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FINITE CONVERGENCE OF MOMENT-SOS RELAXATIONS
WITH NON-REAL RADICAL IDEALS

LEI HUANG, JIJAWANG NIE, AND YA-XIANG YUAN

ABSTRACT. We consider the linear conic optimization problem with the cone
of nonnegative polynomials. Its dual optimization problem is the generalized
moment problem. Moment-SOS relaxations are powerful for solving them.
This paper studies finite convergence of the Moment-SOS hierarchy when the
constraining set is defined by equations whose ideal may not be real radi-
cal. Under the archimedeanness, we show that the Moment-SOS hierarchy has
finite convergence if some classical optimality conditions hold at every mini-
mizer of the optimal nonnegative polynomial for the linear conic optimization
problem. When the archimedeanness fails (this is the case for unbounded
sets), we propose a homogenized Moment-SOS hierarchy and prove its finite
convergence under similar assumptions. Furthermore, we also prove the finite
convergence of the Moment-SOS hierarchy with denominators. In particular,
this paper resolves a conjecture posed in the earlier work.

1. INTRODUCTION

Let R[z] := R[x1,...,2,] denote the ring of polynomials in = := (z1,...,2,)
with real coefficients, and let R[x]; be the set of polynomials in R[z] with degrees
at most d. For a nonnegative integer vector power o = (aq,...,qy), the ath

moment of a Borel measure p on R™ is the integral [ 2*dyu for the monomial z® :=
7t - a8, The support of u, for which we denote supp(u), is the smallest closed
set T C R™ such that u(R™\T) = 0. For the degree d > 0, denote the power set
(lal =01+ +an)
Ti={aeN":|of <d}.

Let RNd denote the space of real vectors y that are labeled by o € N7, ie.,

Yy = (ya)aeNg-
Such a vector y is called a truncated multi-sequence (tms) of degree d. For a closed
set K CR"™, let Z4(K) denote the moment cone

3 a Borel measure u, supp(p) C K,

— Ny
Zi(K) = qy R Yo = [x* du for each a € N7

The moment cone Z4(K) is always convex. It is closed if K is compact, but it
is typically not closed if K is noncompact. We define the bilinear operation (-, -)
between R[z]y and RYa:

<p7y> = Z Pa¥Ya for P = Z pal'a.

aeNy aeNYy
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We study the generalized moment problem (GMP), which is also called the
generalized problem of moments in some literature (see [23])

min - (f,y)
st {ag,y) =b; (1 <i<my),
(ai,y) > b (my <i<m),

(1.1)

Yy e %d(K)
In the above, f, a1,...,a, are given polynomials in R[z]4, m1 < m are integers
and by,...,b, € R are given constants. For convenience, we denote the vector

b= (b1,...,bm). The GMP has broad applications in optimal transport [33], dis-
tributionally robust optimization [43] 46], computational geometry and optimal
control [T5], different ranks for matrices and tensors [10, 12} 20], and tensor opti-

mization [44] [0, [45]. More applications can be found in [I5] 23] 28] [41].

The dth degree cone of polynomials that are nonnegative on K is
PZy(K) = {peRz]a:plx) >0 foralazeK}.

Note that #2;(K) is a closed convex cone of R[z];. The nonnegative polynomial
cone Z4(K) and the moment cone Z4(K) are dual to each other, under the above
bilinear operation (-, ), i.e.,

(p,y) >0 forall pe Py(K) and for all y € Z4(K).

It can be shown that the dual optimization of (L)) is the following linear conic
optimization problem:

max bi101 + -+ b0,
s.t. f — Z O;a; € gzd(K),

1=1
91'20(7)’11<Z'§m),

0=(01,...,0,) €R™

(1.2)

We refer to [23] 41] for more details about the dual relationship.

Moment-SOS relaxations are introduced by Lasserre [23] for solving the pair
(CI)-(T2). Under the archimedeanness, the Moment-SOS hierarchy has asymptotic
convergence. When the set K is a simplex or sphere, the convergence rates of the
Moment-SOS hierarchy are studied in [I9]. We also refer to the survey by De Klerk
and Laurent [9] for the convergence rate analysis.

The classical polynomial optimization problem (see [21I]) can be viewed as a
special case of the GMP. There are interesting results about the finite conver-
gence of the Moment-SOS hierarchy for solving polynomial optimization. Under
the archimedeanness, Nie [39] proved that the Moment-SOS hierarchy has finite con-
vergence if some classical optimality conditions hold at every minimizer (through-
out this paper, a minimizer means a global minimizer, unless its meaning is oth-
erwise specified). For convex polynomial optimization, the Moment-SOS hierar-
chy has finite convergence under the strict convexity or SOS-convexity conditions
[8, 24]. When the equality constraints give a finite set, the Moment-SOS hierarchy
also has finite convergence, as shown in [22] 27, [3§]. For asymptotic convergence
rates of the Moment-SOS hierarchy for solving polynomial optimization, we refer

to [} 11 130} 42} [50].
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Contributions. Despite rich work for polynomial optimization, there are rela-
tively less results about finite convergence of the Moment-SOS hierarchy for solving
generalized moment problems. A partial reason for this is that the classical opti-
mality conditions for nonlinear programming [3] do not generalize conveniently for
(TI)-([T2). Consequently, the finite convergence theory in [39] does not generalize
directly.

Assume that K is the semialgebraic set given as

cj(z) =0 (j € &), }

l“z&ewlqmzooe@

where ¢; (j € £ UZ) are given polynomials. The £ and Z are disjoint labeling
sets for equality and inequality constraining polynomials respectively. Suppose
0* = (07,...,607,) is a maximizer of (I.2). Consider the polynomial optimization
problem

min fy-(@) = f(x) - 3 ai(a)

st. cj(z)=0(j€ 5)71
cj(z) >0 (j €1).

(1.3)

It is worthy to note that the polynomial fy-(z) is nonnegative on K and it also
typically has a zero u € K. For convenience, we denote the polynomial tuples

Ceq = (¢(T))jee, cin = (cj(T))jez-

When Ideal[ceq] + QM[c;n] is archimedean (see Section for the notation), if
the linear independence constraint qualification, strict complementarity and sec-
ond order sufficient conditions hold at each minimizer of ([3]), then there exists a
polynomial o € QM[e¢;,] such that fp« — 0 = 0 on Vi(ceq). If Ideal[cey] is a real
radical ideal (see Section for the definition), then fp-(z) — o € Ideal[ce,], or
equivalently, fp-(z) € Ideal[ceq| +QM][ciy|. However, if Ideal[c.,] is not real radical,
we typically do not have fg«(x) € Idealceq] + QM]cin]. This is a major difficulty for
studying finite convergence of the Moment-SOS hierarchy when solving generalized
moment problems.

We remark that the equality constraint ¢;(z) = 0 in ([L3) can be equivalently
replaced by two inequalities ¢j(z) > 0, —¢;(xz) > 0. However, by doing this,
the linear independence constraint qualification will fail for this reformulation and
forbid us to get the finite convergence results.

In this paper, we study the Moment-SOS hierarchy for solving ([LT))- (LC2]) without
the assumption that Ideal[c.,] is real radical. Indeed, we can prove its finite conver-
gence under the archimedeanness and the above mentioned optimality conditions.
Our major contributions are as follows.

e First, we consider the case that Ideallc.q] + QM][c;y,] is archimedean but
Ideal[ce,] is not necessarily real radical. We prove that the Moment-SOS
hierarchy for solving (I)-(L2) has finite convergence if the linear inde-
pendence constraint qualification, strict complementarity and second order
sufficient conditions hold at every minimizer of (I3]). In particular, we
are also able to show that every minimizer of the moment relaxation for
([CI) must satisfy the flat truncation, for all sufficient high relaxation or-
ders. This also gives a certificate for checking finite convergence of the
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Moment-SOS hierarchy in computational practice. Applications in polyno-
mial optimization and the semialgebraic super resolution problem are also
discussed.

e Second, we consider the case that Ideal[ce,] + QM][c;,,] is not archimedean.
This is typically the case when K is an unbounded set and the Moment-SOS
hierarchy generally does not converge. For this case, we propose a homog-
enized Moment-SOS hierarchy introduced in [I7, [I8] and prove its finite
convergence under similar optimality conditions for the homogenization of
the optimization ([3]). Consequently, we are also able to show the finite
convergence of the Moment-SOS hierarchy with denominators, motivated
by the Putinar-Vasilescu type Positivstellensatz [29, 48]. In particular, our
results resolve Conjecture 8.2 in the earlier work [17].

This paper is organized as follows. Section [l reviews some backgrounds for
polynomial optimization and moment problems. In Section [3] we prove the finite
convergence of the Moment-SOS hierarchy under the archimedeanness and optimal-
ity conditions, without the assumption of real radicalness. In Section d we prove
the finite convergence of the homogenized Moment-SOS hierarchy and the one with
denominators. In Section [l we study the semialgebraic super resolution problem.
We make some conclusions and pose a new conjecture in Section

2. PRELIMINARIES

Notation. The symbol N (resp., R) denotes the set of nonnegative integers (resp.,

real numbers). For = (21,...,2,) and a = (aq,...,a,), denote
=gzt ol =ar 4+ oa.

For t € R, [t] denotes the smallest integer greater than or equal to ¢. For a positive
integer m, denote [m] :== {1,...,m}. For a matrix A, AT denotes its transpose. A
symmetric matrix X > 0 if X is positive semidefinite. For a set S C R™, ¢l(S) and
int(S) denote its closure and interior in the Euclidean topology. Denote by deg(p)
the total degree of the polynomial p. For a degree d, let [x]; denote the vector of
all monomials in « with degrees < d, ordered in the graded alphabetical ordering,
ie.,

T _ 2 d _d—1 d
[]g = [L,z1,22,..., 27, 21%2, ..., 27,2 Ta,..., T

For a polynomial p, p"°™ denotes its homogeneous terms of the highest degree and p
denotes its homogenization, i.c., p(%) = 2o Pp(x/x0) for & == (zg,21,...,2,). A
homogeneous polynomial p is said to be a form and p is positive definite if p(z) > 0
for all nonzero x € R™.

2.1. Optimality conditions. We first review some classical optimality conditions
in nonlinear programming [3]. Consider the nonlinear optimization problem

min  f(x)
(2.1) st ci(x)=0(j€8),
cj(x) 20 (j € 1),
where f, ¢; (j € £UZI) are second order continuous differentiable. Suppose z* is a
local minimizer of (21J). Denote the label set of active constraints at =*

(2.2) J@*)={jeEUTL:¢j(z")=0}.
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If the gradient vector set {Vec;j(2*)}jes(z+) is linearly independent, the linear inde-
pendence constraint qualification condition (LICQC) is said to hold at z*. When
the LICQC holds at z*, there exist Lagrange multipliers A; (j € £ UZ) such that

V@)= > XAVe),
(2.3) JEEUT
)\j >0, )\jCj(LL'*) =0 (j S I)

Moreover, if \j + ¢;j(z*) > 0 for every j € Z, then the strict complementarity
condition (SCC) is said to hold at z*. For the above Lagrange multipliers, the
Lagrange function is

Under the LICQC, the second order necessary condition (SONC) must hold at z*,
i.e., the following holds (V2 denotes the Hessian operator)

(2.4) VIV (L(zF)v >0

for every v € R" satisfying

(2.5) vIVej(z*) =0 forall j € J(z*).

The second order sufficient condition (SOSC) is said to hold at z* if
(2.6) 0TV (L (z*))v > 0,

for every nonzero v satisfying (2.3)).

2.2. Some basics for polynomial optimization. Here we review some basics
for polynomial optimization and moment problems. A subset I C R[z] is called an
ideal of R[z] if T - R[z] C R[z], I + I C I. For a polynomial tuple h := (hy,...,ht),
Ideal[h] denotes the ideal generated by h, i.e.,
Ideal[h] = hy -Rlz] + - - + hy - Rlz].
For a degree k, the kth degree truncation of Ideal[h] is
Ideal[h] = h1 - R[z]p_deg(ny) + Pt - R[Z]r_deg(n,)-

Its real variety is

Vr(h) = {z € R" | hy(x) =--- = hy(x) = 0}.
For a set T'C R", its vanishing ideal is

Ideal[T] = {p € R[z] : p(u) =0 for all u e T}.

Clearly, if T = Vg(h), then Ideal[h] C Ideal[T]. However, the reverse inclusion
may not hold. The ideal Ideal[h] is said to be real radical if Ideal[h] = Ideal|[T] for
T = Vi (h).

A polynomial p is said to be a sum of squares (SOS) if p = p? + -+ + p? for
P1,---,0s € Rlz]. The set of all SOS polynomials in x is denoted as X[z]. For a
degree k, denote the truncation

Y[z]r = X[z] NR[x]g.
The notion of SOS polynomials plays a core role in optimization. Interesting, this

notion can also be defined for matrix polynomials (see [16] 34]). Clearly, an SOS
polynomial is nonnegative everywhere, while the reverse is typically not true. The
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quality of SOS approximations is discussed in [I1 [36]. For a polynomial tuple
g=(g91,...,9¢), the quadratic module generated by ¢ is

(2.7) QM[g] = Z[z] + g1 - B[z] + - - + g - X[zl
Similarly, the kth degree truncation of QM]g] is
(2-8) QM[Q]k = E[‘T]k +91- E[‘T]kfdcg(gl) et ge E[x]kdeg(ge)'

The sum Ideal[h] + QM][g] is said to be archimedean if there exists R > 0 such
that R — ||z||* € Ideal[h] + QM]g]. If it is archimedean, then the set

S :={xeR"|h(z)=0,9(x) >0}

must be compact. Clearly, if p € Ideal[h] + QM]g], then p > 0 on S while the
converse is not always true. However, if p is positive on S and Ideal[h] + QM][g]
is archimedean, we have p € Ideal[h] + QM]g|. This conclusion is often referred as
Putinar’s Positivstellensatz.

Theorem 2.1 ([47]). Suppose Ideal[h] + QM]g] is archimedean. If a polynomial
p >0 on S, then p € Ideallh] + QM[g].

In the above theorem, if p > 0 on S, Ideal[h] is real radical and the LICQC, SCC
and SOSC hold at each zero of p on S, then we also have p € Ideal[h] + QM]g].
This is shown in [39)].

For a polynomial ¢ € R[z]o;, and a tms w € RNz | the kth order localizing matriz

of ¢ for w is the symmetric matrix Lgk) [w] such that

(2.9) vee(p)” (L [w] ) vee(p) = (ap®, w),

for every polynomial p € R[z]s with 2s < 2k —deg(g). In the above, vec(p) denotes
the coefficient vector of p. In particular, for the constant one polynomial ¢ = 1, the
localizing matrix L((Zk) [w] becomes the kth order moment matriz My|w] = Lgk) [w].
For instance, when n = 2, we have

Wwoo W10 Wo1r W20 Wil Wo2
wip W20 W11 W30 W21 W12
w1 W11 Wo2 W21 Wi2 Wo3
W20 W30 W21 W4 W31 W22
w11 W21 W12 W31 W2 W13
Wo2 W12 W3 W22 Wiz Wo4

MQ[’LU] =

@) Wwip — W2 W20 — W12 W11 — Wo3
Lzﬁz% [w] = |W20 — W12 W30 — W22 W21 — W13
W11 — Wp3 W21 — W13 W12 — Wo4

For the polynomial ¢, let ”//q(%) [2] denote the vector such that
T
(2.10) {ap,w) = (V30 w])” vee(p),

for every polynomial p € R[z]s with s < 2k — deg(q). The ”Vq(%) [w] is called the
localizing vector of g and w. We refer to [4Il Chap. 2| for more details about
quadratic modules and localizing matrices/vectors. They are basic tools for solving
polynomial optimization and moment problems. We refer to the books and surveys

[15] 25l 28] [32] [49] for more comprehensive introductions.
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3. FINITE CONVERGENCE OF THE MOMENT-SOS HIERARCHY

In this section, we study the Moment-SOS hierarchy for solving the optimization
problems ([LI))-(L2). Assume K is the basic closed semialgebraic set

cj(z) =0 (j € &), }

(3.1) K = {x eR"” (@) >0 (j €T)

where ¢; (j € £UT) are given polynomials in x. The & and Z are disjoint labeling
sets. For convenience, we denote the polynomial tuples

Ceq = (¢(T))jee, cin = (cj(T))jez-

This section studies the finite convergence theory for the Moment-SOS hierarchy,
without the assumption that Ideal[c.,] is real radical.

3.1. The Moment-SOS hierarchy. Denote the degrees
dic = max {[deg(c;)/2]},  do = max {[deg(f)/2], dic, max [deg(ar)/2] .

For a degree k > do, the kth moment relaxation for (LIJ) is

min  (f,w)
s.it. {a,w) =b; (1 <i<my),
<041',’w> >b; (m1 <1< m),
2 7] =0 (j € ©),

The dual optimization of (3.2)) is the kth order SOS relaxation for (L2):
max 01601+ -+ b0,
(3.3) st f— Y fia; € lealleeglo + QMleinlar,
6 ER™, Opysr > 0,...\ 0 > 0.

As k goes to infinity, the sequence of ([B:2))-([B3) is called the Moment-SOS hierarchy
for solving (1I)- (2.

Let ¢*, 9* denote the optimal value of ([LI)), (I2)) respectively, and let ¢y, Jg
denote the optimal value of (8.2), (B3] respectively. By the weak duality, it holds
that

U <O, e <@, Uk <k, T < PN
The hierarchy of (32)-([B3) is said to have finite convergence (or be tight) if there
exists kg € N such that ¥y = ¢, = " = ¢* for all k > k.
In computational practice, a convenient criterion to check finite convergence is

the flat truncation [5 37]. Suppose w* € RN2x is a minimizer of (32). The tms w*
is said to have a flat truncation if there exists a degree ¢ € [do, k] such that

(3.4) rank M;_ 4, [w*|2:] = rank M[w™|2].

When it holds, we must have ¢, = ¢* and w*|4 is the optimal solution to (IIJ).
We refer to [15] 20 28] [41] for more details.
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3.2. The finite convergence theory. We now prove the finite convergence of
the Moment-SOS hierarchy [B2)-(B3) under the archimedeanness and optimal-
ity conditions. This extends the finite convergence results in [39] for polynomial
optimization to the generalized moment problem.

For convenience of notation, we denote the polynomial

fo(z) = fx) =) biai(x)
i=1

Suppose 6* € R™ is a maximizer of (L2). Consider the polynomial optimization
problem
min  fp- ()
(3.5) st ci(x)=0(j€8),
cj(x) 20 (j € I).
Generally, the optimal value of (B3] is zero and each of its minimizers is a zero of
fox(x) in the set K. This is guaranteed under the following assumption.

Assumption 3.1. Suppose 6* € R™ is a maximizer of (L2)), y* is a minimizer of
([CI) with y* # 0, and the Slater condition holds for (L2), i.e., there exits a feasible
point § € R™ of ([2) such that fz € int(P4(K)).

Under Assumption Bl the strong duality holds between (L2)) and (I.IJ), so
0= (£.07) =80 = {forv) = [ for(@)an

for every representing measure p of y*, with supp(p) C K. Note that fp- > 0 on
K. If y* # 0, then supp(u) # 0 and each point in supp(p) must be a zero of fy- in
the set K. The following is our major conclusion in this paper.

Theorem 3.2. Suppose Ideal[ceq] + QMcin] is archimedean and Assumption [31]
holds. 1If the LICQC, SCC and SOSC hold at every minimizer of (3.4), then we
have:
(i) The hierarchy of (32)-(F3) has finite convergence, i.e., O = ¢, = 9* = ¢*
for all k big enough.
(ii) Fvery minimizer of the moment relazation (32) must have a flat trunca-
tion, when k is sufficiently large.

Proof. (i) Note that the minimum value of (B3] is nonnegative. Since the LICQC,
SCC and SOSC hold at every minimizer of (31, by Theorem 1.1 of [39], there
exists o € QM|c;y,] such that

for =00 mod Ideal[Vr(ceq)]-

This means that f = fg» — oo vanishes identically on the real variety Vi(ceq)-
By the Real Nullstellensatz (see [41]), there exist k1 € N, o1 € X[x] such that
¥ 4 01 € Ideal[cey]. The archimedeanness of Ideallc.,] + QM][c;] implies K is
compact. By the Slater condition, there exist a feasible point § € R™ for (2] and
a scalar ¢ > 0 such that f; > ¢ > 0 on K. By Theorem 2] we have that

(3.6) f5 — & € Ideal[ceg] + QMein].
For v > zi=(1— 5=)*" 71, the polynomial w(t) = 1 4+t +~t** is SOS (cf. [38]), so
(3.7) §-w(t)d) = §+t+ i(l - L)2’“—161—2’%2’“1 € St]ak, -

2k; 2k
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Combining with (8 and BX), we have
(3.8) s(t,x) = fz— 6+ (0 +t +nt**) € Ideal[cey] + QM]cin] + 2[1],

for every scalar

1 1
> - 1 o 2]61—151—2]{}1.
= 2k ( 2ky )

For 0 < A < 1, replacing ¢ by (A™' — 1)/ in s(t,z), we then get
Mo+ (L= Nf = As((AF = 1)f ) = X720 (1= n)pfh.

Note that

Mg+ @ =XNf =Xg+ 1=\ fe- — (1= Noo
= f(17A)0*+A§ = (1= A)oo.

Thus, we get
Faneesag = (L= XMoo + As((A7H = 1) f,2) — A172R1 (1 — A)ZRag f2r

We select 7 sufficiently large so that (3.8) holds. Then there exists ky € N such
that

(3.9) Ja=x)9=42d € Ideal[ceq )2k, + QMICin]2k, -

Since (39) holds for all 0 < A < 1 and ky is independent of A, we know (1—\)0*+ X0
is feasible for ([B3) at the relaxation order ko, for all0 < A < 1. As A — 0, we get

(3.10) bE((1 =N +20) = (1 —A)bp"0" + A0 — b6~

This implies that 95, = bT0* = ¥*. Since the Slater condition holds for ([L2)), we
know 9* = ¢* = Uy, = P,, by the strong duality. Hence, the hierarchy B2)-33)
has finite convergence.

(ii) Suppose w*) is a minimizer of ([B2) at the relaxation order k. First, we prove
that wék) # 0. Suppose otherwise wék) = 0. The constraint My, [w(k)] > 0 implies
that wl = 0 for all |a| < k. By Lemma 5.7 [28], we have that My [w®]vec(z®) =0
for all « < k — 1. For all |a| < 2k — 2, we can write « = S+ n with |8],|n] <k —1
and the following holds
w = vec(z?)T My, [w®] vec(z) = 0.

[e3

Clearly, the truncation 10(’“)‘2]672 is flat. It implies that the minimizer of (1) is
y* = 0, which is a contradiction.

Thus, we know that w(()k) > 0. Up to scaling, we can assume w(()k) = 1. Since
the Slater condition holds for (L2), we have ¥* = ¢* and (I.I]) has a minimizer,
saying, y*. Suppose pu is a K-representing measure of y*. Since y* # 0, we know

that supp(u) # 0. It holds that
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Note that fg«(z) > 0 on K and supp(p) # (). Hence, the optimal value of (30 is
0. The moment relaxation for polynomial optimization (B3] at the order & is

min  (f — > 0fa;,w)
i=1
sk, (Lw) =1,
(310) Fu] =0 (j € )
L[] =0 (j € T),
My [w] = 0, w € RNz«
By item (i), we know that 9* = ¢* = ¥, = ¢, for k > ko and the following holds
Sorsw®) = (fw®) = S 07bi— 3 67 {as,w®)
i=1

1=mi+1

< (f,w®) =3 05b = 0.
i=1
Since fo- € cl(Ideal[ceqlor, + QM[cm]gko) we have (fg*,w(k)> > 0. Thus,

(for,w®)) =0
and w®) is a minimizer of FII) for all k > ko. Let
Q = Ideal [Cequ f@*] + QM [Cin] .
Note that @ is archimedean and the intersection J := QN —@ is an ideal. Since the
LICQC, SCC, and SOSC hold at every minimizer of (8], the boundary Hessian
conditions hold at each zero of fo« in K (see [39]). By Theorem 2.3 of [31], the

R[ ] has dimension 0. Let

fo-(x) =0,
S=q zeR"| ¢j(z)=0(j €€&),
¢j(z) 20 (j €T)
Clearly, S is the set of all minimizers of [B3]). The SOSC implies that each min-
imizer of ([31) is an isolated minimizer. Note that K is compact. Hence, the set
S is finite and the vanishing ideal I(S) is zero dimensional. Let {h1,...,h,} be
a Grobner basis of I(S) with respect to a total degree ordering. Since hy = 0
(t=1,...,r) on S and J is zero dimensional, by [32, Corollary 7.4.2], there exist
e N, ¢o,¢; € Rlz], and v, 1¥; € X[z] such that

Rt + Z djci + dofor + ijcj + o = 0.

JEE JjET

coordinate ring

When 2k is bigger than the degrees of all above polynomials we have
(3:12) (A", w™) 4D (e, w0+ (dofor w)+ D (e, w0+ (o, w®) =
jee jET
From item (i), we know that f2 4+ o, € Ideal[ce,] and the following holds
for+e= ao+e-w(f/e)—rye 2 2,
Thus, when kq is sufficiently large, we have that for all € > 0,
for + € € Ideal[ceq)2k, + QM]cin ]2k, -
Equivalently, there exist ¢5 € R[z], and v§, ¥ € ¥[z]ay, such that
deg(¢fc;) < 2ko (j € €), deg(¥fe;) < 2ko (j € 1),



FINITE CONVERGENCE OF MOMENT-SOS RELAXATIONS 11
(3.13) Jor+e= d5e; + Y Ve + U5
Jje€ JET
Applying the bi-linear operation (-, w®)) to (BIﬂ) for k > ko, we get
(3.14) e=Y (¢5¢;, w™) + > (@e;, wh) + (vf, w®).

JjEE JjET

Since ¢f € R[z], and v, ¥5 are SOS, the constraints
Y =0 (€€, LPw]=0(eT), Myuw] =0
imply that
(@5, w™) =0 (G €8), (Wie;,w™) 20 (j € D), (¥, w™) >0,
Hence, we have that
: € k : € k
(3'15) 2%<¢jcj7w( )> =0, llg(l)me( )> =0
By Lemma 2.5 of [37], we can get for k big enough,
(3.16) lim (¢5¢; 0, w™) = 0, lim (§¢o, w™) = 0.
e—0 e—0
Combining the equations (313) and (BI6), it holds that
<¢0f9* ; w(k)>

(3.17) = lg%( %;g@;cj(bo,w(k» + %:I@/J;Cjébo,w(k» + (W50, wh))
J J
= 0.

Hence, we can get
(b0 fo-,w™) = 0.
It follows from (BI2]) that
(3.18) (B w ™) +3 (i, w®) +> (e, wM) + (o, w™) = 0.
je€ jET

Since h?¢, ; (j € T), 1o are SOS, we can easily verify that
(n7 w #)) > 0, {¢jcj,w M)y =0(jeé),

<¢0,w(k)> >0, (Pjcj,w > >0(jeD).
Hence, (h2%,w®)) = 0 and h; € ker My[w®)] (cf. [22, 28, ET]).
Finally, we show that w(*) |2k*2 is flat. Since S is finite, we know that the quo-
tient space R[x]/I(S) is finite-dimensional (see Theorem 2.6 of [28]). Let {q1,...,qr}
be a basis of R[z]/I(S). For every a € N, we have that

Z ﬁz% + Zptht7 deg (ptht) < |a|

t=1

where 3; € R, p; € R[z]. Since h; € ker My[w®)], if |a| < k — 1, we have

T
pihy € ker Mk[w(k)], ¢ — Zﬁi%’ € keer[w(k)].

=1
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Let dg := ?éf%;deg(qi). If d, +1 < |a| <k — 1, then each ath column of M[w*)]

is a linear combination of its first d, columns. When k — 1 — dg > d,, we have
rank My_1_ g, [w™] = rank My_1 [w®].

This implies that w*) has a flat truncation when k is big enough. O

We would like to make the following remarks:

i) Theorem gives sufficient conditions for the Moment-SOS hierarchy to
have finite convergence for solving the GMP. It is typically hard to check
these optimality conditions as a priori or computationally, since the maxi-
mizer 0* of (I2) is usually not known. However, there is no need to check
them in the computational practice of Moment-SOS relaxations. As in
Conjecture [6.I] we conjecture that these optimality conditions are satisfied
when the defining polynomials of the GMP have generic coefficients.

ii) In TheoremB.2] we assume that the optimal value of (L2) is achievable. By
the classical linear conic optimization theory (see [2]), if the Slater condition
holds for (1)), the dual optimization (I2]) has a maximizer. The maximizer
of 32) may not be unique. When ([2) has more than one maximizer,
Theorem only requires Assumption [3.1] to hold for one maximizer 6* of
(T2, not necessarily all. This is because the proof of Theorem only
uses optimality conditions of (B3] for 8*. We refer to Example 34l for such
an example.

iti) In Theorem[B2] we assume that the dual optimization (I2]) has an interior
point, i.e., there exists a feasible point § € R™ such that f; > 0 on K.
Then, the strong duality holds for (ILI)-(T2]). There also exist other type
conditions, such as closedness of the image of the primal cone under the
primal affine map (see [2, Theorem 7.2]), which can also guarantee the
strong duality. In our proof, the existence of an interior point for (L2
is quite important, more than just guaranteeing the strong duality. For
instance, it is used to get the inclusion relation (B7).

3.3. The special case of polynomial optimization. Consider the polynomial
optimization problem

min f(x)
(3.19) st ci(x)=0(j€f),
cj(z) 20 (j € 1),

for given polynomials f,c;. Let fp, denote the optimal value of BI9). It is
interesting to note that ([B.19)) is equivalent to the moment optimization

min - (f,y)
(3.20) st (Ly) =1,
Yy e L@d(K)

In the above, the equality (1,y) = 1 means that every representing measure u for
y must have unit mass (i.e., u(K) = 1). The dual optimization of (320 is

max 6
(3.21) sit. f—0-1€ Py(K),
0 € R.
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The optimal value 6* of (BZI)) is the minimum value f,;, of (B19). The kth order
moment relaxation for ([3.20) is

(3.22) A

Mi[w] =0, w € RNz
When Theorem B2 is applied to 320)-(3Z1]), we can get the following theorem.

Theorem 3.3. Suppose Ideal[ceq| + QM[ciy] is archimedean. If the LICQC, SCC,
SOSC hold at every minimizer of (3.19), then every minimizer of the moment
relazation (Z22) must have a flat truncation when k is sufficiently large.

When Idealc.q] is a real radical ideal, the above result appeared in [4I], Sec-
tion 5.4]. However, the real radicalness of Ideal[cq] is not required in Theorem B3
This improves the results in the earlier work [37, 41]. When there exists a equality
constraint ¢;(z) = 0 for the set K, we can equivalently replace it by two inequalities
¢j(x) > 0, —c¢j(x) > 0. However, this reformulation will make the linear indepen-
dence constraint qualification fail at each minimizer of (8I9), and we can not get
the finite convergence by using this formulation.

Remark: In Theorem B2] we assume that the LICQC, SCC and SOSC hold at
every minimizer of (8], which depends on the maximizer §* of (L2). When the
GMP specializes to the polynomial optimization problem (BI9), the optimization

B3) reads

min  f(z) — fumin
(3.23) st ci(x)=0(j€8),
cj(x) 20 (j € I).

Clearly, (3:23)) is equivalent to ([BI9), since their objectives differ only by the con-
stant fmin. Thus, the LICQ, SCC, SOSC hold at every minimizer of (3:23)) if and
only if they hold at every minimizer of ([B.I9)), which is independent of the maxi-

mizers of (L2).

3.4. Some exposition examples. As shown in Theorem [3.2] if the LICQC, SCC,
SOSC hold at every minimizer of ([B3), not only the Moment-SOS hierarchy has
finite convergence, but also the flat truncation is satisfied. This is observed in the
following example.

Example 3.4. For polynomials

2,4 2,4 2,.4 3,3 3,.3 3,.3
a1 = rixy + 2523 + 23T, a2 = 725 + X503 + T3,

as = x?xz + 3:33:3 + a:gxl,
we consider the GMP
min (a9 + o + 25, 9)
(3.24) s.t. Aa;y)=1,1=1,2,3,
y € Xs(K),
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where K is the unit sphere {z € R? | 2 + 23 + 22 — 1 = 0}. The optimal value
¢* = 1. The dual problem of [3:24) is

(325) { max 91 —+ 92 —+ 93

s.t. I? +Ig —|—Ig — #1a1 — O2a9 — O3a3 € c@ﬁ(K)

For 6 = (0,0,0), we have fo(z) = 2§ + 25 + 25 € int(P(K)), i.e., the Slater
condition holds. We can verify that {61 + 62 + 03 =1, 6; >0 (i = 1,2,3)} are
all maximizers of ([2H)), which is infinite. For one maximizer #* = (0,1,0), the
maximum problem 3] reads

(3.26) B

{ min 2§ + 2§ + 2§

(zi23 + 2323 + a3a?)
s.t. 3:%—!—3:%—0—3:% =0.

1

All minimizers of (320) are
1 1 1 -1 -1 -1
SVEARVE RIS RV 1
The unit sphere is smooth, so the constraint qualification condition holds at every
feasible point. There is no inequality constraint, so strict complementarity is auto-

matically satisfied. We can verify that the second order sufficient condition holds
. . . . . . . _ L L L
at both minimizers. For instance, at the minimizer v = (\/gv NEL \/5),

100 1 11" 11"
V2L(u)=3-{0 1 0 |—|1 1|, Gut=]1
00 1 1 1 1

Clearly, the SOSC is satisfied at u. By Theorem B2l the hierarchy of (B2)-(B.3)
has finite convergence. A numerical experiment by GloptiPoly 3 [I4] indicates that
U3 = ¢3 = 1.

We would like to remark that if the ideal Ideal[ce,] is real radical, the finite
convergence of the Moment-SOS hierarchy can be implied by [39]. However, when
Ideal[ceq] is not real radical, the finite convergence still holds. This is shown in
Theorem The following is such an example.

Example 3.5. We consider the GMP

min  (x1 + -+ x6,Y)

st (zf 4ot ady) >
Yy 6%4(,[{),

1,
(3.27) "

where the set K is
K = {2zeR: 2f+. . +22-2=0, 2(23 +2}+2}) — 24 =0,
2y —2(x¢+22) =0, 21 >0,...,36 > 0}.

The optimal value ¢* = @ One can see that x4 — 1 € Ideal[Vr(ceq)]. However,
x4—1 ¢ Ideal]ceq]. Suppose otherwise it were true, then there exist hi, ho, hs € R[z]
such that

g — 1= hy- (234 + a2 —2)+hy- (2023 + 23 + 23) — 24)
+hy - (x4 — 2(22 + 23)).
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Substitute x for (\/3_‘, ‘/3_‘, V3 ,—2, ‘/2_‘, ‘/_‘) (i is the imaginary unit) in the above
identity, we get the contradlctlon —3 = 0. Thus, the ideal Ideallce,] is not real

radical. The dual problem of B.21) is

max 91 )

(3.28) s.t. Z:z:l—Glzx —GQZx € Py(K),
HER 91>0

6
For 6 = (0,0), we have fyp(z) = > x; € int(P4(K)), so the Slater condition holds.
i=1
One can verify that the maximizer of (328 is 6* = (0, %5) The corresponding
optimization problem ([B.3]) reads

6 6
min in— E x}
i=1 =1
st a3 4 - —i—:vﬁ 2=0,
2(x1+x2+x3)—x4—0,
$1ZO,...,I620.

(3.29)

The set of minimizers for ([B:29) consists of the points:

2 2
(§5070’17\/7_70)’ (05\2—5071’\2— )7 (07()’%71’%70)’

[\)

2 2 2
(2.0.01.0.2), 0.2.01.0.2), 0.0, 2.1.0.2)
27 2 2 2
The LICQC, SCC, SOSC hold at all these minimizers. A numerical experiment by
GloptiPoly 3 indicates that ¥3 = ¢3 = ¢*.

We remark that in Theorems and B3] none of the optimality conditions there
can be dropped. We refer to [39] for such counterexamples.

4. THE MOMENT-SOS HIERARCHY FOR GMPS WITH UNBOUNDED SETS

When the feasible set K is unbounded, the Moment-SOS hierarchy ([32)—(33)
may not converge. To fix this issue, a new type Moment-SOS hierarchy based on
homogenization is proposed in [I7]. Its finite convergence is shown if the ideal of
equality constraining polynomials is real radical, provided the LICQC, SCC, SOSC
hold at every minimizer. In this section, we prove the same conclusion without the
real radicalness assumption. In particular, this resolves Conjecture 8.2 raised in [I7]
when it specializes to polynomial optimization. We also prove similar results for
the finite convergence of the Moment-SOS hierarchy with denominators, induced
by Putinar-Vasilescu’s Positivstellensatz [29] [30] [48].

We begin with Moment-SOS relaxations for solving generalized moment prob-
lems with unbounded sets.
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4.1. Homogenization of GMPs. This subsection generalizes the homogenization
trick given in [I7, [I8] to solve the GMP with unbounded sets and proves its finite
convergence without the real radicalness assumption.

For a polynomial p(z) of degree ¢, let p denote its homogenization in & = (x¢, ),
ie., p(Z) = abp(x/xo). For the set K as in (3I), its homogenization K is the set

N ¢j(@)=0(j€€),
(4.1) K={ieR"| &(i)>0(jel),
[Z[]* = 1=0, 20 >0

Note that K is always compact. The set K is said to be closed at infinity if
(4.2) K = cl(K N {zo > 0}).

When K is closed at infinity, a polynomial f > 0 on K if and only if its homog-
enization f > 0 on K; see [I8, [35]. Denote the polynomial tuples

(43) = {G@},  ULIFIR =1} &= {G@)},p U{eo).
Recall that d is the degree as in (LI)-(L2). Denote the degree-d homogenization
(4.4) fo=alf(x/xo), a; = alai(x/zo) (i=1...,m).

The homogenization of the generalized moment problem (L.TJ) is

min  (f, 2)
(Gi,2z) > b; (m <i<m),
4 e%’d(f{).

(4.5)

Similarly, the homogenized optimization of (L2)) is
max Z bﬂl
i=1
(46) S.t. f— Z 0;a; € f@d(f?),
i=1
0 eR™, 6, >0 (m1 <i<m).

Let ¢*, ¥* denote the optimal values of (X)), ([@B) respectively. By the weak
duality, 9* < ¢*. Denote

fo = =) 6,
i=1

Hz{f—ZHiai:GERm, 0; > 0 for mq <i§m}.
i=1
The following is the relationship between the optimal values of the optimization

(CI)-C2) and the homogenized optimization (L0 (EGl).

Proposition 4.1. Suppose K is closed at infinity. Then, we have
G =9t B <ot

Furthermore, if H N int(Pq4(K)) # 0, then
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Proof. Since K is closed at infinity, the polynomial f — >~ 6;a; > 0 on K if and
i=1

only if fg > 0 on K. So, 0* = ¥*.
Suppose the tms y € RY¢ is a feasible point of (II). Then there exist u; € K,
At >0 (t=1,...,r) such that (see [4Il Theorem 8.1.1])

(47) y= )‘l[ul]d + -+ )\r[ur]d-
Foreacht=1,...,r, let

A= Ml(Lug) | (e,00) = (Lue) / /1 + [ud>-
Then we can see that

~ Cq U Cq .
& (74, v1) = 758 ”q(?,f) = D i () = 0 (j € ),

~ eglcj v eglcj .
(i 00) = 7 ey () = 7 ey w) 20 ( € 7).

Hence, we know (7;,v;) € K. Let

(48) z = 5\1[(7‘1,’01)],1-}--"+5\T[(TT,UT)]d.
A direct computation shows that
(F.2) = LMLl = X Ref(mw)
= S hrif) =X M) = ()

(@i, 2) = (a;,y) = b; (my <i<m).

This shows that z is a feasible point of @H) and (f,z) = (f,4). The above holds
for every feasible point y of (I1l), so ¢* < ¢*.

When H Nint(P4(K)) # 0, the strong duality holds between (L2) and (L)),
ie., ¢" =9*, so,
Therefore, all these values must be equal to each other. (I

Remark 4.2. In the proof of Proposition ATl we have seen that if y as in ([@7) is
feasible for (ITl), then z as in (L8] is feasible for (). The reverse of this is also
true under some conditions. Suppose

z=M[(r,00)]la+ -+ A[(7e,v0)]as
is feasible for [@X), with X, > 0, (7;,v;) € K and all 7, > 0. Let
)\t = 5\157'?, Uy = ’Ut/Tt.

Then y = Afui]g + -+ + Ae[ur]a is a feasible point of (II) and (f,z) = (f,y).
Therefore, if the above z is a minimizer of ([@.3]), then y is also a minimizer of (II]).
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For a degree k > dy, the kth order moment relaxation of (A3 is

min  (f,)

<CAL1,’LU> > b; (m1 <1< m),
(4.9) P ekl = 0. %] =0 (G € ),
L& Tw] = 0, L] = 0 (j € T),
Myw] =0, w € RN
The kth order SOS relaxation of (Gl is
max b191 —+ -+ bmﬁm

(4.10) s.it. f— 6ia; € Ideal[Ceglar + QM|[Ein]ok,
=1
0 €R™, Opmys1>0,...,60,>0.

Denote the optimal values of (@9)), (EI0) by b, e respectively.

Theorem 4.3. Suppose K is closed at infinity, H N int(P4(K)) # O and the
minimizer y* of (L1l satisfies y* # 0. Assume 0* € R™ is a mazimizer of (L2). If
the LICQC, SCC, SOSC hold at every minimizer of the optimization (% := (xq,x))

min f(7) - il 0 ai(7)
(4.11) sit. &) =0 (je€&),
¢(x) >0 (j el).

Then, we have:

(i) The Moment-SOS hierarchy ({-9)-(#-10) has finite convergence, i.e., for
all k sufficiently large,

Oy = . = 0% = ¢*.
(ii) Ewvery minimizer of the moment relaxation [{-9) must have a flat trunca-
tion, when k is sufficiently large.

Proof. Tt follows from Proposition 1] that 8* € R™ is also a maximizer of (0]
and 0* = 9* = ¢* = ¢*. By Theorem 3.4 [I8], the condition H N int(P4(K)) # 0
implies that there exists 0 € R™ with Omy+1 > 0,..., 0,, > 0 such that fg > 0 on
K , 1., the Slater condition holds for optimization ([6]). Thus, Assumption B
holds for optimization ([AG)). Note that Ideal[éeq] + QM][é;,] is archimedean. The

conclusions follow from Theorem O

Remark: To verify that K is closed at infinity, we need to check the condition (2,
which can be quite tricky and depends on the choice of describing polynomials for K
(see [35]). However, being closed at infinity is a generic property for semialgebraic
sets (see [13]). Most frequently appearing unbounded semialgebraic sets are closed
at infinity. For instance, the nonnegative orthant R’} the exterior ball {z7z > 1},
and the exterior box {#? > 1,...,22 > 1} are all closed at infinity.

The following is an illustrated example for the GMP with unbounded sets, where
the ideal Ideal[é.,] is not real radical.
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Example 4.4. We consider the GMP
min (2} + (222 — 1)* + (223 — 1)4,9)
st (od +ady) = 1,

(23wy + 2das + 23w1,y) > L,

y € Za(K),
with the unbounded set from [4]:

(4.12)

K ={z eR?: zy2023 =0, 23(x? + 23 +x§ +13) =0, xa(w +23) =0}

The optimal values ¢* = ¢* = 32. One can check that z,z5 € Ideal[Vir(Eeq)] but
z1xs ¢ Ideal[Ceq]. Suppose otherwise it were true, then there exist hq, ho, hs, hy €
R[Z] such that

123 = h1 - 212203 + ha - 23(2? + 23 + 23 + 2270)
+hg - z2(z2 + 23) + ha - (23 + 23 + 23 + 23 - 1).

Substituting (xg,x2) for (1,0) in the above, we get the representation
T1T3 = (h2(1, 1,0, 23)x3 + ha(l, 21, 07563)) (2] + 23),

which can never hold. So, Ideal[é.,] is not real radical. The dual optimization

problem of (LI2) is

max 07 + %92
s.t. b+ (220 — 1)t + (223 — D)* — 61(23 + 22)
—Oa (230 + 2323 + 2371) € Py(K),
0 e RQ, 6 > 0.

(4.13)

For § = (0,0), we have fs = 2} + (222 — 1)* + (223 — 1)* € int(Z4(K)), so
H Nint(P4(K)) # 0. A maximizer of ([LI3)) is 6* = (32,0) and the optimization
problem (TT) reads

min  zf + (222 — 20)* + (223 — x0)* — 32(23 + 23)xd
s.t. x1x0w3 =0, xa(ze +23) =0,
x3(2? + 23 + 2% + 2270) = 0,
3+ a3 +ad+2i =1,
To Z 0.
Its unique minimizer is (‘/Tg, 0, 7T\/g, @), and we can verify that the LICQC, SCC,
SOSC all hold at it. By Theorem F3] the hierarchy (@I0)-(Z3) has finite conver-
gence. A numerical experiment by GloptiPoly 3 indicates that Uy = gi32 = 32.

4.2. Polynomial optimization with unbounded sets. Consider the polyno-
mial optimization problem

min  f(z)
(4.14) st ci(x)=0(j€8),
cj(x) 20 (j € 1),
for given polynomials f,c; € R[z]. We consider the case that the feasible set K is
unbounded. Let f,;, denote the optimal value of (I4). Suppose the degree of f

is d. A homogenized Moment-SOS hierarchy is proposed in [I7] for solving (£14)
when K is unbounded.
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Recall the notations éeq, €in as in (@3). For a degree k > [%], the kth order
homogenized SOS relaxation of (£I14]) is

max
(4.15) { s.t. f(i) —yxd € Ideal[éeq)or + QM[Cin]2k-

Its dual optimization is the kth order moment relaxation

min  (f,y)
st (zd w) =1,
(4.16) 72wl =0, 7] =0 (j € &),

L) =0, LY [w] = 0 (j € T),
Myw] =0, w € RNG
Let f and f; denote the optimal values of (LI3)), (ZI0]) respectively. We remark
that (@I5)-(@I4) is a special case of [@9)-EI0) for (I4).
We consider the homogenized optimization problem (note & := (xg,))
min  F(z) = f(Z) — fmin - 22
st &(2)=0(€f),

(4.17) 2+ |z)|*-1=0,
¢j(x) =20 (j € 1),
o Z 0.

Assume the optimal value f,;, > —oo and K is closed at infinity. Note that the
optimal value of [@I7) is 0, and a feasible point z* € K is a minimizer of {@I4)) if
and only if the point #* = (1 + ||z*]|2)~2 (1, 2*) is a minimizer of @I7).

In the work [I7], the Moment-SOS hierarchy ([@I5)-(I6]) is shown to have finite
convergence if Ideal[é.,] is real radical, provided the LICQC, SCC and SOSC hold
at every minimizer of (ZI7)). We remark that these optimality conditions are es-
sentially equivalent for ([II4]) and ([@IT). Here, we prove the same conclusion holds
even if Ideal[é.,] is not real radical. This resolves Conjecture 8.2 of the work [I7].

Theorem 4.5. Suppose K is closed at infinity and f € R + int(P4(K)). If the
LICQC, SCC and SOSC hold at every minimizer of ([{-17), then the Moment-

SOS hierarchy ([{-13))-(4-10) has finite convergence, i.e., fi, = fi = fmin for all k
sufficiently large. Furthermore, every minimizer of the moment relazation (.10)

must have a flat truncation, when k is sufficiently large.

Proof. The optimization ([@I4) is equivalent to the following GMP

min  (f,y)
s.it. (Ly) =1,
w e %d(K)

The assumption f € R+ int(P4(K)) implies the minimum value fy,;, > —oo. For
the corresponding optimization problem ([2]), the optimal value is fp,i, and it is
achievable. The conclusion then follows directly from Theorem O

The following is an example for the polynomial optimization with unbounded
sets, where the ideal Ideal[é.,] is not real radical.

Example 4.6. We consider the polynomial optimization

(4.18) min 2% + 2§ + 32223 — 2 (,’E% + 1) — s (w% + 1) — (w% + x%)
' s.t. a3+ mas+a1 =0, 22 >0.



FINITE CONVERGENCE OF MOMENT-SOS RELAXATIONS 21

The optimal value f,;, = —1. One can check that z; € Ideal[Vi(éeq)] but =1 ¢
Ideal[éeq]. Suppose otherwise it were true, then there exist hi, he € R[Z] such that

x1 = hy - (:E?x% + xlxé + :Cl.%'g) + ho - (,’E% + x% + x% —1).

Substituting « for (0,1,0) in the above, we get the contradiction 1 = 0. So, the
ideal Ideal[é.q] is not real radical. The optimization problem (£I7) reads

min xg + x? + xg + +3x%x%x% — x‘ll (CE% + :C%)
—:E% (,’E% + :C%) - :Eé (w% + x%)
s.t. w3k +xaf + 1 =0,
23+ a2 + a3 =1,
Zo Z O, i) Z 0.

Its unique minimizer is (%, 0, %) and we can verify that the LICQC, SCC, SOSC

hold at it. By Theorem 5] the hierarchy (£I5)-(.16) has finite convergence. A
numerical experiment by GloptiPoly 3 indicates that f3 = f; = —1.

4.3. The Moment-SOS hierarchy with denominators. Let K be the feasible
set of ([@I4). The Putinar-Vasilescu’s Positivstellensatz states that for a polynomial
f, if the highest degree homogeneous part f°™ is a positive definite form and f > 0
on K, then

(1 + ll[*)* f € Ideal[ceq] + QM]cin]

for some power k € N; see [48]. This motivates the Moment-SOS hierarchy with
denominators to solve ([@I4):

max 7y
(4.19) { s.t. O (f —~) € Ideal[ceq|ar + QM]cin]2k,

where 0(z) = 1 + |lz||>. Denote by fZ°" the optimal value of EI). It was
conjectured in [29] that the hierarchy of (I9) has finite convergence under the
optimality condition assumptions. This conjecture was shown to hold in [I7] when
Ideal[G,] is real radical. We remark that when the degrees of f,¢; (j € Z) are all
even, the constraint zyp > 0 is redundant to define the optimization (I7) and the
SCC will fail for the minimizers of [@I7) with o = 0 (cf. [I7]). In this case, we
consider the alternative optimization

min  F(Z) = f(Z) = fonin - 22
sit. ¢(2)=0 (€&,

2§+ [l=]* = 1=0,

(%) >0 (j € T).

(4.20)

In the following, we show that finite convergence also holds even if Ideal[é.,] is not
real radical. This resolves the conjecture made in [29] Section 4.2] about the finite
convergence of (I9) under optimality condition assumptions.

Theorem 4.7. Let K be the feasible set of {{.14).

(i) Suppose K is closed at infinity, the degrees of f,c; (j € I) are all even,
and f € R+ int(P¢(K)). If the LICQC, SCC and SOSC hold at every
minimizer of [£-20), then fE" = fuin for all k big enough.

(i) Suppose fh"™ is a positive definite form. If the LICQC, SCC and SOSC
hold at every minimizer of [{17), then f"™ = fumin for all k big enough.
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Proof. (i) Let dy == d/2, d; := deg(c;j)/2 (j € Z). Denote & = {c}(i)}]ez For a
degree k € N, consider the following alternative SOS relaxations
max 7y
4.21 7 - -
( ) { s.t. f(&) —yad € Ideal[Ceqlor + QM[Cie]2k-

Similar to Theorem 5] we know that the hierarchy (Z2I)) has finite convergence,
under the given assumptions of item (i). This means that there exists an integer
ko such that for all v < fi,in, we have that

(4.22) f = ~yad € 1deal(Geglar, + QM[Eic)2k, -
Equivalently, there exist ho, h; € R[Z]ok,, 00, 0; € X[Z]2k, such that
deg(hjcj) < 2]{30, deg(ajcj) < 2]{30,
f=ral =) hi& +> o0& +00+ho- (> - 1).
jeE jeT
The above induces that

2(f —vzf) = X (hié; + hj(=2)& (=) + X (05 + 0;(~))&
(4.23) jet jer
+00 +00(=2) + (ho + ho(—2)) - (|IZ]* - 1).

if we substitute & for (1’—\/%0) in the above, then

g o (39) s e (2]
Rl (49 v ()]
) e (2]

Note that the odd degree terms in o} ((1/%”)) + 0 ((71’\/;”)) are cancelled. The

above implies that there exists k1 € N such that
0" (f — ) € Ideal[ceq|arr2a, + QM(cin)2rt24;
for all £ > k1, and k; is independent of +. Hence, f,gle" = fimin for all k > k.

(ii) Foreach j € Z, let 0; := 2[dch(cj)] —deg(c;). Consider the optimization problem
min f(‘@ — fmin - (20)*
st. ¢(z)=0(€f),

12> =1 =0,

2y¢;(2) > 0 (j € I).

(4.24)

Note that the degree of f must be even. Let @ = (ug,u) be a feasible point of
E24). If ug = 0, then |ju|| =1 and

F(@) = Fin - (u0)? = £ (u) > 0,
since f°™ is positive definite. If ug # 0, then u/ug is feasible for (ZI4) and
F(@) = Frvin - (u0)® = g (£ (w/0) = frnin) > 0.
Hence, the optimal value of [@24]) is zero. As for Theorem 4.4 of [I7], the LICQC,

SCC and SOSC hold at every minimizer of [@24)). The conclusion then follows
from item (i). O
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Remark: Theorem 5] (Theorem 7] respectively) assumes that the LICQC, SCC
and SOSC hold at every minimizer of (£17) (the optimization (@20, respectively).
The objective function depends on the minimum value fuin. Suppose * = (zf, ")
is a minimizer of (LIT). If xf > 0, it was shown in [I7] that =*/x{ is a minimizer of
(#14), and the LICQC, SCC, SOSC hold at z* of [@I4) if and only if they hold at
x*Jxf of @I4). For this case, these optimality conditions are independent of the
minimum value fpin. If 2§ = 0, then the LICQC, SCC and SOSC at z* for (417)
depend on fuin. The same comments hold for the optimization (Z20). We refer to
[17] for the relationship between their optimality conditions.

The following is an example to illustrate the finite convergence of ([@I9]).

Example 4.8. We consider the polynomial optimization

min 22 (z; — 1)* + (22 — 1)2 (22 — 2)° + (3 + 1)%22
—|—2I1(I2 — 1)(I3 —|— 1) (Il —|— i) —|— Tr3 — 2)
sit. x3—a3—a3—1=0,
(xF+ 1) (2 — 1) + (22 — 21)(z123 — 225) = 0.

(4.25)

The optimal value fp;, = 0. One can verify that zo + x5 € Ideal[Vir(Ceq)] but
xo + x3 ¢ Idealéeq]. Suppose otherwise it were true, then there exist hi, ho, hg €
R[Z] such that

Tot+axy =hy (a3 —a3 — a3 —ad) + ha (22 + 23+ 2% +ad - 1)
+hy - (21 +25) (@1 — 20) + (21 — 2120 (2123 — 22227)),
1

Substituting (zg, 1) for (75, \/LE) in the above, we can get

1 1 1
T+ a3 = _hl(ﬁ’ 5,1’27333)(1’3 +a3) + ho(—=, —=, x2,23) (23 + 23),

1
V2' V2
which can never hold. So, Ideal[é.,] is not real radical. The homogenized optimiza-
tion problem ([AIT) reads
2

min 22 (21 — 20)° + (x2 — 20)? (22 — 2x0)° + (23 + 20)223
+25L‘1(,’E2 — LL‘Q)(!E:; + ,’Eo) (J,'l + 2o+ a3 — 2{Eo)

sit. a3 —a3— a3 —a3 =0,
(21 + 25) (21 — o) + (2] — wox1) (2123 — 22228) = 0,
3+ 22 + a3+ a3 =1,
o Z 0.

(4.26)

Its unique minimizer is (%, %, %, —%), and we can verify that the LICQC, SCC,

SOSC hold at it. By Theorem 7] the hierarchy ([@I9) has finite convergence. A
numerical experiment by GloptiPoly 3 indicates that f{¢" = 0.

5. THE GMP FOR THE SUPER RESOLUTION

GMPs have broad applications. This section gives the application on the super
resolution problem for semialgebraic sets. The super resolution problem aims to
reconstruct high-dimensional sparse vectors from the observation of a low-pass filter
[6, [7, [15]. This problem can be formulated as the GMP:

min  (1,y) + (1, z)
(5.1) st {ai,y) — (ai,z) =b; (1 <i<m),
Y,z € Bq(K).
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In the above, b = (b1,...,b,,) is a given vector, K is the semialgebraic set as in
BI) and {a;}™; C Rlz]q is a set of linearly independent polynomial functions on
K. The dual optimization of (B.)) is

max b191 —+ 4 bm9m

st 1= O, € Pa(K),
(5.2) ol
L+ Y b0 € Pg(K),

1=

1
0=(b1,...,0,) € R™.
For a degree k > d, the kth moment relaxation for (G.1)) is

min  (1,v) + (1, w)
s.t. {ag,v) — {a;,w) =b; (1 <i<m),
(5.3) Y] =0, 7P w) =0 (j € &),
LW =0, L [w] =0 (j € T),
Mp[v] = 0, Mg[w] = 0, v,w € RNzx.

The dual optimization of ([B.3]) is the kth order SOS relaxation for (G.2):
max b191 —+ -+ bmﬁm

s.t. 1-— Z 0;a; € Ideal[ceq]gk + QM[Cin]2k7
(5.4) =
1+ Z 0;a; € Ideal[ceq]gk + QM[Cin]2k7
i=1
0 eR™.
Let ¢*, ¥* denote the optimal value of ([&Il), (&2) respectively, and let ¢y, Uy
denote the optimal value of (&.3]), (4] respectively. It was observed in [I5] Section
5.2.2] that the Moment-SOS hierarchy of (B3)—(E4]) often has finite convergence.
In the following, we study conditions for its finite convergence.
Suppose 6* = (67,...,0%,) is a maximizer of (52). Consider the optimization
problems:

min 11— 3 07a;(z)

(5.5) st i@ =0 (j €E),

cj(x) 20 (j € 1),
and
min 1+ f: 0Fa;(x)
(5.6) s.t. cj(xi):; 0(jeé),

cj(x) 20 (j € I).
Note that the objective polynomials in (55) and (B8] are both nonnegative on the
set K.

Theorem 5.1. Suppose Ideal[ceq) + QM]ciy] is archimedean and 6* = (65, ...,6},)
is a mazximizer of (B3). If the LICQC, SCC and SOSC hold at every minimizer of

(Z34) and [24), then we have:
(i) The hierarchy of (5.3)-(57)) has finite convergence, i.e., 9y = ¢ = 9* = ¢*
for all k big enough.



FINITE CONVERGENCE OF MOMENT-SOS RELAXATIONS 25

(ii) Ewvery minimizer of the moment relazation (523) must have a flat trunca-
tion, when k is sufficiently large.

Proof. (i) Note that for 6 = (0,...,0), we have
1= fiai(z) =14 fiai(z) =1 € int(Pa(K)).
i=1 i=1
Thus, the Slater condition holds for the pair (BI)—-(22). By following the same
proof of Theorem (i), we can show that for all € > 0, there exists ky € N,

independent of €, such that

1-— Z Ofai(z) +e¢ € Ideal[ceqlan, + QM|Cin]2kys

1+ Z 0fa;(x) + ¢ € Ideallcegary + QM[Cin]2n,-

Thus, we know F - 0* is feasible for (B4) at the relaxation order kg, for all € > 0.

As e — 0, we get

1 * 1 T p* T p*
1+6-9)_1+€b 0" — b 0.
This implies that ¥y, = bT0* = ¥* and then ¥* = ¢* = Jp, = ¢p,. Hence, the
Moment-SOS hierarchy of (E3)—(E.4]) has finite convergence.
(ii) Suppose (v, w*)) is a minimizer of (5.3) for the relaxation order k. The
kth order moment relaxations for polynomial optimization problems (&3] and (B.6])
are respectively

(5.7) bT(

min (1 — > 0fa;,v)
i=1
st (L) =1,

(5:8) P =0 (j e &),
L] =0 (j €T),
My[v] = 0, v € RN2i

and
min  (1+ > 0Fa;,w)
i=1
sk, (Lw) =1,
o9 7] =0 (j € ),

(k) :
Ll =0 e 1),
Mk[w] =0, we RN2k

It follows from (i) that for all & > ko,

m

(1,0®) 4 (1,w®) gpmfgj%<%—@www1
=1

Hence, we get

(5.10) 1= 0ra;,v™) + (1= 07a;, w) =
=1 =1
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In the item (i), we have shown that
{1 — i Ora;, 1+ i Hz‘ai} C cl(Ideal[ceq) ok, + QMICin ]2k, )-
i=1 i=1
Since v®) w®) are feasible for (.8), (5.9) respectively, we have
(1-— i@f@i,v(’“)> >0, (1- iﬁf@i,w(k)> > 0.
i=1 i=1
Combining with (E.I0), we get
(1-— i@f@i,v(’“)> =0, (1+ iﬁf@i,w(m> =0.
i=1 i=1

We show that v(®) w(*¥) both have flat truncations, in four cases.

Case I: (v(k))o = (w(k))o = 0. Then, for all |a| < 2k — 2, we have (v(®)), = 0,
(w®), = 0. This can be implied by Lemma 5.7 of [28]. Thus, the truncations
v(k)|2k_2 and w(k)|2k_2 are flat.

Case II: (v(k))o =0, (w(k))o > 0. As for case I, the truncation v(k)‘%_2 is flat.
Since (w(k))o > 0 and (1+ 3 6fa;,w®) = 0, the normalization w(k)/w(()k) is a
i=1

minimizer of (£9) for all k& > ko. It follows from Theorem B3 that w® has a flat
truncation, when k is sufficiently large.

Case III: (v(k))o > 0, (w(k))o = 0. The proof is the same as for Case II.

Case IV: (’U(k))o > 0, (w(’“))o > 0. Then, U(k)/(v(’“))o is a minimizer of (B8] and
w(k)/(w(k))o is a minimizer of (B.9)) for all & > ky. By Theorem B3] we know that

both v(*) and w*) have flat truncations for sufficiently large k.
O

6. CONCLUSIONS AND DISCUSSIONS

In this paper, we prove the finite convergence of the Moment-SOS hierarchy for
solving generalized moment problems under the archimedeanness and optimality
conditions, but without real radicalness of the equality constraint ideal. This im-
proves the finite convergence theory in the earlier work. When the constraint set K
is unbounded (the archimedeanness fails in this case), we propose a homogenized
Moment-SOS hierarchy and prove similar finite convergence results. The appli-
cations of these results in polynomial optimization with unbounded sets are also
discussed.

There still exist many interesting problems for future work. One of them is
about finite convergence of the Moment-SOS hierarchy for generic GMPs. To be
more specific, will the finite convergence always hold except a zero-measure set
in the space of input polynomials? We have shown the finite convergence under
the archimedeanness and optimality conditions for (85]). To the best of authors’
knowledge, it is an open question whether or not the LICQC, SCC, SOSC hold at
every minimizer of (3.5]), when the polynomials f, a;, b;, ¢; have generic coefficients.
Note that 60* = (07,...,0%,) is an optimizer of ([L2) and it is not generic but

determined by f,a;, b;, ¢;. Therefore, we pose the following conjecture.
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Conjecture 6.1. Let dy and d; be positive degrees, for i € [m] UE UZ. Consider
[ € Rlzlay, a; € Rz]g, (i € [m]), b€ R™, ¢; € Rlz]q; (j € EUT). Then there exists
a finite set of polynomials ¢1, ..., @, which are in the coefficients of polynomials
[y a=(ai)icim), b, ¢ = (¢j)jeeur such that if

o (f,a,b,¢) #0, k=1...,L,

then the Moment-SOS hierarchy [B:2)—(33) has finite convergence.
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