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Wasserstein distributionally robust optimization (DRO) aims to find robust and generalizable solutions by hedging
against data perturbations in Wasserstein distance. Despite its recent empirical success in operations research
and machine learning, existing performance guarantees for generic loss functions are either overly conservative
due to the curse of dimensionality, or plausible only in large sample asymptotics. In this paper, we develop a
non-asymptotic framework for analyzing the out-of-sample performance for Wasserstein robust learning and the
generalization bound for its related Lipschitz and gradient regularization problems. To the best of our knowledge,
this gives the first finite-sample guarantee for generic Wasserstein DRO problems without suffering from the curse
of dimensionality. Our results highlight that Wasserstein DRO, with a properly chosen radius, balances between the
empirical mean of the loss and the variation of the loss, measured by the Lipschitz norm or the gradient norm of the
loss. Our analysis is based on two novel methodological developments that are of independent interest: 1) a new
concentration inequality controlling the decay rate of large deviation probabilities by the variation of the loss and,
2) a localized Rademacher complexity theory based on the variation of the loss.
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1. Introduction

Distributionally robust optimization (DRO) is an emerging paradigm for statistical learning and
decision-making under uncertainty. It aims to provide robust and generalizable solutions by hedging
against a set of distributions in the minimax sense. Different choices of distributional uncertainty set
have been investigated thoroughly [72, 108, 79, 21, 35, 69, 28, 42, 96, 9, 97, 50, 8, 94, 36, 109]. In this
paper, we focus on Wasserstein DRO [97, 36, 109, 15, 40, 99, 26]

inf sup E.plfo(2)],
<0 p: )y, (P.P,) <pn

which finds a solution # from a space © so as to minimize the Wasserstein robust loss, defined as the
worst-case expectation of the loss function fy among a ball of distributions whose p-Wasserstein distance
W, to the empirical distribution P,, of sample size n is at most p,, > 0. Due to its ability to hedge against
data perturbations in high dimensions [15, 40] and its regularization effect [73, 74, 14, 39, 87, 51,
Wasserstein DRO has recently been studied in many areas in machine learning [73, 14, 12, 80, 24, 41,
87, 56, 32, 65, 57, 1, 81, 29]; as well as other fields, such as automatic control [103, 75, 104, 27], finance
[10], energy systems [91, 90, 31], statistics [73, 60, 41, 66, 11, 67], transportation [22]. We refer to [53]
for a recent survey.

Among Wasserstein distances of different orders, p =1, 2 are of particular interest both practically
and theoretically. 1-Wasserstein DRO is useful when the loss function is bounded or has linear growth,
and often leads to linear programming reformulation when 1-norm or co-norm is used [53, 73, 74].
2-Wasserstein DRO applies to a larger class of loss functions such as quadratic loss [66, 75, 27]. Efficient
gradient-descent algorithms have been developed by virtue of the convex quadratic subproblem
associated with 2-Wasserstein DRO [80, 17, 58, 25]. Moreover, Lipschitz regularization and data-
dependent gradient regularization deep learning problems are closely related to 1-Wasserstein DRO
and 2-Wasserstein DRO, respectively.



Like many other (distributionally) robust optimization frameworks or regularization methods,
obtaining a Wasserstein robust solution with good performance guarantees requires a proper hyperpa-
rameter tuning, namely, the selection of the radius of the Wasserstein ball p,,. On the one hand, the
radius p, cannot be too small since otherwise, the problem behaves like empirical risk minimization
or sample average approximation, thus losing the purpose of robustification. On the other hand, the
radius p,, cannot be so large that the solution might be overly conservative, which is one of the major
criticism faced by traditional robust optimization. Practically, radius selection is often achieved via cross
validation. From a statistical point of view, it is crucial to understand what is the correct scaling of the
hyperparameter p,, with respect to the sample size n so as to ensure the robustness and generalization
of the solution without sacrificing much out-of-sample performance.

Despite promising applications of Wasserstein DRO, its theoretical performance guarantee is limited.
Esfahani and Kuhn [36] provides the first out-of-sample performance guarantee for Wasserstein
DRO. Using the concentration of empirical Wasserstein distance [38], they show that if the radius is
chosen in the order of n~1/m&X(2.4) 'where d is the dimension of the random data z, the underlying
data-generating distribution Py is contained in the Wasserstein ball with high probability. Thereby
the Wasserstein robust loss of every feasible solution (and in particular the optimal solution) would
be an upper bound of its true loss. This provides a finite-sample non-asymptotic guarantee for the
Wasserstein robust solution, but unfortunately, such a bound suffers from the curse of dimensionality
since the radius shrinks too slow even for problems in moderate dimensions.

To resolve the curse of dimensionality, a series of work by Blanchet et al. [14, 13, 16] consider an
approach inspired from the empirical likelihood [54, 33]. Their principle is finding the smallest radius
pn such that with high probability, the Wasserstein ball contains at least one distribution P — not
necessarily equal to the true data-generating distribution Py — for which there exists an optimal
solution to ming Ep|[ fg] that is also optimal to the underlying true problem mingy Ep, . [fo]. Such
choice leads to a confidence region of the optimal solution. Through an asymptotic analysis, they show
that the radius p, can be chosen in the square-root order 1/+/n for fixed dimension of the random
variable!. This gives the first radius selection rule that does not suffer from the curse of dimensionality.
However, one potential issue with this result is that the bound is valid only in the asymptotic sense,
namely, as the sample size n goes to infinity while fixing the dimension of the random variable. Ideally,
we would like to have a performance guarantee for any finite sample size and dimension, especially
for high-dimensional problems and for robust optimization where the sample size is comparatively not
large.

For certain special classes of stochastic optimization problems, the non-asymptotic 1/+/n-rate has been
developed. For 1-Wasserstein DRO with certain linear structure, such as linear regression/classification
and their kernelization, Shafieezadeh-Abadeh et al. [74] shows that the radius can be chosen as
O(1/+/n) to achieve a finite-sample performance guarantee uniformly for all feasible solutions (we use
O to suppress the logarithmic dependence). Chen and Paschalidis [24] derives generalization bounds
for certain class of 1-Wasserstein DRO problems that are equivalent to norm regularization. Xie et al.
[100] provides performance guarantees for stochastic bottleneck problems by relating them to sample
average approximations.

Yet, it remains largely unknown whether the non-asymptotic 1/+/n-rate holds for general loss
functions. In this paper, we provide an affirmative answer to this open question under reasonable
assumptions. Informally, our main result states the following performance guarantees for Wasserstein
DRO.

THEOREM (INFORMAL). Let p € [1,2]. Set p, = O(1/+/n). Under appropriate conditions, with high
probability, simultaneously for all 6 € ©,

|EZ"|]:Dtrue [f() (Z)] S Sup [EZ"'P [fe (Z)] + 6n,
PZW])(P’PH)SPH

1 In Blanchet et al. [14, Section 4.4], a result for high-dimensional LASSO problem is derived.



where €, is a O(1/n) higher-order term.

The constants hidden in the big-O notation are made explicitly in our formal results and are shown
to have a mild dependence on the dimension of the random variable for a variety of applications.
This theorem shows that under the canonical root-n radius, up to a high-order residual, the true loss
is upper bounded by the Wasserstein robust loss uniformly for all 6 and particularly for the robust
optimal solution 6,p:

EzPuge [ for (2)] < sup  Eq.-plfo,,(2)]+€=min  sup  E.p[fo(2)]+é€n.
P:Wp (P,Pn) <pn 0€0 Py, (P,P,) <pn

When fy is the loss function of a supervised learning problem, the left-hand side represents the
generalization error of the Wasserstein robust solution, and the right-hand side of the inequality above
indicates that the optimal value of the Wasserstein robust loss minimization provides an generalization
bound up to a high-order residual.

Recall the regularization effect of Wasserstein DRO [14, 74, 39]

sup Erep[fo(2)] =Eoep,[fo(2)] +pn-V(fo) +O0,(1/n), V€O,
P:W, (P.Pr) <on

where V(-) represents the variation of the loss, measured by the Lipschitz norm || fo||rip when p =1 or
the gradient norm E,p, [[|V, fo(z)[|*]}/? when p =2 (we use O, for the big O in probability notation).
Together with this result, our theorem highlights a principled bias-variation trade-off by properly
choosing the radius for Wasserstein DRO, which balances between the empirical loss Ep, [ fg,,] and
the variation of the loss V( fy,,) which controls the generalization gap:

po

vn

Thus, the robust optimal solution 6.}, achieves nice generalization capability by biasing towards a
solution with small variation.

E 2P [ o (2)] — Ezvp, [ for, (2)] < = V(fa,,) + 0, (1/n).

Variation-based regularization has become increasingly popular for many deep learning problems
recently. For example, Lipschitz regularization and gradient regularization have shown superior
empirical performance for adversarial learning and reinforcement learning [20, 43, 62, 82, 46, 64, 87, 49,
86, 37, 49, 68, 83, 95, 106]. Our results also provide statistical guarantees for Lipschitz regularization
and gradient regularization.

Below, we briefly describe two methodological advancements that lead to our results. In our analysis,
the main object of study is the Wasserstein regularizer:

Ra.,p(p;fo)=  sup  E.-p[fo(2)] —Ez-alfo(2)],
P: W, (P,Q)<p

that is, the difference between the Wasserstein robust loss and the nominal loss under some distribution
Q such as P,, or Pirye-

First, in Section 3, leveraging tools from transportation-information inequalities (see, e.g., [45])
in modern probability theory, we derive a new large-deviation type concentration inequality for the
empirical loss (Theorem 1). It shows that under proper conditions on the underlying data-generating
distribution P, the decay rate of the tail probability is upper bounded by the inverse of Wasserstein
regularizer R@,}m (+; fo) as well as the variation of the loss V( fy). This result shows that the variation
of the loss has a (firect control on the deviation of the empirical loss from the ground truth. This is
an analog of variance-based control often resulting from Chebyshev’s or Bernstein’s concentration
inequalities.



Second, to extend the concentration result above from a single loss function to a family of loss
functions, we develop two sets of results in Sections 4.1 and 4.2 respectively, one based on covering
number arguments, and the other adapts tools from localized Rademacher complexity theory (see,
e.g., [6, 34]). For the latter, we consider subsets of function classes whose variations are controlled, as
opposed to usual approaches based on the mean or variance of the loss. These results are demonstrated
in Section 5 using various examples, including feature-based newsvendor, linear prediction, portfolio
optimization, Lipschitz regularization for kernel classes, and gradient regularization for neural
networks.

Overall, we develop a non-asymptotic statistical analysis framework for Wasserstein DRO and its
associated variation regularization, and demonstrate the bias-variation trade-off in Wasserstein robust
learning when the radius is properly chosen. This can be served as a counterpart of the well-known
bias-variance trade-off theory in machine learning.

Related Work

The generalization bounds for robust optimization dates back to Xu and Mannor [102], which
studies generalization of learning algorithms from the viewpoint of robustness. In the introduction,
we have elaborated on the literature that provide performance guarantees for Wasserstein DRO
[36, 14, 13, 74, 16, 24, 100] and discuss their scopes and limitations. In addition to these literature,
motivated by distribution shift in domain adaptation and adversarial learning, Lee and Raginsky
[56], Sinha et al. [80], Najafi et al. [65] develop generalization bounds for Wasserstein DRO where
the radius is fixed, not varying with the sample size. For divergence DRO and the related variance
regularization, Lam [54] studies the calibration of the radius of divergence ball that recovers the
best statistical guarantee. Asymptotics and non-asymptotics of divergence DRO and its bias-variance
trade-off are investigated in [33, 34]. Besides DRO, Wasserstein distance and transportation-information
inequality are also exploited to improve information-theoretic generalization bounds for learning
algorithms [101, 59, 71, 92, 93].

The rest of the paper proceeds as follows. In Section 2, we briefly review some results in Wasserstein
DRO and its variation regularization effect. We develop a new variation-based concentration inequality
in Section 3. Based on these two sections, we derive generalization bounds for variation regularization
and the finite-sample guarantees for Wasserstein DRO in Section 4. Applications of these results are in
Section 5. We conclude the paper in Section 6. All proofs are deferred to the Appendices.

2. Wasserstein DRO and Variation Regularization

In this section, we introduce notations and provide some background on Wasserstein DRO and its
variation regularization effect.

Notation. Let Z be a Banach space equipped with some norm ||-|| and let ||-||. be its dual norm.
Define the diameter of Z as diam(Z) :=sup; _.z|IZ - z||. Let p € [1,00) and denote by ¢ its Holder
conjugate number, i.e., 1 + 1 = 1. We denote by P, (Z) the set of Borel probability measures on Z with
finite p-th moment, namely, Q € P, (Z2) if and only if its expectation E,.g[||z]|”] < co. Whenever it is
clear from the context, we will write E,_p as Ep and omit the random variable inside the expectation.
The support of a distribution is denoted by supp Q. The £”(Q)-norm of a Q-measurable function A
is denoted by ||A]l@,p, =E;~a [|A(z)|?]"?. The sup-norm of a function & is denoted by ||/||«., and the
Lipschitz norm of a Lipschitz continuous function 4 is denoted by ||4]|r;,. We denote a V b = max(a, b)
and a A b =min(a, b). For the expectation operator F,.q[-], we often write it as Eq[-] provided that
the involved random variable is clear from the context.

The Wasserstein distance of order p between distributions P, Q € P,,(Z) is defined via

Wy (P, Q)7 := ;anZ) {E(; o)~z [llZ - zl|”] :  has marginal distributions P, Q}.
P
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We denote by F :={fy : 0 € ©} the class of loss functions. To ease notations, we often suppress the
subscript # and use f to represent a generic loss function from F. Given a nominal distribution
Qe P,(2) and a radius p > 0, Wasserstein DRO problem is given by

inf  sup {[E2~P f()]: WP(P,Q)S,O}.
feFpep,(2)

Suppose there exists M, L > 0 such that f(z) < M + L||z||? for all z € Z, then the inner maximization
problem above has a dual problem that always has a minimizer [40]:

I}gg{ﬂp”ﬂha[wp{f(n Az | &)

In a data driven problem, the nominal distribution 15 often chosen as the empirical distribution
P,== Z” 8. constructed from n i.i.d. samples {z'}" | from the underlying true distribution Ptye,
where 0, denotes the Dirac point mass on z. We use [P@ or Eg to indicate that the probability
or expectatlon is evaluated with respect to the sampling distribution, namely the n-fold product
distribution ®!" ; Prye over Z".

We define the Wasserstein regularizer as the difference between the Wasserstein robust loss and the
nominal loss:

Rap(p; f)i= sup {Ep[f]: W,(P,Q) <p}-Ealf].
PeP,(Z)

The connection between Wasserstein DRO and regularization has been established under various
settings [36, 73, 14, 74, 39, 87, 5]. The next two results adapted from Gao et al. [39] (see also Bartl
et al. [5]) establish connections between the Wasserstein regularizer Rq,, and Lipschitz regularization
(p =1) and gradient regularization (p = 2) respectively. For completeness we provide their proofs in
Appendix A.

ASSUMPTION 1. Assume the following holds:
(I) There exists vy, > 0 such that for every f € F,
F@)-f@)<nlz-zl, Vz,ZeZ.
(I Suppose diam(Z) :=sup; ,.z||Z - z|| = oo, and for every f € F, there exists zo € Z such that
Jim sup f(z) = f(z0)

llz—zo || —c0 llz = zoll

= [/ llip-

Assumption (I) means that every f is Lipschitz continuous, and (II) means that the Lipschitz norm is
attained at infinity.

LEmMa 1 (Lipschitz regularization). Let Q € P1(Z) and p > 0. Assume Assumption 1(I) holds, then

Rai(ps f) <p- I fllLip-
Assume, in addition, Assumption 1(II) holds. Then

Raalp; f)=p- ||f”Lip.

ASSUMPTION 2. Assume every f € F is differentiable and there exist i > 0 such that

IVFZ) -Vl <nlzZ-zll, Vi,zeZ, VfeF.

This is a smoothness condition which requires that every f has Lipschitz gradient.

LEMMA 2 (Gradient regularization). Let Q € Py(Z) and p > 0. Assume Assumption 2 holds. Then
|Raz2(05 1) =p- IVl llaz| <ho*.



3. Variation-based Concentration Inequality

In this section, we derive a large-deviation type concentration inequality for the empirical mean of a
single loss function. We derive an equivalent representation of R”;tlme’p (-; f) in Section 3.1 and provide
a brief overview of transportation-information inequalities in Section 3.2. The new concentration
inequality is developed in Section 3.3, whose proof is postponed to Section B.1.

3.1. Inverse of the Wasserstein Regularizer

Fixing f € F, we define a function Z,, : R, — R, U {+o0} via

(63 )7 =sup et~ Econ [ sup 172 - £2) - =P} |

t>0 ZeZ

which will play a similar role as the rate function in the large deviation principle. The next proposition
establishes its connection to the Wasserstein regularizer Rp,,,.,,, whose proof is given in Appendix B.

PROPOSITION 1. Let p € [1,00) and f € F. Suppose there exists M, L > 0 such that f(z) <M + L||z||? for
all z € Z. Let p > 0 and suppose the dual minimizer A, of (1) is positive. Set A :=lim ;|- f(2)/lIZ]I7.

Then if 1, > A
=p, L o> A,
Ip(RIPHue,p(p;f);f) {Zf), 1;];:/10:1-

Note that the dual optimizer of (1) tends to be large when p is close to zero, in which case 1, > 4, as
observed in [40]. Hence Proposition 1 shows that at least for small p, the left inverse of Rp,..,(:; f) is

precisely Z,,(-; f).

3.2. Transportation-Information Inequalities

Just like many other results on the concentration of measure, appropriate conditions on the function
f and the distribution Py are required. Since we are dealing with general loss functions that are
possibly unbounded, some assumptions on the underlying data-generating distribution are necessary.
It turns out for our purpose, it is convenient to work with the transportation-information inequality, a
useful condition to establish concentration of measure in modern probability theory.

DEFINITION 1 (TRANSPORTATION-INFORMATION INEQUALITY). Let p € [1, c0). Adistribution P € P, (Z)
satisfies a transportation-information inequality T,(7) for some positive constant 7, if

W, (Q,P) <TH(Q[IP), YQEeP,(2),

where H(Q||P) denotes the relative entropy H(Q||P) := /Z log(dQ/dP) dQ, where dQ/dP denotes the
Radon-Nikodym derivative.

We briefly comment on distributions satisfying transportation-information inequalities, and refer
the reader to [45] for a recent survey and [85, Chapter 22] for an in-depth discussion. Among different
choices of p, T, and T, are of particular interest and have been widely studied in the literature.
T; is equivalent to the following condition (Theorem 2.3 in [30] and Theorem 22.10 in [85]; see
also Lemma 3 in Appendix B): a distribution P satisfies T; if and only if there exists a > 0 such
that E[exp(a||z||?)] < c. In particular, any distribution on a bounded support Z with diam(Z2) < oo
satisfies T (2diam(Z)?). T, is also known as Talagrand’s inequality, which is implied by the log-Sobolev
inequality. Examples of distributions satisfying the log-Sobolev inequality include distributions with
a strongly log-concave density, and mixture of distributions satisfying log-Sobolev inequality whose
pairwise chi-squared divergences are uniformly bounded [23]. Note that for p; < pa, T, is weaker
than T),, since W,,, <W,,. In the sequel, we will focus on the case p € [1,2].



3.3. Concentration for a Single Loss Function

Now we are ready to state our main result in this section.

THEOREM 1 (Variation-based concentration). Let p € [1,2] and f € F. Assume there exist M,L >0
such that
f(@)<M+L|z||P, VzeZ.

Assume further that Py satisfies T, (t) for some T > 0. Let & > 0. Then

Pe{Ep, [f] - Epy.[f] < —&} <exp(-nI,(s;-f)*/7).

Let t > 0. Then with probability at least 1 —e™",
Epnelf] < Ep, [/14 o (35 F). @)

Theorem 1 uncovers an interesting connection: the non-asymptotic decay rate of large deviation
probabilities is controlled by the inverse of Wasserstein regularizer 7, (g; — f). The negative sign — f
appears because here we bound the downside risk, i.e., the probability of empirical loss being smaller
than the true loss, whereas Rp,.,, is defined via upside excess, i.e., the worst-case loss that is greater
than the true loss. As a matter of fact, a similar result holds if we swap the empirical loss and true loss
in the theorem:

Po{Ep, [f] -~ Epw.[f1> e} <exp(-nI,(e; f)?/7),
and with probability at least 1 — e,

Ep, 1] < Eppe |11+ Ropue p (25 ).

When p =1, if f is Lipschitz continuous, then by Lemma 1 we have

R (=) < 2 1= Flhip = 2 - 1 i

When p =2, if f has Lipschitz continuous gradient, then by Lemma 2 we have

/ / hTt
Rptrue 2 || ”VfH ”Ptrue 2+ —

Substituting these inequalities in Theorem 1 yields following corollary.

CoROLLARY 1 (Variation regularization). Let p € {1,2}. When p =1, assume Assumption 1(I) holds;
when p = 2, assume Assumption 2 holds. Assume further that Pye satisfies T, (7) for some 7 > 0. Let
t > 0. Then with probability at least 1 —e™"

2

I fllip, p=1,

Epy[f] < Ep,[f]+ — -
LAV NPpge.2 + 55, p=2.

Theorem 1 and Corollary 1 show that the Wasserstein regularizer Rp,.,,(1/=; —f), as well as the

variation of the loss, || f|lLip or |||V fll+ [|Py.,2, are natural quantities controlhng the deviation of the
empirical loss for distributions satisfying a transportation-information inequality. For p = 1, thanks
to the first part of Lemma 1, the bound in Theorem 1 is tighter than the Lipschitz norm bound in
Corollary 1, which was obtained in [18]. Since ||[|V I+ lpye.2 < || fllLip, p = 2 suggests a tighter upper
bound than p =1, at the cost of a stronger assumption on the underlying distribution.
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4. Finite-Sample Guarantees

In the previous section, we have derived a concentration inequality for a single loss function, and the
goal of this section is to extend it to a family of loss functions . In the spirit of [36, 14, 74], we would
like to determine a proper scaling of the Wasserstein radius p, with respect to sample size n so that
with high probability, the Wasserstein robust loss is an upper bound of the true loss uniformly for all
functions in the class F = {fy : § € ©}. Whenever this holds, minimizing the Wasserstein robust loss
controls the true loss as well.

When F is a finite set, then a simple application of the union bound to Theorem 1 yields that (2)
holds simultaneously for all f € F with probability at least 1 —|F|e~, where | - | denotes the cardinality
of a set. When F contains infinitely many functions, some notion of complexity of the function class F
is needed to obtain uniform convergence. In Section 4.1, we prove the result using a standard covering
number argument; and in Section 4.2, we adopt techniques from local Rademacher complexity theory
[6, 52] .

4.1. Covering Number Arguments

Recall that for € > 0, the covering number N (e;H, ||||%) of a set H with respect to a norm |[|-||3 is
defined as the smallest cardinality of an e-cover of H, where # . is an e-cover of # if for each h € H,
there exists € H such that |2 — h||% < e. Similar to the classic stochastic programming literature (e.g.,
Shapiro et al. [78, Section 5.3.2]), we can obtain a union bound using the standard covering number
argument, whose proof is given in Appendix C.1. Throughout this subsection, we let 7 ={fy : 0 € O}
and we impose the following smoothness assumption with respect to the parameter 6.

ASSUMPTION 3. Assume there exists a measurable function k : Z — R, and constants kp;,kr > 0
satisfying k(z) < kp + k1 ||z||P for all z € Z, such that

1f5(2) = fo(2)| < k()16 —0llo, VO,6€0, Pyye—a.e.z€Z.

COROLLARY 2. Let p € [1,2]. Assume Pyye satisfies T, (7) for some T > 0 and Assumption 3 holds. Let

t>0. Set
. \/r<r+log/v<1/n;®,||-||@>>

n

and €, = (2Ep, [k] + Varp, [«] +kpr + 2Pk (7t /n)P/2 + Ep_ . [||z]1”])) /n. Then we have the follow-
ing:
(D Assume there exist constants M, L > 0 such that

fo(z) <M +L|z||IP, VzeZ, VHeO®.

Then with probability at least 1 —1/n—e™",

Epyye [fo] < Ep, [fol +R[P’true,p (Pn;—fo) +€n, VOEO.

(I) (Lipschitz regularization and 1-Wasserstein DRO) When p =1, assume Assumption 1(I) holds.

Then with probability at least 1 —1/n—e™,

Ep[fol <Ep,[fol +pn- |l follLip+e€n, VO EO.

Assume, in addition, that Assumption 1(II) holds. Then with probability at least 1 —1/n—e™",

Epye [ fol <Ep,[fol + Re, . 1(pn; fo) + €1, VO €O.
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(Il1) (Gradient regularization) When p = 2, assume Assumption 2 holds. Then with probability at least
1-1/n-e7,

Epy [fo] <Ep,[fol +on - IV folllIppe.2 + 702 + €1, VO EB.

Corollary 2 establishes the generalization bounds for Wasserstein DRO as well as the Lipschitz
and gradient regularization. By [89, Example 5.8], log N (¢; O, ||-||.) < d1log(1+2B/€), where B is the
diameter of ®. Thereby, by choosing the radius p,, = é(m), the Wasserstein robust loss serves as
an upper bound of the true loss for all fy € F up to an O(1/n) remainder for p =1 and an O(d/n)
remainder for p = 2. Assumption 1(II) may be restrictive for certain applications. In Example 1, we
demonstrate an instance for which finite-sample guarantee holds with an-O(1/+/n) radius even though
this assumption does not hold. Essentially, as long as the Wasserstein regularizer can be sandwiched
by multiples of Lipschitz regularizer (see Theorem 2 in [39]), similar finite-sample guarantees can be
obtained; we refer to a follow-up work [2] for more in-depth discussions.

In the next result, we provide an empirical counterpart of Corollary 2 for p = 2.
ASSUMPTION 4. Assume there exists a measurable function k2 : Z — R, and constants «a_pr, k2.1 = 0
satisfying k2(z) < ka.pm +k2,L||z]|P for all z € Z, such that

IVf3(2) = Vo)l < k26~ Olle, V0,0 €0, Puye—ae. z€Z.

COROLLARY 3 (2-Wasserstein DRO). Assume Py satisfies To(1) for some T > 0 and Assumptions 2, 3,

1
4 hold. Assume o =supgcg Ep,. [IVfoll#12 /11 IV foll« IIZM,2 < oo, Let t >0 and n > 8c°%t. Set

_ \/r(r+log<1+fv(1/n;®,||-||@>)>(1+0 \/2(z+log<1+/v(1/n;®,||-||@))>

Pn=
n n

and &, = (2Ep,, [k2] ++/Varp, . [«2] + pn\/ Epy. [K3] +/Varp,,. [«5])/n. Then with probability at least
1-2/n-2e7t,

@ +1log(1+ N (1/n; 0, [|-lle))

n

Epue [fo] < Ep, [fol +oull IV follxllp, 2 + & Y0 €0,

and

2ht(t +1log(1+ N (1/n;0,]-le)))

Epy [fol < Ep,[fol +Rp, . 2(pn; fo) + &+ - , Voeo.

In Section 5, we will demonstrate Corollary 2 for feature-based newsvendor problem in Example 1
and Corollary 3 for linear prediction with Lipschitz loss in Example 3.

4.2. Local Rademacher Complexity Arguments

The covering number bound developed in the previous subsection may be loose. Indeed, the discussion
after Corollary 2 indicates that for smooth parametric family the radius é(m) is always dimension-
dependent. To obtain a tighter bound in a more general setting, we derive results using local
Rademacher complexity theory. As it turns out, this approach sometimes leads to a bound that has a
better dependence on d and even dimension-independent bound; see Examples 2, 4, 5.

Let us begin with some technical preparation. Recall the Rademacher complexity of a function class
JF with respect to a sample {z}'}" , is defined as

R, (F) = [E(,[ sup 1 anmf(zl'-')],

fer i3
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where o;’s are i.i.d. Rademacher random variables with P{o; =+1} = % The Rademacher complexity
of the function class F with respect to Py for sample size n is defined as Eg[R,,(F)]. Rademacher
complexity plays an important role in bounding the generalization error of statistical learning problems
but may be vacuous if F is too large. The idea of localization is to restrict on a small subset of F
around the optimal solution that often admits low complexity. The localized Rademacher complexity
[6] at level r > 0 is defined as

[E®[m,,({cf: feF 0<c<1, T(cf)Sr})],

where T : F — R,. In our analysis, we choose T(f) = ||f||]%ip when p=1and T(f) = |||IVf]l« ||H23mle 5

when p = 2. Part of our techniques below are adapted from the framework developed in [6, 34], which
primarily considers T(f) = Ep,. [ f2].

By choosing a proper level r,, the localized Rademacher complexity of the functions of the subset
can be much smaller than the entire family, which enables a better bound. Often, the level r,, is chosen
to be the fixed point r,4 of some function ¢, (r), which serves as an upper bound on the localized
Rademacher complexity at level r. A typical assumption imposed on v, is the so-called sub-root
condition. A function ¢ : R, — R, is sub-root if it is non-constant, non-negative, non-decreasing and
the map r +— ¢ (r)/+/r is non-increasing for all » > 0. A sub-root function always has a unique fixed
point r,4 [6]. Similar to the literature, we impose the following assumption.

AsSUMPTION 5 (Sub-root local complexity). Assume there exists a sub-root function y,, : Ry — Ry such
that
Un(r) 2 o[ Ru({ef : feF 051 () <r))|.

Denote by r, the fixed point of Y.
We will verify this assumption for various examples considered in Section 5.

We first study the case of p = 1. The proof is given in Appendix C.2.2.

THEOREM 2 (Lipschitz regularization). Assume Py satisfies T1(t), Assumption 1(I) holds, and As-
sumption 5 holds with T(f) = ||f||fip. Let t > 0. Then with probability at least 1 — [log,(\/y17in)]e,

2 2
Epoe[f] <Ep, [f]+ (2\/%’ N ;)||f||up+4rn*+;, VfeF.

Together with Lemma 1, we obtain the following result.

COROLLARY 4 (1-Wasserstein DRO). Assume Py satisfies T, (1), Assumption 1 holds and Assumption 5
holds with T(f) = ||f||%ip. Lett > 0. Set

[Tt / 2
Pn=2 T—+ Ar + —.
n n

Then with probability at least 1 — [log, (\/y17in)le”,

2
IEPtrue[f] S[EP,I[f]+Rﬂj’n,1(pn;f)+4rn*+;’ erf

Note that p, = O(1/vn) if rpx = ON(%). A sufficient condition for this to hold is the sub-root function
Un(r) = O(Jd_n), which holds for many important cases as we illustrated in Sections 5. As such,
Theorem 2 and Corollary 4 show that by choosing a radius in the order of 1/+/n, with high probability,
the Wasserstein robust loss serves as a upper bound for the true loss up to an O(1/n) gap. Here
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the probability bound has a O(logn) term, nearly independent of sample size n. By mapping ¢ to
t+log[log,(4/y17tn)], one can obtain a probability bound that is independent of sample size, while
the radius p, ~ 0(\/10_glog n/n). In the rest of the paper, we will not make such a transformation, but
just keep in mind that these two results are equivalent.

In the next corollary, we consider the loss functions of a composition form ¢ o f, where £: R — R is
a given Lipschitz function and f € F, which occurs often in supervised learning. The following result
is useful to establish the generalization bound for problems of this type.

CoroLLARY 5 (Lipschitz composition). Assume Py satisfies T1(1), Assumption 1(I) holds, and As-
sumption 5 holds with T(f) = || f ||Eip. Let € be an L,-Lipschitz function and ¢ > 0. Then with probability

at least 1 — [log, (VLey17in)le™,

: 2L 2L
Eppe[€0 £1 < Bp, [€0 f142(y) S Lo+ \[4L2r00+ =) fllup + 4L2rna+ =5, Vf e F.
n n n

In Section 5, we will illustrate Corollary 5 in supervised learning with linear class (Example 2) and
with nonlinear kernel class (Example 5).

The analysis for 2-Wasserstein DRO is aligned with the previous case but requires more care to deal
with the data-dependent regularization || ||V f||.||p,.2; see details in Appendix C.2.3. Define the family
of normalized gradient norm functions

. V£ 12 . }
g._{” AN &
THEOREM 3 (Gradient regularization). Assume that Pyye satisfies To(1), Assumption 2 holds, and

Assumption 5 holds with T(f) = |||V f]|« ||D23,mle o Assume there exists ya > 0 such that [|[[|Vf|l« [|pyye,2 < 2
forall feF.Lett>0. Set

=27 L0, (0)) # Vs 2

d
an T+ 1+Eo[Ru(9)]
n — n .

Then with probability at least 1 — [log, (\/y27in)le™,

Epue [f1 < Ep, [FT+ ol IVl IPye.2 + 47nx + 264, VfEF.

Whenever Eg[R,(G)] =0(1) and r,.« = O(1/n), Theorem 3 shows that by choosing a radius in the
order of 1/+/n, with high probability, the gradient regularized loss serves as an upper bound for the true
loss up to an O(1/n) gap. Note that Eg[R,(G)] = O(1/+/n) as long as G has finite VC dimension (see,
e.g., Lemma 4.14 and Proposition 4.18 in [89]). In Section 5, we will illustrate this result in portfolio
optimization (Example 4) and neural networks (Example 6) which show that Eg[R,,(G)] = O(1/+/n)
and rp. = O(1/n) with explicit constants.

The distribution-dependent gradient regularization || ||V f||« [|p,.,2 in Theorem 3 can be replaced
with its empirical counterpart || ||V f]|. ||p, 2. In the next result, we provide the generalization bound
for data-dependent gradient regularization problems and 2-Wasserstein DRO.

COROLLARY 6 (2-Wasserstein DRO). Under the setting in Theorem 3, assume additionally that there

exists kg > 0 such that M% <kgforall feFandzeZ. Set
* I true-»

Pn :pn(l +2Eg[R4(9)] +K§\/;)'
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Then whenever 2Eg[R,.(G)] + Kf,\/; < 1/2, with probability at least 1 — ([log,(\/y27in)]+1)e™, for
every f € F,

Epue [f1 < Ep, [fT+ Pl IV P2+ 4rns + 26,

and
Eppy [f] < Ep, [f]1+Rp, 2(fn; f) +4rns + 26, + Bp2.

REMARK 1 (PERFORMANCE BOUND ON THE ROBUST OPTIMAL SOLUTION). Denote L(6) := Ep_.[fol,
L,(0) :=Ep,[fe] and LP(0; p) := SUPp.yy, (p,P,,) <p EP [ fo]. Then the high-probability bounds we have
developed in this section have the form

L(6) < LP(0; pn) + &, VOEO.
Let 6, € argmin, g £(60). Using the decomposition

E(erob) _6(0*)
= (E(grob) - 'CrnOb(Qrob§Pn)) + ('C;Ob(grob;,on) - LZOb(H*;Pn)) + (EZOb(9*§pn) - En(g*)) + (En(e*) - E(Q*))
<& +0+ (an(Q*) + O(p,%)) + (ﬁn(e*) — ﬁ(ﬂ*)).

Observe that £,(6.) — £L(6.) = O,(1/+/n) under mild conditions. Hence, when €, = O(1/n) and
pn = O(1/+/n), the right-hand side provides an O(1/+/n) bound on the losses between the robust
optimal solution and the true optimal solution. If £ satisfies the Polyak-Lojasiewicz condition (or
equivalently, the quadratic growth condition) [51]

L(6) - £(6.) > gne —6.,|%, Vvee®,

vyhere > 0, then ||0,0p — 0. is upper bounded by a multiple of £(6,0p) — £(6.), thereby ||0ron — 04| =
0, (1/vh).

5. Applications

In this section, we demonstrate our theoretical results in the context of various applications in operations
research and machine learning.

5.1. Performance Guarantees for Wasserstein DRO

5.1.1. Big-data Newsvendor We first consider a big-data newsvendor problem in the spirit of [3].
In this problem, the decision maker needs to find the optimal ordering quantity for a product with an
unknown random demand y, subject to holding cost & > 0 and back-order cost b > 0. In the world
of big data, before deciding the ordering quantity, the decision maker observes a vector of features
(such as product information, customer profiles, economic indicators, etc.) and thus can use them
make a better ordering decision using these feature information. The vector of features is modeled as a
d-dimensional random variable X and the decision maker has collected historical observations of the
feature-demand vector of the product. The goal is to find a decision rule that maps every realization x
from the feature space X c R¢ to an ordering decision. For illustration, we focus on a simple linear
decision rule parameterized by 6 € R¢, thereby the ordering quantity for a product with feature x € X
is @7 x. Thus, for a given 6, the expected cost equals Ep[h(87x —y), +b(y—67x). |, where P is the joint
distribution of feature-demand vector z = (x, y).
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ExaMPLE 1 (FEATURE-BASED NEWSVENDOR). Let Z = (X X R,, ||-]|) be the space of feature-demand
vectors. Consider the following distributionally robust feature-based newsvendor problem

min sup Ep[h(0Tx—y)s+b(y—0"x)].
0€0 P, (P,P,) <pn

Suppose © c {# € R? : ||0]|. < B} and Py satisfies T1(7). Let fo(x,y) =h(0Tx —y), +b(y—07x), and
F={fyg:0€06}.
We have |f;(z) = fo(z)| < (hV b)|Ix|[||6 - 6|l and thus Assumption 3 holds with «(z) = (h V b)||x]|.

Hence, by Corollary 2(II), setting €, = }1(3[E[p>mle [llx[[] + Varp, . [|Ix]]] + + /%’) =0(1/n), with probability
at least 1 — 1/n —exp(-t), we have

dl
Epe[fol <Ep,[fol + \/”(1+ BB || folliip+€nr VO € O

Set p, = %\/”(Hdloi(“w")). By Lemma 15 in Appendix D.1, we have p,|| follLip < Re,.1(fo; on) =
O(+[d/n). Thus, with probability at least 1 —1/n —exp(—t),

Epoe [ fo] <Ep, [fol +Rp, 1(fo;0n) + €1, VO EO. )

We remark that in this example, the newsvendor loss function satisfies only Assumption 1(I) but not
Assumption 1(II). Hence we did not directly use Corollary 2(II) to derive the performance guarantee.

Instead, Lemma 15 in Appendix D.1 actually shows that Rp, 1(fs; pn) can achieve a fraction % of

I follip (and thus Rp,..1(fe;px)) uniformly for all 6, thereby we can still choose p,, = O(+\/d/n) to
ensure a good performance guarantee for the Wasserstein robust solution.

5.1.2. Linear Prediction We consider supervised learning with linear models. Let z=(x,y) € Z =
X xY cR?xR. To ease the exposition, we assume ||z — Z|| = ||x — £||2 + «o1{y # 7}, thereby we only
focus on the x-component when calculating the gradient. Set

__|€(u—y), regression,

Hu,y) = {E(yu), classification, (3)
where £ : R — R is L-Lipschitz continuous, and ) c R for regression and ) = {+1} for classification,
and denote [ o fy(z) :=1(f9(x),y). We denote by I’ the derivative function of / with respect to its first
argument, which is well-define almost everywhere in R. Denote by P},. the x-marginal distribution of
Pyue. The two examples considered in this subsection are on linear predictions for p =1 and p =2
respectively.

EXAMPLE 2 (LINEAR CLASS WITH LIPSCHITZ LOSS, 1-WASSERSTEIN DRO). Let ® c {# e R4 : ||0]2 <
B} for some B > 0. Define
F={xr fo(x)=0"x: 006}

Consider loss functions of the composite form (3) and let fy(x) =67 x. Assume P}, . is sub-Gaussian, i.e.,

there exists @ > 0 such that C :=logEp,_, [exp(a||x||%)] < co. Assume ¢ satisfies limsup,_,, % =L.
Examples of £(¢) include convex losses such as hinge loss (1 —¢),, softplus (logistic) loss log(1 +¢?), as
well as non-convex losses such as inverse S-shaped curve sgn(r) log(%(l +e')).

Let us verify the assumptions in Corollary 5. By Lemma 3 in Appendix B, P}, satisfies Ty (%(1 +0)).
Assumption 1 holds with || fg|ip = 16]|2 < B = y1. Furthermore, since

{cfo:0€0,0<c<1,c?0l5<r}c{fo: 16l <Vr},
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by Lemma 16 in Appendix D.2, /rEp,. [||x||§]/n is an upper bound of Eg[R,,({fo : 110]l2 < Vr})]. By
Jensen’s inequality, we have

1
Ep,e [I1113] < = logEp,.. [ exp(allxll3)] = —

It follows that we can set ,,(r) = % and thus r,,x = %

[2(1+O)t Cc 2L
pn=2(L g+\/en), En=4L2—+—.
an an n

Then p, = 0(1/+/n) and €, = O(1/n) are dimension-independent, and by Corollary 5 and Lemma 1,
with probability at least 1 - [(3 logz(LB%(l +C)tn)le™",

Let r > 0. Set

Ep,.. [1(607x,y)] - Ep, [1(07x,y)] < Rp, 1(pn;lo fo) +€n=pullBlla+€, VYO€O. &

The bound obtained in Example 2 is consistent to the existing literature on the generalization bounds
for linear predictions. But unlike the typical results (e.g. [77, 24]), we do not impose boundedness
assumptions on the loss function ¢ or the domain Z. If imposing a positive lower bound on ||6]|2 > ¢ > 0,
the bound given in the example further becomes

Epe [1(07%,9)] = Ep, [1(87x,9)] < (pn + €a/O)IOll2 =Rp,,1(pn + €n/c; L0 fo).

Thereby one can bound the true loss using only the Wasserstein robust loss with an inflated radius
Pon + €, /c without having a higher order error term. This bound is of the same form as in Shafieezadeh-
Abadeh et al. [74, Theorem 39] which has a linear dependence on the dimension d of X' (albeit under
a light-tail assumption that is slightly weaker than T7); while our bound p, = O(1/+/n) is independent
of d (at least for the case of 2-norm).

ExaMPLE 3 (LINEAR CLASS WITH LIPSCHITZ LOSS, 2-WASSERSTEIN DRO). Consider a similar setup as
in Example 2 but with slightly different notations in order to be consistent with Corollary 3. Let
®c{#eR?: ||0]|. < B} for some B > 0. Define

F={(x,y) > 1(87x,y): 60},

where [ is defined in (3). Let fg(z) =1(67x,y). Then ||V fo(2)|l« = [|VLL(@Tx, V) |l« = 160]l:11' (67 x, )],
recalling I’ denotes the derivative of [ with respect to its first argument. Assume further that £ in (3)
has 7-Lipschitz gradient; Py, satisfies Ty(7) for some 7 > 0; and infgce Ep,,. [I'(§7x,y)?] > 0. Note
that the last condition is mild — indeed, it is satisfied if for every # € ®, I’(#T-, y) is non-zero on some

subset of X’ with positive P}, .-measure (together with the boundedness assumption on ©).

Let us verify the conditions and compute the constants in Corollary 3. Assumption 2 is satis-
fied since f, has hB*Lipschitz gradient, and o = supyeg Ep,,. [I'(67x,y)*]2 / Ep,. [I/(07x, )?] <
L? | infgee Ep,,, [I'(87x,y)?] < co. We have | f5(2) = fo(2)| < L¢|x][||6-6]|. and by Lemma 17, ||V f5 (z) -
Vfs(2)l« < (L¢+ Bh|x]))||6 - 0||.. Hence Assumptions 3 and 4 hold.

Let ¢ > 0 and set

pn:\/Tt(1+dlog(2+23n))(1+O_\/2t(1+dlog(2+23n)))’

n n

€ = (2L +2BNEp, [Ix]] + B*1*Varp,, [||x]|] + pn VEpq, [(Le + Bhllx])?] + Vatp,,, [ (L + Bhlx])2]) /n.
By Corollary 3, with probability at least 1 —2/n — 2exp(—t), for every 6 € O,

27iB?7t(1 +dlog(2+2Bn))
- .

Ep [1(07x,9)] =Ep, [1(67x,9)] < Rp, 2(0n; fo) + & +

Note that we have p, = O(1/d/n) and an O(d/n) remainder.
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5.1.3. Portfolio Optimization In this subsection, we study the classic Markowitz’s mean-variance
portfolio optimization problem. Let x be a vector of random losses of d assets with distribution P¥,,. and
let w € W c R4 be the portfolio weights satisfying w1 = 1. Note that the variance of a one-dimensional
random variable Y has an equivalent representation Var[Y] = min, cg E[(Y —u)?].

EXAMPLE 4 (MARKOWITZ MODEL). Let @ > 0 and suppose W c {w e R?: wT1=1, ||w||2 < B}, where
B > 0. Consider the following distributionally robust mean-variance minimization

min sup Epx [(wTx —u)*+awx].
weW,ueR p. Ws (P*,PX) <on

Assume P} . satisfies To(7). Then it also satisfies T1 (7) and by Corollary 1, for every w € R¢ with

Iwllz2 =1, Po{|Epx [w x] —Epx [w'x]| > €} <2e7"€ */7 for all € > 0, thus P, . is y/7/2-subgaussian.

Let uj=Epx [||x|| ]J < oo, j=1,2,3,4. Assume there exists £ > 0 such that Covp,_ [x] > (1.

true

Set U, := B(u1 ++/7t/n+ p,) and U :=sup,, U,, which is bounded whenever {p,}, is bounded. By
Lemma 18 in Appendix D.3, with probability at least 1 — ¢, the problem is equivalent to

min sup Epx [(wTx —u)*+awx].
weWw,|u|<U, P:W, (PX,PX) <pp

Let 6 = (w, i) where ii=—u+a/2, z=(x,y) and fy(z) = (WTx+id"y)? +au—a?/4=(0"2)? — aii +a?/4.
Thereby we have fy(x,1) = (wTx —u)? +awx. Set ©® = {(w,@) : w e W,| —ii + /2| < U}. For any
distribution P*, we represent P = P* ® ;. Consider the problem

. TA2] a2
o (rvrvuil)ee){ sup Ep[(072)%] - ii+a /4}.

PWa (P,Pr) <pn

Let us verify the assumptions and compute the constants in Theorem 3 for the inner maximization
problem. Py satisfies T>(7) since any distribution Q € P (Z) with finite H(Q, Pyye) has the form
Q* ® 81, where Q~ is the x-marginal of Q. We have V f,(z) = 2(68" z)6, thus V2 fy(z) =266 . Note that
16113 < B+ (U +a/2)?, hence Assumption 2 is satisfied with 2= 2(B*+ (U + /2)?). To find a sub-root
function y,,(r) required by Assumption 5, observe that

1

1V foll2 pge.2 = 2010112Ep, [(672)%12 > 24/Z116113-

It follows from Lemma 19 in Appendix D.3 that

Eo[Ra({cfo: 0€0,0<c<1,AIVfoll2l2_,<r})] <p 4{ = (7).

4
Thus 7« = 4%1' Moreover, by Lemma 20 in Appendix D.3,

V £l Y4202 +1
h[%({—” fg”j :ee(a}) <1 |HaTE = R,.
IV fol2l2, VY4 A

. 1
In addition, supgeg ||V fall2[IPue.2 =5uPgeo 2[101|2Epy, [(072)%12 < 2u2(B*+ (U +/2)?) = 2.
Let ¢ > 0. Then in Theorem 3, set

i 5 5
2B+ (U+a/2 t+1+R
pn—Z,/ (1+R,,)+\/—4 €1 = ( (U+a/2))t n
n
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We have with probability at least 1 — [log, (1/y27in)le™,
Epue [(072)*] <Ep, [(672)° ]+ 0ull IV foll2|ppe.2 + €0 VO EO.

By Lemma 22 in Appendix D.3, a generalized version of Corollary 6 applied to unbounded gradient
norm, we set

Pn=C(L+Ry), & =e+2(B*+(U+a/2)*)pr,
where C depends only on the distribution of ||z||2, z ~ Piue. Then g, = O(1/+/n), €, = O(1/n) are both
dimension-independent, and with probability at least 1 — ([log, (v/y27in)]1+2)e™’,

Epee[(072)%] <E, [(672)%1 + Re,,p(Bn; fo) + &, VO €O,
and therefore by minimizing over u or i,

Varp, . [w'x] +aEp,, [w'x] < min sup Epx [(wx— u)*+ aw x| +&, YweWw. *
“ER Py (PX.PY) <pn

The last inequality in Example 4 shows that the true mean-variance of the portfolio w,, is upper
bounded by its robust mean-variance up to a higher-order term. We remark that in this example, the
parameter space is not bounded as u € R, which makes it impossible to obtain a bounded complexity
for the entire class of loss functions. We circumvent such a difficulty by showing that there exists an
optimal solution lying in a bounded set ® with high probability, thereby it suffices to restrict on ©.

5.2. Performance Guarantees for Variation Regularization

In the next two examples, we illustrate our results for Lipschitz regularization and gradient regulariza-
tion for nonlinear classes. Similar to Section 5.1.2, we let z=(x,y) e Z2=XxY C R9 x R and assume
llz =2l = llx = X|l2 + co1{y # 3}

5.2.1. Kernel Method We consider Lipschitz regularization of kernel class (see, e.g., [89, Chapter
12]). Let k : X x X — R, be a positive definite kernel on X ¢ (R, ||-||2) with o := (Ex-p,,. [k(x,x)])% <
c0. We can associate k with a feature map ® : X — H, where # is a Hilbert space with inner product
(-,-) and k(x1,x3) = (®P(x1), D(x2)). Denote by ||-||x a norm on H. Let m € N7 and {xj};.';l c X. Then

we have || 2., 6;®(x;) = 2 070kk (xj,xp).

In kernel method, one often consider the following parameterized class
F= {x - S0k (x,x)): O e @}, where © = {9 = (871 16k <B. me Nzl},
j=1

for some B > 0, where for 6 = (Gj);?‘zl, we adopt the convention Zj'il 0ik(x,x;)= Z;f’zl 0;k(x,x;) and
0117 = 2 ko1 00k (xjoxi) = 27" 001k (xj, x1).
ExaMPLE 5 (LIPSCHITZ REGULARIZATION FOR KERNEL CLASS). Consider loss functions of the form (3)
with u = fy € F defined as above. Assume k is differentiable and there exists { > O such that
IV foll2 ”ﬂzﬂ’tm,Z = Ex-pue 1 252, 0 Vk (x, x;) 12] > { 27210501k (x;, xi) for all § € ©, which can be
satisfied when the matrix (Ex-p,,. [Vxk (x,x;)TVk(x,x1)])1<j k<o is positive definite. Furthermore,
assume y; = supgee’xex||Z]‘,’.°:1 0;Vik(x,x;)|| < oo, thus Assumption 1(I) is satisfied.

Let us compute the generalization bound using Corollary 5. To this end, we need to specify y,, in
Assumption 5 and compute its fixed point r,,. Observe that

{cfg: 0€0,0<c<1, A foll?, Sr} c{cfo: 0€0,0<c<1, L2012 <r}c {fg: 161lx < \/r/g},
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hence y,,(r) can be chosen as 20 (, an upper bound of Eg[R,,({fs : |0]lx < +/r/{})] according to

[7, Lemma 22]. Thus r,, = 2<-. Set

[t 16L%02% 2L
pn:z(L T_+ fn), €= g +—.
n nl n

Then p, =0(1/+/n) and €, = O(1/n) are dimension-independent, and by Corollary 5, with probability
at least 1 — [log, (v/Lyi7tn)]e™,

Epye o fol <Ep,[lo fol +pnllfollLip +€n, VOE€O. *

This result provides a generalization bound for Lipschitz regularization problems [61, 37, 86] when
the loss function class belongs to a kernel class. We remark that the setup in this example is different
from Shafieezadeh-Abadeh et al. [74, Section 3.3], in which the distributional uncertainty is imposed
on the feature space, while Example 5 considers distributional uncertainty on the original data space.

5.2.2. Neural Networks In the last example, we illustrate the generalization bound of gradient
regularization for a simple two-layer neural network. Consider

={) > (W2 W), ¥) 2 (W, W) €0,

where [ is defined in (3), ¢ = (41, ..., ¢4,) are entry-wise 1-Lipschitz activation functions, and © is the
space of weight matrices

O ={0= (W1, W) : Wy e RN Wy e R WiW] =1, |Wa||2 < B}.

Here the constraint W1 W, = I enforces the orthonormal regularization on the weight matrix [88, 98,
4, 48], which is a popular way to ensure the training stability and performance for neural nets. Let

fo(z2) =1(W20(W1x), y).

EXAMPLE 6 (GRADIENT REGULARIZATION FOR NEURAL NETWORKS). Assume [ and ¢ i has 7;- and 7i4-
Lipschitz gradient, respectively, j =1,...,ds, thereby fy is smooth and F satisfies Assumption 2 with
h=2L(Lhy + Bhj)Vdy by Lemma 25 in Appendix D.4. Assume 7 := infgep zcz I/ (Wadp(Wix), y) > 0,
which can be satisfied, for example, when Z is bounded and [ is the logistic loss. Furthermore,
assume there exists ¢ > 0 such that pr [IIWag'(W1ix) [15] > £||Wa]|3 for every (Wi, W2) € ©, where

¢’ =(¢7,....4,), and o =Epz_[lIx[I3 ]2 <co.
Let us compute the constants in Corollary 6. We have
IV S @l = 11" (Wap(Wix), y)Wag (Wix)Wr [|5 = 1" (Wap(Wrx), y)?[| Wag"(W1x) |13
Thus, [Vf(2)lls < LB, [ IV fll P2 = 1V [[W2ll2. It follows that

Ivf@ll. __ LB _
IVl lpge2 — nVEIIW2ll2

f
enV®

Eo[Ru{cfo: 6€0,0<c<1, ANIVAILIE,, »<r}]
< LEo[R, {x > Wap(W1x) : WiW] =1, |Wall2 < 2=} ]

< Lo 2rds
— nVin

true

In addition, ¢*|| |V fl. Iz, < r implies [|Wa||2 <
5 as

As a result, we can choose i, (r) in Assumption

=: ‘ﬁn(r),
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where the first inequality follows from Lemma 8 in Azppend1x D, and the second inequality is due to
Lemma 24 in Appendix D.4. It follows that r,x = M . Moreover, by Lemma 25 in Appendix D.4,

n*in
2L(L7l¢ +Bh1)0‘\/2d2 .
Fo[Ra(0)] < T =R,

Thereby, in Corollary 6, setting

8L2 2d hitt+1+R
1+2R, +Kg,/ 1/ (1+R,) + ,/ c 2+2€n g = AT
n

it holds that p,, = O(y/d2/n), €, = O(\/d2/n), and with probability at least 1 — ([log,(VLBttn)]+1)e™,
for every 6 € ©,

Pn=

Epy [ fol < Ep, [fol +PnEp, [I'(Wa(W1x), y)?|| Wag’ (W1x) ||3 2]% +e &

6. Concluding Remarks

In this paper, we have developed finite-sample non-asymptotic performance guarantees for Wasserstein
DRO and its associated variation regularization without suffering from the curse of dimensionality.
These results help us to understand the empirical success of Wasserstein DRO and/or Lipschitz and
gradient regularization. In the meantime, many issues worth investigating are left to future work.

More general loss function families and distribution families. We restrict the families of loss functions
consistent with Lemma 1 and Lemma 2 that establish the equivalence between Wasserstein DRO and
variation regularization. One can extend the results to more general families such as non-smooth
losses using the results in [39]; see a follow-up work [2]. In Section 3, we adopt the widely used
transportation inequalities T, p € [1, 2], which covers most subgaussian distributions and works for
loss functions of linear and quadratic growth. One may obtain results for more general distributions and
loss functions by considering other families of transportation-information inequalities [19, 44, 85, 45].
We remark that the finite-sample performance guarantee in [36], though suffers from the curse of
dimensionality, does not restrict the loss function family other than the growth condition and works
for any distribution that admits Wasserstein concentration.

Wasserstein distance of other orders. We focus primarily on the case p € [1,2]. Indeed, our proof of
Theorem 1 relies crucially on this setting where the tensorization lemma (Lemma 4 in Appendix B.1)
applies. We leave the study for other orders of Wasserstein distance, including another important case
p = oo that has been widely considered in adversarial robust learning (e.g., [43, 76, 105]), to future
work.

Complexity theory based on variation of the loss. We developed a local Rademacher complexity theory
based on the variation of the loss. Investigation of these techniques in the context of other problems in
statistical learning theory seems interesting, and hopefully would yield new results.

In summary, we hope our results can inspire more fruitful findings for problems in operations
research and machine learning in which Wasserstein distributional robustness plays an increasingly
prominent role.
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Appendix A: Proofs for Section 2
Proof of Lemma 1. Using the strong dual problem (1), we have

Ra,1(p; f) =min {ﬁp +Eq
120

§u§{f(2) -f(2) —AIIZ—ZII}]} :

Using the Lipschitz Assumption 1(I), for any A > || f||rip, the inner supremum equals to zero attained at
Z=z. Hence, by taking a feasible solution A = || f||.ip, we obtain that

Ra.a1(p; 1) <pllfllLip-
Moreover, if Assumption 1(II) holds, then there exists a sequence {z,,},._, C Z such that

llzm — zoll 2 max(p,m),  f(zm)— f(z0) = (|| fllLip = 1/m) |zm — zoll-

Let E c Z be such that u:=Q(E) > 0. Consider a sequence of distributions
Qn= @|Z\E + (1 - em)@|E + Emazma
where Q. denotes the restriction of Q on a subset of Z, and ¢, is chosen such that
Wi(Q, Qi) = € - B [llzm —2ll]) = p-

It follows that ¢,, — 0 and

Roa(p; f) 2 Ea, [f1-Ealf] = €m - Eap [ flluip = 1/m)l|zm — 20ll] + €n (f (20) — Eqy [f (2)])
=p([flluip = 1/m) + €m(f (z0) — Eqy [f(2)]),

which converges to p|| f||Lip as m — co. Therefore we complete the proof. O

Proof of Lemma 2. Using the strong dual problem (1), we have

Ra,2(p; f) =min {/1/02 +Ea
120

Sup {f@-r@ —AIIZ—ZIIZ}]} :

By Assumption 2, we have that

Ra,2(p; f)<mln{/1p +Eq | sup {Vf(z)"(Z-2) - (A-n)|Z- ZIIZ}]}
zeR4

—hp +m1n {/lp +[Eqg

sup {Vf(z) (Z—-2)-Az- Z”z}]}
zeR4
=hp? +m1n{/1p +—[E@[||Vf(z)|| ]}

=1p* +plllIV Sl lla.2,
and that

Ra.2(p; /) > min {Ap2+[E@ §uZp{Vf(Z)T(Z—Z)—(ﬁ+h)IIZ—ZI|2}H

= —fip? + min {/lp2 +Eqg
>0

sup (7727 (-2 - =217}

= —Tip? +m1n{/l,0 +—[E@[||Vf(2)|| ]}

=—1p” + pllIV Il lla,2,
which completes the proof. m]
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Appendix B: Proofs for Section 3
Proof of Proposition 1. Define

@ (1) 1= ey sup {1(/(2) - 1) - Iz =211},

Using Theorem 1 in [40] and by our assumptions, a dual optimizer A, > 0 exists and we have strong
duality

RPtme,p(p) =/10,0p +/10(D(1//lo)- @)
By [40], A, € [4,0). We first consider the case there exists a dual minimizer A, > 4, in which case the
optimizer is in the interior of the domain of the dual objective. The first-order optimality condition of
the convex optimization (1) reads

PP (1/1,) € 1-00(1/1,),

o
where 0@ denotes the subdifferential. Set € = Rp,..,(p). It follows from the equations above that
€:=A,p7 +2,®(1/2,) € 0DP(1/A,).
But by definition 7, (&; f)? =sup,.o{et — ®(¢)}, which is a concave maximization. This suggests that
t=1/1, > 0is an optimizer of sup,.,{er — P(7)}. Hence,
€

Ip(RPtme,p(p;f);f)p :Ip(e; f)p 1 q)(]-//lo) = /li(/lopp +/10(I)(1//10)) - q)(l//lo) =pp‘

o

Next, consider the other case that the unique dual minimizer 1, =1 > 0. Taking a feasible solution
t=1/1,, using (4) we obtain that

1
Ty (Rpep (03103 1) =SUB (1R (5 ) = By | SUDL(F(D) = £ () = =217} ||

> Rﬂj’tme,p(p;f) _ R[P’true,p(p; f) _/lopp
Ao Ao

The next lemma is mentioned in Section 3.2.
LEMMA 3 (Corollary 2.4 in Bolley and Villani [19]). Assume there exists a > 0 such that C :=
log Ep[exp(al|Z||?)] < oo. Then P satisfies T1(7), where
2
a

7= inf {

zeZ,a>0

(1 +log[Ep[exp(d||Z—Z||2)])} < 2(1 +C).

B.1. Proof of Theorem 1

Our proof is based on Marton’s argument and Herbst’s argument [55, 70]. Let us begin with some
definitions and lemmas.
Denote " :=(z},...,z,) € 2". We define a product distance d,, on the space Z" as

n 1/p
dp(2",2") = (ZIIZ? —Z?II”) :
i=1
The p-Wasserstein distance between probability distributions u and Pg is given by
W, (1, Pg) = min {([E(Zn,zn,)NN [d, (2", Z”)p])l/p : m has marginal distributions u, [P’®} )
T

The following tensorization lemma establishes a transportation-information inequality for the product
distribution Pg (see, for example, Proposition 22.5 in [85]).
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LEMMA 4. Let p € [1,2]. Suppose P € P, (Z2) satisfies T, (7). Then Pg satisfies Tp(m%_l).

Given any function g : Z — R which is exponentially integrable with respect to v, we define a
distribution v(®), called the g-exponential tilting of v as (see, e.g., Section 3.1.2 in [70]):

dv(g)_ exp(g)
dv E,[exp(g)]’

It follows that
H(v®||v) = E,e [g] —InE,[exp(g)]. )

We prove below a more general concentration result that applies not only for the empirical mean.

LEMMA 5. Let p € [1,2]. Assume Pyye satisfies T, (7). Let F : Z" — R. Assume Eg[F] =0 and there exist
M, L >0 and zj € Z" such that

L
F(Z")<M+—=d,(Z",z5)", Vi"e Z".
n

Define J(-; F) : Ry — R, via
~n n 1 ~n n
I (& F)P ::sup{er—[E®[ sup {1(F(2") - F(z")) - ~d,(2",2 >P}]},
>0 snezn n
and Z(; F):R, »> R, as
%(p; F) =min /lpp+[E®[ sup {F(z")—F(z")—fd (5" z")P}] .
’ >0 snezn n p ’

Then for any € > 0,
Po{F(Z") > €} <exp(-nJ (e F)Z/T).

Let t > 0. Then with probability at least 1 — e,

F(ZY) S%(\/g;F).

sup {1(F(2) = F(") = ~d, (2" z”)"}],

Z"EZ"

Proof of Lemma 5. Define

O(1; F) :=Eg

which is in [0, o) for all sufficiently small 7 because of the growth rate condition on F, and thus
J(€; F)P =sup,.o{et — ®(1; F)} > —oo. To ensure integrability, let us assume temporarily that F is
bounded from above.

We first consider a simpler case p = 2. Using Lemma 4, for every u € Po(Z"), it holds that
Wy (u,Pg)? < TH(u||Pg). Let £ > 0. Setting u = PgtF), by (5) we have

Wa(p,Pe)? < Ey[7tF] —InEg[exp(rF)],

On the other hand, using Kantorovich’s duality (see, e.g., Theorem 5.10 in Villani [85]) and the
assumption Eg[F] =0,

Walu.Po)® > E,[7iF] +Es| _inf {Zu — |- weF (]

~Eu[7tF] +Eq|_inf {Zn - 2IP - (P2 - F(") |

=E,[1tF] —nCD(;;F).
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Combining the inequalities above and canceling out the term E,[7¢F], we obtain
Tt
TlnEglexp(ttF)] < n®(—; F).
n
Using Markov’s inequality, for all 7 > 0,

Po{F(") > €} = [%{nF(z") > ne}
< [E®[exp(TtF)] /exp(tte)

<exp (Z@(%’; F) - TtE).
Mapping 7¢/n to t and minimizing over s,¢ > 0 yields
Pe{F(z") > €} <exp ( inf {d)(t F)- te}) =exp (—nJ(€; F)?/7).
Next, we consider p € [1,2). Let s > 0. Using Lemma 4, for every u € P,(Z"), it holds that
Wy (1 Po)? < (e HGulIPe))” = (5 (2) 55 HOulPo) ) (B 555118 )

Applying Young’s inequality to the right side yields that

1

Wp (1, Pe)? < & (T';(%)zsl—f;pr@)z)i +(1-5) ((%)gs%-lnl-%) -k
= 57 ITH(ulIPe) + (1 - £)(£) 7757
Let ¢ > 0. Setting u = [P’é;sl_%tF), by (5) we have
Wy (1, Pg)? < s%_l ([Eﬂ [TSI_I%IF] —1In [E®[exp (TSl_%IF)]) +(1- g)(g)ﬁs_ln.

On the other hand, using Kantorovich’s duality (see, e.g., Theorem 5.10 in Villani [85]) and the
assumption Eg[F] =0,

W Po)” > E,[tF) +Es | _inf 205 -2 - wtF ()]

=E,[iF] +Eg| inf {Zn - P —wi(F ) - F)
=Ey[1tF] —nCD(—; F).
n
Combining the inequalities above and canceling out the term E,[7¢F], we obtain
2_ _2 P t
57 71n Eg[exp(ts’® 127tF)] <(1- g)(%)zfp s_1n+nq)(T—;F).
n
Using Markov’s inequality, for all s,z > 0,
n 1-2 n 1-2
Pe{F(7")>¢€}= [FD@{TS PtF(Z") > s Pte}
1-2 1-2
<Eg|exp(rs »tF)|/exp(rs™ rte)

< exp{((l - %)(%)2’)1’s_121n+s1_12’n(13(%;F))/T—Tsl_f'te}.
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Mapping 7¢/n to t and minimizing over s,¢ > 0 yields
Po{F(z") > €} < exp (E inf {(1 2Y(L) 5 ss +5 8 (D(1; F) —te)})

inf {(1 BY(2)25 575 — 5177 supre/r — d(1; F)}})

( t>0
=e (Z nf {(1- 5)(5) 775 - 57 (e/ms )P )
( nt (e; F) /T)

Setting p = \/g . If the dual minimizer defining & (p; F) is strictly positive, taking € = %Z(p; F)
and applying Proposition 1 yields the second part of the result. Otherwise, Z(p; F) =supznczn F(Z"),
thereby F(z") < Z(p; F). To deal with an unbounded F, define Fy = F A k for k € N1. We have proved
that the result holds for Fj. Observe that for all z"*,7" € Z with F(Z") = F(Z"), it holds that

O’ F(Zn) 2 k’
(F(E") NK) = (F(Z") nk) = {k - F(z"), F(Z") <k <F(Z"),
F(Z")-F(Z"), F(")<k.

Hence forallt>0and k > 1,

®(1; F) =Eg

sup {r(F(E") - Fi2") - %d,;(z",z")f’}]

snezn: F(31)2F(z")

sup {(F(E") - F (") - %d,,(zr‘,z")ﬂ}],

ZneZn: F(Z")>F (z")

<Eg

and thus ¥ (¢; Fx) > 7 (¢; F). Therefore, by the monotone convergence,

Po{F(Z") > €} = k]im Pe{Fi(z") > €} < klim exp (—nJ (&; Fy)?/7) <exp (-nJ(e; F)?/1),
which completes the proof. o

Proof of Theorem 1. Set F(z") =Ep,,.[f(2)] —Ep,[f]. Then F satisfies the assumptions in Lemma
5 due to Assumptions 1(I) and 2. Applying Lemma 5 yields that

sup {Z (e(r = pEm) -1z -2 “”)}]

ZnezZn b =1

1
®(t;F)=-Eg
n

= Ep,.. | sup { - 1(f (D) - £(2) - 12 -2},
ZeZ
and thus 7 (-; F)=Z,(-;—f) and Z(-; F) = Rp,.,p(-; —f), therefore the result follows. O

Appendix C: Proofs for Section 4

C.1. Proof for Section 4.1
Proof of Corollary 2. (I) By Assumption 3, for any distribution P it holds that

Eplf5] - Eplfo] <Eplx]- 6 -0lle.
Thus
RPtrueJ’ (\/%’ _fé) - Rptrueap (\/%’ _f(')) < sup |[E[ptrue [fé] - [Eptrue [f@]!
P:W[)(P,Ptrue)s\/é
sup Ep(«]-1160-6lle-

t
PWp (P, Pirue) </ -

INA
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Note from the duality (1) and Assumption 3 that

sup Ep [K] =min {/l( %l)p +[E[P’true
P:WP(P’PUUG)SE

sup{x(Z) —JIIZ—ZIIP}]}

ZeZ
Smig{ﬂ( TP+ Epyye Sup{KM+KL||2||p_/l||Z_Z||p}]}
LZeZ

S?jg{ﬂ(\/%)p+Eptrue sup{kn +KL(||Z_Z||+”Z”)I)_/l“Z_Z”p}]}

lZeZ

smin{/l( TP +Epyye SUP{KM+I<L2p_1(||2—z||p+||Z||p)—/1||5—Z||p}]}
>0 52

-1 -1
< 2Pk (\EDP + ki + 2P kL Epy [ 211P]
=K,

where the last inequality holds by taking a dual feasible solution A = 2”~!«; . By the assumption on «
and Chebyshev’s inequality,

P {[Epn [] - Ep,.. [k] > Varp__ [K]} <

Let € > 0 and ©, be an e-cover of ®. We have that
[%{39 €®,s.1. Ep,_[fol > Ep, [f,] +Rpm,p( T fg) +e- (2Ep,[k] +yVarp,_[«] + ,z)}
1
<~ +Po{30 € 0,51, oyl fol > b, 1]+ Romep (23 =fo) + € (Bpp K] + B, [ + 7))
1 _
+PolI0 €O, 5.1, Epy,[f5] > Ep, [f3]+ Rogep(y[25 3|
+ 3 PolEry.Lfs] > Ep, [f3] + Rop (255

0e®,

<+ N(€0. o) e,

S|

<

<

—_

where we have used the definition of the covering number and Theorem 1 in the last step. Letting
€ =1/n and replacing ¢ with # +log N (1/n; 0, ||-|le) yields the result.
(ID) (I11) are simple consequences of (I), together with Lemma 1 and Lemma 2. O

Proof of Corollary 3. Fix f € F. Applying Bennett’s inequality (Lemma 6 below) to X; =
ny (|12
IV (21l , b=0and v; = 02/n?, we obtain that

CallVEI I3,
\v, 2 2

P{[Epn [%] -1< —e} <exp ( - Ez)
VAN, o 20

Hence, with probability at least 1 — e,

HIVAINIE, 5 g 2t

— O-
Pu2
VA1, n

Thus, for every n > 8021,

2\~ 3 2t
VS Pz < WIS Dl 2(1 =0y =) <NV F 1Ll 2 (140 ).
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where the second inequality follows from the simple fact 1/V1-a <1+a fora€[0,1/2].
Next we consider a family of losses. By Assumptions 3 and 4, it holds that

Epgee [f5] — Epuee [fo] < Eppe [€] - 116 - 0llo,
Ep,[f5] —Ep,[fol <Ep,[«] 1160 -0]le,
IV fallllp,.2 = 1V folls Ip,.2 < lI2llp,.2 - |6 = Ollo-

By Chebyshev’s inequality,
1
Pe {[Elpn (k3] — Epy, [£5] > y[Varp,,, [Kg]} s

Let € > 0 and let ®, be an e-cover of @. Set p =, /%(1 +(r\/%). It follows that
htt
Po{30€0.5.1. Ep[fol > Ep, [fol + NIV foll. llp, 2+ =

+¢€- (2Ep,,. [«] +VVarp, . [«] +p\/[E|ptrue (k3] +4/Varp,,, [K%])}

9 htt
< p®{39 €0,s.t. Epy,.[fol > Ep, [ fol +pllIVfoll.llp,.2+ — + € (Epy, [x] +Ep, [] +pllkzllpn,2>}
o ) h‘rt
<2 4pu{aic O . Epy [f3]> Ep, L1l + oIV e, 2+ |
9 htt
<2t 3 PofErn Lyl > e, gl - 2HIV Ayl ez + 22
h e, "
2 —t
<= +(1+N(e,0,-llo) - e,

where we have used Corollary 1(III) in the last inequality. Hence the proof is completed by setting
€ =1/n, replacing ¢ with 7 +1og(1+AN(1/n;0,||-|le)), and invoking Lemma 2 for the second part. O

LEMMA 6 (Bennett’s inequality). Suppose X1, ..., X, are independent random variables for which X; < b
and [E[Xl.z] < v, for each i, for nonnegative constants b and v;. Let W =23 | v;. Then for € > 0.

{Z(X E[X. )>e}<exp( ;;/ﬁBenn(?/Vé)),

where Ypenn denotes the function defined on [—1, o) by

(1+1)log(1+1)—t
t2/2

'ﬁBenn( )= fOr t#0, and l,bBenn(O) =1.

C.2. Proofs for Section 4.2

C.2.1. Auxiliary Results We prepare some auxiliary results that will be used shortly. The following
two lemmas are useful properties of Rademacher complexity (see, e.g., [77, Chapter 26]).

LEMMA 7 (Symmetrization). Let H be a family of functions. Then
Eo| sup {Epy. [] - Ep, [1]}] < 266 [, ().
heH

LEmMMA 8 (Contraction). Let H be a family of functions. Let £ : R — R be a Lipschitz function. Denote
toH={Coh: heH}. Then

[E®[9{n(€o’}-[)] < ”gllLip : E@[mn(H)]
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Let us define

R : :=min{1p? +E
o.p (05 F) rgg{ pP +Eg

sup 12(f(%?)—f(zf’)—/lllf?—z?”p)}}’

feFzrezn i

and
- Fi={-f:feF},

LEMMA 9. Let p € {1,2}. Assume Assumption 1(I) holds when p =1 and Assumptions 2 when p = 2.
Assume Pyye satisfies T, (7). Let t > 0. Then with probability at least 1 — e, for every f € F,

Epy [f] < Ep, [f] +R®,p(\/§; —F)+2Ee[Ra(F)].

Proof. Set

F(2") = 5up {Epyy. [ £1 - Ep, [/1} - Es| sup {Ep.[/]- e, [f1}]-

feF feF

Then the assumption on f implies that F satisfies the growth assumptions in Lemma 5. Applying
Lemma 5 yields that with probability at least 1 — ™7, for every f € F,

Epune /1~ B, [f] - Eo| sup {Ep,.. [/] - Ep, [1}]

feF

it es] g fren-re- o)

< inf {A(\/g)” +Es| sup sup {1 2@+ f(@) - Allz] - z?ll”}]}

znezn feF ‘N3
/Tt
:R&p( ;;_I;)-

Thus the result then follows by applying Lemma 7. m]

The next lemma is used for bounding the fixed point of ,, for local Rademacher complexity.

LEMMA 10 ([6], p. 1512). Let A, B > 0. Let ro be the largest solution to the equation BAr + A=r. Then
B? <rg<2A+ B>

C.2.2. Proofs for p =1 To begin with, an application of Lemma 5 to the loss function F =
sup s 7 {Epue [f1 - Ep, [f1} —Es [ sup 7 {Epy,. [ f1—Ep,[f1}] yields the following result.

LEMMA 11. Assume Py satisfies T1(t) and Assumption 1(I) holds. Let ¢t > 0. Then with probability at
least 1 —e™!

2

Epye. [f] < Ep, [£]+4/% Sup|lflup + 2B [Fa(F)]. Vf € 7

Proof of Lemma 11. In view of Lemma o, it suffices to derive an upper bound on Rg 1(p; —F).
Assumption 1(I) implies that for any A > sup ;¢ 7| f l|Lip,

1 n
sup {—
fe(=F),znezn ‘N ;

FE = £ = AZ -2 =0,
1

Consequently by definition Re,1(p; —F) < psup szl flLip- m|
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Next, using the peeling technique [84, 471, we can remove the dependence on sup . » of the right
side of the inequality in Lemma 11.

LEMMA 12. Assume Py satisfies T1(t) and Assumption 1(I) holds. Let t > 0. Then with probability at

least 1 - [log, (\/y1tin)]e™,

b1 < Eo, (/1422 flhip + B0 [Ru(F)] + -, ¥ € F.

Proof of Lemma 12.  Set r =supyz||fllip < y1- Let K be a positive integer whose value will be
specified shortly. We define

Fe={feF: 27 r<|Ifllup <27}, 1<k<Kk-1,
Fx ={fe€F: |fllup<27%r}.

Using Lemma 11, for k =1,...,K — 1, with probability at least 1 — e, for every f € Fy,

Ep e /1~ Ep, [£] < \/gz—k“wz%[mnmk)] < 2\/§ 1 lip + 2E o [R (Fi)].

and with probability at least 1 —e~7, for every f € Fg,

Epue [f1-Ep, [f]< \/§2_KF+Z[E®[9%(}"K)]-

Taking the union bound, with probability at least 1 — Ke™’, for every f € F,

Epy [ /] <Ep, [f] +2\/§||f||up +2Eo[R, (F)] + \/gz—Kr'

Note that r < y; by Assumption 1(I). Setting K = [log,(y1V7tn)] yields the result. m|

Often, Eg[R,(F)] is of the order of 1/+/n. By applying Lemma 12 and another peeling argument to
a weighted function class {ﬁ f: f e F} and using the sub-root property of i,,, we can replace
ip

Ee[R,.(F)] with the fixed point r,4 of ¢, often in the order of 1/n.
Proof of Theorem 2. Let r > r,, whose value will be specified shortly. The sub-root assumption on
Y, implies that
Vrn(r) < NV (rnx)
\/F a Tk

Fri= {—\/;
VYV fllip
Then ||g|lLip < Vr for all g € F, and Fy2=F, thus

Yn(r)= =\

Define
f:fe f}.

Eo[Ra(F)] <Eo[R({cf: feF, 0<c<1, ElfIIE, <rD)] <vn(n).

By Lemma 12, with probability at least 1 — [log,(Vrrin)le™, for every g € F,.,

Tt 1
Epye[g] < Ep, [8]+24/ ;”gHLip + 2, (r) + s
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Choose r =ryg, where ro is the largest solution to = + 2\/rrn* =r. By Lemma 10, rx <rg <4rpx+ %
Note that 24, (r) + < 2px + <ro.Let F,,38= \/»v”f I — . If ||f||Llp <rop, then g = f, therefore

1 t 2
Epu.[f1 < Ep,[f] +2\/§”f”Lip+2‘rl/n(r) +-<Ep, [/f] +2\/§|If”Lip+4rn*+ o

If ”f”mp > rg, then g = f,and

IIf ||

Vro n \/7 1
o1 <7 25 ||f||Llpf 2 e+ 20+

therefore,
[E[P’tme[ I < [EPn +2\, ”f”]_.lp IIf”Llp
[tt ]
+(2 —+ 4rn*+_)||f”Lip~
n n
Combining the two cases gives the result. m]

Proof of Corollary 5. Define £o F :={€o f: f € F}. Using Lemma 9, with probability at least 1 — e/,
for every f € F,

Epye[€0 f1 <Ep,[€o f] +R®,1(\/§; ~t of) +2Eg[R, (€0 F)]

<Ep,[¢of] +R®,1(\/§; ~Co F) +2LEs[R ()],

where we have used Lemma 8 to obtain the second inequality. Using arguments similar to the proofs
of Lemma 11 and Lemma 12, we obtain that with probability at least 1 — [log, (vL,y17tn)]e™,

Epe[€0 f] S[EPn[fof]"'\/75upllgof||L1p+2[E®[§R (€0 F)]

feF

Tt L
< Ep,[£0 /142y lI£0 fllLip+ 2Ee [, (€ 0 F)] + — ©
Tt Ly
5[EIP’,I[{Of]+2\/;LKHfHLip"'ZLf"bn(r)"'7-
Define for any r > 0 that
{ vr lof: fe]-"} {clof: feF 0<c<1, AlIfIF, <r}.
\/_VHf”Llp

Substituting ﬁf for ¢ in (6), we obtain that with probability at least 1 — [log, (v/L¢yi7in)]le™,
r ip

for every F, > g = ﬁ}”m{oﬁ

Tt \/? Lg
Epyie [8] < Ep,, [8] 424/ ——=———Lell flluip + 2L ey (r) + —.
t n AV flluip P " n
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Choose r to be the largest solution r( to the equation 2L/rr,« + % =r. Then 2Ly, (ro) + % <rp. It
follows from Lemma 10 that 412 “Tnx <70 < 4L2rn* + =£ ZL‘ . When || flLip < 4/ro, we have g={o f and

Tt 2L
Epyy €0 f]1 <Ep, [0 f] +2\,7L5”f”Lip+r0 <Ep,[lof] +2\/ L€||f||L1p+4L "n*+—€

When || fllvip > v/ro, we have g = ”}q {o f and
\/% :| [ \/_ Tt L,
Ep,.. Cofl|<Ep Lo f|+24]—Le\ro+2Letyy, (ro) + —,
g [ufnup f i 7| F2\ whevror2hevn(ro)+=

which implies that

Epyelto fl1<Ep,[lo f] +2\/§Ll’||f”Lip+%”fHLip

Tt 2L
<Ep,[lo f]+ (2\/ —Le+ \JAL7 ke + Tf) Il f 1l Lip-

Combining the two cases yields the result. O

C.2.3. Proofs for p =2 Lemmas 13 and 14 below are counterparts of Lemma 11 and Lemma 12.
LEMMA 13. Assume Py satisfies To (1) and Assumptions 2 holds. Let t > 0. Then with probability at least

-t
1-¢7,

hTt

Epue [f1<Ep \/7(1+[E® n(g)])SUPII IVl [IPuge.2 + 2B [Rn (F)] +

Proof of Lemma 13. Inview of Lemma 9, we derive an upper bound on R g 2(p; —F). By Assumption
2’

sup_sup |- Zf(2"> F@) =AU —z?nz}]}

fe(-F)znezn =

sup_ sup {1 SUTFGDILIE - (-miE -1} |}

fe(-F)zrezn =

Re.2(p;—F) = I; {/1,0 +Ee

<inf{1p®+E
_Azo{p ®

where the inner supremum is infinite if A > %. It follows by a change of variable that

1 1
Re.2(p;—F) < hp® +1nf{ﬂp +—[E®[ sup —ZIIVf(Z?)Ilf]}-
M reennia

Observe that by Lemma 7,

+ Sup |El]j)true[”V‘f” ]

sup | ZHVf(z")n2 Eev [IV1E]} |+ sup.

fe(=F)
< 2E[R, (F)] + sup Ep,., [IVf11%].
feF

Eg| sup ZIIVf(Z”)Ilz] Ee
fe(-x»n

where F := {||[Vf||?: f € F}. Hence we have

Ro.a(p;~F) < hp?+ in {Ap b o (2B R, (P + sup Er V111 ])}
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Sup e 7 Il VS Il 1Prye.2

Without loss of generality we assume sup £ er NIVl lpyye.2 > 0. Picking A= o yields
that .
Eg[Rn(F)]
Ra,2(p;=F) <hp®+p sup [ 1V fIl. |pyye.2 + :
® feF sup s e £l IV F s lIpye.2
Note that )
. n IV DI
R, (F) =Eq | sup oi————— IV /Il I3
" “\rer 21 IV, P
d IIVf(Z")II2
<Eq [sup{ D ormo o sup {191 IE,,.of
rer | & T NVALE | rer
L IVf (DI
—SUP|| VAN, sup i
feF Pueate | 200 21 HIVFILIE,
= swp | IV /112, 5~ Es[Ra(9)].
feF
Therefore, the result follows from Lemma 9 with p = ,/ZL. O

LEMMA 14. Assume Py satisfies To(7) and Assumption 2 holds. Let t > 0. Then with probability at least

1-[logy(y2Vrin)le™,

pu htt+1+Eg[R.(G
by L1 Ep, [£1+ 2] (14 Ea IRy (@ DIITFIl. 2+ 2E0 (R (F)] 4 o (O]
Proof of Lemma 14.  Setr =sup s ¢z || [V 1+ [Ipyye.2 < ¥2. We define
Fi={feF: 275 <IIVflllppea <277}, k=1,...,K-1,
Fr={f € F: MIVALlpez <2755},
N O\ _
Gk = {IIHVfII s feﬂ}’ k=1,....K.
By Lemma 13, for k =1,...,K — 1, with probability at least 1 — e/, for every f € F,
—k+1 hTt
Epye [f] - (1+[E® (R (G D277 7 + 2 [Rn (Fi) ] +
hTt
< 2\/ L(1+Eo[Ra(GODIIVLIL [P eue,2 + 2B [Rn (Fi)] +
and with probability at least 1 —e™?, for every f € Fg,
hTt
Epy.[f]1<E \/ L (14 Eo[Ra(G) D275 r +2E o[ R, (Fi )] +
Taking the union bound, with probability at least 1 — Ke™*, for every f € F,
hrt
Epy [f] < +2\/ L1+ Ea [Ra(ODIIVF. P eue.2 + 2Ee [Rn (F)] +

+\/;<1+[E®[mn(gz<>])2"<

Setting K = [log, (y2V7tn)] yields the result. m|
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With the two lemmas above, we are ready to prove Theorem 3.
Proof of Theorem 3. Let r > r,, whose value will be specified shortly. The sub-root assumption on
Y, implies that

\/;Wn(r) < ‘/;'ﬁn(rn*)

lpn(r): \/; ”n* :‘/;Vrn*~
Define N
.
Fpoi= : Fi.
{x/?vn IV les 7 € }

Then for all g € F, it holds that || ||Vg]|. ||%,mle,2 <r, Fz=F, and
Ee[Ri(F)] <Ee[Ru({cf: feF, 0<es1, AVl NG, 2 S} Swa(r).

By Lemma 14, with probability at least 1 — [log, (vVrrtn)le™, for every g € F,.,

Epy. (8] <Ep,[g] + 2\/§(1 +Eo[Rn(Gr)DINIVEI« |Pue.2 + 20 (r) + €n,

recalling G, is defined in Lemma 14. Choose r = ro, where rg is the largest solution to €, +2Vr\x =7.

Then 2y, (ro) + €, < ro. By Lemma 10, 4rpx < ro < 4rus + 2¢,. Let G, 3 g = Vo ||v\§:7|)|* T 2f. If
HIVAIL N2, , <ro, then f =g and
Tt
Epe [f1 < Bp, [f1+24) — (L +Eo [Rn(G DIV SN« lpae.2 + 200 (r) + €n
Tt
<Ep, [f1+24/ - (L+Eo[Ru(G DIV N Iprse.2 + A + 260
IE | IVAIL N2, 5> ro, then
Vro Vro
|E[P’true [ f] - |E[P’n [ f
VANl Ipee.2 VANl e
Tt ro
<24/—(1 +[E®[5Rn(g)])L|| IVl |Pue.2 + 2800 (r) + €,
n IV F Nl lIpege.2
which implies that
Epu. [f1-Ep, [f]
|7t IVl P e,
<24/ — (A +Es[Ra(G) DIVl lIpyue,2 + (2n(r) + €0) ———=
n Vro
Tt
< (2\/ —(L+Ee[Rn(G)]) + VArn. + 26n) VA lPye.2-
Combining the two cases above gives the desired result. m]

t

Proof of Corollary 6. Using McDiarmid’s inequality, with probability at least 1 — e,

LZCT RPN
;LEIE— Epn [ I ”Vf I+ ”[’thrue,z] 1 B HE@ ;gg

IVf I g ” 2 |t
|E[P’n[||||vf||*||['2)tme,2] 1 +Kg o’
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which implies that for every f € F,

V£ 12, , t
2 1> -2Eo[Ra(G)] — k34 [—.
V@I e, o Bl @] =iy 5,

Thus, whenever 2E & [R,(G)] + Ki,\/% < 1/2, it holds that

3 ¢

NIV ez < NIV D,2 (1= 2E0 [ (D] = k2 5] < IIVS I l1,.2(1+ 2E6 [Ru(G)] + 4245,

Hence, setting g, = p, (1 +2Eg[R,(G)] + Kz,, |3-) and invoking Theorem 3 and Lemma 2 yields the
results. m|

Appendix D: Proofs for Section 5

D.1. Proofs for Section 5.1.1
LEMMA 15. Under the setting in Example 1, it holds that

Rpue,1(fo5 Pn) < pull follLip < Rp,,,1(fo; %Pn)-

Proof. By Lemma 1, we have Rp,,.,1(fo;pn) < pull follLip < pnmax(h,b)|[(6,-1)||.. On the other
hand, using the duality result (1), we have

sup {min(h,b)(1607x~y[ 107X =Y]) - ll(x,y) = (X, V)]I}
(x.y)eZ

= pumin(h, b)[|(6,~1)]l.

RPn,l(fH; pn) > min {/lpn + IEPn
>0

Combining the two inequalities yields that

Re,.1(fo; 152 pn) = pall follLip-

D.2. Proofs for Section 5.1.2
The following lemma is used for Example 2 (see also [77, Lemma 26.10]).

LEMMA 16. Assume © C {0 : ||0||2 < B}. Then

EolR({67x: 6€O))] < 2 Ep, [I]2]3.

\/_

Proof. Leto; bei.i.d. Rademacher random variables. Using Cauchy-Schwarz inequality and Jensen’s
inequality;,

sup [|0]|2- ||ZO'X ll2
lell2<B

([E®[Z|| ) - 2 ZiErne Il

sup(6, Z oy <

[XC)] i=1

B 2
< 2Era|I S0l
i=1

(r®

1 1
Es, s | sup — Zaiw,x?)] =-Es.0
90 N 739 n

1/2
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The following lemma is used for Example 3.

LEMMA 17. Under the setting in Example 3, it holds that
IV fo (D)l = IV £5(2)|l« < Lell6 - 611 + Bhl|x||[|6 - 0]]...
Proof. We have

19 fo (D = IV £
=[l611.1¢/67x, )1 = 6111/ B, )|
<1611/ 87x, ) = 1811 16" (@7, )|+ 161187 x, )| = 11" (G, )]

< Lellf =01+ 16111 (6 x, y) = £/(87x, )
< L||0 0|l + Bhllx]|[|0 — Ol

D.3. Proofs for Section 5.1.3

The following two results on subgaussian distributions are well-known, but for the reader’s convenience,

we here provide proofs as well. Recall a d-dimensional random variable X is o-subgaussian, if for every
2

w e R with |[w|l2=1 and € > 0, P{[wTX —E[wTX]| = €} < 2¢ 202.

LEMMA 18. Assume P} . satisfies To(7). Let U, be defined in Example 4. Then with probability at least

true
1-e7,

min sup Ep[(w™x—u)®*+aw x| = min sup Ep|(w x —u)®+aw'x].
UeR pay, (PP, <pn u|<Un pw, (P,Py) <pn

Proof. Since the Wasserstein ball is weakly compact [107], applying Sion’s minimax theorem we
have

min sup Ep [(wa —u)?+ a/wa] = sup min Ep [(wa —u)?+ awa]
UER Py (P,Py) <pp P:W,(P,P,) <p, 4R

Observe that the minimizer of the inner minimization problem equals Ep[w " x]. Moreover,

Eplw'x] <Ep,[w'x] +|lwll2WV1(P,Py) < BEp, [lIx]l2] + Boy.

t

By Corollary 1, with probability at least 1 —e™7,

Tt
Ep, [llxll2] < Epy [llell2] +4/ —.

Thereby we complete the proof. m]

In the next two results, we compute the Rademacher complexities.

LEMMA 19. Under the setting of Example 4, it holds that

Eo[Ra({cfo: 0€0.0<c<1.AIVfoll2l3, o <r})] <1 /ﬁ.
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Proof. We first prove the following result. Suppose 0, c {6 = (w,ii) € R¥*!: ||6]|, < b}, where
b > 0. Define F={z (67z)%: 6 € ®,}. Then

1
b’Ep,,[llzl13]>

Jn

To see this, let {o;} be i.i.d. Rademacher random variables and 7' be i.i.d samples from Pye. We have

sup — Za’,((GT ) )

Eo[Ra(F)] <

9€®b i= 1
<Ey| sup — Za'l(HT ) }
| 00, 1 721

[1
=E, |~ sup (60", Za‘,z" "T>]
L7t 6eO, i=1

[1
<E |, s 10671513 i<
nel.<b i=1

< _lEO' [HZ athZnTHF .
n i=1

Hence, the result is proved by noticing that

[E®,a'

n
1> o2 e | <
i=1

1
Eol( an" PTIZ)| < VaBegL1zI3]2

It then follows that

Ee[Rn({cfo: 0€0,0<c <LV foll2llf, . ,<r})]
=Eg[Ru({z—c(072)%: 0€0,0<c <1L,A2|IVfoll2lI3_ 5 <7})]
<Eg[R ({z|—>c(9Tz)2 0e€®,0<c<1,4c2]0)% < rH]
=Eg|[Ru({z (672)*: 0€0,0<c<1,4]16]13 <r})]

<Eo[ 9 (fe s @72 ok < ()1 )

2 r
=i 2z’

where in the first equality, we have used the translation invariance property of Rademacher complexity,
and the second equality is due to a change of variable. m|

LEMMA 20. Let ® c R, Define
(672) }
g = {Z — 1 0€@;.
Epu [(672)]

Assume there exists {,; > 0 such that Covp,,[z] = {.I. Then

1 [Epg,[llz*]
[E®[9?n(g)]ﬁa —
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Proof. Let {0}, be i.i.d. Rademacher random variables and 7} be i.i.d. samples from Pyye. We

have
(QT n)2
nR,(G) =E4| su o }
" 968; Ep e [(072)7]

007
sup( o Zn nT ]
0co [Eumtme[(eT Z '
sup|| —————- ||F l O'Z"ZnTllF]
Heg Eptrue[(e—r Z l

1
< —E» ”ZO-LZnZnTHF .
e i=1

The result follows by noticing that

N\»—\

E®,a[||ﬁa,z"z"T||F] ([E®[Z||z" "THF])Z (2 121 = Vi (Ep, (12D .
i=1

O

In the next result, we relate the gradient norm |||V fg|2||p,...2 to its empirical estimate. To this end,
we need the following lemma.

LEMMA 21. Let x7,...,x, be i.i.d. samples from Piye. Assume Pyye satisfies T1(7). Let t > 0. Then with

probability more than 1 — e,

max [|x7'[l2 < Epy, [llx]l2] + V7 (2 +logn).

1<i<n

Proof. Since Py satisfies T1(1), for every t > 0, Ep,. [ exp (t(|lx|l2 — Epy. [Ixll2]))] < exp(TT’z),
(cf. [89, Proof of Theorem 3.19]). By Jensen’s inequality;

exp (1Eg | max ||x}'||2 — Epy, [IIx]l2]]) < Es[ exp (t( max ||x}'[l2 — Epy,. [IIx]12]))]
1<i<n 1<i<n

< D By €xp (1(I1x7 112 = Epy Lllxll2D) |

i=1
<nexp(<L )

Thus, using Markov’s inequality,

2)

. Z 2

Po | max|ix/l2 > Ep,, [lxllz] + e} < inf o T nexR(= ),

which completes the proof. m|

LEMMA 22. Under the setting of Example 4, let L, =1+Epx_[|lx|l2] ++/7(t +logn) and . Then there exists
C > 0 such that with probability at least 1 —2e™",

4 2
+2us+1
Ha™ 7 V6 € ®.

IV foll2llpue.2 < CIHIVSoll2 ||Pn,2(1 =

Proof. We have

lfo(Dll2 167 z] llzll2
go(z) = - <
IV foll Ipwe2  Ep, [(072)2)%  1ANT
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Set

20(2) =go(DNzll2 < Ln}, G:={go: 0€O}.
Then by Lemma 21, with probability at least 1 — e, || gg ”Pn,2 =|go ||Pn,2. According to the proof of
Corollary 6 and applying Lemma 8 on g4(z), with probability at least 1 — e, whenever 2Eg[R,(G)] +

LZ\/7 <1/2, it holds that

- - 5 t
120 Ipume.z < 1 0llp, 21+ 2E0(Ra(9)] + L2/ 5-).

Hence, with probability at least 1 —2e~,

_ = t
130 Ipimecz < l1g0llp,.2(1+2E0[Ra(9)] + L2/ 5-).

su Epy, [(072)%1{Izll2 > Lo}] sup Epye [(072)21{|Izll2 > Ln}]
0co Epye [(072)2] 0:110]l2=1 Epye [(072)2]

1
<7 AngPtme (2131 {lzll2 > L1}],

Moreover, since

there exists C > 0 such that
126113, 2 i Epye [(072)*1{1zll2 < L, }]

>1/C.
66@ ”ge |||ptrue 2 06@ IEPtrue[(eTZ)z]
Finally, we bound Eg[R,,(G)]. Observe that
n IV Fe(ZDII31{IIz 2 < L}
EO’ SUPZU'i lV 2 21 n
0€0 =1 IV foll2ll5, . o
_E no V(@)A1 2 < L} o113
=Ey [sup > 0 Z =
0€0 im1 lells 968 IV foll2 ||[Futrue 5
n
<E (2T 2112y < L)} | - ——
by Sglégizzlo'l(ugnz Zl) {”Zl l2<L,} 1AL
1 ¢ T.n\2 n
Sl—ﬂfa sup >0 (072 1{||z}ll2 < L} | -
A T et

sup >0 (072 1{l|z} ll2 < La}
16]l2=1 j=1

Es.o

=Ego | sup (007, > oizl'z} T1{lI2! ll2 < Ln})
16112=1 i=1

[ n
<Ego | sup 11667 [IF 11D o 1{llz} |2 < Ln}Z?Z?TIIF]
[ 1015=1 p)

1
2

<Eso IIZml{IIZ 2 < La}ziz "TIIF]

<Eg

1
2
ZIIZ” ”TIIF]
1
= VnEp,, [l1zl13]2.
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D.4. Proofs for Section 5.2.2

The next two results are used for Example 6, which relies on the following lemma.

LeEMMA 23 (Contraction for vector-valued functions). Let ‘H be a family of m-dimensional vector-
valued functions on X c R¥. Let £ : R™ — R be an L-Lipschitz continuous function. Denote by £ o H :=
{x—=C(h(x)): h=(h1,...,h,) €H}. Then

Eo [0, (0] < Y211

[E®o[sup220'uh (x")]

heH =1 j=1

where o;;’s are i.i.d. Rademacher random variables. In particular, when H = {x — Wx : W ¢ R4 WWT =

I}, we have
V2Le\JmEpy, [x[13]

\n
Proof. The first part is due to Maurer [63, Corollary 4]. For the second part, denote W' =
(W1,...,Wm), where w; e R? and ||w;|l2=1, j=1,...,m. We have that

sup Z TZO’,,X
WWT=I j=1 i=1

< sup lewjllz IIZUUX ll2

WWT=1 =

1
2\2
< vim (113 oo 1)
i=1

n
< \m I
i=1

Thereby the second part of the result follows from the first part by noticing that

[E®[\/§"1nx;‘||§] < \/tE@,[énx?ng] = \Ep . [1x[13].

Ee[Rn(foH)] <

LEMMA 24. Under the setting in Example 6, it holds that

2d5Ep,, [11x]13]

Ee R, ({x > Wap(Wix) : WaW] =1, [Wa|l2 < B})] SB\/ -

Proof. Applying Lemma 23 with H = {x > Wix: WiW] =1} and £(-) = W2¢(-) yields the result. O

LEMMA 25. Under the setting in Example 6, it holds that

. 1i IV fo (x| } 2L(Lhg +1)[2d1Ep,, [[Ix]I3]
,®| Sup — <
" locon G NIVl IE, YN
Proof. Observe that
18 VSl 18 IVafolem)? Wol12
Eoo|sup—> 0 M] <Eoe suP—ZmM _wally
ocon T IVIallllf o 0e6 1 i W2ll3 oco 11V folllIF o

13, U(Wap(Wax), )2 [ Wag’ Wax) 3] 1

<E ®[sup o; .
7% geon Z l AR n%¢
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Moreover, we have that

’ 21w’ @13 ) 2 [1W2¢" (1) I3

’ 2 W2’ DI 2 [[Wag' (1) 113

’ 2 W' () 13, 2 1 Wag' (1) 113

W2’ (D) 3= W2’ (D115 |, 2 1 2‘
W22 I'(Wag(P), y)* = I'(Wag (1), y)

< 2L%hy||7 —t||2+2LBRy ||F —t||2.

<

<L?

+

Since ||[Wyx||2 = Z;lil llwjx||2 = da||x||3, it follows that V fy has 2L (LA + Bf;)Vda-Lipschitz gradient.

rON12
Applying Lemma 23 to H = {x = Wix: W1W] =1} and () = l’(quﬁ(-))z%, we obtain
2
1 V. fo(xM]? 2dsEp,,. [||x|I?
6o oupd o VLoD SZL(LMBEZ)\/ ey [I13]
00 M i3 W25 n
Hence the proof is completed. o
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