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Abstract. The efficient implementation of positioning algo-  The result of the free availability of satellite positioning
rithms is investigated for Global Positioning System (GPS).parameters has led to wide adoption of the GPS systems.
In order to do the positioning, the pseudoranges between thBuilding GPS devices in commercially available cell phones
receiver and the satellites are required. The most commonlyas been achieved by mobile device providers, such that the
used algorithm for position computation from pseudorangesnumber of cell phones equipped with GPS functionality has
is non-linear Least Squares (LS) method. Linearization israpidly grown in the last few years.

done to convert the non-linear system of equations into an In order to do the positioning, an initial set of pseudor-

iterative procedure, which requires the solution of a IIr"amanges between the receiver and the satellites is needed. Non-

system of equations in each iteration, i.e. linear LS methog;ney ;| 5 js the most common method to determine the re-
is applied iteratively. CORDIC-based approximate rotations .. er's position from the pseudoranges. Usually, lineariza-

are used while computing the QR decomposition for SOV~ is done to convert the non-linear problem into an itera-

ing the LS problem in each iteration. By choosing accu- tive algorithm, which requires the solution of an overdeter-

racy Ofl glce)sg?cr:oxm?tlon, €.g. W.'th ahchoLsSen number_ O mined system of linear equations in each iteration #igp
optima angles per rotation, the LS computation;; ¢ jinear | S method is applied in each iteration stepFor

can be simplified. The accuracy of the POS'“,O”'”Q results olving the linear LS problems in each iteration step an iter-
is compared for various numbers of required iterations an tive version of the QR decomposition (QRINtze 1994

various approximation accuracies using real GPS data. Thg applied in this paper. Instead of annihilating the lower di-

results show that very coarse approximations are sufficien gonal elements during the QRD, CORDIC-based approx-
for reasonable positioning accuracy. Therefore, the presente.

. D ate rotations are used. By choosing the accuracy of the
method _reduce_s the computatlor_nal compleery S'gn'f'cantlyapproximation, e.g. by choosiilg optimal CORDIC angles
and is highly suited for hardware implementation. per rotation, the LS computation can be simplified. However,
we only obtain an approximate solution to the LS problem,
whose accuracy depends iig. The accuracy of the posi-
tioning results of GPS method is compared for varying num-
bers of iterationgtr of the positioning algorithms and vary-
ing numbers of iterationig of the iterative QRD using real
GPS data. The results show that very coarse approximations
(smallitg) are sufficient for obtaining a reasonable position
estimate. Therefore the presented methods reduce the com-
putational complexity and the required power consumption

1 Introduction

Location Based Services (LBSMpnsmondo et al.2006
Perusco 2002 He and Bilgic 2009 Schiller and \ois-
ard 2004 are wireless “mobile content” services which are
used to provide location-specific information to mobile users
moving from location to location. They utilize the ability

to make use of the geographical position of the mobile de_5|gn|f|cantly.

vice. Currently, GPS techniqué&¢hreiney 2007 Djuknic GPS positioning is introduced in Se&.resulting in an

and Richton 2002, network positioning method$¢ane et  algorithm, which requires the solution of LS problems in

al., 1999 as well as other positioning methodde( et al,  each iterationitr (itr =1, 2, ---, itrmay). For solving

2008 Chan and Hp1994 are commonly used positioning these LS problems an iteration version of the QRD is pre-

methods for location estimation for LBS. sented in Sect3 using CORDIC-based approximate rota-
tions, whereitg denotes the approximation accurady &

1, 2, -, itQmay)- The trade-off betweeitr (iteration of the
Correspondence toy. He positioning method) anidg (iteration of the iterative QRD) is
BY (yuheng.he@ruhr-uni-bochum.de) investigated in Sect, where experimental results are given
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f lonosphere,
I troposphere... |

Fig. 1. Pseudoranges: the distance from satellites to GPS receiver.

Fig. 2. Observed pseudorang®¢ and geometrical pseudoranges

k
using real GPS data. The paper finishes with a conclusiott’ -
and an outlook to the future work in Sebt.

2.1 Observation equation
2 GPS positioning The most commonly used algorithm for position computa-

I . tion from pseudoranges is based on the LS method.
The whole GPS positioning procedure includes three tasks: This method is used to find the receiver position from

acquisition, tracking and positioninBérre et al,2007). The .
quist g positioning K pseudoranges to four or more satellites.

acquisition tries to find satellites and to get their positions. It . . . .
gives rough estimates of signal parameters. Tracking keeps The basic observation equation for the pseudoratfgis

t_rack of these parfameters as the s_ignal properties change OVeJk _ ok +c(dt —di*)+ T* 4 0k 4 k. 1)
time. After tracking, the navigation data can be extracted
and pseudoranges (measured distance from satellites to GB3 is the geometrical range between sateltitand receiver,
receiver) can be computed. The final task of the receiver isyhich can be computed as:
to compute the user position.

The GPS satellites’ arrangement ensures that every poingk — ,/(xk — x)2+ (yk — y)2+ (Zk — 7)2 2
on our planet is in contact with at least six satellites at all
times. Each satellité continuously broadcasts a digital ra- where(X, Y, Z) is the position of receiver (see Fig). dt
dio signal that includes its positiaix*, Y*, z¥) anditstime  denotes the receiver clock offset adwd is the satellite clock
tk. On board atomic clocks ensure an accurate time to a biloffset. From the ephemerids, which also include informa-
lionth of a second. The radio signal of satellite spreads withtion on the satellite clock offsetr*, the position of the satel-
¢ =3x 108 in universe, the velocity of light in vacuum. GPS lite (X*, Y*, Z*) can be computedr* is the tropospheric
receivers measure the time delelyof the signal from each error and¢ is the ionospheric error. These two errors are
satellitek to the receiver, sa* = — ¥, wheret is time of ~ computed from a priori models, whose coefficients are part
receiver. The measurementsdh the receiver is not very ac-  of the broadcast ephemerids® is the observation error of
curate (as compared to the satellite tirhle Furthermore the  the pseudorange. Therefore, Ef). €ontains four unknowns
speed of radio signal from the satellites cuts down becaus&,Y, Z andd:. The error terms are minimized by using the
of ionosphere and troposphere. Signal propagation duratiohS method.
from satellites to the receiver is longer than expected. There- Equation ) is nonlinear with respect to the receiver posi-
fore the measured distance from the satellite to the receivetion (X, Y, Z), so the equation is linearized before using the
Pk, measured byPk =¥ . ¢, is a rough distance estimate LS method. The nonlinear term in EQ)(
called “Pseudorange” (see Fit). The receiver simultane-
ously collects these measurements from at least four satellite§ (X, ¥, Z) =v/(Xk — X)2+ (YK —Y)2+ (Zk — Z)? 3)

and processes them to solve for position and time measure- _ _ o N
ment error. is linearized. Starting from an initial position for the re-

ceiver (X1, Y1, Z1), the position estimate is improved it-
eratively. The center of the Ear(®, 0, 0) can be chosen
as the initial point, if no a-priori-information (as e.g. from
AGPS) is available. Leitr be the number of the iterations
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(itr=1, 2, ---, itrmax). The incrementA X;,,., AY;;r, AZjy
update the receiver coordinates as follows:
Xitr+1=Xitr + AXitr,

Yitr+l:Yitr+AYitr» (4)
Zitr+1=Zitr + AZisr.

The Taylor expansion of f(X;, + AXi,
AYiir, Zisy +AZjyy) is

Yier +

f(Xitr+leitr+l»Zitr+l) = fXitr.Yitrs Zisr) (5)
af(XitraYitr»Zitr)
0Xitr
af(Xitr’ Yitr,Zitr)
0Yisr
af(Xitrs Yitr, Zitr)
0Zisy

AXir

AYitr

AZitr

Equation b) includes only first-order terms, and the partial in Eq. @).

derivatives are

0f Xitr, Yiers Zinr) X =X

I Xitr 'Olktr
Of Xitr Yier Zinr) __Y*—Yirr
Yier 'Olktr
of Xitrs Yirrs Zier) _ _Zk—Zitr
3 Zirr ok

Let pf, = v/ (X¥ = Xi)2+ (Y5 ~Yiu)? +(ZF ~ Ziyp)? be
the range computed from the satellite positiaff ( Y*, Z¥)

to the approximate receiver positioN;;,, Yi;-, Zi;r), SO the
first-order linearized observation equation becomes

Xk —X; Yk—v;
P,-'E, = P,{{,r - TWAXM - T”’Aym
itr Pitr
ZK—Ziy k k| gk k
_TAZ”r +C(dt”r_dt )+71”’.+€”r+e”r. (6)
itr

wheredr;,, is the estimated clock error at the receiver.
2.2 Applying least-squares method

Rearranging Eq.g), it can be rewritten as

AXir
XXy YA Z-Zi g || AYir
k k k +
Pitr Pitr itr Azitr
cdt;
— k k k k k k
- Pitr_pitr+Cdt _Titr_gitr_eitr' (7)

205

o —rpl 2 m 1T . _
biry = [b;,,, b,..---, b;.]". Then we obtain the LS prob
lem:
miny,,, [|AitrXier — Bisrll2, 8)
where

[ XXy YV Z1-Zip q7]
T T T
Zpitr Zpitr zpitr
_X —Xitr _Y —Yiur _Z —Zir l
2 2 2
3pi1r 3’0itr 3pitr
Aitr — _X _3Xitr _Y _BYitr _Z _321'" 1
pirr pitr pitr
XXy Y'Yy 2"~ Ziy q
L Pityr Pitr Pty -

and X;;, = [AXi;r AYi, AZj, cdty)T.  The solution
AXir, AYir, AZjy has to be added to the approximate
receiver position to get the next approximate position as
These iterations continue until the solution

Xitr, AYirr, AZjsr is at meter level.

For solving Eq. 8 we need to findk;;, which mini-
mizes the length of the error vecté;, = b;; — AirrXisr
with ||€i¢r 112 = (Birr — AitrXier) T (0isr — AiryXiry) the sum of
squares of the: separate errors. Minimizing this quadratic
gives the normal equations
AL A Kior = Al bir = Rirr = (AL Ai) " TALLD (9)

itr itr itr

and the error vector is

8irr =Dirr — AirrXirr . (10)
There are various algorithms for solving LS problems @gq.
(Golub and Loan199§. In the subsequent section, we use
the QRD by Givens rotations.

3 lterative solution of LS

In each iteration of the positioning algorithm a LS prob-
lem must be computed. Since the pseudoranges are subject
to measurement errors and the convergence (hnumber of re-
quired iterations) of the algorithm depends on the accuracy
of these LS solutions, it is worthwhile to investigate the use
of an iterative LS solver and the trade-off between the num-
ber of iterations of the positioning method and the number of
iterations of the iterative LS solver.

The iterative version of the QR decomposition (QRD) pre-
sented inGotze (1994 is used for the iterative solution of
Eqg. 8), since it is well suited for hardware implementation,
suitable for the adaption to measurement errors (pseudor-
anges), and yields a solution vector which converges linearly

A unigue solution can not be found from a single equa-to the exact solution. Here we will briefly review this itera-
tion. Thereforen > 4 satellites are required to form a sys- tive QRD.

tem of linear equations (usuallt > 6 satellites are avail-
able). LetbX =Pk —pk +cdtx —TK —¢* —eF and

itr itr itr itr itr
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The QR decomposition ofra x n matrixA = Q- R can be
computed by applying a sequence of Givens rotatie@s ;)
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Table 1. Mean value of position-accuracy results (in meter) by GPSS'n(?e, the matrix elements below th? diagonal are no longer
with exact LS method and CORDIC-based approximate rotations. annihilated the QRD procedure using CORDIC-based ap-

itr GPS-itr GPS-itg
1282.8
1256.6
1246.1
1241.4

1241.4

=
«

1241.4

85.756
47.744
39.020
38.484
38.484

38.484

81.495
35.452
32.985
32.472
32.472

81.495
35.452
32.985
32.472
32.472

32.472

32.472

OO WNRERP|OOWNE| OO0OWNE| O0OWNEKF

(¢ij =arctar(a;; /a;;)) to the matrix such that the matrix en-
tries below the diagonal oA are annihilated, i.e. generate
a;. =0 for
ij
i, /))={2,1)@3,1)...(m,1)(3,2)...(m,2)
.(n+L,n)...(m,n)}.

(11)

The resulting matrix is upper triangular and denoted?by
The product of all required Givens rotations forms the or-

n m
thogonal matrixQ” = [] [] G(¢;;) such that
j=li=j+1

Miny || AW —b||2 = miny[|[Rw — Q" b2 (12)
and the solutionv can be computed by back substitution.
One iteration of the iterative version of the QRD works ex-
actly like the QRD but instead of using exact rotati®®; ;)
that annihilater; ; (a,fj =0) CORDIC-based approximate ro-

tations are used resulting ln,fj| =|d||a;;| with 0 < |d| <1.

proximate rotations must iteratively be applied until the ma-
trix is ultimately upper triangular. One obtaiiterative ver-
sions of the QRD distinguished litg, which determines the
accuracy of the approximation of the rotations.

Defining the lower diagonal quantity for iteraticg:

. n m . 2
037 3 (a”)

j=li=j+1
the above algorithm guarantees

(13)

lim s -0

itg— 00
which is equivalent to

lim QT("®) — QT

itg— 00

lim A8 - R and
itg— o0

When we apply this method to the LS problems, which must
be solved for positioning in Eq.8], very few steps, i.e.

itg <« b, of the CORDIC-based approximate rotation are suf-
ficient to obtain similar results as using exact rotations. This
yields a significant reduction in computational complexity by
itg/b (we will show in the following section for real GPS data
that everitg = 1 gives reasonable results). Furthermore, this
method only requiring shift and add operations is very well
suited for hardware implementation.

4 Experimental results
4.1 GPS raw data collection

For GPS positioning, a SiGe GN3S Sampler v2 is used to
capture the raw GPS data, which are low level signal data
(raw intermediate frequency samples) being delivered by the
GPS satellite network and processed by the SiGe radio front
end GN3S 2009. Each GPS satellite continuously broad-
casts a navigation message at a rate of 50 bits per second.

The obtained raw GPS data at each measurement point in-
cludes information ofn = 7 satellites with matched pseudor-
anges. 78 raw GPS data records are gained. Afterwards posi-
tion calculation is done for GPS method for various numbers
of required iterationgtr (see Sect2) and various approxima-
tion accuracietg (see Sect3).

The CORDIC-based approximate Givens rotations are com4.2  Experimental results

puted by determining the shift valug ¢ € {0,1,2,...,b} (b
wordlength) corresponding to the CORDIC anglg({) =
arctan2¢ which is closest to the exact rotation angle. In-

The mean values of the positioning results for the 78 mea-
surements are presented in Tablé'he calculated positions

stead of annihilating the matrix elements during the course ofare compared with the exact positions (known coordinates

the QRD an approximate rotation will only reduce the ma-
trix elements by the maximal factor possible witly spe-
cific CORDIC anglesp;; (¢£). This CORDIC-based approxi-
mate rotation is applied to the QRD for solving LS problems.
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at the measure points from land surveying office in Bochum
Germany) and the accuracy of the positioning results of GPS
method for varyingtr anditg is compared. The number of
required iterationdr is at least two. The second coluriig
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Fig. 3. Positioning results with GPS method. Fig. 4. Enlarged positioning results with GPS method.

in Table1 is the approximation accuracy in QRD. Figugs sults of GPS method is compared for various humbers of re-

o X oS ired iterationgtr and various approximation accuracits
and 4 show the position estimates of GPS positioning. In !¢ ) X ;
Tablel the 3rd cglumn GPS-itris the accura(?y of GPSgposi- of CORDIC-based approximate rotations by using real GPS
._data. Itis shown that a significant reduction concerning com-

tioning with exact LS method and the 4th column GPS-itg is putational complexity and hardware requirements can be ob-
the accuracy of GPS positioning using QRD with CORDIC- tained. Furthermore, this method only requiring shift and add

based approximate rotations for solving LS problems. The . . : : .
i . . ; ; . “operations is very well suited for hardware implementation.
results show that with the increasing number of iterations in

: . . The presented method is very efficient for the implemen-
QRD, the accuracy of GPS-itg also increasestglf> 8, the X . :
; : . tation of the standard triangulation method based on non-
accuracy of the exact LS method is achieved. Espeuallylinear LS. In future work Weag Iv this idea tecursivecom-
if itr is big enough, e.gtr > 3, only one iteration in QRD ' PRy ftec

itg = 1 is required to compute the position with reasonableputations of the position estimates using Orthogonal DGPS

- : : Chang and Paig003 and Kalman Filter based recursive
ositioning accuracy, which means very coarse a rOX|ma-( ) X .
Fions are sgufficient y y PP GPS algorithmsGrewall et al, 2001). In the first case no it-

The position estimates of 78 measurements are shown iIgratwe LS method is required for positioning which leads to

Fig. 3. GPS position with exact LS (black circles), its mean further reducnon of the computatlona_l effort and the power
" o ) .. consumption. In the second case using the square root ver-

value (black cross), GPS position using iterative QRD with sion of the Kalman filterlflerwe and Wan2001) QRD can

itg =1 (blue stars), its mean value (blue cross), GPS positio n

using iterative QRD withitg = 3 (green squares), its mean be applied and the required approximation accuracy (number

value (green cross) and the exact position (red cross) argf itg) can be investigated to obtain desired position accuracy.

shown in the figure. All the position results are considered
as accuracy of position, i.e. the position estimates sumraaeﬁeferences
by the exact position (so the exact position is se0ta0)).

Figure4is an enlarged part of Fig. Itis obvious to notice  porre, K., Akos, D., Bertelsen, N., Rinder, P., and Jensen, S.: A
that GPS position using QRD wittg = 3 (the green squares)  Software Defined GPS and Galileo Receiver, Biser, 2007.
are more closer to GPS position with exact LS (black circles)Chan, Y. and Ho, K.: A Simple and Efficient Estimator for Hy-
than GPS position using QRD witkg = 1 (blue stars). If perbolic Location, Signal Processing, IEEE Transactions, 42(8),
the number of iterations in QRD increases, irg.increases, 1905-1915, 1994.
the position results will become more and more similar to theChang, X. and Paige, C.: An Orthogonal Transformation Algorithm
results of exact LS. The mean valueitgf = 3 is almost the for GPS Positioning, Society for Industrial and Applied Mathe-

same as the mean value of exact LS (green cross is almost %t nlliﬂzcsézﬁsln%jg?c_hltzgZIIQZ(IJEO-&caeoIocation and Assisted GPS
the same position as black cross in Fy. Juxmie, %. . P '

IEEE Computer Society, 34(2), 123-125, 2002.
Drane, C., Macnaughtan, M., and Scott, C.: Positioning GSM tele-
phones, IEEE Communications Magazine,, 36(4), 46-54, 1998.
GN3S Samplerhttp://www.sparkfun.com/commerce/prodticfo.
php?productsd=8238 2009.
An iterative LS approach and an iterative version of the QRDGolub, G. and Loan, C.: Matrix Computations (Johns Hopkins
using CORDIC-based approximate rotation are applied to Studies in Mathematical Sciences), The Johns Hopkins Univer-
position computation. The accuracy of the positioning re- sity Press, ISBN-13: 978-0801854149, 1996.

5 Conclusion
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