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Abstract

We study a general setting of status updating systems in which a set of source nodes provide status
updates about some physical process(es) to a set of monitors. The freshness of information available at
each monitor is quantified in terms of the Age of Information (Aol), and the vector of Aol processes
at the monitors (or equivalently the age vector) models the continuous state of the system. While the
marginal distributional properties of each Aol process have been studied for a variety of settings using
the stochastic hybrid system (SHS) approach, we lack a counterpart of this approach to systematically
study their joint distributional properties. Developing such a framework is the main contribution of
this paper. In particular, we model the discrete state of the system as a finite-state continuous-time
Markov chain, and describe the coupled evolution of the continuous and discrete states of the system
by a piecewise linear SHS with linear reset maps. Using the notion of tensors, we first derive first-
order linear differential equations for the temporal evolution of both the joint moments and the joint
moment generating function (MGF) for an arbitrary set of age processes. We then characterize the
conditions under which the derived differential equations are asymptotically stable. The generality of
our framework is demonstrated by recovering several existing results as its special cases. Finally, we
apply our framework to derive closed-form expressions of the stationary joint MGF in a multi-source
updating system under non-preemptive and source-agnostic/source-aware preemptive in service queueing

disciplines.
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I. INTRODUCTION

The ongoing massive deployment of the Internet of Things (IoT) will enable many critical real-
time status updating systems that fundamentally rely on the timely delivery of status updates [2].
The authors of [3] introduced the concept of Aol which provides a rigorous way of quantifying
the freshness of information at a destination node as a result of receiving status updates over time
from a transmitter node. In particular, for a single-source queueing-theoretic model in which
status updates are generated randomly at a transmitter with a single source of information and
a single server, the Aol at the destination was defined in [3] as the following random process:
x(t) =t —u(t), where u(t) is the generation time instant of the latest status update received at
the destination by time ¢. A key assumption in the analysis of [3] was the ergodicity of the Aol
process. This allowed the authors to derive the stationary average value of Aol under first-come-
first-served (FCFS) queueing discipline by leveraging the properties of its sample functions
and applying appropriate geometric arguments. Although this geometric approach has been
considered in a series of subsequent prior works to analyze the marginal distributional properties
of Aol for adaptations of the queueing model studied in [3], it often requires tedious calculations
of joint moments. Thus, it is very challenging (if not intractable) to use such geometric arguments
in the Aol analysis of more sophisticated queueing models/disciplines including the ones that
allow preemption between the status updates in service/waiting. Motivated by this, the authors
of [4] and [5] have developed an SHS-based framework (building on [6]) for characterizing the
marginal distributional properties of each Aol process in a network with multiple Aol processes.
The results of [4] and [S] have then been applied to characterize the marginal distributional
properties of Aol under a variety of queueing disciplines. On the other hand, a systematic
approach to the joint analysis of an arbitrary set of Aol processes in a network is an open
problem. In this paper, we develop an SHS-based general framework to facilitate the analysis
of the joint distributional properties of an arbitrary set of Aol processes in a network through
the characterization of their stationary joint moments and MGFs. Therefore, this paper can be
thought of as the joint distributional counterpart of [4] and [S5]. We demonstrate the generality

of our framework by recovering several existing results as its special cases.

A. Related Work

The relevant literature to this paper can be categorized into the following three categories: 1)

prior analyses of Aol applying the geometric approach, ii) prior analyses of Aol applying the



SHS approach, and iii) prior analysis of the joint distributional properties of Aol processes. Each
of these categories is discussed next.

Geometric approach to the Aol analysis. Following [3], the geometric approach has been
widely adopted to analyze Aol or peak Aol (an Aol-related metric introduced in [7] to capture
the peak values of Aol over time) in a series of subsequent prior works [7]-[29]. In particular, the
average of Aol or peak Aol in single-source systems was characterized under several queueing
disciplines in [7]-[13]. Further, a handful of recent works aimed to characterize the distribution
(or some distributional properties) of Aol/peak Aol in single-source systems [14]-[19]. On the
other hand, the Aol analysis in multi-source systems is quite challenging, and hence the prior
work in this direction is relatively sparse [20]-[29]. Note that a multi-source system refers to
the setup where a transmitter has multiple sources generating status updates about multiple
physical processes. For the multi-source systems, the average Aol was characterized for the
M/M/1 FCFES queueing model in [20], the M/G/1 FCFS queueing model in [21], and the M/M/1
FCFS with preemption in waiting queueing model (where the transmitter has a buffer that only
keeps the latest generated status update from each source) in [22]. The authors of [23] and [24]
analyzed the average Aol under scheduled and random multiaccess strategies for delivering the
status updates generated from different sources at the transmitter. The average peak Aol was
derived for the M/G/1 last-come-first-served (LCFS) queueing model with (without) preemption
in service in [25] (in [26]), and for the priority FCFS and LCFS queueing models (where the
sources of information are prioritized at the transmitter) in [27]. Further, the distributions of
Aol and PAol were numerically characterized for various discrete time queues in [28], and for a
probabilistically preemptive queueing model in [29] where a new arriving status update preempts
the one in service with some probability. Note that the analyses of the above works studying
multi-source system settings (i.e., there are multiple Aol or age processes in the system) have
been limited to the characterization of the marginal distributional properties of the Aol process
of each source.

SHS approach to the Aol analysis. The SHS approach has been applied to characterize the
marginal distributional properties of Aol under a variety of system settings/queueing disciplines
[30]-[42]. In particular, the average Aol was characterized for single-source systems in [30], [31]
and multi-source systems in [32]-[36], whereas the MGF of Aol was derived for single-source
systems in [37], [38], two-source systems in [39], and multi-source systems in [40]—[42]. The

authors of [30] derived the average Aol under the LCFS with preemption in service queueing



TABLE 1

A SUMMARY OF THE QUEUEING THEORY-BASED ANALYSES OF AOI IN THE EXISTING LITERATURE.

The geometric approach | The SHS approach
Marginal distributional properties of Aol/peak Aol [3], [7]-[29] [4], [5], [30]-[42]

Joint distributional properties of Aol/peak Aol [43], [44] This paper

discipline when the transmitter contains multiple parallel servers. Further, the authors of [31]
derived the average Aol under the LCFS with preemption in service queueing discipline when
the transmitter contains multiple servers in series or there exists a series of nodes between
the transmitter and destination nodes. In [32], the average Aol was characterized under the
priority LCFS with preemption in service/waiting queueing model. The authors of [33] derived
the average Aol in the presence of packet delivery errors under stationary randomized and
round-robin scheduling policies. In [34], the average Aol was characterized under the LCFS
with preemption in service queueing discipline when the transmitter contains multiple parallel
servers. The authors of [35] analyzed the average Aol for a network in which multiple transmitter-
destination pairs contend for the channel using the carrier sense multiple access scheme. In
[36] (In [39]), the average Aol (the MGF of Aol) was derived under several source-aware
packet management scheduling policies at the transmitter. For the case where the transmitter is
powered by energy harvesting (EH), the authors of [37] and [40] derived the MGF of Aol under
several queueing disciplines including the LCFS with and without preemption in service/waiting
strategies.

Joint analysis of Aol processes. A very recent prior work [43], [44] has also analyzed the joint
distributional properties of all the Aol processes in a particular bufferless multi-source single-
server system setting using tools from Palm calculus. In contrast, our framework: i) enables one
to analyze the joint distributional properties of an arbitrary set of Aol processes in a network,
and 1i) is applicable to any generic queuing discipline including the ones with buffers and/or
multiple servers. In fact, we will recover a key result of [43] as a special case of our analysis in
Section IV. Table I further highlights the gap in the literature that we aim to fill in this paper.

Before going into more details about our contributions, it is worth noting that besides the
above queueing theory-based analyses of Aol, there have been efforts to evaluate and optimize

Aol or some other Aol-related metrics in a variety of communication systems that deal with time-



sensitive information (see [45] for a comprehensive survey). For instance, Aol has been studied in
the context of age-optimal transmission scheduling policies [46]-[54], multi-hop networks [55]—
[57], broadcast networks [58], [59], ultra-reliable low-latency vehicular networks [60], unmanned
aerial vehicle (UAV)-assisted communication systems [61]—-[63], Internet of Underwater Things
networks [64], reconfigurable intelligent surface (RIS)-assisted communication systems [65],
[66], EH systems [67]-[76], large-scale analysis of IoT networks [77]-[79], remote estimation
[80], [81], information-theoretic analysis [82]—[85], timely source coding [86], [87], cache updat-
ing systems [88]-[90], economic systems [91], and timely communication in federated learning

[92], [93].

B. Contributions

A general setting of status updating systems is studied in this paper, where a set of source
nodes provide status updates about some physical process(es) to a set of monitors. We quantify
the freshness of information available at each monitor in terms of Aol. The continuous state of
the system is then formed by the Aol/age processes at different monitors, and the discrete state
of the system is modeled using a finite-state continuous-time Markov chain. For this setup, our
main contributions are listed next.

An SHS-based framework for the joint analysis of Aol processes in networks. We formulate
the coupled evolution of the continuous and discrete states of the system as a piecewise linear
SHS with linear reset maps. We then define two classes of test functions which account for the
correlation between an arbitrary set K of Aol processes of interest and the state of the Markov
chain. By applying Dynkin’s formula to each test function and using the notion of tensors, we
derive a system of first-order ordinary differential equations characterizing the temporal evolution
of the joint moments and MGFs for K. Afterwards, we characterize the conditions for asymptotic
stability of the differential equations, which in turn enables the characterization of the stationary
joint moments and joint MGFs for the Aol processes forming set K. An interesting insight
obtained from our analysis is that the existence of the stationary joint first moments guarantees
the existence of the stationary joint higher order moments and MGFs. Further, when K is a
singleton set, we recover the results of [4] and [5]. We will also elaborate shortly on the precise
technical challenges involved in generalizing the SHS approach to the joint analysis of age
processes, specifically with respect to [4] and [5] where it was developed for the analysis of the

marginal distributional properties of each Aol process.



Analysis of the stationary joint MGF in multi-source updating systems. We apply our devel-
oped SHS-based framework to study the joint distributional properties in multi-source updating
systems. The status updates generated from each source are assumed to arrive at the transmitter
according to a Poisson process, and the service time of each status update is assumed to be
exponentially distributed. We derive closed-form expressions of the stationary MGF for an
arbitrary set K of Aol processes under several queueing disciplines including non-preemptive and
source-agnostic/source-aware preemptive in service queueing disciplines. It is worth emphasizing
that our paper is the first to derive the stationary joint MGF expressions for these queueing
disciplines, which is a key outcome of the proposed framework.

System design insights. Using the MGF expression derived for each queueing discipline consid-
ered in this paper, we obtain a closed-form expression of the correlation coefficient between any
two arbitrary Aol processes. A key insight drawn from the correlation coefficient expressions is
that while any two Aol processes are negatively correlated under (source-agnostic/source-aware)
preemptive in service queueing disciplines for any choice of values of the system parameters,
they may be positively correlated under the non-preemptive queueing discipline. In particular,
for a two-source updating system, there exists a threshold value of server utilization above which
the two age processes are positively correlated under the non-preemptive queueing discipline.
Further, we numerically demonstrate that the source-aware preemption in service slightly reduces

the negative correlation of the two age processes compared to the source-agnostic one.

C. Challenges in Generalizing the SHS-based Framework for the Joint Analysis of Age Processes

As already conveyed above, the marginal distributional properties of each age/Aol process in
a network have been studied for a variety of settings using the SHS-based framework developed
in [4] and [5]. However, we lack a counterpart of this framework to systematically study the joint
distributional properties for an arbitrary set of age processes. Since the current paper solves this
open problem, it is obvious to wonder about the technical challenges involved in generalizing the
SHS-based framework of [4] and [5] to the joint analysis for an arbitrary set of age processes.

In order to understand these challenges, it is useful to first recall that an SHS models the
coupled evolution over time between the discrete and continuous states of the system. In the
context of the Aol analysis in this paper, the discrete state of the system is modeled using a
finite-state continuous-time Markov chain and the continuous state of the system is modeled by

a vector containing the age processes in the network. To derive a system of differential equations



using the SHS framework for the characterization of the temporal evolution of elements in the
continuous state vector (i.e., the age/Aol processes), a key step in the analysis is to carefully
construct an appropriate set of test functions (i.e., functions whose expected values are quantities
of interest) and then apply Dynkin’s formula [6]. For the purpose of characterizing the marginal
moments/MGF of each age process in [4] and [5], it was sufficient that each test function includes
only a single age process from the continuous state vector. In other words, it was not required
to capture higher-order dependencies between the age processes in this analysis. Consequently,
the results of [4] and [5] are not applicable to the joint analysis of two or more age processes
in a network.

As will be evident from the technical discussion shortly, the analysis of joint moments/MGFs
for an arbitrary set of age processes requires us to explicitly consider higher-order dependencies
by constructing test functions that depend on all the age processes, which complicates the SHS
analysis significantly. Under these dependencies, it becomes challenging to keep track of the
updated values of each test function (resulting from updating each age process inside it) after
each transition in the Markov chain modeling the system discrete state. Therefore, we need to
devise a new way that facilitates expressing the updated value of each test function in closed-
form. We achieve this by introducing the idea of tensors in this framework, which naturally
departs from the framework of [4] and [5] where such higher-order dependencies did not appear
(because the focus was on the marginal analysis). Using the proposed tensor notations, we also
express the differential equations appearing in the SHS framework in closed-form, which further
allows us to characterize the conditions for their asymptotic stability. Interestingly, the use of
tensors also enables us to present a unified SHS-based framework for the Aol analysis in the
sense that when the set of age processes is a singleton set, the tensors will become vectors and

the results of [4] and [5] can be recovered.

D. Organization

The rest of the paper is organized as follows. Section II presents the system model, the
SHS-based formulation, and the problem statement. Afterwards, in Section III, we develop the
SHS-based framework for the joint analysis of an arbitrary set of age processes in a network
through the characterization of their stationary joint moments and MGFs. In particular, we start
by deriving a system of differential equations for the characterization of the temporal evolution of

the joint moments and MGFs, and then characterize the conditions under which these differential



equations are asymptotically stable. Section IV applies the SHS-based framework developed in
Section III to derive the joint MGF in a multi-source updating system under both non-preemptive

and preemptive in service queueing disciplines. Finally, Section V concludes the paper.

E. Notations

A set X € R" has a cardinality of |X| = n and its j-th element is denoted by X(j), where
1 <j <n.Avectorx € R""isa1xn row vector with [x]; or [x]x—¢;; denoting its j-th element
(1 <j < n). A matrix X € R™*" has (7, j)-th element [X]; ; or [X]kx—y;;}, and j-th column
[X] j» where 1 <7 <mn; and 1 < j < ny. The vectors 0,, and 1,, are the row vectors containing
all zeros and ones in R'*", respectively, the vector Tra(x) or x" is the transpose of x, the matrix
Tra(X) or X7 is the transpose of X, and I,, is the n x n identity matrix. Whenever subscript
n is dropped, the dimensions of 0, 1, and I will be clear from the context. The Kronecker
delta function ¢; ; equals 1 if © = j and O otherwise. The vector e; denotes the i-th Cartesian
unit vector satisfying [e;]; = 0, ;. A tensor is a multi-dimensional array whose order defines the
number of dimensions of the array. For instance, a vector is a one-dimensional array or first-
order tensor, and a matrix is a two-dimensional array or second-order tensor. An /-th order tensor
X e Rmxn2xxni hag K-th element [X]k, where |K| =7 and 1 < K(j) <n; forall 1 <j <.
The product of the tensor A" and a matrix along its j-th dimension is denoted by x; and known
as the j-mode product. In particular, the j-mode product of X and a matrix X € R™*"™ is
represented as: ) = X x; X, where ) € R Xmi—1XmxXnyp1Xxni_Hor a process x(t), X(¢) or
X(t), x(t), X(t) or X(t) denote the derivative dx(t)/dt, dX(t)/dt or dX(t)/dt. For a scalar
function f(-) and a vector x = [z1 x2 -+ x,), f(X) = [f(x1) f(z2) -+ f(z,)]. For integers
m < n,m:nisthe set {m,m+1,--- n}, and X(m : n) = {X(m),X(m+1),---,X(n)}. The
set of all permutations of a set X is denoted by P(X), and the set of all subsets of a set X is

denoted by 2%. For instance, when X = {zy, 79, 73}, we have:

P(X) — {{Il) T, x?)}a {xla xs, .ZUQ}, {LU27 X, Ig}, {1‘2) xs, xl}v {x?)a Z1, .Z'Q}, {LU37 Zo, Il}}a
2X = {®7 {ajl}) {$2}7 {'T?)}a {xlv 332}, {371, 3:3}7 {$27 .Tg}, {xla Ta, .Tg}},

where the symbol @ denotes the empty set. The indicator function 1(-) is 1 if the condition

inside the brackets is satisfied and O otherwise.



II. SYSTEM MODEL AND PROBLEM STATEMENT
A. Network Model

We consider a general setting of status updating systems where a set of source nodes provide
status updates about some physical process(es) to a set of monitors. The freshness of information
available at each monitor is quantified in terms of Aol. The Aol processes (or equivalently the
age processes) in the system are modeled using the row vector x(t) = [z1(t) -+ x,(t)], which
is also referred to as the continuous state of the system. In particular, x;(t) is the age process
at monitor 7, which may refer to a node, a position in a queue, or a server in a multi-server
system. Further, the discrete state of the system is modeled using a finite-state continuous-time
Markov chain ¢(t) € Q@ = {0, - , ¢maz }» Where Q is the discrete state space. This Markov chain
governs the dynamics of the system discrete state, e.g., ¢(¢) may describe the system occupancy
with respect to the status updates generated by each source node. In the graphical representation
of the Markov chain ¢(¢), each state ¢ € Q is a node and each transition [ is a directed edge
(g1, g;) with fixed transition rate AV (g(t)) = A4, 4«), where the Kronecker delta function d,, 4,
ensures that transition [ occurs only in state ¢.. We denote the set of all transitions {/} by L,
and the sets of incoming and outgoing transitions for state ¢ € Q by L, = {l € L : q; = q} and

L;={l e L:q = q}, respectively.

B. An SHS-based Formulation and Problem Statement

The coupled evolution of the continuous state x(¢) and the discrete state ¢(¢) is modeled using
a piecewise linear SHS with linear reset maps [5]. In particular, when a transition [ occurs in
the Markov chain ¢(t), the continuous state x is reset to x’ according to a reset map matrix A;
as X' = xA,. Further, as long as the state ¢(t) is unchanged, each element in the age vector
x(t) grows at a unit rate with time (which yields piecewise linear age processes over time), i.e.,
x(t) £ d);—it) = 1. To capture the temporal evolution of the age processes, it is sufficient to
assume that A; is a binary matrix with no more than a single 1 in a column. Since column
[A;]; determines the value that will be assigned to z’;, we have two different cases given the
assumed structure of A,. In the first case, [A;]; = 0" and so ', = 0, whereas the second case

/

; 1is reset to z;. Different from ordinary continuous-time

corresponds to [A;]; = e} where x
Markov chains, an inherent feature of SHS is the possibility of having self-transitions in the

Markov chain ¢(¢) modeling the system discrete state. In particular, although a self-transition



keeps ¢(t) unchanged, it causes a change in the continuous state x(¢). Further, there may be
multiple transitions between any two states in Q such that their associated reset map matrices
are different.

For the above SHS formulation, our prime objective in this paper is to develop a framework that
allows understanding/analyzing the joint distributional properties of an arbitrary set of elements
in the age vector x(¢). Formally, we aim at characterizing the stationary joint moments and joint
MGFs for an arbitrary set K C 1 : n of age processes, which are respectively of the following
forms: hmE HLK‘I xI?(li’)( )] and tliglo E [exp[zyill [s] ij(j)(t)H, where the length of vector
m or s is ]K], m]; € {0,1,2,---}, and [s]; € R,Vj € 1:|K|. As already discussed in Section
I, when |K| = 1, the problem at hand reduces to the one studied in [4] and [5], where the goal
was to characterize the marginal distributional properties of each age element in x(t). Clearly,
the characterization of such joint moments and joint MGFs allows one to derive the correlation
coefficient between all possible pairwise combinations of the age vector elements. Towards this
objective, we first derive a system of first-order ordinary differential equations for the temporal
evolution of both the joint moments and joint MGFs. We then derive the conditions under which
these differential equations are stable, which in turn enables the evaluation of the stationary joint
moments and joint MGFs. Given the generality of the system setting considered in this paper,
the importance of our framework lies in the fact that it is applicable to the joint analysis of Aols

in a broad range of status updating system setups under arbitrary queueing disciplines.

III. JOINT ANALYSIS OF AGE PROCESSES IN NETWORKS
A. Differential Equations for the Temporal Evolution of the Joint Moments and Joint MGFs

In order to characterize the temporal evolution of the joint moments and joint MGFs for a
set K of age processes, E H‘K‘ J)( )] and E [exp[Z‘j}jl [s]ja:K(j)(t)} }, it is useful to define
the following quantities that express different forms of correlation between ¢(¢) and the age
processes in x(t):

K|

H%?Eij ; (1)

ok (®) = [exp| Y [sliani(®)] a0 | @



for all states ¢ € Q and K C {1,2,---, N}. To see this, note that we have

K| [ K|
E [T ®] = > E [ TT ot (00w | = DR (@) 3)
j=1 | e = 7€Q
K| i i K|
E eXP[Z 5K G) } =D E eXP[Z[S]jxmﬂ(t)}%q(t) = o). @
o | it e

Thus, according to (3) and (4), characterizing the temporal evolution of v((j’ (t ) and v((j (1) di-
rectly characterizes the temporal evolution of E [HLK‘I a:][K(} \(t )] and E [exp [ SOIK] io1 [sliTx () (t)] } ,
respectively. Some key notes about the notations in (1) and (2) are provided next. First, vélI)((t)

may generally refer to vf{}?(tﬂm:l or v((;l)((tﬂs:l. To eliminate this conflict, the convention that

véi%c for any set of integers {[i]; > 1};c1.k|, refers to vg}? at m = i is maintained here. Further,
we have 0% (Hlm=o = vk (t)ls=o = Elda] = Pla(t) = al. ie.. vie(t) = Pla(t) = q] (the

probability that ¢(t) is equal to ¢) regardless of K. For ¢ € Q, we define V(0)< t) € RM™ ag
Vi (Ol = v (#) = Pla(t) = g, ¥k € 1: n. 5)

It will also be useful in our subsequent analysis and exposition to define the following tensors in
Rrxmex XNk (n; = n,Vj € 1 :|K|) containing the scalars in (1) and (2): [ qrﬁg‘(t)}K = vé"é)(t)

and [V( |)K|(t)L< (SSI)(( ),V € Q. In other words, the tensors V™ ‘K‘( ) and V; s|)K|

(t) contain the
scalars {UqM( ) Imc1in, M= k| and {qu( ) }mcin, M=k | Tespectively. For instance, VqET) (t) and

Végl) () can be respectively expressed as:

VI (t) = ) (6) v, (1) - o ()], Vg € Q, ©)
ERmORHMNG oy @]

Véf;)(t)— Uér?Q)l}(t) Uf(jn{g,?}(t) ,U((;?Q),.n}(t) Vieo. 7
[ ) R ) ()]

The following Lemma shows that {v )(t )}qeo and {v «(t) }5eo obey a system of first-order

ordinary differential equations.



Lemma 1. For state ¢ € Q in the piecewise linear SHS with linear reset maps under consider-

ation,
K] (
U((;[I?(t):Z[ ]] qK ) —I—Z)\(l |: |K| XlAlXQAl * XIK| Al] _UqK Z)\
J=1 leLy leLy
(®)
K]
Bkt = | D[l = DAY u )+ DAY V(1) %1 Auxa A xig A+ (D)
j=1 lely leLy
©)
such that c;x(t) is defined as
=3NS 1(z = 7) [vqﬂj")K\le(t) 1 A X Ag e X AZ]K\Z , (10)
l

leLy ze2K\g
where the set Z; = {j € K : [A)]; = 0T}, the vector s' = [[s], ) [S]u) - [Slugx\z|)], and the

set 1; contains the indices of the elements of K\ Z; inside K. When 7, = K, we also define:

s’/ 0
[V‘;lv‘)I(\Z”(t) X1 Al X9 Al c XIK\Z| Al] K\Z, = U((jl)(t). (11)
Proof: See Appendix A. [ ]
It 1s worth noting that (8) and (9) in Lemma 1 can be expressed in a tensor form as
K]
Ve () = m] V(1) + 30 A [v“‘"m X1 A; X Ap- - XK Al} ATIOD PP
j=1 leL, leLq
(12)
' K]
Vi) = | D[l = DAV Vg + > l)[ ) X1 Ay xa Ag- e XK Az} + Cqie (1),
Jj=1 leLy leLy
(13)

where Cj k| (t) € R™>m2XXMki(n; = n,Vj € 1: |K]) such that [Cj k|(t)]k = czk (). In order
to clearly see that Lemma 1 characterizes the trajectories of véfﬁ) (t) and véi)((t) over time, it is

useful to first state the following Corollaries.

Corollary 1. When K = {k}, m = [my] and s = [si1], the system of first-order ordinary
differential equations in Lemma I reduces to:

- ([ma]) (fm1— 1] l ml]) l
Opy () = mavg gy V() + Y A0y vp i (0 DAY, (14)
lel:/ leLq



W0 = s = A0l )+ A0 [V 0A 1z = V0] . as)

leLy leLy

QI
—~
k‘H

Proof: The expressions in (14) and (15) directly follow from Lemma 1 along with noting
that V ‘K|( ) and V |K|( ) are vectors in R'*™ when |K| = 1, and hence we define V(— 1)(15) =
vﬂ”;ﬂ)( t) and V(Sl)(t) Vi), m

qi, qi,

Remark 1. Note that the system of differential equations in Corollary 1 is identical to the one
derived in [5, Lemma 1] for the temporal evolution of the marginal moments and MGF of each

age element in X(t).

Corollary 2. When K = {ki,ko}, m = [my mo] and s = [s1 sa, the system of first-order

ordinary differential equations in Lemma 1 reduces to:

- ([m1 ma]) ([m1—1 mz]) (fm1 m 1]) l T~x7(m1,m
Onn e () = muvl o () + mavy ) e () + Z AD[ATVmma) (1) A
le[:’-

L SEOD PP (16)

leLy

k1,k2

@gﬁﬁﬂﬂ:[ﬁ+”2 E:A} Oty (0 + D AVTATVE (D) Aty ks + g iy (1),
leLg leLy

7)

where ¢g (i, k) (t) is given by

o) () = D! [ (2= {ha}) [V DAL, +1(2 = (k) [vi2 (DA,

lely
+ 1<Zz = {k1, k2}> (0)(75)] ) (18)

Proof: The expressions in (16) and (17) directly follow from Lemma 1 along with noting that
Véﬁ%l(t) and V(;’)‘K‘( ) are matrices in R"*" when |K| = 2, and hence we define Vg, (mima) (1) —
Vi D (@) and V(1) = Vi D o). .

We are now ready to elaborate on the use of Lemma 1 to obtain the trajectories of Ve |K|( ) and

Véj)K‘(t) for an arbitrary set K starting from a given initial condition at ¢ = 0. We start this dis-

cussion with the case of |K| = 2 for which the trajectories can be characterized using Corollaries
1 and 2. When |K| = 2 and for all § € Q, we observe from Corollary 2 that Vggnl m2])(t) =

Véml’mQ (t) and V o2l () = V((;l’”)(t) can be evaluated using (16) and (17), respectively.



In particular, we note from (16) that in order to compute Vgl’l)( t), we need to first compute
VO @) = Tra(VEV (1)) and V&O(1) = [Tra(vi? (@) Tra(vi) (1)) --- Tra(vi)(t))] by
using (14) in Corollary 1 to evaluate vél). From (14), we note that Vél) is obtained from vfjo) (1),
which can be computed from [5, Lemma 1] as:

=) A0V () — v (1) > AD Vg€ Q. (19)

leLy leLy

»Q
! 8

Afterwards, V?’l)(t) is computed from fo’o) (t) = [Tra(véz)(t)) Tra(v((;)(t)) Tra(vé?) ®)]
and V(}’l)( t) such that v@ (t) can be evaluated from Vél)(t) using (14). The process can
be repeated to compute V7 (mim2) (1) for the desired mq,ms > 2 using Véml*l’m)(t) and
ngl e 1)( t) evaluated in the previous steps. Further, by inspecting the structure of cg 1, .} (t)

(+1:52) (1) can be computed from vgsk)( t) and V(— )(t), where V(— ¥ (t) can be

in (18), we note that V;
evaluated from vé )(t) using (15). Now, one can clearly see from Lemma 1 that Vis (s ma msl) 1)
can be computed from V( momal) () = VT2 () and qugl =231 (4) can be computed from
Yl gy = V§51,52 (t) and V.5 Dy = ésl)(t). Thus, through the repeated application of

q,

Lemma 1, we can evaluate V™) and V)

aK| 2 k| for an arbitrary set K with [K[ > 3.

B. Stationary Joint Moments and Joint MGFs

While Lemma 1 holds for any collection of reset map matrices {A;},c., the set of differential
equations in Lemma 1 can be unstable for some choices of {A;},c.. Thus, it is essential to
investigate the conditions under which the differential equations in Lemma 1 are stable. While
there are several notions of stability including Lyapunov, Lagrange, and exponential stability,

we are interested here in the asymptotlc stability under which v(m)( t) and véi)((t) respectively

converge to the limits véyK and vq,K as ¢ — oo. The limiting values can then be evaluated as the
solution of the equations resulting from setting the derivatives in Lemma 1 to zero. To clearly
see why we are concerned about the asymptotic stability in this paper, recall that our prime

objective is to characterize the stationary joint moments and joint MGFs: hmIE [ H‘Jml K(})(t)]

and thmE [exp [ E i (sl (t )H Under the asymptotic stability, these quantities can simply
—00
be evaluated from (3) and (4) as

K|

hmE[Hgg 0] =3 mefR 0= > o, (20)

t—o00



K|

tligloE eXp[Z[S]ij(j)(t)} = hmvy Zv (21)

- t—o0
j=1 geo qeQ

We now proceed to characterizing the conditions under which the differential equations in
Lemma 1 are asymptotically stable. Let us first recall the asymptotic stability theorem for linear

systems. The linear system
v(t) =v(t)P, v(0) = vy (22)

is asymptotically stable if and only if the eigenvalues of P have strictly negative real parts. Thus,
according to (22), it is always useful to write the differential equations at hand in a vector form

m)

to test the asymptotic stability. For all § € Q, let ‘_’((70)’ Vé,IKI and Véj)m respectively denote the
limiting values of V ), v ‘K‘( ) and V! IKI( ), when t — oo. Clearly, ‘_,((jo)’ l_)(rﬁq and V) 2 IK]
are the fixed points of (19), (8) and (9), respectively, which can be obtained after setting the
derivatives to zero. The next theorem characterizes the conditions for asymptotic stability for
the differential equations in Lemma 1, which in turn enables the characterization of stationary

joint moments and joint MGFs for an arbitrary set K.

Theorem 1. If the Markov chain q(t) is ergodic with stationary distribution {\7((?0) >0:q€ 9},
Lz)

and there exist positive fixed points {V 7 Tae Qtizicqr,2, x|} of (8), then:

e (i) Forall € Q, vqf; (t) converges to 17(;;) satisfying

K]

B DoAY =3 o+ DA VI A A xg A L (23)

lely Jj=1 leLy

e (ii) There exists sy > 0 such that for all s € S = {s: Z'Kl s]; < so} and q € O, vé?l)((t)
and cgx(t) respectively converge to ’Ué,g( and czx satisfying

K]
Eéfl)( Z 2D = T)g})( Z s]; + Z A0 [Vézs,)\Kl X1 Ay Xg Ay X Az] < + G5k, (24)

leLy Jj=1 leLy
where c;x is given by
Gix = l; A Z@Z;\g (7= 2) [V %1 Ao Ao Xz Al o @
Proof: See Appendix B. [ ]
Theorem 1 is a generalization of [5, Theorem 1] which was focused on the characterization

of the marginal stationary moments and MGFs, i.e., the fixed points of the differential equations



in Corollary 1. In particular, when |K| = 1, Theorem 1 directly reduces to [5, Theorem 1]. A
useful insight provided by Theorem 1 is that the existence of the stationary joint first moments
guarantees the existence of the stationary joint higher order moments and MGFs. It is worth
emphasizing that the generality of Theorem 1 lies in the fact that it allows the investigation of
the stationary joint moments and MGFs for an arbitrary set of age processes under any arbitrary
queueing discipline. This opens the door for the use of Theorem 1 to study the joint analysis
of age processes in networks for different queueing disciplines/status updating system settings
in the literature, which have only been analyzed in terms of the marginal moments and MGFs

until now.

IV. STATIONARY JOINT MGF IN MULTI-SOURCE UPDATING SYSTEMS

In this section, we use Theorem 1 to analyze the stationary joint MGF of the age processes
in a multi-source status updating system, where a transmitter monitors N physical processes,
and sends its measurements to a destination in the form of status updates. As shown in Fig. 1,
the transmitter consists of N sources and a single server; each source generates status updates
about one physical process, and the server delivers the status updates generated from the sources
to the destination. Status updates generated by the ¢-th source are assumed to follow a Poisson
process with rate )\;. Further, the time needed by the server to send a status update is assumed
to be a rate p exponential random variable. Let p = %L denote the server utilization factor,

where \ = Zjvzl A;. Further, we define \; = Z'Zz‘l Az(j)s Az = Zj‘vﬂ,jgz A2y, Pz = )\TZ and

J

Py = ’\fz Thus, we have p; = %, A= Z;V:Lj# Aj, and p_; = ’\; To maintain generality,
we derive the joint MGF of an arbitrary set K C {1,2,--- | N} of age processes (associated with

the observed N physical processes) at the destination under three different queueing disciplines
for managing status update arrivals at the transmitter, which are described next.

e LCFS with no preemption (LCFS-NP): Under this queueing discipline, a new arriving status
update at the transmitter (from any of the sources) enters service upon its arrival if the server
is idle (i.e., there is no status update in service); otherwise, the new arriving status update
is discarded.

o LCFS with source-agnostic preemption in service (LCFS-PS): When the server is idle, the
management of a new arriving status update under this queueing discipline is similar to the

LCFS-NP one. However, when the server is busy, a new arriving status update replaces the
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Fig. 1. An illustration of a multi-source status updating system.

current update being served (regardless of the index of its generating source) and the old
update in service is discarded.

o LCFS with source-aware preemption in service (LCFS-SA): This queueing discipline is
similar to the LCFS-PS one with the only difference being that a new arriving status update
preempts the update in service only if the two updates (the new arriving update and the
one in service) are generated from the same source.

Using the notations of the SHS framework, the continuous state x(¢) in each queueing
discipline is given by x(t) = [xo(f) x1(t) - - - xn(t)], where x;(t),7 € 1 : N, represents the value
of the source i’s Aol at the destination node, and x(t) is the age of the status update in service.
Further, the discrete state space in each queueing discipline is given by @ = {0, 1,--- , N}, where
q(t) = 0 indicates that the system is empty and hence the server is idle, and ¢(t) =i,i € 1: N,
indicates that the server is serving a status update generated from the ¢-th source. Further, the
continuous-time Markov chain modeling the system discrete state ¢(¢) € Q under each of the

queueing disciplines is depicted in Fig. 2.

A. LCFS-NP Queueing Discipline

Table II presents the set of transitions £ and their impact on the values of both ¢(¢) and x(¢).
Before proceeding into evaluating @éi){, Vq € O, satisfying (24), we first describe the set of
transitions as follows:

[ = 2¢ — 1: This transition occurs if there is a new arriving status update of source 7 at the
transmitter node when the server is idle. Note that the age of this new arriving status update is

0 and it does not have any impact on the Aol processes of the N sources at the destination.



(b)

Fig. 2. Markov chains modeling the system discrete state g(¢) for N = 2 under different queueing disciplines: (a) LCFS-NP,
(b) LCFS-PS, and (c) LCFS-SA.

TABLE 11

TRANSITIONS OF THE LCFS-NP QUEUEING DISCIPLINE IN FIG. 2A (2 < i < N).

l @ —q | 2D xA; A
[0 0 o 0
0 1 0 0

1 0—1 A1 0z 22 -+ aN] 0 0 1 0
_0 0 0 l_
o 1 0 0]
0 0 0 0

2 1 -0 u 0zoz2 -+ zN] 0 01 0
_U 0o 0 ... 1_

2%—1| 04 | N\ 02122 - zN] 081 €3 e - eNi]
24 i—0 I 0z 22 -+ xim1 20 -+ TN] [0}{r+l el el ---elel ... e}{7+1]

Thus, as a result of this transition, the age process z( in the updated age vector is reset to 0
(i.e., [xAqg;_1]1 = 0) whereas the other age processes remain the same.

[ = 2¢: This transition occurs when the source i’s status update in service is delivered to
the destination. Thus, as a result of this transition, the source 7’s Aol is reset to the age of the
status update received at the destination whereas the Aol values of the other sources do not
change. In addition, since the system becomes empty after the occurrence of this transition, the
first element of the age vector x(¢) becomes irrelevant. Following the convention of [4], we set
the value corresponding to such irrelevant elements in the updated age value to 0, and thus we
observe that [xAy;]; = 0.

Using Table II, we are now ready to derive {@éi)(}qeg satisfying (24), from which the stationary

joint MGF of set K is characterized in the following theorem.



Theorem 2. Under the LCFS-NP queueing discipline and for s = [sxu) sk(2) - SK(K|))» the

stationary joint MGF of a set K C {1,2,--- | N} of age processes is given by
K|

U@):: K| Ak <__H__) (1_+ A > —iL—, (26)

qeQ g 1 SK(j)

where C(P) = HZ L Cp(i[p|) such that cy is defined for a set 7 C {1,2,--- N} as

|2 2|

N
ez = | AN— Z 57(j) W— Z szgy | — 1 Z Aj. 27
j=1 j=1

Jj=1,j¢Z

Proof: See Appendix C. [ ]

Corollary 3. Under the LCFS-NP queueing discipline, the marginal stationary MGF of source
k’s Aol is given by

NP 1 _ 5
M (53) = pelldp=5) , (28)
(1+p) (1= 55) [(1 = 5k) (p = Sk) — -]
wherekEl:NandEk:%.
Proof: This result follows from Theorem 2 by setting K = {k}. [ |

Corollary 4. For ki, ko € 1 : N, the stationary joint MGF of the two Aol processes xy, (t) and
Ty, (t) under the LCFS-NP queueing discipline is given by

NP _ Pk1Pks 1+ pP— ('§k’1 + gkz)
M(Skuskz) = B B [ B B ] _ _
(1*-P)“P-—(SM‘+S@)]P-—(SM‘+SM)}—-P—whb}}b-—(SM‘+S@)
1
Xy - - : (29)
iewhb}(l‘—SD(P—'&)—'Pﬂ
Proof: This result follows from Theorem 2 by setting K = {k;, k2 }. [

Proposition 1. For ki,ky € 1 : N, the correlation coefficient of the two Aol processes xy, (t)
and xy,(t) under the LCFS-NP queueing discipline is given by
AP _ P+ Pra) [PraPrs (P +2) = Pty (1 P)] = 2puprs (L4 9)°
(ks + Pr) Tl gy V(U4 0)2[0? + 20— + 1] + pip(p + 2)
Proof: See Appendix D. [ |

(30)

Corollary 5. When N = 2, the correlation coefficient of the two Aol processes x1(t) and xo(t)
under the LCFS-NP queueing discipline is given by

o prp2[p® —2(2p + 1)] |

pTT VI +p)2[0% + 20— + 1] + pPp(p + 2)

€1y
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TRANSITIONS OF THE LCFS-PS QUEUEING DISCIPLINE INFIG. 2B (2 <i < N, 1 < j < N).

l @ —q | A© xA,; A,
[0 0 o 0
010 0
1 0—1 A1 0z 22 -+ xN] 00 1 ... 0
0 0 0 1]
[0 1 0 0]
00 0 0
2 1—0 I 0o z2 -+ xN] 0 0 1 0
0 0 0 1]
[0 0 o 0]
010 0
24 L=j | N 021 22 - 2] 00 1 0
00 0 ... 1]
Q+N)i—(N+1) | 0=i | N [0 22 - zn] [0Ni1 el el -+ eXyi]
(2+N)i—N i—0 | p | [0z1as - @ii@o - an] | [0hyied ef el el o eliy]
Q4N)§i—N+j | i—=j | X 02120 - ] [0Ni1 €5 e -+ enii]

Proof: This result follows from Proposition 1 by setting p = p1 + po.

B. LCFS-PS Queueing Discipline

The set of transitions under the LCFS-PS queueing discipline is listed in Table

II1. Different

from the LCFS-NP queueing discipline, we note from transition [ = (2 + N)i — N + j that

under the LCFS-PS queueing discipline, a new arriving status update at the transmitter preempts

the packet in service regardless of its generating source (i.e., source-agnostic preemption). The

stationary joint MGF of set K for this case is provided in the next theorem.

Theorem 3. Under the LCFS-PS queueing discipline and for s = [sku) Sk(2) -
stationary joint MGF of a set K C {1,2,--- | N} of age processes is given by

K]
PS (s 1
M) = = | [Iwo | 2 &
i=1

PeP(K)

Proof: See Appendix E.

- 3K(|K\)]: the

(32)
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Corollary 6. Under the LCFS-PS queueing discipline, the marginal stationary MGF of source
k’s Aol is given by
s Pk

M) = (1= 5) (p—5k) — p—i’ G

where k €1 : N.

Corollary 7. For ki, ko € 1 : N, the stationary joint MGF of the two Aol processes xy, (t) and

Ty, (t) under the LCFS-PS queueing discipline is given by
PS 1
_ _ Pk Pko
M(Sk , Sk ) = — — — — — — .
v [P = (ks +51) ] [1 = (Bhy + 502)] = Pt ) i (o) (L=38:)(p—5:) — p—i
(34)

Proposition 2. For ki,ky € 1 : N, the correlation coefficient of the two Aol processes xy, (t)

and xy,(t) under the LCFS-PS queueing discipline is given by

PS -9
COI“ — pk‘lpk‘Q . (35)
(pkl + pk2) \/(ﬁQ + 2p—k1 + 1) (p2 + 2p—k2 + 1)

Proof: See Appendix F. [ |

Corollary 8. When N = 2, the correlation coefficient of the two Aol processes x1(t) and xo(t)

under the LCFS-PS queueing discipline is given by
—2p1p2
o (2 + 20+ D) (0> + 2p2 + 1)

Remark 2. Note that the expression in (36) is identical to the correlation coefficient expression

PS
Cor =

(36)

derived in [43, Theorem 2] using tools from Palm calculus (for a two-source system setting

under the LCFS-PS queueing discipline).

C. LCFS-SA Queueing Discipline

The set of transitions under the LCFS-SA queueing discipline is listed in Table IV. From tran-
sition [ = 37, we note that the LCFS-SA queueing discipline only allows preemption in service
between the status updates generated from the same source (i.e., source-aware preemption). In

the next theorem, we provide the stationary joint MGF of set K under this queueing discipline.

Theorem 4. Under the LCFS-SA queueing discipline and for s = [sk@) Sk() - Sk(k|)) the

stationary joint MGF of a set K C {1,2,--- | N} of age processes is given by
K|

M(s) = 05 = H)\K <—) /\—l—u—;sK(j) > g((;) (37)
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TABLE IV

TRANSITIONS OF THE LCFS-SA QUEUEING DISCIPLINE IN FIG. 2C (2 < i < N).

l a—q | A© xA, A,
[0 0 o
01 0 0
1 01 | N 02122 - 2] 001 ...0
0 0 0 1]
[0 1 o0 0]
00 0 0
2 1—0 w 0z z2 - xN] 0 0 1 0
0 0 0 1]
[0 0 0 0]
01 0 0
3 1 =1 A1 0z 22 -+ aN] 0 0 1 0
0 0 0 ... 1
3i—2] 0—i i 0z 22 - xN] [0Ni1 el el -+ eXyi]
3i—1|i—=0 | u |[Oz122 - mi—1a0 - o] | [ONs1e5 €3 - ef el -+ eNyi]
3i isi | N 02120 - ] [0%.1e3 el - ehiy]

where C'(P) is defined as

[P|—1 P
oy AP(P) M 1 o+ Api) — Z|jzli+1 SP(j)
C'(P) = X 5 X B : (38)
I fEAP(P) T SP(P) T p Ape) — 2l SP()
Proof: See Appendix G. [ ]

Corollary 9. Under the LCFS-SA queueing discipline, the marginal stationary MGF of source
k’s Aol is given by

sA pe(L+p) (1+p—Sk)
Mise) = (L+p) (T4 o= 51) (1= 58) (p = 58) — psl’

(39)
where k €1 : N.

Corollary 10. For ki, ks € 1: N, the stationary joint MGF of the two Aol processes xy, (1) and
Ty, (t) under the LCFS-SA queueing discipline is given by

SA o Pl Pk [1 +p— (gk?l + gkz)}
M(81782) = B - B B
(1 + p) [[p - (Skl + Skz)] [1 - (Skl + Sk2>] - p—{k1,k2}]

ie{kn ka} (L4 pi = 5)[1+ poi — (Sk, + 50)] [(1 = 5)(p — 55) — p—i]



23

Proposition 3. For ki, ky € 1 : N, the correlation coefficient of the two Aol processes xy, (t)

and xy,(t) under the LCFS-SA queueing discipline is given by

SA _
Cor = pk1pkzg(pk17pk2> : (41)
(Prr + Pra) (1 + piey ) (L A+ o)/ f Pk ) f (P2
where g(pr,, pr,) and f(p;) are respectively given by:
9(Prss Pra) = P2, Py [(Prr + 1) + 2(1+ 0)?] + pry o (Py + Pia) [2(prs + i) + 397 + 6p + 5]

+ (Pry + Pr2)” + 2(pry + 1) * (07 + 20+ 2) + (pry + piy) (Bp” + 6p + 4) + 2(1 + p)?,
(42)

F(pi) = pi(p+p=i) + ;[P (p+2) + p—i(20> + 9p + 8)] + pi[p(2p + 1)(1 + p)? + p—i(2p + 3)

+p%Bp+4)] + (1 +p)".
(43)

Proof: See Appendix H. [ |

Corollary 11. When N = 2, the correlation coefficient of the two Aol processes x1(t) and xo(t)

under the LCFS-SA queueing discipline is given by

SA _
Cor — plp?g(plva) (44)

p(1+ p1)(1+ p2) /' (p1, p2) ' (p2, p1)
where g(p1, p2) and f'(y, z) are respectively given by:

9(p1,p2) = pip3(p+2)(2p+ 1) + prpap(L+ p)(3p 4+ 5) + 2(1 + p)*, (45)

f(y,2) =2y +y°2(20° + Tp+4) +yz(p> + 6p + 3) + ¥*p*(p + 2) + yp(2p® + 6p* + 4p + 1)

+ (14 p)*. (46)

D. Additional Discussion and Insights

Now we will list some additional insights the can be obtained from the expressions derived in
Section IV. Please recall that several insights obtained from our SHS-based framework developed
in this paper have already been presented in Section III. First, we note from Propositions 1-3
that while the two age processes xy, () and xy,(t) are negatively correlated under preemptive in
service queueing disciplines (LCFS-PS and LCFS-SA) for any choice of values of the system

parameters, they may be positively correlated under the non-preemptive queueing discipline
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Fig. 4. Correlation coefficient of the two Aol processes x, (t) and x4, (¢) as a function of p when N > 2 and p_ (4, r,} = 0.3p.

(LCFS-NP). This can also be observed from Figs. 3-5. Further, when N = 2, one can deduce

from Corollary 5 that there exists a threshold value py, ~ 2.2143 of p above which the two age

processes z1(t) and z5(t) are positively correlated under the LCFS-NP queueing discipline, as

shown in Fig. 6. This follows from the fact that the term [p* —2(2p+1)] in (31) is monotonically
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Fig. 5. Correlation coefficient of the two Aol processes xx, (t) and x, () as a function of p when N > 2 and p_ (4, r,} = 0.5p.

increasing for p > \/%, and it equals to zero at p ~ 2.2143. Further, we observe from Figs. 3-5

and Fig. 7 that the source-aware preemption in service slightly reduces the negative correlation

of the two age processes compared to the source-agnostic one.
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Fig. 6. Correlation coefficient of the two Aol processes x1(t) and x2(¢) as a function of p under the LCFS-NP queueing

discipline when N = 2.
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V. CONCLUSION

In this paper, we developed an SHS-based general framework to facilitate the study of joint
distributional properties of an arbitrary set of Aol/age processes in a network. In particular, a
system of first-order linear differential equations was first derived for the temporal evolution of
both the joint moments and the joint MGFs for an arbitrary set of age processes. Afterwards, we
characterized the conditions under which the derived differential equations are asymptotically
stable, which in turn enabled the characterization of the stationary joint moments and joint
MGFs for the Aol processes forming the set of interest. We demonstrated the generality of
our framework by recovering several existing results as its special cases. An interesting insight
obtained from our analysis is that the existence of the stationary joint first moments guarantees
the existence of the stationary joint higher order moments and MGFs.

As an application of our framework, we obtained closed-from expressions of the station-
ary joint MGF in multi-source updating systems under several queueing disciplines including
non-preemptive and source-agnostic/source-aware preemptive in service queueing disciplines.
Using these MGF expressions, we derived closed-form expressions of the correlation coefficient
between any two arbitrary Aol processes in the system. Our derived correlation coefficient

expressions demonstrated that while any two Aol processes are negatively correlated under
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preemptive in service queueing disciplines for any choice of values of the system parameters,
they may be positively correlated under the non-preemptive queueing discipline. For instance,
for a two-source updating system, there exists a threshold value of server utilization in the
non-preemptive queueing discipline above which the two age processes are positively corre-
lated. Further, we numerically demonstrated that the source-aware preemption in service slightly
reduces the negative correlation of the two age processes compared to the source-agnostic one.

The generality of our analytical framework stems from the fact that it allows one to understand
the joint distributional properties for an arbitrary set of Aol processes in a broad range of system
settings under any arbitrary queueing discipline. This, in turn, opens the door for the use of our
framework in the future to investigate the stationary joint moments and MGFs of age processes
for a variety of queuing disciplines/status updating systems that have only been analyzed in

terms of the marginal moments and MGFs until now.

APPENDIX
A. Proof of Lemma 1

To derive this result, we follow a similar approach to that in [5] and [6], where the idea is
to define the test functions {1 (¢,x)} whose expected values {E[¢)(q(t),x(t))]} are quantities
of interest. Then, one can use the SHS framework to derive a system of differential equations
for the temporal evolution of the expected values of the defined test functions. Since we are
interested in the joint analysis of age processes in this paper, we define the following two classes

of test functions

K|
wéf}?@, X) = H x&?(%d@q, Vg e Q, (47)
j=1
K|
V(%) = exp | Y [sljzxe) | 800, VT € Q. (48)
7=1

Clearly, taking the expectation of the two classes of test functions in (47) and (48) gives
{véﬁ? (1)} and {vésI)((t)}, respectively. Now, we apply the SHS mapping ¢ — L1 (known as the

extended generator) to every test function in (47) and (48). Since the test functions defined above
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are time-invariant, it follows from [6, Theorem 1] that the extended generator of the considered
piecewise linear SHS with linear reset maps is given by

Lg% = 24T LS00 () (gl xA) (g, 9) )

lel

J/

6(g.%)
where the row vector 0v(q,x)/0x denotes the gradient. Applying (49) to the test functions in
(47) and (48), we have

0ui (4, %)

L (g %) = —25 =217 + 077 (¢, ). (50)
s (4, %)
Libgie(a,x) = =5 ==1" + 053(a, %), (51)
where
O (4.%) <~ (e,
%T:;[m]jwéx Yexi), (52)
M (0, %) -
qK Z e, (53)

where in (52), e; € RVI¥l and ek(;) € R1*™. Now, to obtain 9;}; (¢,x) and 9; (¢,x), note that

K| K]
¢é?<)(qf’XAl) = H [XAZ][mb 0g.q; = H [X[m}jAl}Ko)é‘M{v 54)
j=1 j=1
K]
Uikl xA) = exp | Y [s]ixAk() | g (55)
j=1
Og0r L € L7, 054, | € Ly,
5(1 q{5qz q = ! ) 5(77615%41 = (56)
0, otherwise 0, otherwise,

where step (a) in (54) follows from the fact that A; has no more than a single 1 in a column.

Thus, we have
K|

= A H BT VIO || i 9 PP (57)

lec, = j=1 leLy
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K| K]

9((;})( (¢,x Z Mexp Z sl [(xAkg) | 0g.q — €XP Z FTKG) | 9g.q Z A0 (58)

leLy Jj=1 Jj=1 leLy
Finally, the system of differential equations in (8) and (9) can be derived by applying Dynkin’s
formula [6] to each test function and its associated extended generator. In particular, the Dynkin’s

formula can be expressed as

dE[(g(t), x(1))] _
dt

Hence, from (1), (47) and (50), we get

E[L(q(t), x(1))]- (59)

aw§$)<q<t>>x<t>>

o) = E[LY{R (a(), x(1))] = E + BlO;R (a(t) x()],

0x(t)
K| -
= Z m];ul ) (8) + B0 (q(t), x(1))], (60)
where
( ) K| K| il
E[0:% (a( =Y AOE [T %™ VA s Oara Hm 3 ( ol Yo AY,
leLy Jj=1 leLy
NTAOI. (1) xy Arxa Ay ox Ay — o6 S A0, (61
leﬁ’ lely

where step (a) follows from the definition of V IK\( ) as [VEITI)q(t)] i véﬁ%(t} along with the
fact that [A;]; = 0T or e}, where i,j € 1:n. Let Z, = {j € K: [A)]; = 0}. When Z, # &, one
can easily see that E [H‘.K‘ [xmli (¢ )AZ}K(])% ot ] [V( ‘K‘( ) X1 Ay xa Ap-- e X Ay = 0.
On the other hand, when Z; = &, E [H'K‘ [xI™i () A] .6 (t)] = vé D () = [Véﬁ%(t) X1

K(j) a1
A; X9 Ay Xk A such that [K'| = [K| and [x[™i(t)A ] [x(t)];’g;i),w €1:[K|
Substituting (61) into (60) yields
K|
z';g?()(t):Z[ ;0 ((;?(e —i—Z)\ |K| ) X1 Ay X Ay Xk A —qu Z)\
j=1 leL, leLy
(62)

Further, from (2), (48) and (51), we get

OUsk(a(t). x(0)) 1

ox(t) + Elfx(a(t). x (1))

08 (t) = E[LyS) (q(1), x(t)] = E

=3 [sl;08k (1) + B0k (a(t). x(8)], 63)
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where E[Q((;I)((Q(t)) X(t))} =

K K]

ZA E exp[z }(SQZ’q(t) —-E exp[Z[ lizk()( ] Z)\

lec, j=1 leLy
Z)\ |K| XlAl XgAl ><|K| AZ}K—FCth _UqK Z)\ (64)
lely leLy

where step (a) follows from defining Zleﬁ/ AOE [exp[Z‘KI [s];[x (t)Al]K(j)]%,q(t)] = czx(t)
when 7, # @,VI € L, and czx(t) is given by (10) as
(s")

Z )\ Z Zl Z) |:chl,|K\Zl\(t) X1 Al X9 Al s X|K\Zl\ Al:| K\Zl’

leLy Ze2K\ g
where the vector s’ = [[S]Il(l) [slr,2) - [S]Il(‘K\ZlD} such that the set I; contains the indices of
the elements of K\ Z; inside K. Note that when Z;, = &, E [exp [ Z'ﬁ'l [s]j[x(t)Al]K(j)} 5(11,11(75)} =
V(1) = [V (1) X1 Ay xa A+ X Aj] . Finally, substituting (64) into (63) yields

K]
K|
() = [ D08l = SOV 0lk() + ST AV (6) %1 A xa A xiug Al + D),
j=1 leLy lec
(65)
which completes the proof. [ ]

B. Proof of Theorem 1

We start the proof by combining the differential equations (12) and (13) of Lemma 1 in a

vector form as follows:

K|

v () = Z m];vi™ % (1) + vi™ (1) (Bk — Dx), (66)
K|

(1) = ex(t) +vi? () [B — Dic+ X [s)1), (67)

where

V&m)(t) = [Vec <Vé K| ) Vec( x| € )}
vi(t) = [VGC (V(ESIK\( )) e vec <V ‘K‘(t)ﬂ ;
Dk = diag [doL,xi, -+, dg,... Lox], dg = Zleﬁq A0

ck(t) = [Vec (Co7|K|(t)) <o vee (Cqmw7|K|(t))} ,
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Rax(t) = zlec' A0 n|1K|(75) X1 Ay Xg Ay Xk A,
R K(t) ZZGL’)\I S) (t) XlAl XQAl"'X‘K| Al R

[vec (Rox(t) -+ vec (Rq,,. x(t)] = v™ (t)Br, (68)

{Vec (QO,K(t)> ... vec (fzqm,K@))] = v ()Bx, (69)

such that vec(X) is the row vector resulting from concatenating the rows of X into a single
long row, and X = diag[zy,- - , z,] is a diagonal matrix with [X]; ; = 2,0, ;,Vi,j € 1 : n. Note
that we could construct the expressions in (68) and (69) due to the fact that vec (R;k(t)) and

vec (ﬁqK@) are linear in v&m) (t) and VS) (t), respectively. In order to figure out the conditions

under which (66) is asymptotically stable, we first rewrite (66) in the case where v% ‘K‘)(t) =0

as t — oo:
(1x)) a (11| —e5) (1k))
— _ €e; —
Vi KDy = E VK‘KI 4 VK‘KI By, (70)

j=1

where \7}(<m) = tlim Vﬁ(m) (t). Now, it would be useful to state the result in [5, Lemma 2], which
—00

1s a minor variation on the Perron-Frobenius Theorem. In particular, for the following system

of equations:
vD =z + vB, 71

if B and D are non-negative matrices, z is strictly positive, and there exists a positive solution v
for (71), then all the eigenvalues of B—D have strictly negative real parts. A key observation here
is that both Bx and Dy in (70) are non-negative matrices. Thus, based on (71), if Z‘]ml VS 5c1=e3)
is strictly positive and there exists a positive solution VK‘KI for (70), then all the eigenvalues
of Bx — Dk have strictly negative real parts, and hence (66) is asymptotically stable. Further,
when all the eigenvalues of Bx — Dk have strictly negative real parts, we observe from (67)
that there exists sy > 0 such that for all s € § = {s: Z‘K‘ [s]; < so}, all the eigenvalues of
[BK — Dk + Z}Sl [s];I| will have strictly negative real parts, which guarantees the asymptotic
stability of (67) under the condition that ck(¢) converges as t — oo. Thus, what remains is
to identify the conditions for strict positivity of Z'Iﬂl V%‘K‘ *) and convergence of ck(t) as
t — oo. To clearly see these conditions for the generic case of having an arbitrary set K with
|K| age processes, we start with the cases of |K| = 1 and |K| = 2. For the cases of |K| =1 and

|K| = 2, (70) respectively reduces to:

) N
Vi Pty = Vi Vi Bk (72)
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<((11])

{01 =([1o]) =([11])
V{kl,kQ}D{kl,kz} Vienkoy T Vg oy TV

{k1 kz}B{klakQ}' (73)
=((0])

Note that v (k)
C{r,}(t) is a function of the state probabilities of ¢(t). Thus, having an ergodic Markov chain ¢(?)

_(1
with stationary distribution v(- ) > 0,q € 9O, guarantees both strict positivity of Z‘m 1=e5)

in (72) is formed by the state probabilities of the Markov chain ¢(t), and

and convergence of ck(t) as t — oo for the case of |K| = 1 (as has been demonstrated in [5,
Theorem 1]). Now, we move to the case of |K = 2|. For this case, it is important to note that

F{ES 1,1)} and _g[kl 0}2} in (73) can be constructed using \7?2%, and cyy, k,1 () is a function of vg[,:f]p
and the distribution of ¢(t). Therefore, we can figure out that in this case, both strict positivity
of ZLE'I VS K17 and convergence of ck(t) hold when: 1) ¢(¢) is ergodic with distribution
{\7((70) > 0};e0, and 2) there exists a positive solution \7?,:1])} for (72). Repeated application of
(70) yields the conditions under which (66) and (67) are asymptotically stable for a set K with
|K| > 2. By inspecting the analysis of the two cases of |K| = 1 and |K| = 2 above, we can
deduce that these conditions are: 1) ¢(t) is ergodic with distribution {\7((70) > 0}4e0, and 2) the

existence of positive solutions {\‘/(Zl‘z‘)}|z|€{172’...,|K‘} for (70). This completes the proof. |

C. Proof of Theorem 2

Using the set of transitions in Table II and (24) in Theorem 1, v(()[ {kl ]}) can be expressed as

N
—([sk,]) —([Sk ) (ErN)
(A — sr,) 7 Ak = M| Trpqoy T Z i} | o (4
q:1>q¢{kl}

where U,i[ '?0]}) and 176(7[?;11}}) are given by

([ k1]

(,u Sk’l)vk {0} — )\k1Uo ) (75)
(s81)) (k)
(11— s) Ty il = Mgzl (76)

where ¢ € 1 : N. Substituting (75) and (76) into (74), we get

(0 0
(o)) _ A T (@) PR, T
(A= sk ) (1t = Sky) = 1D 251 jg ey A {k1}
where k1 € 1: N and step (a) follows from defining ¢z for a set Z C {1,2,--- , N} in (27) as

(77

|2 12|

N
cz= A= sz | (=D szp | —1 D A
j=1 Jj=1

J=1j¢Z
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Now, using (77), one can evaluate vé[ {IZ} k’“Q}D In particular, from (24), 0[?;1 :“2}]) can be

expressed as

N
([sk1 k5] _([skq sk5]) ([sk1 sK5)) _([sky k5]
(A — (8ky + 51,)]7, {211 = [vkl,lf[lo,k?} + T,y oy T Z Ua (e, k?}] (78)

7=1,G¢{k1.k2}

where
1= (st + sw) o i) = g alle) (79)
1= (st + sw) o 2 = ol (80)
1= (s + )l = At i 81)

where ¢ € 1 : N. Thus, _(()[ {IZ} kkz}}) can be rewritten as

E9))] [sk])
plloi orad) @) (A’“Uo oy T AT 0{211})
Vo gk kot —
[D\ — (Sky + S) ][l — (Sky + 8ky)] — MZ;'V:L]'¢{IC1J@} )\j]

(Isk,) )
(v M (Akl Do, (hy) T+ M o@})

Y

)

Clk1,k2}

c . 1 1 . 1
(:) 2/\k1 >\k2v(()0) ( + > = ,U/2)‘ )\kz ( ) Z O(P )
Clhika}Cll}  Clhr ko) Clha) perimay CF)

(82)

where step (a) follows from substituting (79)-(81) into (78), step (b) follows from the fact that

Clky kot = (A= (S, ko)) 1t — (Sky +58,)] — 11 E;'V:I,jgé{kl,kz} A, step (c) follows from substituting
(77) into (82), and step (d) follows from defining C'(P) as follows

P P P |P| N
P)=[Tevamy =TI [ XD sewn | [ =D sr | - DNl ®3
i=1 i=1 j=i j=i j=1j¢P(i:P|)
In order to clearly see how 17((]5}){ can be obtained for an arbitrary set K C {1,2,--- , N}, where
s = [ska) Sk@) -+ sk(kpls it will be useful to further derive vé[{';l k"2k "}3]) using (82). From
24), 0[?;1 ?2;]“}3]) can be expressed as
_([sky Sk Sk3)) _([sky Sky Skz)) | —([5ky Sky Sk3)) | —([Sky Sk Sks])
[/\ - (Sk’l + Sk, + Sk’3)]vo,{k11,k22,k‘3}3 = |:Uk1,{10,k22,k3}3 +v kz {1161,02,163}3 +v ks {1k1 k22 0}3
a ([ )
_(|Sky Sko Sk
+ Z {kll k22k3}3 ’ (84)

6217(j¢{k17k27k3}
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where

([Skq Sko Ska]) Sko Skal)
[)\ - (Sk‘l + Sko + Sk3)]’0k1 ?0 kZQk:}?) - >\k1 0 {11122 kl;?’} ) (85)

_([sky Sko Skal) Skq Skal)
[)‘ - (Sk‘l + Sk, + Sks)]vk%?klfz)%ksk}?) = >\k2 Yo {211 kzg} ) (86)

([sky Sky Sk3)) ([sky sky])
(A — (Sky + Sk, + Sk3) 0y, ?kl ';fz 0’“}3 = Ay 0 {';11 k’f} , (87)
[)\ _ (S 4+ 5.+ s )]U([Skl Sko skB]) — A\ [sk1 Sko 5k3]) (88)

k1 k2 ks q, {k1 ko kg} q 0 {kl ka, k‘3} )

where ¢ € 1: N. Thus, 17(()[?;1 2"2;"}3}) can be rewritten as

_([s Sk S Sk Skol)
()\kl 0{22 kkS} + )\kg A {21 ;:3} + )\kS Yy {11111 k?} )
N 7
[ = (5t + 5t )]l = (5t 53) + 58 = 1700 g g V]

([5kqy 5k3]) ([sky Sk3)) ([sky Skol)
(Alﬁ Yo {k2 k 3} + Ak, 0 Yo {kll k 3} + Ak, ¥ Yy {kll 1@2} )

I

_([sky Sky sk3]) (8)
Yo {k1 ko ,ks}y

Clk1,k2,k3}

@ [Lg)\kl)\]@)\ks@éo) 1 1 1
- 2wt 2 et 2 am )

ke ko s} PEP({ka,ks}) PP ({k1,k3}) PEP({k1,ka})

c _ 1
2 15 Ny Mg My Ty Z c(P) (89)

PeP({k1,k2,k3})
where step (a) follows from substituting (85)-(88) into (84), step (b) follows from substituting
(82) into (89), and step (c) follows from the fact that

1 1 1 1 1
et (DS S S SR S o) B SR
b bz ks } PeP({k2;ks3}) ¢(P) PeP({k1,ks}) ¢P) PeP({k1,k2}) ¢P) PeP({k1,k2,k3}) C(P)

_(Iseq])  _([sky ko)) _([sky Skq Sks])

By inspecting the expressions of v, ) U (ks ko) and v Vo, ks ko s} in (77), (82) and (89),

respectively, one can see that repeated application of (24) gives vé% for an arbitrary set K C

{1,2,--- N} as

1

_ ()

ook = 1 T 2 | 267 D2 o) (90)
i=1 PeP(K)

Thus, the stationary joint MGF of a set K C {1,2,---, N} of age processes is given by

NP
(a) A (s
Vi) = 3ot © <1 N )vgg(,

geo Z] 1 5K(j)
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)\K(i) (—) (1 + ) — 91
i=1 Atp Z] 19K() /) PeP(K) C(P)

where step (a) follows from expressing 17(,5[)(, g € Q/{0}, as a function of 17(()?})( using (24), and

50 — % This completes the proof. H
!

step (b) follows from (90) along with noting that v,

D. Proof of Proposition 1

The correlation coefficient of the two Aol processes xy, (t) and xy,(t) can be evaluated as

ggf — E[xhxb] B E[Ikl]E[ka] . (92)
\/E[xk Elzy,]) \/E 5Ek Elzk,])?
Using Corollary 4, E[z, xy,] can be evaluated as
0[N (51, 50,
Sk Sko
E _
[-Tk:l ku] M2a§k1 agkg 5, :07§k2 :07
P+ p) oy + pr)” + (w4 i) [(1+ 0)* + 20k, pr] — 28,08, (1 + p)
~ . . (93)
12 iy Py (14 ) (Pry + 1)
Further, from Corollary 3, E[z;] and E[z?] can be respectively evaluated as
d ﬁ/?( )
S 1+
PR LU N . 94)
pdse ls=0  ppr - p(14p)
27Ny 2 2
b dP[M(5)] 2[pip + pr(p* = 1) + (1 + p)°]
[k = —%—=—| = 53 ; 95)
p? dsy lse=o 12pi(1+p)

NP
where k£ € 1 : N. The final expression of Cor in (30) can be derived by substituting (93)-(95)

into (92), followed by some algebraic simplifications. [ ]

E. Proof of Theorem 3

Using the set of transitions in Table III and (24) in Theorem 1, T)(()[?le}}) can be expressed as

N
(Is,]) D) (k)
(A = 8k0) Ty iy = 1 O or T > Ui | 6)
(T R ()

where 7, {0} and Ug gk} are given by

(4 X — si,) vk {0} A,ﬁzw = My, (97)
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([sk ([s ([s
(+X—55,)0 q{k}—/\ (0{21}+Z q{ﬁ}) (98)
where ¢ € 1 : N. Thus, from summing the set of equations in (98), we get
N
([s,]) A k)
Zlv_v{kll} - 1 — Su, Vo, (k) (99)
q_
Substituting (99) into (98), U-[{',?]}? can be expressed in terms of v(()[ {’Z}]}) as
(D) Ag (s,
Uit} = o gy U0tk (100)

where ¢ € 1 : N. From (96), (97) and (100), Uo[?;cl]}) can be rewritten as
N
o) @ Ak _%Zguﬂm*ammq
Odkil = X — s, L+ X — s, [ Sk, Yo,k}
_ :u)\kl (,u - 3k1) > 1

N )
# + >\ o Skl ()\ - Skl)(/’[’ - skl) - lu Zj:l,j%{k‘l} >\.7

Clk1} (,u + A= Skfl)’

where k; € 1: N, step (a) follows from substituting (97) and (100) into (96), and step (b) follows

_([Sky Skol)
0,{k1,k2} *

the definition of cyy,y in (27). Now, using (101), one can evaluate v In particular, from

(24), v (Iors sx2l) o e expressed as

Yo, {k1,k2}
N
([sky skol) ([sky skol) | —([sky Sky]) —([sky sky))
(A= (s8, + Skz)]vo {211 k?} - “[Ukl If{lo kZQ} T Uy, ?kl 1:32} + Z Uq,{l;fll,k]f} ]7 (102)
G=1,G¢{k1,k2}
where
N
[t 3= (st + )T o0 = e Y o) (103)
:u k‘1 kJQ kl {0 kQ} - kl q7{k2}a
7=0
N
[ + A . (S + s )] ([Skl Skg]) )\ Z/U([Skl]) (104)
H kT Sk )[Vky (k0 T M2 2 Vg iy
7=0
1+ A= (s + )0 13 = Ag Zvj taay (105)
where ¢ € {1,2,---, N}. Thus, by summing the set of equations in (105), S i ’J( izl k'ﬁ]) can
be expressed as
N (ot 515) A (Isky s1y)
_‘Skl Sk2 _ _ Skl Sk2 ) 106
Z UjV{kl,kZ} n—= (8k1 + 8k2)voj{k17k2} ( )

j=1
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Therefore, by substituting (106) into (105), ’q[izl ZkQ}]) can be expressed in terms of UO[?I? Z’;Q}])
as
1—]([5161 Skg]) — )\q ’[_J([Skl SkQ]) (107)
Blhkal T — (sg, o+ sy,) OlF0RREY

where 7 € 1: N. Further, from (99), (103) and (104), 7,4 2 and 7, 2V can be respectively

expressed as

([sy 5%,)) Ay (14 A — Shy) ([swy)
- gy k2l). (108)

k1,{0,k2} (M _ Sk2) [M - (5k1 + st)] 0,{k2}
(Isky sko)) Ay (ft+ A — 5,) ) (109)

ha.{kr 0} (,u - Sk1) [:u +A- (Sk’l + Sk2)] 0.{kr}”

Thus, (()[ {';; ,:2}]) can be rewritten as

o~ (Sky + Sk,) Moy (A= 81,) _(siyl) | Ay (A= 83,) (s, ])
1 Vo{kn} T 00, {ky}
) N+)‘_(5k1+5k2) H— Sky ' M — Sk, ’

1= oty + sl = (st 58] = 10 s eanag V)

(b) 12Nk Ay [ = (Sky + Sky) | ( 1 . 1 )
p+ A— (Skl + Skz) C{ky1,ko}Cl{k1} Clky ko }Cl{ka}

_([sky sky]) (a)
0,{k1,ka}

Y

2 _
A A [ — (s + 58, ] v (110)

A A — (sk, + Sky) PeP({k1,k2}) (B)

where step (a) follows from substituting (107)-(109) into (102), and step (b) follows from

substituting v([ QD and v ([ow, ) from (101) along with adding cg, x,v based on the definition
0,{k2 0,{k1} {k1,k2}

([5ky 8Ky Sksl) _([s1; 5k5))

in (27). Followmg similar steps as in (102)-(110), one can obtain v, (ot o s} using v, o}

as

_([skq 8Ky Sk5]) :ug)‘lﬁ)‘kz)‘k:s [/L - (Slﬁ + Sk, + Sk:s)} Z

1
_ - 111
Yo, {ky k2 ks } L4 A — <3k:1 + Sk, + Sk:s) ( )

c(P)

By inspecting the expressions of v(()[ {',11 ]}) , (()[?,:11 Z’;?}D and T)(()[?Z}l Z?,{Z?D in (101), (110) and (111),

respectively, one can see that repeated application of (24) gives 17(()3)( for an arbitrary set K C

{1,2,--- N} as

o < IK| M_Z\Kl ; 1
o = K , - 112

j=1 SK(]

PE'P({k:l,k‘g,k(;})

Thus, the stationary joint MGF of a set K C {1,2,---, N} of age processes is given by

K|

M(s):Z@gf;@(1+ ZA )@ Yy HAK( Z%, (113)

=1 SK(j) PeP(K)
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where step (a) follows from expressing 17((;1)(, q € Q/{0}, as a function of 27(()3){ using (24), and

step (b) follows from substituting 17(()3){ from (112). This completes the proof. [ ]

FE. Proof of Proposition 2

From Corollary 7, E[xy, zx,] can be evaluated as

PS
O?[M (Sk,, 51,)]

1 2 -2
E[Iklku] — Ao — i ) — ( _I_pl (pk1+pk2) pklka (114)
1205k, 05k, 15k, =0,51,=0 12 P P (Pky + Pz
Further, from Corollary 6, E[z;] and E[z?] can be respectively evaluated as
a[r
S 1
By = MG 1xp (115)
pdse  lsi=0  ppy
d2 Xj 2
5 2/(1+p)° —
E[xi] _ [ (_;‘)] _ [( p)2 pk}7 (116)
p?dsy Is=o 12pi

PS
where k& € 1 : N. The final expression of Cor in (35) can be derived by substituting (114)-(116)

into (92), followed by some algebraic simplifications. [ ]

G. Proof of Theorem 4

Using the set of transitions in Table IV and (24) in Theorem 1, v((][ { kl]f can be expressed as

_([sky]) —([Sk D ([s,])
(A =55 Uo gy = H | Ty Z Uaimy | - (117)
q=1,g¢{k1}

where v,i[ ?0} and 17; {',?}}) are given by

_ _ a) Ak, +
(4 Apy — 5y) v,(c[ ’“{10]]3 = Ay (véo) + v,i?) @ m Mvéo), (118)
—([s%,]) (Isk,]) ([sx,])
(14 Ag = s1) g 1ty = A <0{7§1}+ q{ll?l}> (119)

Ak

where ¢ € 1 : N and step (a) in (118) follows from the fact that 771(;3) = 7127(()0). Substituting
(118) and (119) into (117), we get

—(0 Ay T
o)) _ 1N T8 (11— spy) L
Yoqki} = N
Lk ()‘ - skl)(ﬂ - Sk’l) - H’Zj:ngé{kl} )\j [+ Ay — Sk
_ Ay 1
_ MAklv((]O) (1 — sk,) " lu - (120)

Clkn} o+ Ak — Sky
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where k1 € 1 : N. Now, using (120), one can evaluate v(()[ {';Cl Z’“Q}]) In particular, from (24),

_([s1y sk,))
U (kr sy CAD be expressed as

<

N
([sky Sko)) _([sky skol) | —([5Ky Sko)) _([sky Sko))
A = (381 + 58100, 01 0y _“[Ukl,]f[lo,kzz} F Oty T D il o) ]7 (121)
G=1,Gg¢{k1,k2}
where
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(123)

ot 2g = (o + s 1) = 2 (g i + 7y’ ) (124)
where ¢ € {1,2,--- , N} and step (a) in (122) and (123) follows from substituting v,i[ ?k])} and

'Uz(j k{lkl)} from (119). Thus, 7. 2 can be rewritten as
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where step (a) follows from substituting (122)-(124) into (121), step (b) follows from substituting
v(()[ {’;f]}) nd v(()[ {’;1]}) from (120) along with the definition of c(y, x,3 in (27), and step (c) follows
from defining C’(P) in (38) as
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Following similar steps as in (121)-(125), one can obtain vé[‘?}? Z’Qki’?]) using UO[ {'Z} ka}D as

([skq Sky Sky]

_ ) _(0 Cl( )
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By inspecting the expressions of 17(()[;',?1]]?, 17(()[?,?1 ;’“22}]) and 17(()[3{';11 72'2;3’“}3}) in (120), (125) and (126),
(s)

respectively, one can see that repeated application of (24) gives v,y for an arbitrary set K C
{1,2,--- N} as

K| K|

'(P)
_(s (0
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Thus, the stationary joint MGF of a set K C {1,2,---, N} of age processes is given by
SA A
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where step (a) follows from expressing 17((75})(, g € Q/{0}, as a function of 17(()81)( using (24), and

step (b) follows from substituting v((n)( from (127) along with the fact that v ‘(0) = Xi— This

completes the proof. [ ]

H. Proof of Proposition 3

From Corollary 10, E[z, xk,] can be evaluated as

>0 Pk iy )
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(129)
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Further, from Corollary 9, E[z;] and E[z?] can be respectively evaluated as
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where k € 1 : N. The final expression of Cor in (41) can be derived by substituting (129)-(131)

into (92), followed by some algebraic simplifications. [ ]
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