to [10] for an extensive survey of regret minimization problems.
In [3]], [I1], the authors derived a lower bound on the sample complexity of best arm identification in multi-armed
bandits with i.i.d. observations from arms. Many follow-up works proposed algorithms to achieve the lower bounds;
notable among them are action-elimination algorithms [[12], [13]], upper confidence bound (UCB) algorithms ,
[13], and lower and upper confidence bound (LUCB) algorithms [16]], [17]. Several extensions to the classical setup
of best-arm identification in multi-armed bandits have appeared in the literature; notable among them are correlated
bandits [18], cascading bandits [19]], bandits with switching costs [20]], and bandits with corrupted rewards [21]].

For the problem of finding the best arm as quickly as possible subject to an upper bound on the error probability,
the paper provided a problem instance-dependent lower bound on the expected time required to find the best
arm for the setting of i.i.d. observations from the arms, and a track-and-stop scheme that meets the lower bound
asymptotically as the error probability vanishes. Moulos extended the results of [3]] to the setting of rested arms
with hidden Markov observations. However, the lower and the upper bounds in [4] differ by a constant multiplicative
factor; the achievability analysis therein uses novel concentration inequalities for Markov processes derived by the
author. For a related problem of finding the anomalous (or odd) arm in multi-armed bandits, the works [6], [7],
obtain matching upper and lower bounds on the expected time required to find the odd arm subject to an
upper bound on the error probability. While [22]] studies the setting of rested arms, the works [6], focus on the
setting of restless arms. A key aspect of the works [[6], is a certain trembling hand model for selecting the arms,
motivated from a certain visual science experiment. The paper [6] assumes that the TPMs of the odd arm and the
non-odd arms are known beforehand to the decision entity, whereas the works [7]], [22] deal with the case when
the arm TPMs are unknown.

The recent works [23]|-[23]] study a more general problem of sequential hypothesis testing in multi-armed bandits,
some special cases of which are the problems of best arm identification and odd arm identification, in the context
of i.i.d. observations from each arm. An extension of the results of [23]-[23] to the settings of rested and restless

arms is a possible direction of future work.

D. Contributions

In this paper, we study the problem of finding the best arm in a restless multi-armed bandit as quickly as possible,

subject to an upper bound on the error probability. Our technical contributions are as follows:



— In Section [Vl we show that given any ¢ > 0, the expected time required to find the best arm with an error
probability no more than e grows as O(log(1/¢)) in the limit as € | 0. We explicitly characterise the problem
instance-dependent constant multiplying log(1/¢) that is a function of the arm TPMs.

— For a problem instance C, the constant T*(C) appearing in our lower bound is the solution of a sup-min

optimisation problem, where the supremum is over all possible state-action occupancy measures associated
with the countable-state controlled Markov process of arm delays and last observed states; see (2I) for details.
The question of whether the supremum in the expression for 7*(C') lower bound is attained is still open.
The key difficulty in showing this is the presence of the countably-infinite valued arm delays appearing in the
expression for T*(C'), which makes further simplifications of the expression for 7*(C) difficult. In the prior
works [3|-[3]], further simplification of the expression for the constants governing the lower bound is possible
because the notion of arm delays is superfluous in the settings of those works.
In a related problem of odd arm identification in restless multi-armed bandits, Karthik and Sundaresan [6]],
[7] show that under a trembling hand model for arms selection, the supremum in the expression for the lower
bounds in these works may be further simplified by restricting the supremum to the class of all stationary arm
selection policies; see [6]], for more details. However, it is unclear if such a simplification is possible in
the absence of the trembling hand (as is the setting of this paper).

— In our achievability analysis presented in Section [VI, to ameliorate the difficulty arising from the countably

infinite-valued arm delays, we constrain the maximum delay of each arm to be no more than R, and focus our
attention on those policies which select an arm forcibly if its delay equals R. This constraint on the maximum
delay of each arm makes the state-action space finite and amenable to further analyses. To the best of our
knowledge, this is the first work to analyse delay-constrained policies for restless multi-armed bandits.
It is worth noting that the achievability analyses in the works [6]], [7] rely crucially on a key ergodicity property
(see [6, Lemma 1]) for the controlled Markov process of arm delays and last observed states that is satisfied
under a trembling hand model for arms selection. This ergodicity property is pivotal to the achievability analysis
in [6], [7], and it is unclear if the same property holds in the absence of the trembling hand.

— We devise a policy that, for an input parameter R, forcibly pulls an arm if its delay equals R, and achieves an
upper bound of the order ©(log(1/¢)). We show that the best (smallest) constant multiplying log(1/¢) is equal
to 1/T%(C) under the problem instance C; see (27) for the exact expression of 77 (C'). Our results imply that
1/T%(C) is a valid asymptotic upper bound on the expected stopping time for all integers R.

— We show that T%(C) is non-decreasing in R, and that T5(C) < T*(C) for all R, thus implying that
limp_oo TH(C) exists. Thus, the lower bound of our work is given by 7*(C)~!, whereas the upper bound
is governed by limp_,oc T%(C)~!. While it is certainly true that limg_..c T5(C) < T*(C), showing that, in
general, this inequality is an equality seems to be a difficult problem and remains open. In the special case
when the TPM of each arm has identical rows, which is akin to obtaining i.i.d. observations from the arms,
the above inequality is an equality, thus leading to matching upper and lower bounds in this special setting.
We are thus able to recover the results of the prior works [3]], [3] for the case when the ii.d. observations

from each arm come from a finite alphabet.



E. Paper Organisation

The rest of this paper is organised as follows. In Section [l we setup the notations and state our central goal.
In Section [l we introduce the notions of arm delays, last observed states, and the Markov decision problem
arising from the arm delays and the last observed states. We provide expressions for the log-likelihoods and the
log-likelihood ratios, the basic quantities of analysis, in Section [[V] and present the asymptotic lower bound on
the growth rate of the expected time required to find the best arm in Section [Vl In Section [VIl we constrain the
maximum delay of each arm to be no more than R for some R € NN (K, c0), and describe a policy that forcibly
samples an arm whose delay equals R. We provide results on the performance of the policy in Section [VII, and
state the main result in Section [VIITI We discuss the convergence of T7,(C) to T*(C') as R — oo in Section [X]
where we show that the convergence takes place in the special case when the TPM of each arm has identical rows.

We conclude the paper in Section [XI The proofs of all the results are contained in Appendices [AHIl

II. NOTATIONS AND PRELIMINARIES

We consider a multi-armed bandit with K > 2 arms, and define A = {1,..., K} to be the set of arms. We
associate with each arm an ergodic discrete-time Markov process on a common, finite state space S. We assume
that the Markov process of each arm is independent of those of the other arms. We write { X : ¢ > 0} denote the
Markov process of arm a € Al The state evolution on each arm is governed by its transition probability matrix
(TPM). Given TPMs P, ..., Pk and a permutation o : {1,...,K} — {1,..., K}, let C = (Py1),- .., Pyk))
denote an assignment of the TPMs to the arms in which the TPM assigned to arm a is P, (4. In the sequel, we
refer to C' as an assignment of the TPMs, and we let C denote the collection of all possible assignments of the
TPMs, i.e.,

C={(Pyq); -, Psk)) : 0 is a permutation on A}. )]

Foreach k =1,..., K, let puy, = {ur(i) : i € S} denote the unique stationary distribution of the TPM Py. Given

a function f: S — R, let

va =Y f(i)pali), a€A, 2)
i€S
denote the average value of f under j,. Define the best arm a* € A as

* = W = ) fa (7). 3
a” = argmax v, = argmax ; f() pa(2) A3)

We assume throughout the paper that a* is unique. Without loss of generality, let Py~ = P1H
For an integer d > 1 and a matrix P, let P? denote the matrix obtained by multiplying P with itself d times. For
i,j € S and d > 1, let P4(j|i) to denote the (i,7)th element of P%. For a € A, let each row of P, be mutually

absolutely continuous with the corresponding row of P,/ for all a’ # a. It is easy to see that this implies that

for all d > 1, each row of P¢ is mutually absolutely continuous with the corresponding row of PZ. The above

'Throughout the paper, time ¢ € {0,1,2,...}.

2The reader may recognise that this does not necessarily imply a* = 1.



assumption implies that the decision entity cannot infer the best arm merely by observing certain specific state(s)
or state-transition(s) on the arm.

A decision entity that knows P, ..., Pk only up to a permutation wishes to find the index of the best arm (i.e.,
the arm whose TPM is P;) as quickly as possible, subject to an upper bound on the error probability. Clearly, this
is accomplished if the decision entity finds C' € C that defines the problem instance. Given C' € C, we write Alt(C)
to denote the set of all assignments of the TPMs alternative to C, i.e., those assignments of the TPMs in which
the location of the best arm is different from the one in C. In order to find the index of the best arm in a problem
instance C, the decision entity selects the arms sequentially, one at each time . Let A; be the arm selected at time
t. The decision entity observes the state of the arm A;, denoted by X;. In contrast to the previous works [3]-[3]
that deal with i.i.d. observations from the arms and rested arms, we assume that the unobserved arms continue to
undergo state evolution whether or not they are selected (restless arms). Let (Ao:t,)_(o;t) = (Ao,Xo, oAy )_(t)
denote the history of all the arm selections and observations seen up to time ¢. All random variables are defined

on a common probability space (€2, F,P). Define the filtration

Fo = {Q, @}, Fp= U(AO:tfleO:tfl)a t>1 “)

A. Policy and Problem Definition

A policy 7 is defined by a collection of functions {m; : ¢ > 0}. At each time ¢, m; does one of the following
based on the history F:

o stop and declare the index of the best arm;

o choose to pull arm A; according to a deterministic or a randomised rule.
Let m denote a generic policy, and let 7(7) denote the stopping time of policy 7 (defined with respect to the
filtration ({@)). Let (7()) denote the index of the best arm declared by the policy 7 at the stopping time.

Let PZ(-) denote the probability computed under the assignment of the TPMs C' and under the policy 7. For
a € A, let C, C C denote the collection of all permutations in which P, = P;. Clearly, the collection {C, : a € A}

is a partition of C. Given an error probability threshold ¢ > 0, let
I(e) :={m: forall a € A, PL(0(r(7)) #a) <eVC € C,} 5)

denote the collection of all policies whose error probability at the stopping time is no more than e for all possible

assignments of TPMs. We anticipate from similar results in the prior works [3]]-[3] that

Louf EC [7(m)] = ©(log(1/€))-

Here, E7.[-] denotes the expectation under the assignment of the TPMs C' and policy 7. Our interest is in charac-

terising, or at least bounding, the value of

lim inf M

. 6
el reri(e) log(1/e) ©)

For simplicity, we assume that every policy starts by selecting arm 1 at time ¢ = 0, arm 2 at time ¢ = 1, etc., and

arm K at time ¢t = K — 1. This ensures that the Markov process of each arm is observed at least once.



ITIT. DELAYS, LAST OBSERVED STATES, AND A MARKOV DECISION PROBLEM

The contents of this section are mostly borrowed from [[6, Section II-B, II-C], but modified appropriately to reflect
the absence of the trembling hand assumption of 6], with an intent to keep the material in the paper self-contained.
Recall that the decision entity observes only one of the arms at each time ¢, while the unobserved arms continue to
undergo state evolution. This means that at any time ¢, the probability of the observation X; on the selected arm
Ay given the history F; is a function of (a) the time elapsed since the previous time instant of selection of arm
Ay (called the delay of arm A;), and (b) the state of arm A; at its previous selection time instant (called the last
observed state of arm A;). Notice that when the arms are rested, the notion of arm delays is superfluous since each
arm remains frozen at its previously observed state until its next selection time instant. Also, the notion of arm
delays is redundant in the setting of iid observations because the current state of the arm selected is independent of
the state at its previous selection. The notion of arm delays is a key distinguishing feature of the setting of restless
arms.

For t > K, let d,(t) and i,(t) respectively denote the delay and the last observed state of arm « at time ¢. Let
d(t) = (di(¢t),...,dxk(t)) and i(t) == (i1(t),...,ix(t)) denote the vectors of arm delays and the last observed
states at time ¢. Note that arm delays and last observed states are defined only for ¢ > K as these quantities are
well-defined only when at least one observation is available from each arm. Set d(K) = (K, K —1,...,1). Thus,
d,(t) > 1 for all ¢t > K, and that d,(¢) = 1 if and only if arm « is selected at time ¢ — 1.

The rule for updating the arm delays and last observed states is as follows: if A; = a/, then

do(t) +1, / (1), ',
do(t+1) = B +1, afa io(t+1) = faf), a#a (7)

— a —
1, a=a, Xt, a=a,

where X{ = X is the state of the arm A; = a’ at time ¢. Thus, for all ¢ > K, based on {(d(s),i(s)) : K < s < t},
the decision entity chooses to pull A; and observes XtH It then form (d(t + 1),i(t + 1)). This repeats until the
stopping time, at which time it declares 6(7(7)) (under policy 7) as the candidate best arm.

From the update rule in (@), it is clear that the process {(d(¢),i(t)) : t > K} takes values in a subset S of the
countable set N® x S where N = {1,2,...} denotes the set of natural numbers. The subset S is formed based
on the constraint that at any time ¢ > K, exactly one of the components of d(t) is equal to 1, and all the other
components are > 1. Given any assignment of the TPMs C' € C and policy 7, note that for all (d’,i') € S and
t> K,

PEAt+1)=d,i(t+1)=14"|{(d(s),i(s)), K <s<t},Aos)
= Po(d(t+1) =di(t +1) =i | (d(t),i(t)), Ar)- ®)

On account of (8] being satisfied, we say that under any policy m, the evolution of the process {(d(t),i(t)) : t > K}
is controlled by the sequence { A; };>0 of intended arm selections under policy 7. Alternatively, {(d(t),i(t)) : t > K}

is a controlled Markov process, with {A,},;>( being the sequence of controlsi Thus, we are in a Markov decision

3Note that specifying {(d(s),i(s)) : K < s <t} is equivalent to specifying (Ag.t—1, Xo:t—1) for all t > K.
4The terminology used here follows that of Borkar [26]].



problem (MDP) setting. We now make precise the state space, the action space, the transition probabilities and our
objective.

The state space of the MDP is S, with the state at time ¢ denoted (d(¢),4(t)). The action space of the MDP is
A, with action A; at time t possibly depending on the history F;. The transition probabilities for the MDP under

an assignment of the TPMs C' € C and a policy 7 are given by

PRt +1) = d it +1) = ' | d(t) = d.i(t) = i, A, = a)

(P&)de (il |iz), if d/, =1 and d} = dg + 1 for all & # a,
= it =iz for all a # a, ©)
0, otherwise,

where P2 denotes the TPM of arm « under the assignment of the TPMs C'. For instance, if C' = (P4, ..., Px),
then P& = P, for all a € A. Note that the right hand side of (@) is not a function of ¢ or 7. Let Qc(d’,i'|d, i, a)

denote the transition probabilities in ().

IV. LOG-LIKELIHOODS AND LOG-LIKELIHOOD RATIOS
Given C € C, let
Zg(n) = log Pg(AO:anO:n) (10)

denote the log-likelihood of all the controls and observations seen up to time n under the policy m when C' is the
assignment of the TPMs. Under the assumption that 7 selects arm 1 at time ¢ = 0, arm 2 at time ¢ = 1, etc., and

arm K at time K — 1, (I0) may be expressed as

K
ZE(n) =Y log PA(X{ ) (11)
a=1
+ 3" log PE(Ay] Ao:i—1, Xou—1) (12)
t=K
+ Z log PZ(X¢| Aoty Xo:t—1)- (13)
t=K

Because 7 is oblivious to the assignment of the TPMs C, (I2) does not depend on C'. Furthermore, (I3) may be

expressed as

3" log PE(Xi| Ao, Xouo1) = Y

n
t=K t=K a=1

I
M=
(]
WE

> Lty i()=i, Av=a, Xo—j} 108(PE)™ (jlia)
t=K (di)eS a=1 j€S

K
= > 3 N(n.d.i,a,j) log(P&)™ (jlia), (14)



where
N(TL d,i,a, .7 Z ]I{d(t =d,i(t)=i, Av=a, X;=j} (15)

denotes the number of times up to time n the process {(_( ),i(t)) : t > K} is in the state (d,1), arm a is selected

subsequently, and the state of arm a is observed to be j. Let
K

N(n,d,i,a) : Z N(n,d,i,a,j), N(n,d,1) ::Z Z N(n,d,i,a,j). (16)

JjeS a=1 je8
Given C,C" € C, let
Pg(AO:na )Z_VO:n)
Pg/ (AO:nu XO:n)

denote the log-likelihood ratio (LLR) of the controls and observations seen under the policy m when the assignment

Z&er(n) = Z&(n) — Z& (n) = log (17)

of the TPMs is C with respect to that when the assignment of the TPMs is C’. Using (I4) in conjunction with the
fact that (12) does not depend on C, we get
Pg a
Z&er(n Zl P’T Xa —|— Z Z Z N(n,d,i,a,j) log(( aC)) ((j||ll )) (18)
(di)eS a=1 jeS J
V. LOWER BOUND

We now present a lower bound for (@). Given two probability distributions z and v on the finite state space S,

the Kullback—Leibler (KL) divergence (also called the relative entropy) between y and v is defined as

D (ullv) = (i1 (19)

€S

where, by convention, Olog% =0.
Proposition 1: Suppose C' € C is the underlying assignment of the TPMs. Then,

liminf inf E’é[ 7(7)] > ! (20)

el0  well(e) log(l/e) - *(C),

where T*(C') is given by
TH(C)=sup min > S vd,ira) Dra (P (i)l (P (i) 1)
v (d,i)eS a=1
In 1)), the supremum is over all v = {v(d,i,a) : (d,i) € S,a € A} satisfying
K
> Y wvldia) =1, (22)
(d,i)eS a=1

v(d,i,a) >0 forall (d,i,a) €S x A. (23)

Proof: The proof proceeds in several steps. First, we derive an analogue of the ubiquitous change-of-measure
result [5, Lemma 18] for the setting of restless arms. We then lower bound the expected LLR of any policy whose
stoppage error probability is at most € by d(e,1 — ¢€), where d(z,y) denotes the relative entropy between two
Bernoulli distributions with parameters x and y. Next, we derive an upper bound on the expected LLR in terms of
the expected stopping time. This involves deriving an analogue of Wald’s identity for the setting of restless arms.

Combining the upper and the lower bounds for the expected LLR, we get (20). The details are in Appendix[Al m
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A. A Flow Constraint

Notice that 7*(C) is the optimal value of an infinite-dimensional linear program (LP). The question of whether
there exists v attaining the supremum in (1)) remains open. The key difficulty in showing this is that because the
set S is countably infinite, it is not clear whether the set of all v satisfying 22)-(23) (which is akin to the space of
all probability distributions on S x .A) is compact. Also, because this supremum is over all probability distributions
on S x A which is a large class of distributions, the lower bound in (20) may not be achievable. It seems necessary
to introduce additional constraints on v to render the lower bound achievable. Indeed, given § > 0, suppose vg is

a probability distribution on S x A4 such that
K

C'eAIt(C) Z Z vs(d, i, a) DL ((P&)™ (ia) |(P&)% (-lia)) > T*(C) — 6.

(d,3)eS a=1
One way to achieve the quantity on the left hand side of the above equation is to ensure that for all (d,i,a) € S x A,
the value of the fraction N(n,d,i,a)/n is close to vs(d,i,a) for all n large (the regime of large n is akin to the
regime of vanishing error probabilities). It seems difficult to accomplish this in the absence of more structure on
vs. It is worth noting here that in a related problem of odd arm identification, the authors of [6] are confronted
with a similar difficulty in showing the achievability of the lower bound therein. To ameliorate the difficulty, they

introduce a version of the following flow constraint on v:

K
flow constraint : Z (d',i',a) Z Z (d,i,a) Qc(d',i'|d,i,a) forall (d',i') €S. (24)
a=1 (d,i)eS a=1

In @4), Q¢ is the MDP transition matrix defined in (@). The flow constraint is, in fact, a global balance equation,
and dictates that for any (d’,i’) € S, the long-term probability of a transition from (d’,i’) (the flow out of (d’,i’),
captured by the left hand side of @4)) is equal to the probability of a transition to (d’,i’) (the flow into (d’,3’),
captured by the right hand side of @4))). The authors of [6] show that their lower bound, after including the flow
constraint, can be achieved by a certain trembling hand-based policy; see [6, Section V] for a description of the
policy. However, the policy in [6] is not practically implementable.

With an end goal of showing achievability of our lower bound, we take (24) into consideration along with (22))-
(23) when evaluating the supremum in (1)), and wish to design a policy that (a) is computationally feasible/tractable

and easy-to-implement, and (b) achieves the lower bound in (20). This forms the content of the next section.

VI. ACHIEVABILITY

As alluded to in the previous section, the frembling hand-based policy of [6] is not practically implementable.
One reason for this is that the arm delays (which appear in the policy of [6]) take countably infinitely many values
and therefore cannot be handled on a machine with finite-size memory. To alleviate the difficulty arising from
the countably infinite-valued arm delays, we study a simplified setting where the maximum delay of each arm is
restricted to be at most R for some R € NN (K,00)] and an arm whose delay is equal to R at any given time

is forcibly selected in the following time instant. Let Si denote the subset of S in which the delay of each arm is

SWe consider R > K to be consistent with our assumption that each of the arms is sampled once in the first K time instants.
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no more than R. Further, for a € A, let Sg , denote the subset of Si in which the delay of arm «a is equal to R.

Notice that Sg , is a finite set for each a and that Sg , and Sg . are disjoint for all a’ # a.

A. Modifications to the MDP Transition Probabilities Under Maximum Delay Constraint

Recall that {(d(t),i(t)) : t > K} and {A; : t > 0} together define a Markov decision problem (MDP) whose
state space is S, the action space is A, the state at time ¢ is (d(t),%(¢)), and the control (or action) at time ¢ is A;.
From Section [l we know that the transition probabilities of the MDP are given by (9). When the delay of each
arm is constrained to be no more than R, the modified state space of the MDP is Sg, and the modified transition
probabilities for the MDP are as follows:

o Case 1: (d,i) ¢ Ule Sk.q. In this case, the transition probabilities are as in (©).

o Case 2: (d,i) € Sk, for some a € A. In this case, when A, = a,
PEA(t+1)=d,it+1) =14 |d(t) = d,i(t) =i, Ay = a)

(P& (il |ia), ifd, =1and d, =ds+ 1 forall a # a,

= it =i for all @ # a, (25)
0, otherwise,
and when A; # a, the transition probabilities are undefined.

We write Qc,r(d',i'|d,i,a) to denote the transition probabilities in (23).

B. Capturing the Maximum Delay Constraint and a Finite Dimensional Linear Program

Recall that in the absence of any constraints on the maximum delay of each arm, the lower bound is as in (20Q)),
with the constant 7*(C') in 20) as given in 2I). Further, the supremum in @) is over all v satisfying @2)-24).
When the delay of each arm is constrained to be no more than R, the following additional constraint on v comes
into play:

K
R-max-delay-constraint :  v(d, i, a) Z (d,i,a’) for all (d,i) € Sg.q. (26)
The condition in (26) captures the observation that any occurrence of the state (d,i) € Sg,, is followed by selecting

arm a forcibly (i.e., with probability 1), thus implying that v(d, 4, a’) = 0 for all @’ # a which is equivalent to (26).

Let T%(C) be the optimal value of the following optimisation problem:

sup  min Y Z (d,i, @) D ((P&)% (-[ia) | (P&) " (-]ia)), (27)
v C/eAIt(C) 456 a1
subject to
K

Zu (d,i', a) Z Z v(d,i,a) Qo.r(d,i'|d,i,a) forall (d',i') € Sg, (28)
a=1 (d,i)eSgr a=1

K

> vldia) =1, (29)
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v(d,i,a) >0 forall (d,i,a) € Sk X A, (30)

K
v(d,i,a) Z (d,i,a’) forall (d,i) € Sg.a, a€ A (31)

Notice that the above optimisation problem is a finite-dimensional LP, and is the analogue of the infinite-dimensional
LP in 1)) with the additional condition in (1) to account for the case when an arm is forcibly selected if its delay
equals R. Because (a) Sg x A is finite, (b) the space of all probability distributions on Sg x A (say, Z(Sg x A))
is compact with respect to the topology arising from the Euclidean metric in RIS#*Al_ (¢) the set of all v satisfying
28)-@1 is a closed subset of (S x A) (and therefore compact), and (d) the expression
omin 3 S vldisa) Dra(BE)™ Claa)(PE) (1)
(d,i)eSr a=1

is continuous in v, it follows by Weierstrass extreme value theorem that there exists v, p = {ué r(d,i,a) :
(d,i,a) € Sk X A} that attains the supremum in 7). Although a closed-form expression for V¢ g 18 not currently
available, it can easily be evaluated numerically. In the next section, we fix R € NN (K, 0c) and design a policy
for finding the best arm that samples an arm forcibly if its delay is equal to R. Additionally, we demonstrate
that our policy (a) stops in finite time almost surely, (b) satisfies the desired error probability, and (c) achieves an
upper bound of 1/T%(C) asymptotically as the error probability vanishes. We shall see that our policy is easy to

implement as it operates on the finite set S instead of the countable set S.

C. A Policy for Finding the Best Arm Under a Maximum Delay Constraint

Fix an R € NN (K, 00). In this section, we design a policy for finding the best arm when the delay of each
arm is constrained to be no more than R. Towards this, we first analyse a uniform arm selection policy that, for
all ¢ > K, selects the arms uniformly whenever the delay of each arm is < R, and forcibly selects an arm whose
delay is equal to R. Let this policy be denoted 74" Tt is clear that {(d(t),i(t)) : t > K} is a Markov process
under w}‘{“f with Sg as its state space. The following result shows that this Markov process is, in fact, ergodic.

Lemma 1: Fix R € NN (K, o). Under every assignment of the TPMs C € C, the process {(d(t),i(t)): t > K}
is ergodic under the policy ﬂ'“”'f

Proof: See Appendix [Bl [ |
As a consequence of Lemma [I] the process {(d(t),i(t)) : ¢ > K} has a unique stationary distribution, say
u“cn'}% = {u“”'f (d,i) : (d,i) € Sg}, under the policy 74" and under the assignment of the TPMs C. We note that

¢ (d, i) > 0 for all (d,i) € Sg. Let
unif (dvl) .
MC’I;( ’ ((—lv 1) §é Uf/:1 SR,a’u
veh(d i a) = § 40 (d,4), (d,i) € Sk, (32)

0, (d8) € Uy 4o Sroa-
denote the corresponding ergodic state-action occupancy measure. Observe that Vg”g% satisfies (28)-(1).

For n € (0,1] and C € C, let

Vn,R,C(da 1.7 a) =1 Vg’m}f%(du 1'7 a) + (1 - 77) VE’,R(du 1'7 a)u (33)
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K
i, (d, 8) : Z vy,ro(ds i, a). (34)

Observe that p, r c(d, 1) > u‘g";%(d i) > 0 for all (d,%) € Sg. Also, vy r,c satisfies (28)-(3I) by virtue of the
fact that both ug’jilf% and v¢ p satisfy @8)-@I). Let A\ g.c = {\,rclald,i):a e A, (d,i) € Sg} be defined as

Vn,R,C(dv L, CL)

An.rc(ald, i) = 1 R (do D) (d,i) € Sg, a € A. (35)
n,R,C\&, L
Notice that for all (d, i) ¢ Uf/:l Sk.ars
A N unif N min
nrc(ald, i) > K He, r(d, i) = I PR (36)
where
g = min  min u“n'f (d,3) > (37)

CeC (di)eSr
That is, whenever the delay of each arm is < R, the distribution A, g c(-|d, 1) puts a strictly positive mass on each of
the arms. Using the arm selection rule in (33) instead of the uniform sampling rule and following the proof template
in Appendix[Bl it can be shown that the policy 7%, which selects the arms at each time instant according to the
rule in @3), renders the process {(d(t),i(t)) : t > K} ergodic. We now claim that the stationary distribution of the
process {(d(t),i(t)) : t > K} under 7’7" is u, g c. Indeed, suppose QT = {Q“F(d',i'|d, i) : (d',i),(d,i) €
Sk} denotes the transition probability matrix of the Markov process {(d(t),i(t)) : t > K} under the policy 7 7 7.,

Then,
K

QOF(di'|d.i) =Y Mprclald,i) Qor(d.i|d i a), (38)

a=1

from which it follows that for all (d’,i’) € Sg,

K
Yo tmreodi) QUEW, i) = Y > pyroldi) Arclald,i) Qor(d,i'|di,a)

(d:1)ESr (d,i)eSr a=1

K
Z Z Vn,R,C(du 1'7 a) QC,R((_lluil|da 17 (L)

(d.i)€Sr a=1
K
: Z chd Z a)

= pyrc(d, 1), (39)

thus proving the claim. In the above set of equations, (a) follows from the fact that v, g ¢ satisfies (28).

Remark 1: Observe that v, g ¢ in (@3) is a mixture of two terms, one arising from the uniform arm selection
rule under maximum delay constraints (the term corresponding to 1/“””) and the other arising from the optimal
solution to the finite-dimensional LP under a constraint on the delay of each arm (the term corresponding to v, ).
A similar, trembling hand-based mixture term appears in the works [6], [7]. While the mixtures in [6], [7] arise
from a restrictive system model that forces each arm to be selected with a strictly positive probability, the mixture
in (33) ensures that each arm is selected with a strictly positive probability (except when the delay of an arm is

equal to the maximum allowed delay R in which case it is forcibly selected) without any restrictions on the system
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model. It is also worth noting that the mixtures in [6], give rise to a conditional probability distribution on the
arms, conditioned on the arm delays and the last observed states (a quantity akin to A(a|d, 7)), whereas the mixture
in (33) gives rise to a joint probability distribution on the set Sg x A (a quantity akin to v(d, i, a)).

Our policy, which we call R-Delay-Constrained-Restless-BAI (or R-DCR-BAI in short) or alternatively as
7*(L,n, R), is then as follows. Here, L > 1, n € (0,1] and R € NN (K,00) are parameters of the policy.
As we shall see, the parameter L controls the policy’s error probability. In fact, we will see from Lemma [3] that if

we set L = 1/e, the error probability is bounded above by e.

Policy R-DCR-BAI / 7*(L,7, R):
Fix L > 1,7 € (0,1], and R € NN (K, 00). Assume that Ag =1, A; =2, ..., Ax_1 = K. Let

7*(L,n,R
M7, (L,n, )(n) _

= in z7 (L) CecC.
C/IG%QC) cc (n),

Implement the following steps for all n > K.

(1) Compute C(n) € argmaxcec Mg*(L,n,R) (n)

Q) If Mg;(j"n"R) (n) >log(L(K — 1)(K —1)!), stop and declare the index of the best arm in C(n).

3) If Mgzx’"’R) (n) <log(L(K —1)(K — 1)!), select arm A,, according to the distribution

. Resolve ties uniformly at random.

Pﬁ*(L"n"R)(An = alAp.n—1, Xom-1) = An.r,C(n)(ald(n),i(n)).

In item (1) in R-DCR-BAI, C(n) denotes the estimate of the underlying assignment of the TPMs based on
all the controls (arm selections) and observations seen up to time n. If the LLR between C(n) and its nearest
alternative assignment of the TPMs exceeds a certain threshold (i.e., > log(L(K — 1)(K — 1)!)), then the policy is
sufficiently confident that C(n) is indeed the underlying assignment of the TPMs, and therefore stops and declares
the index of the best arm in C(n). Else, it samples the next arm based on the value of (d(n),i(n)) according to
the distribution A, g &, (-[d(n),i(n)).

In the following section, we demonstrate that for a suitable choice of L, the policy R-DCR-BAI achieves the
desired error probability. Further, letting L — oo, we show that the growth rate of its expected stopping time
satisfies an asymptotic upper bound that is arbitrarily close to 1/7%(C) under the assignment of the TPMs C for

a suitable choice of 7.

VII. RESULTS ON THE PERFORMANCE OF PoLIcY R-DCR-BAI

This section is organised as follows. In Section [VI[ZAl we establish that for a given C' € C and any C’ € Alt(C),
the LLR Z7 ., (n) has a strictly positive drift almost surely under the assignment of the TPMs C' (Lemma [2), and
therefore the policy R-DCR-BALI stops in finite time almost surely. In Section [VIIB] we show that R-DCR-BAI
satisfies any desired error probability for a suitable choice of L (Lemma ). In Section [VII-Q, we strengthen the
result of Section [VII-Al by showing that the LLR of C' with respect to its nearest alternative C’ € Alt(C) is a
certain constant that, in the limit as 1 | 0, converges to Tﬁ(C) (Lemma ). In Section we show that the

stopping time of R-DCR-BAI grows almost surely as L — oo (Lemma). In Section [VII-E], we derive an almost
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sure upper bound on the stopping time of R-DCR-BAI that, in the limit as 7 | 0, converges to 1/T5(C). In
Section [VIIEH we show that the expected stopping time of R-DCR-BALI satisfies the same upper bound as that
derived in Section [VII-E] This is based on (a) showing that the family {7 (7*(L,n, R))/log L : L > 1} is uniformly
integrable, and (b) combining the almost sure upper bound with the uniform integrability result to obtain an upper

bound in expectation. The proofs of all the results are relegated to the appendices.

A. Strictly Positive Drift for the LLRs

Let m{g(L,7n, R) denote a version of R-DCR-BALI that never stops, i.e., it does not check the second step in
R-DCR-BAI and continues to the last step indefinitely. We now show that under 7{g(L,7n, R), the LLRs have a
strictly positive drift as the number of rounds of arm selection n — oco.

Lemma 2: Fix L > 1, n € (0,1], R € NN (K, 0), and C' € C. Under the assignment of the TPMs C' and the
policy m = m\g(L, n, R),

25
lim inf Zec(n) >0 almost surely for all C’ € Alt(C). (40)
n—o0o n
Proof: See Appendix [ |
Lemma [2] asserts that under the assignment of the TPMs C, we have
MZE
lim inf ﬂ > (0 almost surely 41
n— o0 n

when 7 = m{g(L, 7, R). This means that M7 (n) > log(L(K — 1)(K — 1)!) for all n large, almost surely. This
proves that R-DCR-BALI stops in finite time with probability 1.

B. Desired Error Probability

In this section, we show that for an appropriate choice of the parameter L, the policy R-DCR-BAI achieves any
desired error probability.
Lemma 3: Fix an error probability threshold € > 0. If L = 1/e, then 7#*(L,n, R) € II(¢) for all n € (0,1] and
R € NN (K, ). Here, I(e) is as defined in (3).
Proof: The proof uses the fact that the policy stops in finite time almost surely, and is given in Appendix [Dl
|

C. The Correct Asymptotic Drift of the LLRs

In this section, we strengthen the result of Section [VII-A] by showing that under the constraint that the delay of
each arm is at most R, the asymptotic drift of the LLRs is arbitrarily close to T%(C').

Proposition 2: Fix L > 1,n € (0,1], R € NN (K, 00), and C € C. Consider the policy 7 = m{g(L, 1, R). Under
the assignment of the TPMs C, for all ¢’ € Alt(C),

lim ch’ (TL)
n—00 n

K
= > > vproldi,a) D(PE)™ (-lia)||(P&)% (ia)) almost surely. (42)
(d,i)eSr a=1
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Consequently, it follows that

Mg(n)

: _ : . a\da (|s a da (.15 )
Jim === min > ) verc(dia) DPE)™ (fia)|(PE)™ (fia))  almost surely.  (43)
(di)eSr a=1
Proof: See Appendix [El [ |

From (33), we note that the right hand side of (43) may be lower bounded by

Z Z I/gm}% dvlva D((Pg‘)da('lia)H(Pg”)da('lia))

7 min
C’eAIt(C)
Z)ESR a=1

+(1—=n) min Y ZvéRdza D((P&)% (-|ia) | (P&)® (]ia))

C’eAlt(C) (di)eSn a=1
=7 oo, 2 > v o) DUPEYCliI(BE) (i) + =) THO), @
GSR a=1

which, as 7 | 0, converges to T%(C). Using this observation, we shall show later that our policy achieves an upper

bound of 1/T%(C) in the limit as n | 0.

D. Asymptotic Growth of Stopping Time

In this section, we demonstrate that 7(7*(L,n, R)) grows as L — oo (equivalently € | 0).

Lemma 4: Fix n € (0,1], R € NN (K,0), and C' € C. Under the assignment of the TPMs C,

liminf 7(7*(L,n, R)) = oo almost surely. 45)

L—oo

Proof: See Appendix B [
As a consequence of Lemmald] we get that under the assignment of the TPMs C' and under m = 7*(L, 7, R),

lim MOT . Zl/chd,z,a) D((PEY™ (i) [ (P&)% (fia))  almost surely.  (46)

L—oo
(d,i)eSr a=1

E. Almost Sure Asymptotic Upper Bound on the Stopping Time

In this section, we derive an almost sure asymptotic upper bound on the stopping time of R-DCR-BAI as
L — oo, and show that this upper bound is arbitrarily close to 1/7%(C) under the assignment of the TPMs C.
In the next section, we combine the almost sure upper bound of this section with a certain uniform integrability
result to claim that the expected stopping time of R-DCR-BAI satisfies the same upper bound as that derived in
this section.

Lemma 5: Fix n € (0,1], R € NN (K, 0), and C' € C. Under the assignment of the TPMs C' and under the
policy m = n*(L,n, R),

1
lim sup 7(m)

L—o0 IOgL X ; 1 )
d D((Pg&)%a(-lia)|| (P& )% (-]ia
C/g}AlIgC) 42)281? a; vn.r,c(d, 1, a) D((P&)% (-lia)|| (P& )% (|ia))

1
nTEM(C) + (1 —n) TH(C)

almost surely, 47)
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where

K
() = min 30D vl a) DIRE)™ (lia) | (PE)™ (i)
(d,i)eSp a=1

Proof: See Appendix [ |

F. Asymptotic Upper Bound on the Expected Stopping Time

In this section, we show that the expected value of the stopping time of policy R-DCR-BATI satisfies an asymptotic
upper bound that matches with the right hand side of @7) as L — oo.

Proposition 3: Fix n € (0,1], R € NN (K, 00), and C € C. Under the assignment of the TPMs C, the policy
R-DCR-BALI satisfies

. EZ [r(m)] 1
lim s c < : i 48
Ty Tlog L T pTT(C) + (1— ) TH(C) @

Proof: In the proof, which we provide in Appendix [Hl we first show that the family {7(7)/log L : L > 1} is

uniformly integrable. Combining (@7)) with the uniform integrability result yields (@8). [ |

VIII. A KEY MONOTONICITY PROPERTY AND THE MAIN RESULT

In this section, we establish a key monotonicity property for T7(C), which is that T5(C) < T, (C) for all
R < R'. This, combined together with the fact that T7(C) < T*(C), implies that limp_,o, T7(C) exists. We

conclude the section by stating the main result of the paper.

A. A Key Monotonicity Property

The below result asserts that 7'5(C') is monotonically non-decreasing as R increases.
Lemma 6: T(C) <Tg,(C) forall R € NN (K, 00).

Proof: Fix R € NN (K, 00). The key idea behind the proof is to note that (a) Sg C Sg+1, and (b) any v that
satisfies (28)-(G1) with parameter R also satisfies them with parameter R + 1. The details follow. Let ve p and
V& r1 be the optimal state-action measures when the arm delays are constrained to no more than R and R + 1
respectively. Note that both v¢, ; and vg 5, satisfy 28)-@1) (with the corresponding parameters R and R + 1).
Further, v,  satisfies 28)-(31) with parameter R + 1. Define Vo g41 as
vE p(d.i,a) if (d,i) € Sg,

ve,ry1(d, i, a) =
0, otherwise.

Clearly, vc py1 satisfies (28)-(31) with parameter R + 1. We therefore have

K
Thaa(©)= min, 30 3 Vi) D((PE)™ Clia) |(PE)™ (ie)
(dvi)eSR+1 a=1

(@) i
> min > " Ponl(d i a) D ((PE)™ (fia)l|(P&)™ (fia))

C’eAlt(C
(©) (d,3)€Sp+1 a=1

K
= i YD vornldiia) Da((PE)™ (fia) || (P&)™ (fia))
cAlC) Lt
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K
= min > v pldia) De(PE)™ (lia)ll(P&)™ (fia))

C’eAlt(C
(©) (d,i)eSr a=1

thus establishing the desired result. |
Lemmal@l in conjunction with the observation that T}(C') < T*(C) for all R, implies that limp_,o, T5(C) exists
and limp_,oc T5(C) < T*(C). The question of whether this inequality is an equality seems difficult to prove, and

is discussed in the next section.

B. Main Result

We are now ready to state the main result of the paper.

Theorem 4: Consider a multi-armed bandit with KX > 2 arms in which each arm is a time homogeneous and
ergodic discrete-time Markov process on the finite state space S. Given TPMs Py,..., Px and a permutation
o:{l,....,K} = {1,...,K},let C = (P,q1), ..., Pyx)) be the underlying assignment of the TPMs where P, ,)
denotes the TPM of arm a. The growth rate of the expected time required to find the best arm in C' satisfies the

lower bound

e e EE[(m)] 1
> .
lminf il oel/je) = T+(0)

Further, given any ¢ > 0, the policy 7*(1/e,n, R) € II(¢) for all n € (0,1] and R € NN (K, c0). Additionally,

EF B (2L, n, R))] 1
limsup limsup limsu < *r < = )
R—)oop nl0 P L—>oop log L ~ limpee TH(C)

(49)

(50)

thereby yielding

1 oo Eglr(m)]
< —clP\"J]
Ty < mint m  Toe(i/e)

< limsup inf w

€l0 mell(e) 10g(1/€)

7 (L,n,R *

< gy oy SO < e
Thus, the lower bound on the growth rate of the expected stopping time is 1/7*(C), and the upper bound is
1/(limpsoe TH(C)).

Proof: The asymptotic lower bound in (@9) follows from Proposition [l From Lemma 3] we know that for any
e > 0, the policy 7*(1/¢,n, R) € I(¢) for all € (0,1] and R € NN (K, c0). Therefore, it follows that

o BElr(m)] _ BT Dr(rt(1/e,n, R)))
rell(e) log (1/€) ~ log(1/e)

Fixing 1), R, and letting ¢ | 0 (or equivalently, substituting L. = 1/¢ and letting I — oo) in (32)), and using the

(52)

upper bound in (@8), we get

s ©*(L,n,R) *
limsup inf B [r(m)] < lim sup Ec [r(7* (L, n, B))] < - ! )
2o i Tog(1/e) = pm log L D TEC) 1 (1— ) TH(C)

(53)
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Letting 1 J. 0 in (33) and noting that the leftmost term in (33) does not depend on 7, we get

E™ ET"*(LW:R) *(L R 1
limsup inf Eg[r(m)] < limsup limsup —< [r(w* (L, m, R))] < - (54)
clo  mel(e) log(1/e) nl0 Lo log LL Tx(C)
Finally, letting R — oo in (34), we arrive at (31). [ ]

IX. ON THE CONVERGENCE OF T7(C) To T*(C) AS R — o0

Recall that 7*(C) is the optimal value of the infinite-dimensional LP in (2I)), where the supremum in @I) is
over all v satisfying (22)-@24), and T (C) is the optimal value of the finite-dimensional LP in (27) that arises when
the the delay of each arm is constrained to be no more than R. From our exposition in Section [VIIIZAl we know
that limp_, o T7(C) < T*(C'). Showing that, in general, this inequality is an equality appears to be difficult. In
this section, we show that in the special case when the arm TPMs P, ..., Px have identical rows, which is akin
to obtaining i.i.d. observations from the arms, we have limg_,o T%(C) = T*(C), thus leading to matching upper

and lower bounds in this special setting.

Assume that the TPMs P, ..., Px have identical rows, and suppose that u1,..., i are the unique stationary
distributions associated with Py, ..., Pk respectively. Then, by the convergence result [27, Theorem 4.9] for finite-
state Markov processes, each row of Py, must be equal to g, K = 1,..., K. In this special setting, the below result

states that T(C) = T*(C) for all R € NN (K, 00), and therefore limp_,oc T5(C) = T*(C).
Lemma 7: Suppose each row of Py is equal to pg, k= 1,..., K. In this special setting, 7*(C') = T%(C) for
all R € NN (K, 00). Consequently, limp_,o T5(C) = T*(C).
Proof: The proof uses the key idea that for a given C' € C and for all d € N, i € S, and C’ € Alt(C),

Dy (PE)* Gl (P& (1)) = D (| ué),

where /1. denotes the stationary distribution associated with the TPM P&. The complete proof of Lemma [7] is
given in Appendix [ [

As a consequence of Lemmal[7] the common expressions for 7*(C') and T5%(C') for all R € NN (K, co) specialise
to the lower bounds of [3]], [3] for the case when the i.i.d. observations from each arm come from a finite alphabet,
thus enabling us to recover the results of [3], [5]. For general arm TPMs with non-identical rows, we leave open

the question of whether limpg_, T7(C) equals T*(C') for future study.

X. CONCLUDING REMARKS AND DISCUSSION

1) We studied the problem of finding the best arm in a restless Markov multi-armed bandit as quickly as possible,
subject to an upper bound on the error probability. For this optimal stopping problem, we showed that under
the problem instance C', the expected time required to find the best arm with an error probability no more
than € is lower bounded by log(1/€)/T*(C) in the limit as € | 0 (converse). Here, T*(C') is a problem-
instance dependent constant that captures the hardness of the problem. We also devised a policy that, for an
input parameter R € NN (K, c0), forcibly selects an arm which has not been selected for R consecutive time

instants, and finds the best arm in at most log(1/€)/T%(C') time instants on the average as e | 0 (achievability).
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We showed that T%(C) is monotonically non-decreasing in R, and that limg_, o T5(C) < T*(C'). Showing
that, in general, this inequality is an equality appears to be a difficult problem and remains open. Notwith-
standing this, we showed that in the special case when the TPM of each arm has identical rows (which is
akin to obtaining i.i.d. observations from each arm), the above inequality is indeed an equality. We were thus
able to recover the results of [3], for the case of arms with a common, finite alphabet.

The trembling hand-based policy of [6] is not practically implementable because it operates on the countable
set S of all delays and last observed states which cannot be handled on a machine with finite-size memory.
However, for any given R € NN (K, 00), our policy operates on the finite set Sg which can easily be stored
in finite-size memory on a machine, thereby making it practically implementable.

In our achievability analysis, we assumed that the initial state of each arm follows a certain distribution
¢ that is independent of the underlying assignment of the TPMs. However, this may not actually be the
case. For instance, if the Markov process of each arm has evolved for a sufficiently long time and reached
stationarity before the decision entity begins sampling the arms at ¢ = 0, then the initial state of each arm
follows the arm’s stationary distribution. This will lead to a mismatch between the LLR expressions in our
work (resulting from ¢) and the actual LLR expressions (resulting from the stationary distributions). Suppose
ch, (n) denotes the analogue of (I8) resulting from using the stationary distributions in place of ¢. Then,

fixing C' € C, it can be shown that

lim Z&c(n) _ Zg o (n) —0
n—r00 n n

That is, the asymptotic drift of Z& ., (n) is identical to that of ZZ,(n), and therefore the assumption X§ ~ ¢
does not affect the asymptotic analysis in any way.

It will be interesting to extend the results of our paper to the case when the arm TPMs P, ..., Pk are not
known to the decision entity beforehand. The difficulty here is that for any given C' € C, the set of alternatives
Alt(C) is uncountably infinite. Also, the arm TPMs they must be estimated on-the-fly using the observations
from the arms. In this case, showing that the TPM estimates converge to their true values is the key challenge.
It will be interesting to explore these issues further.

The function f appearing in the definition of the best arm in (3)), also appears implicitly in the analyses of
the lower and the upper bounds wherever one evaluates Alt(C') for any given C. A more realistic setting
where we anticipate that f will appear explicitly in the analyses of the lower and the upper bounds is one
in which the decision entity only observes Y, = f(X{) and not the underlying state X of arm a at time ¢,
i.e., the arms yield hidden Markov observations. More generally, suppose that Y;%| X" ~ P*(-|X*) for some
conditional probability distribution P%, a € A. Because {Y,* : ¢ > 0} is not a Markov process in general, the
analyses of the lower and the upper bounds in this setting appear to be quite challenging. It will be interesting

to explore this setting in more detail.
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APPENDIX A
PROOF OF PROPOSITION [T]

It suffices to prove 20) for all 7 such that E7.[7(7)] < oo, as 20) trivially holds when E7. [7(7)] = oo. This proof
is organised as follows. In Section [A-A] we derive a change-of-measure result that is the analogue of [5, Lemma 18]
for the setting of restless arms (see (36)). Using the change-of-measure result together with [3] Lemma 19], we
derive in Section [A-Bl a lower bound for the expected LLR in terms of the error probability. In Section [A-CQ we
derive an upper bound for the expected LLR in terms of the expected stopping time (see (Z3). Combining the
lower bound of Section and the upper bound of Section [A=C] and letting the error probability vanish, we arrive
at the lower bound (20).

A. A Change-of-Measure Result for Restless Arms

The following change-of-measure result is the analogue of [5] Lemma 18] for the setting of restless arms. The
proof technique is along the lines of the proof of [3, Lemma 18].
Lemma 8: Fix C,C" € C. Given a policy m with stopping time 7(7) such that PZ(7(7) < o0) = 1, P%, (7(m) <
o0) =1, let
Frmy ={E € F:En{r(n) =t} € F; for all t > 0}, (5%)

where {F; : t > 0} is as defined in (@). Then,
PE&(E) =Eg[Ip exp (= Z&c (7(n)))], B € Frn). (56)
Proof of Lemma [8: We prove (36) by first demonstrating, through mathematical induction, that the relation
Ec'[9(Ao:t, Xo4)] = EE [g(Ao:t, Xo:t) exp (= 280 (1))] (57

holds for all ¢ > 0 and for all measurable functions g : A'*1 x S**1 — R. Then, (56) follows from (37) by noting
that for any £ € Fr (),

PZ/(E) = EZ 1]

=E& {Z HEO{T(W)—t}:|

>0
93" B Tengr(m—)]
>0
b
= > EE [Tangrm=ty exp (= Z&ci(1))]
>0

=Y BE [Tengr(m=t exp (= Z&ci(7(7)))]
>0
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=EG []IE exp ( - ch/(T(ﬂ'))ﬂ , (58)
where (a) is due to the monotone convergence theorem, and (b) above follows from (37) and the fact that E' € F (1
implies that E N {7(7) =t} € F, forall t > 0.
The proof of (37) for the case t = 0 may be obtained as follows: for any measurable g : A x S — R,

Ao,XO :ZZ CLZ PC/A()—CLX()—’L)

a=1 €S

I
Mx

Z g(a,i) PZ/(Ag = a) P/ (Xo =i|Ag = a)

€S

Z a,i) PE(Ao = a) ¢(i)
€S

Il
-

a

=
Mw

—

M»ﬁ

Z (a,7) PE(Ap = a) PE(X§ =i|Ao =a)
€s

a=1

= EZ[9(Ao, Xo)]

© g7 [g(A0, Xo) exp (= ZEc(0))], (59)

where in writing (a), we make use of (i) the fact that P75, (Ag = a) = PZ(Ao = a) because the policy 7 selects
arms without the knowledge of the underlying assignment of the TPMs, and (ii) the assumption that X§ ~ ¢ for
all a € A, where ¢ is a probability distribution on S that does not depend on the underlying assignment of the
TPMs. In writing (b) above, we make use of the observation that

PE (Ao Xo)
ZF 0 (0) = log =E 1222
cc ( ) ng/(Ao,Xo)

We now assume that (37) is true for some ¢ > 0, and show that it also true for ¢ + 1. By the law of iterated

expectations, E7, [g(Ao.t11, Xo:t41)] = EZ. [EZ. [9(Ao:t11, Xo:t41)|Fir1]]. Because EZ., [9(Ao:t11, Xo:ta1)| Fra1]

=0. (60)

is a measurable function of (Ag.¢, Xo;t), by the induction hypothesis, we have
EZ [9(Aot11, Xow1)| Frrr] = EG[EE [9(Aot41, Xowy1) | Fer] exp (= ZEei (1)) ]
=EZ [EZ [9(Aoitr1, Xo:s1) exp (— ZEer () | Fera]], (61)
where the last line above follows by noting that Z7., () is measurable with respect to F;, 1. We now note that
E¢ [Q(AO:t+17X0:t+1) exp ( — Zéer (t)) | ]:t+1]

K
Z Z g AO t7X0 ity Ay ’L) PC’ (AtJrl = Q|Ft+1) PC/ (XtJrl = ’L|At+1 =a Ft+1) exp( ch/( ))
a=1 €S

K
@ Z Z (Aoits Xot, a,i) PE(Aps1 = a|Fer) PE(Xepr = i|Avs1 = a, Fer) exp (— Z&ci(t)),  (62)

where in writing (a) above, we make use of the fact that PZ, (A¢y1 = a|Fip1) = PE(As41 = a|Fiq1) because w

selects arms without the knowledge of the underlying assignment of the TPMs. Also, we note that

Pg/ (XtJrl = i|At+1 = Q,Ft+1) exp ( — ch/(t))
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_ B ():(t+1 = i|A1 = a, Fi1)
PE(Xiy1 = i|Avy1 = a, Fiqa)

exp (= Z8c (1)) PE(Xesr = i|Avi1 = a, Fip)
=exp (— Z&e/(t+1)) PE(Xep1 = i|Ap1 = a, Frpa). (63)
Substituting (63) in (62) and simplifying, we get
E& [Q(AO:t+17X0:t+1) exp ( - Zg‘C/(t)) | ft+1}

K
= Z Z g(AO:tyXO:t; a,i) Pg(AtJrl = Q|Ft+1) Pg(XtJrl = i|At+1 = a,ft+1) exp ( — ngc/(t + 1))

= EZ [9(Aou41, Xo:ty1) exp (= Z8ci(t+1)) | Figa). (64)
Substituting ®4) in (&I), we get
EZ[9(Aoier1s Xow+1)|Fee1] = EG [ET[9(Avi+1, Xowr1) exp (= ZEer(t +1)) | Fran]]
=EZ [9(Ao:t41, Xow41) exp (= ZEci(t +1))]. (65)

Taking E7,[-] on both sides of (63), we get the desired result. [

B. A Lower Bound for EL[Z]., (T(r))] when 7 € Tl(e)

We note the following lower bound on the expected LLR. We omit the proof as it follows directly from the proof
of [3, Lemma 19].
Lemma 9: Fix C € C, C" € Alt(C), and 7 such that PZ(7(7) < o0) = 1, P&, (7(m) < c0) = 1. Then,
1) PZ and P7, are mutually absolutely continuous, and
2) for all E € F, () such that PZ(E) > 0, P5,(E) > 0,
EG(Zec(m(m)] = d(PE(E), PE(E)), (66)

where d(z,y) denotes the relative entropy between two Bernoulli distributions with parameters x and y.

Fix € > 0. Recall the set II(¢) in (B). A direct consequence of Lemma 9 is that for any m € Il(e), setting
E={weQ:0(r(r)) = a*(C)}, where a*(C) is the index of the best arm in C, noting that P5(E) > 1 — €,
PZ,(E) < € for all " € Alt(C'), and using the fact that  — d(z,y) is monotone increasing for x < y and the

y +— d(z,y) is monotone decreasing for any fixed z, we get
E&[ZEc (7(m))] = d(e, 1 —€) (67)

for all C" € Alt(C). Thus, it follows that ming ey EG[ZEq (T(m))] > d(e,1 — €) whenever 7 € TI(e).

C. An Upper Bound for ET.[Z%c. (T(m))] in terms of EL[T(m)]
We first note the following result.

Lemma 10: Fix m and C' € C. For all (d,i) €S, a € A, and j € S,

EG[N(7(7),d.i,a,j)] = (P&)% (jlia) EE [N(7(x),d,i,a)]. (68)
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Proof of Lemma [I0} We note that

7(m)
Eg[Eg[N(T(ﬂ')a(_iuiuaaj)|Xg_1]|T( ]Eﬂ' |:EC|: 1{d(t d,i(t)=i,Ar=a,X2=75} X :| 7‘(71'):|
t=K
7 ()
~ B2 3 R0 = i) =i = X7 XL )] @)

For each ¢ in the range of the summation in (69), the conditional probability term for ¢ may be expressed as
PE(d(t) = d,i(t) =1, Ay = a, X{ = j| X5 1)
= PE(d(t) = d,i(t) = i, Ay = a|X2_)) - PE(X{ = j|A; = a,d(t) = d,i(t) = i, X2_,)
= PE(d(t) = d.i(t) = 1, A = alX{ 1) - (PE)* (jlia)- (70)

Plugging (70) back in (69) and taking E7.[-] on both sides of (€9), we arrive at (68). [ ]
From (18], we note that for all ¢’ € Alt(C),

E&[ZEc/(m(m))]

) g [ 1o Lo . S L (PA) (i
Usp| 3 s ey <R[ X3 T Ne i) b (gl

da (14,
EZ[N(r(r).d.i, )] (P&)™ (jlia) m%

1=
&
]~
&
B|E E
) >§ gl>§ )
_|_
]
NE

K = Pg(Xafl) 5 T . a\d . a \d, [ |-
52|t L i XS BNk )] DB ()2 i) (1)

a=1 c’ a—1
In the above chain of equations, (a) follows from the dominated convergence theorem (noting that each row of

(P&)? is mutually absolutely continuous with respect to the corresponding row of (Pg%,)? for all d > 1), and (b)

follows from Lemma Continuing with ([ZI)), we have

s 1
272077 < B | 3 o W)]

K
+ Y EEING), b )] D) (lia)[(PE)™ (1)
(d,3)eS a=1
<323 o i |
K Er T(m 1,0
F @l - K1) Y Y AL b ey Ry Gl 02
(di)es a=1 ¢

for all C’ € Alt(C), from which it follows that

K
1
in  EL[Z5. < min EF log —————
o BolZ5c (rm) < min c[; Ong,(Xgl)]
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7T

NETCRY SN i gttt AL D P (o) (P i)

C'EAIR(C) @Des oot 1]

K
1

< i EZ log —————

= creat(o) CLZ_:I ©8 Pg,(Xg_l)]

+<E’5[r<w>—f<+11>{sgp w3 vidio DKL«P@da<-|z'a>||<Pg~/>da<j|ia>>}, 73)

C’eAI(C) @Des oot

where the supremum in (Z3) is over all v that satisfy 22)-@23). The expression within braces in [Z3) is 7*(C).

D. The Final Steps

Combining the results of Sections [A=B] and [A=C] we get
d(e,1—€) < min EF {Z log %} + (EG[r(m) — K + 1)) T*(C). (74)
C'EeAI(C) ot PE(X2_1)
Noting that (a) d(e,1 —¢€)/log(1/e) — 1 as € | 0, and (b) the first term on the right hand side of (74) is bounded
from above, by dividing (74) throughout by d(e, 1 — ¢) and letting € | 0, we arrive at the lower bound 20).

APPENDIX B

PROOF OF LEMMA[T]

Fix an assignment of the TPMs C' € C. In this proof, we establish that under the policy wu”'f the process
{(d(t),i(t)) : t > K} is irreducible, aperiodic, positive recurrent, and therefore ergodic.
Proof of Irreducibility: Consider any two states (d,4), (d',i') € Sg, and suppose that the process {(d(t),i(t)) :
t > K} is in the state (d, 1) at time ¢ = Ty. We now demonstrate that there exists an integer N (possibly depending
on (d,i) and (d’,i")) such that

PEF (d(Ty + N) = ', i(Ty + N) = |d(To) = d, i(Ty) = i) > 0.

Assume without loss of generality that d’, the vector of arm delays in the destination state (d’,i’), is such that
dy > dy > --- > dj = 1. Noting that Py,..., Px are TPMs on the finite set S, we use Proposition 1.7]
for finite state Markov processes to deduce that there exist integers My, ..., Mk such that for all m > M =
max{My,..., Mg},

P"(jli) > 0,...,PE(jli) >0 foralli,jeS. (75)

Order the components of d, the vector of arm delays in the starting state (d, %), in decreasing order. Under W}J%”'f
consider the sequence of arm selections and observations as follows: for a total of M time instants, from ¢ = Tj
tot =Ty + M — 1, select the arms in a round robin fashion in the decreasing order of their component values in
d. At time t = Ty + M, select arm 1 and observe the state i} on it. Thereafter, select arms 2,..., K in a round
robin fashion in the decreasing order of their component values in d until time ¢t = Ty + M + dj — d} — 1. At time
t =Ty + M + d} — dj, select arm 2 and observe the state i), on it. Continue the round robin sampling on arms

K till time t =T + M +d} —dy — 1. At time t = Ty + M + dy — dj, select arm 3 and observe the state i

on it. Continue this process till arm K is selected at time ¢ = Ty + M + d} — 1 and the state i/ is observed on it.
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Clearly, because of the round robin selection procedure, the delay of each arm at any time is no more than K.
Also, the above sequence of arm selections and observations leads to the state (gl/, i') at time t = Ty + M + dj.
Thus, the probability of starting from the state (d,7) and reaching the state (d’,i’) may be lower bounded by the

probability that the above sequence of actions and observations occur under w}‘%””, which in turn may be lower
K
MAdg+d,—d, (1 |
[T peyredera %%mﬂ- (76)

bounded by
1\ M+
K a=1

Noting that M < M +dy +d} —d, < M +2R — 1, let

5= min{(Pg)m(jm L i,jeS aed, M<m<M+2R— 1}. (77)
It is clear that £ > 0, and (Z6) may further be lower bounded by
1 M+d
(?) ey (78)

Thus, we see that the Markov process {(d(t),i(t) : t > K)} is in the state (d',i") after N = M + d time instants
with a strictly positive probability. This establishes irreducibility. |

Proof of Aperiodicity: Tt suffices to show that for each (d,i) € Sg, there exists N (possibly depending on
(d,1)) such that the probability of the process {(d(¢),i(t)) : ¢ > K} starting from the state (d,) at some time
t = T} and returning to the state (d,7) after IV time instants and also after NV + 1 time instants is strictly positive.
This follows directly from the proof of irreducibility presented above by setting (d',i’) = (d,i) and N = M + dj,
where M is such that (73) holds for all m > M. [

Proof of positive recurrence: This follows from the facts that (a) Sg is finite, (b) {(d(t),i(t)) : t > K} is

irreducible under w}'{‘”, and (c) an irreducible Markov process evolving on a finite state space is positive recurrent.
|
APPENDIX C
PROOF OF LEMMA 2]
This proof is organised as follows. First, we show in Section that for all (d,i) € Sg,
N(n,d, 1
lim inf N(.d.0) > (0 almost surely. (79)
n—oo n
Next, we show in Section that almost surely,
. . . K
N(n,d,i >0, if (d,i) € S or (d,i) ¢ U=y Sk,
lim inf M ! (80)
n—oo n

=0, if (d,i) € S, for some a’ # a.

Using the above results, we establish (#0) in Section
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A. Limiting Drift of N(n,d,1)

Let M be sufficiently large so that (Z3) holds for all m > M. Fix an arbitrary (d,i) € Sg, and assume without
loss of generality that d is such that d; > do > --- > dxg = 1. Let po(d,i) denote the probability of the
process {(d(t),i(t)) : t > K} starting in the state (d,i) and returning back to the state (d,i) under the assignment
of the TPMs C. Following the exposition in Appendix [B it can be shown that po(d,i) > 0. Now, the term
N(n,d,i) may be lower bounded almost surely by the number of visits to the state (d,i) measured only at times
t=K+M+d,K+2(M+d),K +3(M+dy) and so on until time ¢t = n. At each of these time instants,
the probability that the process {(d(t),i(t)) : t > K} is in the state (d,i) under the assignment of the TPMs C' is
equal to pc(d,i). Thus, we have

n—K+1

N(n,d,i) > Bin <W

, pc(d,i)) almost surely, (81)

where the notation Bin(m, ¢) denotes a Binomial random variable with parameters m and ¢. It then follows that,

almost surely,

Bin (%755, pe(d.i)

lim inf N(n,d,0) > lim inf
n—00 n n—00 n
. fBin ("A;ﬁ;jl, pc(gl,i)) n-K+1 1
=tk e noo M
(@) pc(d,i)
M +dy
o (82)

where (a) above is due to the strong law of large numbers. This establishes ([Z9).

B. Limiting Drift of N(n,d,i,a)

If (d,i) € Sg.q, then N(n,d,i,a) = N(n,d, i), and consequently

N(n,d, 1 N(n,d, 1
lim inf N4 i a) = lim inf N4 9 >0 almost surely.
n—00 n n—>00 n

If (d,i) € Sgr, for some a’ # a, then N(n,d,i,a) = 0 for all n > K. Thus, it remains to show (80) for
(d,7) ¢ U§:1 Sk.a. Fix one such arbitrary (d,7) and define

n

S(n,(_l, 1’7 a’) = Z {H{At:a,d(t):d,i(t):i} - Pg(At = a, (_l(t) = d7 i(t) = ilAO:t—luXO:t—l)} . (83)
t=K

For each t > K, because |I{a,—q.d(t)=d,i(t)=i} — FE&(Ar = a, d(t) = d, i(t) = i|Ao:t—1, Xo:t—1)| < 2 almost
surely, and B [[f 4, —q, dt)=da, i(t)=i} — PE(Ae = a, d(t) = d, i(t) = il A1, Xo:t—1)|Ao:t—1, Xo:t—1] = 0 almost
surely, the collection {Ia,—q at)=d,i(t)=iy — FE(Ar = a, d(t) = d, i(t) = i|Ao:—1, Xo:t—1) >k is a bounded
martingale difference sequence. Using the concentration result Theorem 1.2A] for bounded martingale difference
sequences, and subsequently applying the Borel-Cantelli lemma, we get that

S(TL, dv iv CL)
n

—» 0 asn — oo, almost surely. (84)
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This implies that for every choice of € > 0, there exists N. = N.(d, i, a) sufficiently large such that
N(TL, da 17 (L)

n

1 & _
> — E PE(A; = a, d(t) = d, i(t) = i|Aoit—1, Xo:t—1) —€ ¥V n > N, almost surely.  (85)
n
t=K

Now, for each ¢t > K, under 7 = 7*(L,n, R),
PE(Ar = a, d(t) = d, i(t) = i|Ao:t—1, Xo:—1)
= PE(Ay = ald(t) = d,i(t) = i, Aot—1, Xo:4—1) - PE((t) = d, i(t) = i|Aost—1, Xo:t—1)

= )\n,R,é(t (Cl,|d, l) ! Pg(d(t) = da l(t) = i|AO:t71; XO:tfl)
Do (doa) + (L= 1) v pldsisa)

—~
s}
=

i) =d, ir)=i}

TR D+ (1) S, vy o)

= % 1 1D 1) - T =dicy=i)

= % HR™ Lt =d.tn=iy s
(a

where in writing (a) above, we use the fact that (d(t), i(t)) is measurable with respect to the history (Ag.;—1, Xo.t_1),

and pM" in (86) is as defined in 7).

Plugging (86) in (83), we get

N(n,d,i -~ N(n,d,i
Nmdba) 1 mn NdD) s N aimost surely. 87)
n K n
Using 82) in (87), we get that
N(TL, da 1.7 a) i . min . pc (da 1)

> =
n-K+1 - K " aM+d) © (88)

for all n large, almost surely. Setting & = 5L - uJ" - 2’()]({4(%3) establishes (80).

C. Completing the Proof of Lemma

From (8Q), it follows that whenever liminf, ., N(n,d,i,a)/n > 0 almost surely, we may apply the ergodic
theorem to deduce that under the assignment of the TPMs C,
N(n,d,i,a,j
% — (P&)% (jlia) asn — oo, almost surely. (89)
Under the constraint that the delay of each arm is at most R,

zcc, . N(n.dyi;a,5) | (P&)" (jlia)
Zl S P> > 5 8 eyl Y

(d’L GSR a=1 je§

The first term in (O0) may be lower bounded as follows: assuming that X§ ~ ¢ for all a € A, where ¢ is a
probability distribution on & that is independent of the underlying TPMs C' and puts a strictly positive mass on

each state in S, it follows that
K K
1 PE(XS_4) 1
— E log ————= E log PE(X2
[ — o Pg/(Xg—l) n 8 C( ail)

a=1

:% > Iixe =5 Zlog (Z ¢(i) (PE)* 1 (jli >> 91

JjES €S

Y
|



29

Because the right hand side of (91l converges to 0 as n — oo, given any € > 0, there exists N7 = Np(e) such that

— Z log ) > —¢ forall n > Ny, almost surely (92)
a=1 Pg/ a )
The second term in [@0) may be expressed as
d, P&)da(jlig N(n,d,i,a,j g (jliq
Z Z ’I’L Z a ]) log ((P y .7 ||l Z (TL, a,i,a, .7) log ((PaC))d ((j||l )) '
) EUS_ Spa o= Ulie) 25 (@hesna " o)t Jlta

(93)
Using the convergence in (89) and noting that Sg x A is finite, we get that there exists No = Na(¢) such that for

all n > N, (93) is almost surely lower bounded by

Ty NOdia) b pay g Pa i)

(di)gUE_, S0 9=1

K .
ey Y ML b eyt iR Gl -2 O

a=1 (d,i)€SR,a

Combining [@2) and ([@3), we get that

Z&cr (n)

n

ST S S NOBLA) by (P (fia) | (P2 )™ (i)

(d)gUK_ Sg . =1

. |
. MWL) bRyt (i)l (PR Gl)) ©5)

n
a=1 (d,Z)GSR,a
for all n > max{Ny, Na}, almost surely. Using the results in (Z9) and (8Q), we see that the limit infimum of the

last two terms in (93)) is strictly positive, almost surely. Because € > 0 is arbitrary, the desired result follows.

APPENDIX D
PROOF OF LEMMA[3]
The policy m = 7*(L,n, R) commits an error if one of the following events is true:

1) The policy does not stop in finite time.

2) The policy stops in finite time and declares an incorrect best arm index.

The event in item 1 above has zero probability, thanks to Lemma [2l Thus, the probability of error of policy
7*(L,n, R) may be evaluated as follows: for C' € C, recall that «*(C) is the index of the best arm in C. Then,

under the assignment of the TPMs C, the error probability of 7*(L,n, R) is given by

(O(r(m)) # a)

=PZ (3 n and @’ # a such that 7(7) = n and 0(n) = a’)

=Pz <3 n and C’ € Alt(C) such that 7(7) = n and §(n) = a*(C’)). (96)
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Let Ry(n) = {w € Q : 7(7)(w) = n, 8(n)(w) = a}, a € A, denote the set of all sample paths for which the
policy stops at time n and declares a as the index of the best arm. Clearly, {R,(n) : a € A, n > 0} is a collection

of mutually disjoint sets. Therefore, we have

PE(O(r(m)) # a)

=rz (U Ure

a’#a n=0

=Y Y Pi(r(m)=n, O(n) =d)

a’#a n=0

= Y X PEG(m) =n, 6(n) = a*(C)

C’eAI(C) n=0

- Z / dPg(w)
a*(C’) (n)

C’eAI(C) n

= Z / ( ) exp ZC(n w)) d(AO:n(w)vXom(w))
a*x(cr)n

C'EAI(C) n

- ¥ / OB Zo(n,) (28 (9) A1) Ko )
*(C/)TL

C'EAI(C) n

1 T
> / TRk =Dk =1y P

 oéan (C)n=0 Y Rax(cr(n)

1 o0
= 2 LR -DE =D <U Ra*(c'>(n)>
n=0

C’eAI(C)
1
< T
— L
where (a) above follows by noting that for any C” € Alt(C'), the condition M, (n) > log(L(K —1)(K —1)!) holds

7)

at the stopping time 7(7) = n on the set R« (). In particular, this implies that Z7,(n) > log(L(K —1)(K —1)!).
Setting L = 1/¢ in ([@7) yields the desired result.

APPENDIX E

PROOF OF PROPOSITION 2]

We note that for all C’ € Alt(C), under the policy 7 = m{g(L,7, R), almost surely,

limsup M& (n) =limsup min  Z%ou(n
msup Mé:(n) = limsu crent(crn ~ ()

<limsup ZZ& (n)

n—oo

= limsup —Z%q(n)

n—oo

= —liminf ZZ~(n)

n—r oo

< —liminf M&(n)

n—r oo

<0, (98)
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where the last line above is due to Lemma [2l Furthermore, for any C' # C such that a*(C) = a*(C)H following
the exposition in Appendix [C-C] with C” replaced by C, we get that lim inf,, o Z7~(n)/n > 0 almost surely, and
therefore liminf,, . Zgé(n) > 0 almost surely. This implies that lim inf,, o ZZ& - (n) — ch/( n) > 0 almost
surely for all C" € Alt(C'), which in turn implies that liminf,, o Z8(n) > limsup,,_, o ZZ ., (n) almost surely

for all C" € Alt(C). Noting that Alt(C) = Alt(C), it follows that

lim inf M{ (n) > limsup MZ(n) almost surely (99)

n—00 n—00

for all C' # C such that a*(C)) = a*(C). Combining ([@9) and ([@8), we get that under ™ = 73g(L,n, R),
C(n) =C for all n large, almost surely, (100)
when the underlying assignment of the TPMs is C, from which we may deduce that under = = 7{g(L,7, R),

lim P™(A4, =aldon-1,{(d(s),i(s)) : K <s<n-—1},d(n) =d,i(n) =1)

n—r00

= nh_)rrgo An.r,C(ny(ald, 7)

= \y,r,c(ald, i) (101)

almost surely. This shows that 7{g(L, 7, R) eventually makes the process {(d(t),i(t)) : t > K} ergodic with v, r.c
as its ergodic state-action occupancy measure. As a consequence, for all (d,i) € Sg and a € A, it follows that

lim N(”?d? 27 a)

= vy, r,c(d,1,a) almost surely. (102)
n— 00 n

Therefore, under 7 = 7{g(L,7n, R), we have

im Zg‘C’(n) — lim n dvlva .7) o (Pg’) a(ﬂill)
nlﬁoo n nlﬁoo Z Z Z log (Pa ) a(jlia)

(d’L GSR a=1 je§

. . aNda (i1;
Z Z Z hrn N(nada L, a?.]) log (PC) (.]|7/a)
n—o0 n (Pg«,)d

(di)eSr a=1 jes “(jlia)

(l

@ Z ZZVchdza) (Pc “(jlia) log((ﬁac)i%

(di)eSr a=1 j€S

K
= 3 3 vre(di a) DI(PE)™ (fia)[|(P&)% (fia)) almost surely, (103)

(d,i)eSr a=1
where (a) follows from (89). Eq. (Z3) is then immediate from (I03).

APPENDIX F

PROOF OF LEMMA [4]

Because m = 7*(L,n, R) selects arm 1 at time ¢ = 0, arm 2 at time ¢ = 1, etc., and arm K at time ¢t = K — 1,

in order to prove the lemma, it suffices to prove that for all m > K,

lim PA(r(m) <m)=0. (104)

L—oo

ORecall that a* (C') denotes the index of the best arm in C.
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Fix an arbitrary m > K. Then

limsup P5(7(mw) < m)
L—oo
= limsup P& (3 K <n <mand C’" € C such that M7, (n) > log(L(K —1)(K — 1) ))
L—o0
< limsup > PE(MZE(n) > log(L(K — 1)(K —1)!))
(105)

L=oo cice n—k
Y S EEw

< limsup
L—oo log(L(K - 1 Cc'eC n=K
where the first and the second inequalities above follow from the union bound and Markov’s inequality respectively
m}, the expectation term inside the summation in (I03) is finite. This will

We now show that for each n € {K
then imply that the limit supremum on the right-hand side of (I03) is equal to 0, thus proving the desired result

Note that
Mg/ (n)= _min Z7, -(n) < - (n) for all C' € Alt(C"). (106)
GeAl(C)
a \da (s
(FE)"Gli) o

Fix an arbitrary C' € Alt(C”) and recall that
K

Z > N(n,di,a,j) log o2

= (Pl

PC/
Zg(n Z log Here
- (
Because each row of (Pg,)“ is mutually absolutely continuous with the corresponding row of (P%)¢ for all d > 1

mM

we may upper bound the second term in (I07) as
3 ()% (3lia)
Z ZZN(nvdvivaaj) log‘PC(VldiSA Z ZZ TLd’L )
()% (ilia) (di)eSr a=1 jeS
(108)

(di)eSp a=1 jES
=A-(n—K+1) almost surely,

(109)

_ Pili) d i »
A = max logpd( Bh (§l7) #0, PL(jli) #0, deN, i,j €S, a,a’ € A
Furthermore, suppose that X§ ~ ¢ for all a € A, where ¢ is a probability distribution on S that is independent of

a and the underlying assignment of the TPMs C. Without loss of generality, let ¢(:) > 0 for all ¢ € S. Then, the

where

first term in (I07) may be upper bounded as
1)

Zlo ) log PC/ § Zlog
1> Xg) 1)
Pz /<X j)
-3 Z Tz = mm
o Dies 0(@) - (P& (jl)
_az% Zg =y 8 R T 0 (PTG
PC') () log (P& (j4)
Pg, )1 (jl1i") (Pg) (1)

9SS T iy X

a=2 jES €S
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< A(K —1) almost surely, (110)
where (a) above follows from the log-sum inequality [29] Theorem 2.7.1]. Combining (I08) and (I10), we get

Zg,c( n) < A-n almost surely, (111)

from which it follows that EZ,[Z7, - (n)] < A - n.

APPENDIX G

PROOF OF LEMMA[3]

By the definition of 7(7), we know that under the assignment of the TPMs C,

MZ(r(r) — 1) < log(L(K — 1)(K — 1)!).

Therefore, almost surely,

log(L(K — 1)(K —1)!)

1 =limsu
L—)oop 1OgL
MFZ —1
> lim sup M
L—o00 IOgL
ey MEER) =1 7(m) 1
L—o0 7(m) =1 log L

. -1 . pa . a .
> (tmowp ") (w55 wneldin DO CRIER- ). a1

foee (di)€8n a=1
where the last line above is due to (6) and the fact that the increment M (n) — MZ(n — 1) is bounded for all
n > K. We then note that

> Z vy.r.c(d, 2, @) D((PE)* (fia)l(P&)™ (]ia))

min
C’eAlt(C
( ) (d,i)eSr a=1

>7 min Z Zvé“%dma D((PE&)" (-lia)| (P& (]ia))

C’eAl(C)

GSR a=1
= i, |2 S vbaldei o) DUPEY* (o) (P ()
TeAIR(C)
(d,i)eSp a=1
>0 TE"(C) + (1 —n) TH(O), (113)
thus establishing the desired result.
APPENDIX H

PROOF OF PROPOSITION 3]

We prove here that the family {7(7)/log L : L > 1}, where 7 = 7*(L,n, R), is uniformly integrable. Towards

this, we show that

2
lim sup E’é[(q—(w)) } < 00. (114)

L—o0 log L
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Then, Lemma 3, pp. 227] implies the desired uniform integrability result from (II4) (by using G(t) = 2 in
(30, Lemma 3, pp. 227]). Let

log(L(K — 1)(K —1)!)
L) = 115
e = (115)
and let 75, = 75 (L,n, R) denote the version of the policy R-DCR-BATI that stops only when the event
MEE (n) > log(L(K — 1)(K — 1))
occurs. Clearly, 7(nf) > 7(m) almost surely. Then,
2
. 7(m)
| EZ
e %5 (552) |
< ol (T
= limsu / P’T<< ) >x)d:1:
s Jo "¢\ \logL
= lim sup/ PZ <T(7T) > (V) (log L)) dx
L—oco 0
< limsup/ PZ (T(wé) > (vz)(log L)) dx
L—o0 0
(a) o
< lim sup {¢(L> + / % <T(ﬁ5) > (V&) (log L)) da:}
L—o00 P(L)
~ 2n + 1
< limsup (L) + limsup Z L2 PE(T(ms) > n)
L—oo L—oo (IOg L)
n>+/¢(L) log L
<141 3 2t L (ME(n) < log(L(K — 1)(K — 1)! 116
< 1+limsup > log L) C(ME(n) <log(L(K —1)(K — 1)), (116)

e n>+/4(L) log L
where (a) above follows by upper bounding the probability term by 1 for all z < v(L). Below, we show that
PE(MZ(n) < log(L(K —1)(K —1)!)) is O(1/n®), which implies that the infinite sum in (II6) is finite. This will
then prove that the right-hand side of (I16) is finite. Note that

PE(ME(n) < log(L(K — 1)(K — 1)1)) = P& (C,g}g&@ Z(n) < log(L(K — 1)(K — 1)!))

< Y PE(Zic(n) <log(L(K - 1)K -1)),  (117)
C’EAI(C)

where the last line above follows from the union bound.

We now show that each term inside the summation in (I17) is O(1/n3). Fix C’ € Alt(C) and observe that

P& (Z8ci(n) <log(L(K —1)(K —1)1)
_pr (ZEC/(H) < log(L(K —1)(K — 1)!)>

n

o 1)
:Pﬂ'
C( 2 log P&Xs 1>

a=1

N(ndiiag) | (P2)*(lia) _ loa(L(K ~ (K 1))
F Y Yy 8 (B ) (i) )

n
(d’L GSR a=1 je§
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K
Pr(XS
< PZ (l E logM < _5> (118)
n

K - . . .
N(’I’L,(_l, 17 (l,]) (ng)da (]lza)

(X% log LGl
(d.d) cs n (P&)%a(jlia)

K .
- x> MR eyl i) < —¢) (119

K .
sre( X 3 MR (i (P (i) - 22 < “EEEZDEZDD) g

(di)cSp a=1 "
for all € > 0. Fixing ¢, we handle (II8)-(I20) individually. We also show how to choose ¢ (later in (I30)).
1) Handling (I18): This term is equal to O for all sufficiently large values of n because the left hand side inside
the probability term converges almost surely to 0, whereas the right hand side is negative.
2) Handling (T19): This term may be expressed as
(Y Sy [Medbed NOubio) gy ) o FRURL ) o

(di)eSr a=1 jeS

We note that
Pg&)4a(ji,

M, = Z Z > [ (n,d,i,a,j) = N(n,d,i,a) (Pg)da(jm)} 1ogM
(d,i)eSr a=1 jES

is a martingale. Indeed, because each row of (Pg)d is mutually absolutely continuous with respect to the

corresponding row of (Pg&,)? for all d > 1,
K s
B o . arda fsls (P&)™ (jlia)
]EC|: Z Z Z (N(n,(_l,g,h,j) _N(n7d717 a) (Pc)da(jha)) log (Pac )da(]h )
( o “

d,i)eSg a=1 jeS

AO:n—17 XO:n—1:|

dg i
= > > Y (Nn—1,di,a,j)— N(n—1,di,a) (P&)™ (jlia)) mw

da
(di)eSr a=1 j€S (P& )% (jlia)

+ Z Z Z [H{d(n)—d i(n)=i} (Pg(An = a, Xn — j|A0:n—17X0:n—1)

(P&) (jlia)
(P& )% (jlia)
(P&)* (jlia)
Pyl

where the last line follows by noting that when (d(n),i(n)) = (d,#), under the assignment of the TPMs C,

~ PE(An = alApn1, Kom1) <Pg~>da<j|ia>) log

N(n—1,d,i,a,j) — N(n—1,d,i,a) (P&)* (jlis)) log

I
]
]~

BN

(d,3)eSr a=1 je

PE(Xn = jlAn = a, Aon—1, Xom—1) = (P&)% (jlia)-

Further, the above martingale is bounded, and its quadratic variation (M,,) satisfies

n K . Pa da 'Z.a 2
= EEK > 2 Wd=d. i=i Ar=a} (Lix,—jy — (P&)% (jlia)) log %) ’ft}
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n - Pa do (s ia 2
St:ZK Eg{ > Z > Lao=a, i(0)=i Ai—a} (H{Xt:j}_(Pg)d“(ﬂla))z (10g%)

(di)eSr a=1 jES
]—"t]

<n (44%|S)) (123)

n

K
(S) 447 ) E’é[ DD Law=d, ith=i, Ai=a)

t=K (di)eSr a=1 jES

almost surely, where A above is as defined in (T09). We then have

3 ] - (PRl
R 3 3N (Nndiiag) - Nndii.a) (PE)™ (i) lo (e ity < —ne
(d,i)eSr a=1 jES C a
3 (Pe)™ (i)
<PE\| X X (Nndia) — Nind ia) (RE)* Glia)) log (g iy | > ne

(di)eSg a=1 jeS

da (2
<PT| sup Z Z Z (n.d,i,a,5) — N(n,d,i,a) (P&)% (jlia)) log 7((5 ))d (lia) > ne

(di)eSgp a=1 jES o (jlia)

K 6
aNdag (]

> Y Y (Nndia,j) — N(n,di,a) (P&)%(jlia)) log Bedz el

(d,i)eSk a=1 jES (P&) % (jlia)

- nb £6
® B
6 6 SI(MR)P]
(0 B 3
D (aa1s)
I
:%, (124)
n

where (a) above is due to Markov’s inequality, (b) is due to Burkholder’s inequality [31, pp. 414], and (c)
follows from (123). We have thus shown that (IT9) is O(1/n?).
3) Handling (I20): Observe that (I20) may be upper bounded by

(125)

P (L) D (P (i) (P (i) — 22 < EEEZDEZ D)

for all (d,i) € Sg and a € A Fix d = d* = (K,K —1,...,1),i = i* € 8%, and a € A. Using the
convergence in (I02), we get that for every ¢’ > 0, under the policy m{g(L,n, R),

N(n,d",i", a)

> vy ro(d, i, a)(1—¢€) (126)
n

for all n large, almost surely. Leveraging this, we define

N(n,d*,i*
E, = {w cq. Yndhihaw) vyrc(dr, i, a)(1 — e’)} , (127)

n

and write (I23) as the sum of two terms, one of which is

P (B { ELL) D (e il i) — 22 < EEEZ DI )

n n

log(L(K — 1)(K — 1)!)>

<P ((1 — &) vyre(d', %, a) Da((PE)% (lig)II(P&)% (1i})) — 2e < -

(128)
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and the other is

P (B M { FBEL b ey )P i) — 22 <

N d* k.
<Pr (("—#’a) < vy ro(d,i*,a) (1 - e’)> . (129)

log(L(K — 1)(K — 1)!) } >

n

We shall see how to choose ¢ (later in (I36)). Choosing ¢ such that
(1 =€) vyro(d 8%, a) D ((P&)% (13 [|(P&)% (-]i})) — 2e > 0, (130)

we see that the left hand side of the probability term in (I28)) is strictly positive, whereas the right hand side
goes to 0 as n — oo. Thus, for all sufficiently large values of n, (128) equals 0.
It now remains to show that is O(1/n3).

Showing that is O(1/n?):
Let M be a large, positive integer such that (Z3) holds for all m > M. Along the lines of the proof of

irreducibility presented in Appendix [Bl it can be shown that for all (d,i) € Sg and Ty,
7'r * - . . N min\MTE g
PEA(Ty + N) = &', i(To + N) = 'ld(To) = d.i(To) =) = (3£ 13") (131)

for N = M + K, where u’};}i” is as defined in (37), and ¢ is as defined in (Z7). Eq. (I31) states that under
the policy R-DCR-BALI, the probability of starting from any (d,i) € Sg and reaching the state (d*,i*)
after N = M + K time instants may be lower bounded uniformly over all starting states. In the literature
on controlled Markov processes, such a phenomenon is referred to as Doeblin’s minorisation condition

Eq. (5)]. Writing p to denote the constant on the right hand side of (I31), we get that for all n > M + K,
PE(d(n) = d",i(n) = i)

= Y [Palm) = d*in) = ld(n— M — K) = di(n — M ~ K) = )
(d,i)€SR

PE(d(n— M — K) = di(n— M — K) = 1)|

>p- Y PEd(n—M-K)=di(n—M-K)=i)
(d,3)ESr

— ) (132)

We now note that for all n > M + K,
N(n,d*,i*,a) = Z Lgacy=d*, i(t)=i*, Ar=a}
t=K

> Z Lgact)=ar, i(t)=i*, A,—a} almost surely. (133)
t=M+K
Denoting the right hand side of (I33) by N’(n,d*,i*,a), we note that
Eg[Nl(nvd*vi*va)] = Z PE(d(t) = dr, i(t)=1", Ar=a)
t=M+K
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n

> Y p-PE(Ac=ald(t) = d', i(t) = i)

t=M+K
= Z P Ay re(ald, i)
t=M+K
>(n-M-K+1)-p- (2 uf"). (134)

where pT" is as defined in (7).
For all n > M + K, we then have

P (N(n,d*,z*, @) < nvy pold it a)(1 - e’>>

N'(n,d*,i*,a) < nvy ro(d,i*,a)(1 — a))

= Pg <Nl(n7d*ai*7 CL) - ]Eg[Nl(nvd*vi*v CL)] < nVn.,R.,C(d*ai*a a)(l - el) - Eg‘[N/(nad*vi*a a)]>
<N’(n,d*,i*, a) —EG[N'(n,d",i*,a)] < nvygrco(d,i*,a)(l - €)

n N
—(n—M—K—l—l)-p-?-u%'n)

<Pz (N’(n,d*,i*, a) — EL[N(n, ", ", )] < n{un,R,c(d*,z*, a)(1 - €)

n—M-—K+1 .pnurﬂ,i”
(e ) s

Noting that

n—M-K+1 - 1
n -2
for all n sufficiently large, we choose ¢ such that
min
vy ro(d i, a)(1 —€) — % <0.
For instance, it suffices to set .
1 PNRR"

€ =1

- , 136
2 2K vy pco(d, i, a) (139

For this choice of ¢, it follows that the probability term in (I33) may be bounded above exponentially by
using concentration inequalities for sub-gaussian random variables [33] p. 25]; here, N'(n,d*,i*, a) is a sum
of (not necessarily independent) indicator random variables, each of which is sub-gaussian with variance factor
1/4. This implies that N'(n,d*,i*, a) is also sub-gaussian [[7, Lemma 17]. Therefore, for all sufficiently large
n, the probability term in (I33) is O(1/n3).

APPENDIX I

PROOF OF LEMMA[7]

Suppose that Py (-|7) = pg(-) forall k =1,..., K and i € S. Fixing C € C, it follows that forall d e N, i € S,
and C" € Alt(C),

D (P& C)I(PE)? (10)) = D (psllme), (137)
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where 1% denotes the stationary distribution associated with the TPM P%. As a consequence of , we have
2%, Y C q

THO) =sup i, D S vldi o) Dal(PEY™ (i (PE ) (i)

(d,5)eS a=1

= sup CIGA"(C) Z Z (d,4,a) Dx(pellpe)

v (d,i)eS a=1
K
=sup min ; k(a) DrL(péllpé), (138)
where r(a) == 34 yes¥(d, i, a) for all a € A, and the supremum in (I38) is over all k which are probability
distributions on the set of arms .A.

For a fixed R € NN (K, o), suppose that
K
=J Ska» S2=Sgr\Si.
Then,

Tr(C)

= sup > Z (d, i, a) Dec((PE)™ (-lia) | (P&)* (lia))

C’EAltC
( ) (d,i)eSr a=1

=sup min Z Z (d,i,a) DxL(p&||lpd)

C'eAl(C
. SAIC) (d,i)eSp a=1

K
Z Z v(d,i,a) DxL(pellpe) + Z Z v(d,i,a DKL(#CWO/)}

(di)€S: a=1 (d,i)eS, a=1

=sup min
v C'EAI(C)

a=1 (d,i)€SR,a (d,i)eSy a=1

ijKLwcwc»( > o+ Y vdio)]

a=1 (d:1)ESRa (d,i)€Sy

=sup min
v C'EAI(C)

= sup min
v C'eAI(C)

K K
= sup 0/2}\%30){2 v(d,i,a) De(péllne) + Z Z v(d,i,a) DKL(MC'MC’)}

iDKLWCWCJ( Y. vdia)+ ) D vidia)+ v(d,z,@)}

(di)€SR.a a’#a (d1)€SR o (di)€S2

K

a=1 d,i)ESR

=sup  min Z:jl k(a) D (| ), (139)

where (a) above follows from the observation that any v participating in the supremum in (a) meets the R-max-
delay constraint in (26), and therefore satisfies v(d,i,a) = 0 for all (d,i) € Sg,a/, @’ # a. From (I38) and (I39),
we see that T7(C) = T*(C) for all R, thus proving that limp_.o, TH(C) = T*(C) in the special case when each

of the arm TPMs have identical rows.



[1]
[2]

[3

[ty

[4]

[5

[ty

[6]

[7]
[8]

[9

—

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

40

REFERENCES

H. Chernoff, “Sequential design of experiments,” The Annals of Mathematical Statistics, vol. 30, no. 3, pp. 755-770, 1959.

A. E. Albert, “The sequential design of experiments for infinitely many states of nature,” The Annals of Mathematical Statistics, pp.
774-799, 1961.

A. Garivier and E. Kaufmann, “Optimal best arm identification with fixed confidence,” in Conference on Learning Theory,. PMLR, 2016,
pp. 998-1027.

V. Moulos, “Optimal best Markovian arm identification with fixed confidence,” Advances in Neural Information Processing Systems, vol. 32,
2019.

E. Kaufmann, O. Cappé, and A. Garivier, “On the complexity of best-arm identification in multi-armed bandit models,” Journal of Machine
Learning Research, vol. 17, no. 1, pp. 142, 2016.

P. N. Karthik and R. Sundaresan, “Detecting an odd restless Markov arm with a trembling hand,” IEEE Transactions on Information
Theory, vol. 67, no. 8, pp. 5230-5258, 2021.

——, “Learning to detect an odd restless Markov arm with a trembling hand,” arXiv preprint arXiv:2105.03603, 2021.

T. L. Lai and H. Robbins, “Asymptotically efficient adaptive allocation rules,” Advances in Applied Mathematics, vol. 6, no. 1, pp. 4-22,
1985.

V. Anantharam, P. Varaiya, and J. Walrand, “Asymptotically efficient allocation rules for the multiarmed bandit problem with multiple
plays-part ii: Markovian rewards,” IEEE Transactions on Automatic Control, vol. 32, no. 11, pp. 977-982, 1987.

S. Bubeck and N. Cesa-Bianchi, “Regret analysis of stochastic and nonstochastic multi-armed bandit problems,” Machine Learning, vol. 5,
no. 1, pp. 1-122, 2012.

S. Mannor and J. N. Tsitsiklis, “The sample complexity of exploration in the multi-armed bandit problem,” Journal of Machine Learning
Research, vol. 5, no. 6, pp. 623-648, 2004.

E. Even-Dar, S. Mannor, and Y. Mansour, “Pac bounds for multi-armed bandit and Markov decision processes,” in International Conference
on Computational Learning Theory. Springer, 2002, pp. 255-270.

Z. Karnin, T. Koren, and O. Somekh, “Almost optimal exploration in multi-armed bandits,” in International Conference on Machine
Learning. PMLR, 2013, pp. 1238-1246.

K. Jamieson, M. Malloy, R. Nowak, and S. Bubeck, “lil’'ucb: An optimal exploration algorithm for multi-armed bandits,” in Conference
on Learning Theory. PMLR, 2014, pp. 423-439.

J.-Y. Audibert, S. Bubeck, and R. Munos, “Best arm identification in multi-armed bandits.” in Conference on Learning Theory. JMLR,
2010, pp. 41-53.

S. Kalyanakrishnan, A. Tewari, P. Auer, and P. Stone, “Pac subset selection in stochastic multi-armed bandits.” in International Conference
on Machine Learning, vol. 12.  PMLR, 2012, pp. 655-662.

E. Kaufmann and S. Kalyanakrishnan, “Information complexity in bandit subset selection,” in Conference on Learning Theory. PMLR,
2013, pp. 228-251.

S. Gupta, G. Joshi, and O. Yagan, “Best arm identification in correlated multi-armed bandits,” IEEE Journal on Selected Areas in Information
Theory, vol. 2, no. 2, pp. 549-563, 2021.

Z. Zhong, W. C. Cheung, and V. Y. F. Tan, “Best arm identification for cascading bandits in the fixed confidence setting,” in International
Conference on Machine Learning. PMLR, 2020, pp. 11481-11491.

0. Dekel, J. Ding, T. Koren, and Y. Peres, “Bandits with switching costs: T2/3 regret,” in Proceedings of the ACM Symposium on Theory
of Computing, 2014, pp. 459-467.

Z. Zhong, W. C. Cheung, and V. Y. F. Tan, “Probabilistic sequential shrinking: A best arm identification algorithm for stochastic bandits
with corruptions,” in International Conference on Machine Learning. PMLR, 2021, pp. 12772-12781.

P. N. Karthik and R. Sundaresan, “Learning to detect an odd Markov arm,” IEEE Transactions on Information Theory, vol. 66, no. 7, pp.
4324-4348, 2020.

A. Deshmukh, S. Bhashyam, and V. V. Veeravalli, “Controlled sensing for composite multihypothesis testing with application to anomaly
detection,” in Asilomar Conference on Signals, Systems, and Computers. 1EEE, 2018, pp. 2109-2113.

A. Deshmukh, V. V. Veeravalli, and S. Bhashyam, “Sequential controlled sensing for composite multihypothesis testing,” Sequential
Analysis, vol. 40, no. 2, pp. 259-289, 2021.



[25]

[26]

[27]
[28]

[29]
[30]
[31]

[32]

[33]

41

G. R. Prabhu, S. Bhashyam, A. Gopalan, and R. Sundaresan, “Sequential multi-hypothesis testing in multi-armed bandit problems: An
approach for asymptotic optimality,” IEEE Transactions on Information Theory, 2022.

V. S. Borkar, “Control of Markov chains with long-run average cost criterion,” in Stochastic Differential Systems, Stochastic Control Theory
and Applications.  Springer, 1988, pp. 57-77.

D. A. Levin and Y. Peres, Markov Chains and Mixing Times. American Mathematical Society, 2017, vol. 107.

H. Victor, “A general class of exponential inequalities for martingales and ratios,” The Annals of Probability, vol. 27, no. 1, pp. 537-564,
1999.

M. Thomas and J. A. Thomas, Elements of Information Theory. Wiley-Interscience, 2006.

A. N. Shiryaev, Probability-1. Springer, 2016, vol. 95.

Y. S. Chow and H. Teicher, Probability Theory: Independence, Interchangeability, Martingales.  Springer Science & Business Media,
2012.

I. Kontoyiannis, L. A. Lastras-Montafio, and S. P. Meyn, “Relative entropy and exponential deviation bounds for general Markov chains,”
in Proceedings of International Symposium on Information Theory,. IEEE, 2005, pp. 1563-1567.

S. Boucheron, G. Lugosi, and P. Massart, Concentration Inequalities: A Nonasymptotic Theory of Independence. Oxford University Press,

2013.



	I Introduction
	I-A A Preliminary Trembling Hand Model
	I-B Forgoing the Trembling Hand Model and Constraining the Maximum Delay of Each Arm
	I-C Prior Works on Multi-Armed Bandits and Best Arm Identification
	I-D Contributions
	I-E Paper Organisation

	II Notations and Preliminaries
	II-A Policy and Problem Definition

	III Delays, Last Observed States, and a Markov Decision Problem
	IV Log-Likelihoods and Log-Likelihood Ratios
	V Lower Bound
	V-A A Flow Constraint

	VI Achievability
	VI-A Modifications to the MDP Transition Probabilities Under Maximum Delay Constraint
	VI-B Capturing the Maximum Delay Constraint and a Finite Dimensional Linear Program
	VI-C A Policy for Finding the Best Arm Under a Maximum Delay Constraint

	VII Results on the Performance of Policy R DCR BAI
	VII-A Strictly Positive Drift for the LLRs
	VII-B Desired Error Probability
	VII-C The Correct Asymptotic Drift of the LLRs
	VII-D Asymptotic Growth of Stopping Time
	VII-E Almost Sure Asymptotic Upper Bound on the Stopping Time
	VII-F Asymptotic Upper Bound on the Expected Stopping Time

	VIII A Key Monotonicity Property and the Main Result
	VIII-A A Key Monotonicity Property
	VIII-B Main Result

	IX On the Convergence of T-R-Star-to-T-star
	X Concluding Remarks and Discussion
	Appendix A: Proof of Proposition 1
	A-A A Change-of-Measure Result for Restless Arms
	A-B A Lower Bound for Expected LLR Between C and CPrime when PiEpsilon
	A-C An Upper Bound for Expected LLR Between C and CPrime in terms of Expected Stopping Time under C
	A-D The Final Steps

	Appendix B: Proof of Lemma 1
	Appendix C: Proof of Lemma 2
	C-A Limiting Drift of Number of Times d i is Observed
	C-B Limiting Drift of Number of Times d i a is Observed
	C-C Completing the Proof of Lemma 2

	Appendix D: Proof of Lemma 3
	Appendix E: Proof of Proposition 2
	Appendix F: Proof of Lemma 4
	Appendix G: Proof of Lemma 5
	Appendix H: Proof of Proposition 3
	Appendix I: Proof of Lemma 7
	References

