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We show that the convergence proof of a recent algorithm called dist-EF-SGD for distributed stochastic gradient descent with
communication efficiency using error-feedback of Zhenget al., Communication-efficient distributed blockwise momentum SGD
with error-feedback, in Advances in Neural Information Processing Systems 32: Annual Conference on Neural Information
Processing Systems 2019 (NeurIPS 2019), 2019, pp. 11446-11456, is problematic mathematically. Concretely, the original error
bound for arbitrary sequences of learning rate is unfortunately incorrect, leading to an invalidated upper bound in the conver-
gence theorem for the algorithm. As evidences, we explicitly provide several counter-examples, for both convex and nonconvex
cases, to show the incorrectness of the error bound. We fix the issue by providing a new error bound and its corresponding proof,

SGD leading to a new convergence theorem for the dist-EF-SGD algorithm, and therefore recovering its mathematical analysis.

Error-feedback
Deep neural networks

1. INTRODUCTION
1.1. Background

For training deep neural networks over large-scale and distributed
datasets, distributed stochastic gradient descent (distributed SGD)
is a vital method. In distributed SGD, a central server updates the
model parameters using information transmitted from distributed
workers, as illustrated in Figure 1.

Communication between the server and distributed workers can be
abottleneck in distributed SGD. Alleviating the bottleneck is a con-
siderable concern of the community, so that variants of distributed
SGD using gradient compression have been proposed to reduce the
communication cost between workers and the server.

Recently, Zheng et al. [1] proposed an algorithm named dist-
EF-SGD recalled in Algorithm 1, in which gradients are compressed
before transmission, and errors between real and compressed gra-
dients in one step of the algorithm are re-used in future steps.

1.2. Our Contributions

In this paper, we point out a flaw in the convergence proof of Algo-
rithm 1 given in Zheng et al. [1]. We then fix the flaw by providing
a new convergence theorem with a new proof for Algorithm 1.
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Zheng et al. [1] stated the following theorem for any sequence of
learning rate {#,}.

Theorem A (Theorem 1 of [1], problematic). Suppose that
Assumptions 1-3 (given together with related notations in Section 2)
hold. Assume that the learning rate 0 < n, < = for all t > 0. For
sequence x, generated from Algorithm 1, we have the following upper
bound on the expected Euclidean norm of gradients:

2] < 4(f(x0)=)
=~ T-1
Zk:o e (3 = 2Ly

E [[[v£(x,)

T-1 2
e n;
M -1
=Y (3T - 2Ly)

2 2 rl ’72

— ti—

32L (;2 5)G [1 (15?] Z 1 —1

=0 Zk——o k ( k)

where o € {0,...,T — 1} is an index such that the probability

3-2L
Pr(o = k) = Z’il( ) Vk=0,...T—1
o e (3 —2Ln,)

Problem in Theorem A. Unfortunately, the proof of Theorem A as
given in [1] becomes invalidated when the learning rate sequence
{n,} is decreasing. In that proof, a lemma is employed to han-
dle decreasing learning rate sequences. However, in Section 3 we
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Figure 1
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The computation model of distributed SGD. Multiple workers

communicate with a central parameter server synchronously. Each worker, after

local computations on its data, uploads selected results to the server. The server

aggregates all uploaded results from the workers, and sends back the aggregated

result from its computations to all workers. These are iterated for multiple rounds.

present several counter-examples showing that lemma does not
hold. We move on to fix that lemma and finally obtain the following
result as our correction for Theorem A.

Theorem 1. (Our correction for Theorem A) With all notations and
assumptions are identical to Theorem A, we have

|« AUt 1)
ZZ_O k<3 2Ln)

2o | A
D e
=0 Dok (3 - 2Lr]k)
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23 n(3- 2Lnk)
-1 i n?
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wherea =1 — g ando € {0, ..., T— 1} is an index

Algorithm 1 Distributed SGD with Error-Feedback (dist-EF-SGD) [1]

1: Input: Loss function Z, learning rate {5,} with #_, = 0; number of
workers M; compressor € (-)

2: Initialize: initial parameter x, € R% error ¢,; = 0 € R? on each
worker i; error &, = 0 € R on server

3:forte {0,...,T—1}do

4: eoneachworker1<i<M:

5 pick data &, ; from the dataset

6: 8= VZ (x,.&;) > stochastic gradient

7 Pri=8&t ":7—’(‘ety,~ > gradient added with previous error

8: push A,; =@ (p,;) to server > gradient compression at worker,
and transmission

9: pull A, from server

10: X1 = %, — 1A, > local weight update

11: €1 = P — A; > local error-feedback to next step

12:  « on central parameter server:

13: pull A ; from each worker i

14: b= Zl (At =L %, > gradient average with error
15: push A, = % (p,) to each worker > gradient compression at
server

16: &,,1 = p, — A, > error on server

17: end for

such that the probability

3-2L
Pr(o= k) = Zﬁf W=
o M (3 - 2L’7¢)

In addition, we show that the upper bound in Theorem 1 becomes

(0] (ﬁ) for a proper choice of decreasing sequence {#,} in Corol-

lary 2. Moreover the upper bound in Theorem 1 matches previous
results given in Zheng et al. [1] when {5,} is nondecreasing (Corol-
lary 1).

1.3. Paper Roadmap

We begin with notations and settings in Section 2. In Section 3, we
provide counter-examples to justify the issue in [1] for both non-
convex and convex cases. We then correct the issue in Section 4 and
then present a proof for Theorem 1 in Section 5.

1.4. Related Works

The use of gradient compression for reducing the communication
cost is widely considered in distributed machine learning recently.
One line of research is to compress the gradient only on the worker
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side before sending the result to the parameter server, namely one-
side compression. The parameter server receives and aggregates
these results and sends back the aggregated result to all workers.
Some recent papers such as [2-5] are in this line of research.

Another line of research uses gradient compression on both work-
ers and server, namely two-side compression. In these two-side
compression methods, the workers send the compressed local gra-
dients or some corrected forms of them to the parameter server, and
the parameter server compresses the aggregated result before send-
ing it back to all workers. Papers [1,6,7] use two-side compression
with an identical method of gradient compression for both workers
and the parameter server. Paper [8] considers two-side compres-
sion with flexible compression for both workers and the parameter
server.

2. PRELIMINARIES

Let (-,-) be the inner product of vectors. The Cauchy-Schwarz
inequality states that for all vectors u, v it holds that | (u,v)|* <
(u, u) X (v,v). The Young inequality y > 0 (sometimes called the
Peter—Paul inequality) states that (a + b)* < (1 + y)a? + (1 + 1/y)b?
Va, b € R. Let ||-]| be the Euclidean norm of a vector.

For completeness, we recall the algorithm of Zheng et al. [1] in
Algorithm 1 and its explanation as follows. At iteration t, the scale
=1 of the local accumulated error vector e, ; is added to the gradient

gzi (line 7 of Algorithm 1) for the compression step. Each worker i
stores these local accumulated error vector e;; and local corrected
gradient vector p, ; for the next iteration. The compressed A, ; of p,;
are pushed to the parameter server. The parameter server aggre-
gates these A;; and uses the aggregated result to update the global
error-corrected vector p, (line 14 of Algorithm 1), which in turn is
used to update the global accumulated error vector &, (line 16 of
Algorithm 1). Each worker receives the compressed A, of p, from
the parameter server and uses it to update the parameter x,, ;.

In order to construct Algorithm 1, Zheng et al. [1] used the idea
of Karimireddy et al. [9] that combined gradient compression with
error correction. The innovative ideas of Zheng et al. [1] were to
apply compression on the parameter server and to use the scale 2=

Hy

inline 7 of Algorithm 1. Unfortunately the scale ;1—‘ caused an issue

t
in the proof of convergence theorem of Algorithm 1. We examine
this issue in details in Section 3.

2.1. Compressor and Assumptions

Following [5,9], an operator € : R — R? is a §-compressor for a
number § € (0, 1) if

Eg | ) —xIIP<1-8) [l x|I? (1)

where the expectation E, is taken over the randomness of €.

Given a loss function £, define f(x) = E:[L(x,&)] where x € R?
is the (neural network) model parameters, and & is the data batch
drawn from some unknown distribution. We consider the following
assumptions on f, which are standard and have been used in previ-
ous works [1,9].

Assumption 1. f is lower-bounded, i.e., f = inf rIj(x) < o0, and
x€R

L-smooth, i.e., fis differentiable and there exists a constant L > 0 such
that

| VA -V IS LlIlx=yll, VxyeR? )

By [10], the L-smooth condition in (2) implies that Vx, y € RY,

o) < f)+ (VD x-N+ E o’ @)

Assumption 2. Let E, denote the expectation at iteration t. Then
E,[g;;] = Vf(x,) and the stochastic gradient g, ; has bounded gradient,

B e - v ] <o

Assumption 3. The full gradient Vf is uniformly bounded, i.e.,
2
||Vf(xt) ’ < o’

Under Assumptions 2 and 3, we have

E, |[le.’] < &

=0’ + o?, (4)

because E, [”gt,,- - Vf(x,) Hz] ®?, and the fact

that E [|IX — E[X]|I%| + [ELX]||* =

o [5)] <
E [I1x°].

2.2. Supporting Lemmas

We need a few supporting lemmas for proving Theorem 1.

Lemma 1. Let0 < M € N and x; € RY. Then
1 % 1 %
M;% <3 2l

Proof. Since x; € RY, x; has the form x; = (x;,x;,, ...,
R?. We have

xi,d) (S

2 M 2

_ 1
= X;

i=1

M M M
1
=5 | 2 X Xia

i=1 i=1 i=1

™M=

L
M

Il
-
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Therefore
M2 d /M
1 1
2| < MZ(Z u)
i=1 j=1 i=1
M/ d
1
-52(27)
i=1 j=1
M
2
= 2 Il
i=1
which ends the proof. O

Lemma 2. Let {a,}, {a,}, {f,} be non-negative sequences in R such
that ay =0 and, forallt > 0,

dpy S o, + P (5)

Then

t t
a1 S i+ Z H ;-
=1 =)

=1 i

In particular, if §, = p for all t, then

t
., < ﬂ<l+ ai).
e~

Proof. By (5), we have

\
||M~
N

a; < ayay + fy = fy.

Proving by induction, assume that then we have
-1 -1

a < P+ Z Haiﬂj—l’ (6)

=1 i

then we have
a,y < aa,+p, (by(5)
-1 t-1

Shit+o (ﬁt—l + z H aiﬂj—1> (by (6))

=

1t
=pitaf, + Z H @,fi
i

I
=p+ Z Haiﬁj—l’

=1 i

which ends the proof. O
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3. THE ISSUE IN ZHENG ET AL. [1]

In order to prove the convergence theorem for Algorithm 1, Zheng
et al. [1] have used the following lemma.

Lemma A (Lemma 2 of [1], incorrect). For any t > 0, &,e,;, 1
from Algorithm 1, compressor parameter 6 at (1), and gradient bound
Gat (4),

2

M
- 1 8(1 — 6)G? 16
Bl et 3 2| | 5 (1+ %)

Intuitively, Lemma A can become incorrect because its right-hand
side only depends on the gradient bound G and compressor param-
eter 6, and does not capture the scaling factor #,_,/#, of the errors
¢, and e, ; of Algorithm 1. More formally, the following claim states
that Lemma A is invalidated when the learning rate sequence {#,} is
decreasing.

Claim 1. Lemma A (i.e., Lemma 2 of [1]) does not hold. More pre-
cisely, referring to Algorithm 1, there exist a sequence of loss functions
L (xt, .f), a decreasing sequence {”t}tz—l’ a number & with respect to
a compressor €, and a step t such that

2
M
o1 8(1 —6)G? 16
E €t+— E et,,- >T(l+§> (7)

i=1

Claim 1 is justified by the following counter-examples, in which we
intentionally utilize the fact that the quotient n,_,/#, as in line 7 of
Algorithm 1 can be large with decreasing learning rate sequences.

Counter-example 1. (Convex case) For t > 0 and x,,& € R, we
consider the sequence of loss functions

L(x.8)=0¢(x)= ixt

in the constraint set [-1, 1], the decreasing sequence of learning rate
{nt}t>_1 with

=0.{n=gmr3)
T =0 = g2 s

the compressor € : R — R such that Vx € R

X

T =577

Then at t = 1, Claim 1 holds true.

Proof. (Justification of Counter-example 1) It is trivial that the
loss function L satisfies all the Assumptions 1, 2, and 3. The upper
bound gradient of f is G = i because we have g, ; = in, i.

o The function € with €(x) = 0"7 is a compressor with respect
to § = 0.9. Indeed, we have
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18 x) — x> < (1 - 6) ||xI1?

== <a-o P

The last inequality is equivalent to

2

1 = 0.9107775341541.

\1—‘——1

0.77

Therefore 6 = 0.9 suffices.

To continue, let us consider the number of workers is M = 2. Initially
€y; = 0 on each worker i € {1,2} and &, = 0 on server. Because
the stochastic gradients are the same on each worker, the results
of computations on each worker are the same. So it is sufficient to
consider the computations on worker 1 in details.

o Att =0 we have the computations on the workers and the
server as follows.

- On worker 1:

Po1 =81t %30,1
_ 1
=8.1 = 3
Ay =€ (Po,l)
= Pl — 0.3246753246753,
0.77

e, = poy — Dy = —0.07467532467532.

- Onworker 2, py, =pg1> Mgy =Ag1-and e, = e ;.

- On server:

_ 1 N1 ~
Po=73 (Bg1 +Ag2) + ,,_01 €

= Ay, = 0.3246753246753,

= 2o = 0.42165626581210,
0.77
&, =p, — A, = —0.09698094113678.

o Att =1 we have the computations on the workers and the
server as follows:

— On worker 1:

= Mo
Pra=8&at ) e

1

= —1.6168831168831,

A, =€ (P1,1)

= Dl = _20998482037443,
0.77

ey =pry — Ay = 0.48296508686119.

- Onworker2:p;, =p,,A ,=A ,and ey, =¢,,.

— On server:

= 1 Mo ~
=3 (A +A,) + f €

Il

|
B
w1
\}
=~
W
N
—
N
W
\S}
—
2

P _ _5.8758074443687,
0.77

&, =p, — A, = 1.3514357122048.

Now we compute the left- and right-hand sides of (7) with ¢ = 2.

2
”é2 + % (ezy1 + e2,2)||

= [|e, + e, ||2

= 3.365026291613992

and
2
8(1-8)G2 16) _ 8(0'1)(5) ( 1_6)
5 <1+52> T 09 1-"09Z
= 1.2810547172687086.
Thus
2 2
- 1 8(1-06)G 16
62+5(62,1+62’2) > —52 <1+§>,
and then Claim 1 follows. 0

Counter-example 2. (Convex case) For t > 0 and x,,£ € R, we con-
sider the sequence of loss functions

L(x) = (x)=x

in the constraint set [-1, 1], the decreasing sequence of learning rate

{11}y with
3/ 1
a=0{n=3 (1) )
-1 =3\ %612/ 0
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and the following compressor € : R — R with parameter 6 = 0.9
as in counter-example 1,

X

C0 =07

Then at t = 1, Claim 1 holds true.

Proof. (Justification of Counter-example 2) It is trivial that the
loss function L is 2-smooth and L satisfies all the Assumptions 1,
2, and 3. Since Vf(x) = 2x and g,; = 2x,, Vt, i, we have the upper
bound gradient of f in the constraint set [-1, 1] as G = 2. Let us
consider the number of workers M = 2. Initially e,; = 0 on each
worker i € {1,2} and &, = 0 server. Let us take x, = 1. Because
the stochastic gradients are the same on each worker, the results
of computations on each worker are the same. So it is sufficient to
consider the computations on worker 1 in details.

o Att =0 we have the computations on the workers and the
server as follows:

- On worker 1:

o

Doy =81 T ,,01 €01
=81 =2,
Ay =€ (Po,l)

= % = 2.5974025974025974,

€1y = PPy — Dy = —0.5974025974025974.

- Onworker 2, py, =pg1> Mgy =Ag1-and e, = e ;.

- On server:
bo= % (Bo1 +Ag) + ’1,1;0150
= Ay = 2.5974025974025974,
Ay=€ (f’o)
= 2o = 3.3732501264968797,
X, = Xg = MyA,
= —0.26496879743632995,

& =P, — A, = —0.7758475290942823.

o Att =1 we have the computations on the workers and the
server as follows:

- On worker 1:

g1 = Vf(x;) = —0.5299375948726599,

— Mo
Pri=&:t Zeu

= —8.893573958509023,

A,=F (Pl,l)

=2 = 11.550096050011717,
0.77

€1 =iy — Ay, = 2.656522091502694.

- Onworker2,p,,=p;,A;,=A,and ey, = ¢, .

- On server:

1 Mo ~
=3 (A +A,) + ,’_?el
=A;, + 2g

’ m

—22.41196145733167,

= —29.106443451080093,

B
0.77
&, =P, — A, = 6.694481993748422.

Now we compute the left- and right-hand sides of (7) with t = 2. We
have

2
||é2 + % (ezg1 + 6272)“

- 2
= &, + es |
= 87.44127740238307
and
8(1-6)G* 16\ _ 80.1)2’ 16
52 (1 + 52> - 092 ( + 0.9
= 81.98750190519735.
Thus
2 2
_ 1 8(1 -96)G 16
32+z(€2’1+€2’2) >T(l+§>,
and then Claim 1 follows. d

Counter-example 3. (nonconvex case) For ¢ > 0,x,,¢ € R, we con-
sider the sequence of loss functions

g(xt’ 5) = (p(xt) = m,

the decreasing sequence of learning rate {n,},, —1 with

=o.{n=3(m53))
=AM = 3\ G812/ o



T. T. Phuong and L. T. Phong / International Journal of Computational Intelligence Systems 14(1) 1373-1387

and the following compressor € : R — R with parameter 6 = 0.9
as in counter-example 1,

X

T =07

Then at t = 1, Claim 1 holds true.

Proof. (Justification of Counter-example 3) First, we check that
Assumptions 1-3 are satisfied.

o The function ¢ is lower-bounded because 0 < ¢(x) < 1, Vx € R.
The upper bound of V(x) is G = i, since

Vo(x) <

& @1 - () <

1
4

<0 (8)

& —p(0)’ + o) -

® —(fp(x) - %)2 <0,

which holds true for all x € R.

» The function ¢ is L-smooth, with L = 1. Indeed, for all x, y € R,
we have

[Vo(x) — Vo)
= |p(x)(1 — p(x) — (A — ()|
= o) — @) + (@) — (X)) (@) + P(x))|

= |[@(x) — W1 = (@(x) + ()]I.

@(&) < 1(VE), wehave 0 < @(x) + ¢(») < 2. There-
1 — (p(x) + () < 1, and hence

Since 0
fore —1

NN

[[ex) — eW][1 = (p(x) + eI < |p(x) — @()|.

This means that in order to prove |Vp(x) — Vo(y)| < |x —y|, itis
sufficient to prove

lo(x) — ()| < |x—yl. 9)

If x > y, we obtain ¢(x) > ¢(y). Therefore

Qe eX)—p@) < x—y
S px)—x < o(y)—y

Let ¢p(x) = ¢(x)—x. Because Vep(x) = Vo(x) — 1 < i —1<0by
(8), we have ¢(x) is a decreasing function. Therefore the inequality
@(x) — x < @(y) — y holds true, and hence (9) is proven. By the
same technique, we obtain (9) for the case x < y.

To continue, let us consider the number of workers M = 2. We ini-
tialize e),; = 0 on each worker i € {1,2} and &, = 0 on server. Let us
take x, = 0. Because the stochastic gradients are the same on each
worker, the results of computations on each worker are the same. So

1379

it is sufficient to consider the computations on worker 1 in details.
We have

0.1 = 8. = Vo (x) = 0.25.

o Att =0 we have the computations on the workers and the
server as follows:

— On worker 1:

n-

— oy
Poy1 =81t m 601

=go1 = 0.25,

Ay, =F (Po,l)
= P 0.3246753246753247,

077 T

ey = Poy — Doy = —0.07467532467532467.

- Onworker 2, py, =po1> Mgy =Dg1-and e, = e ;.

— On server:

1 Ny~
Po=3 (Bo1 +Agz) + ,,_Oleo

= Ay, = 0.3246753246753247,

= 0“% = 0.42165626581210996,

X = Xo — Mol
= —0.3162421993590825,
8, =P, — A, = —0.09698094113678529.

o Att =1 we have the computations on the workers and the
server as follows.

- On worker 1:

811 = Vo (x;) = 0.243852158038919
_ Mo
Pri=8&,t ,7_131,1
= —1.6230309588441978,
A,=€ (Pl,l)

= % = —2.1078324140833735,

ey =pry — A, = 0.4848014552391757.

- Onworker2,p;, =p;,A ,=A ,and ey, = ¢, ;.

— On server:
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b =§(A11+A12) ,Iél

— Mo
=4, + 18
m

= —4.532355942503006,

P _5.886176548705203,
0.77

8, =p, — A, = 1.3538206062021967.

Now we compute the left- and right-hand sides of (7) with t = 2. We
have

L 1 2 s 2
”e2 +2 (e + 32,2)” =2, + exq|
= 3.3805310848189216

and, with 6 = 0.9,

) 8(0 1)(1)z
8(1-8)G 16) _ BO-D; 16
5 (1 + 52> T 09 (1 + 0.92>

1.2810547172687086.

Thus

2 2
8(1 — 8)G 16
7T (1+§>’

- 1
Q+E(QJ+Q»

and hence Claim 1 follows. d

4. CORRECTING THE ERROR BOUND OF
ZHENG ET AL. [1]

5 1 M
€1t Zi=1 €1

2
] is bounded as fol-

In general, the error E [

lows:

Theorem 2. (Fix for Lemma 2 of [1]) With &,e,;,n,, and & from
Algorithm 1, for arbitrary {n,}, we have

272

M
1
i t+ M et+1,i

—5)(2—8)G2 n._
< 2=He-36 Z =k k

51

j
4(1-6)(2-56)°G? t—j j=k
+ — s o E —a,
j t

wherea =1 — g and gradient bound G is at (4).

Remark 1. [Sanity check of the new upper bound] The right-hand
side of Theorem 2 can become large together with decreasing lean-
ing rate sequences. Therefore, the error bounds of the sequences
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in counter-examples 1-3 do satisfy Theorem 2. Indeed, the upper
bound on the error in Theorem 2 at t = 1 is

_ 22-8)(1-8)G ﬁ( _ g))
U= —_— <1 + - 1-=

4(1-8)(2—8)°G? g _ s
+H-De-b e (1+zﬂf (1 2))

Concretely, at sanity check,

« in counter-example 1:

U = 33.550763888888895

which is indeed larger than

M

e, + AL/I Z €,

i=1

= 3.365026291613992.

« in counter-example 2:

U = 675.8530370370372

which is indeed larger than

2

= 87.44127740238307.

M

e, + AL/I Z €,

i=1

« in counter-example 3:

U = 33.550763888888895

which is indeed larger than

2

= 3.3805310848189216.

M

e, + AL/I 2 €.

i=1

Proof. [Proof of Theorem 2] We have

M

€1t Al/l Z €rr1i
M

|ez+1|| ﬁ 2 €rt1,i
|2

< 2 |[fenlf]+ 2 Xe e

2

(10)

V/A)

where the first inequality is by the fact that (a + b)* < 24 + 2b%,Va,b,

and the second inequality is by Lemma 1. We will separately bound
. . 1 M 2
the two terms of (10). Firstly, we consider ~ Zz‘:l E [”em,i” ] . We

have

1 < 2 1 u 2
= Y E[lewl] =5 ZE[|€ () - @D

=1 =1
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M
el a2
M 2
= %ZEH&,J";% ] (13)
i=1 t

M
- 5)(1+}') Z E [ ]

=t (14)

0= 6><1+1/y> Z [Hgt,illz]

’ M1,

=1

M
<=9+ (A% Y E [||et,z-||2]> (15)
+(1-6)(1+1/1G,

where (11) and (13) is by the setting of e, ; and p, ; in Algorithm 1,
(12) is by the definition of compressor €, (14) is by Young inequal-
ity with any y > 0, and (15) is by (4). Now, for all ¢ > 0, applying
Lemma 2 to the inequality (15) with

M

E{flewssl]

i=1

—a—®u+w“

1
A1 = 3

f=01-8)1+1/nG,

we have

L3 e ] <5 C*iﬂ@>

i=1

Moreover, since

1+ Hai
=1 isj
t t
= 1+ JJo-o0a+ )’—1
=1 =)
t ,12
2 o
= 14 A =8+
j=1 't
t+1 21
= Y S la-ea+n’
j=1 rlt
S
= Y Sla-aa+nlk
k=0 "It

we obtain

ijMWM

i=1
t 2

< A-86)0+1/y)G Z nt—‘z"[(l -8+~

k=0 "It

1381

By choosing y = ﬁ,we have
(1-6)2-9)
A-0d+1/r)=—7r—
and
o
(1—6)(1+y)=1—§.
Therefore

M
2
Ai,[ Z E [”et+1,i|| ]
i=1

(16)
Lo,
(2-8)(1-6)G? t—k k
< 5 Z 2%
k=0
where a = 1 — g. Next, we consider the term E [Hém ||2] of (10).

By the setting of e;, ; and p,; in Algorithm 1 and the definition of
compressor €, we have

E| e I

=E [“(g (f)t) - P

|

< -k [p’]
2

= (1-5)E +I1g

Z% ptl

<(1—5x1+w%$EMaH]

M
AL,[Z ptt

2

+(1-6)(1+1/y)E

where the last inequality is by Young inequality for any y > 0. Look-

2
- 1‘6 (pes) ' ],wehave

ingatE[ ﬁ
2

jg’, @ (p.;)
<4 Y[ (]

i=

(17)

—

|2k [lpl?]) 09

]\i/I i <2E [”Cg (pt,i) —Dri

i=1

<i ﬁ (2(1 — 5)E [llpm-llz] +2E [”Ptl‘”Z] )

= (19)

ﬂaéﬁﬁ[mwy
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where (17) is by Lemma 1, (18) is by the fact that (a + b)* < 2a* + we have
2b%,Va,b, (19) is by the definition of compressor €. Therefore More-
over, (12) and (16) yield. Therefore

! N
E e lf] <5+ ) af—“‘”;—zﬁj-l

E ([ [?] < 1= )0+ "2 E 2] " f
_ 1
M = Zat o l)j_ﬁ] 1
122 -1 -1 +1/NE Y E [||pt,,.||2] : "t
i=1
Therefore,
Moreover, (12) and (16) yield
S 2
: . i
NI I W
M 4 b = 1) ;1
i=1 k=0 "It t+1 j— 2
<Z ,01)112(1—5);22 5)G22 i1k
Therefore k=0 '7
s P 21 -8)2-8G = 0
E e ’] _20-52-0 Zrol)zf”‘k
j=1
1 5 112 2
<(1=81+y)HE [Iletll ] _20-6)2-8'G i ”i Tk
ot &2 j=0 k=0 nf
2(2 8§)*(1=8)(1+1/1)G Z M ok
6 n;
k=0 "
Substituting (16) and (20) to (10), we obtain
With y = 2(1 o since (1= 8)(1+1/y) = <1‘5§2‘5> and (1 —8)(1 + ,
y)=1- E = «a, we have E| |z, + 1\%1 2 ers
E|llz 2 ’1L 1E 2 2
e |l”| < eI < 22-90-9G Z Tk g
2 Loy 6 = o .
2(1 - 5)(2 5) G 2 t—k k. N 4(1 _ 5)(2 _ 5)3G2 iaf—j 2 ﬂj_k ak
52 —_— -,
= &2 = an
By applying Lemma 2 with ‘ '
as claimed in Theorem 2. O
a,=E [”éillz] , As a sanity check, Theorem 2 matches the results given in [1] when
the learning rate is nondecreasing. As a result, Theorems 1 and A
a, = a"rz_—zl’ agree when the learning rate is nondecreasing.
m
H-B)2-8PC L, Corollary 1. (Sanity check of Theorem 2, cf. Lemma 6 of [1] with
pr= 0 ) = 0) In Theorem 2, if {n,} is a nondecreasi h that
5 > 7 n Theorem 2, if {n,} is a nondecreasing sequence such tha
k=0Tt 17, > 0,Vt > 0, then
we obtain
8(1 — 8)G? 16
t 1 T+ Zet+11 ST(I"'(ST)'
-2
E [”et+1” ] <A+ Z <Haﬂ] 1>
=1\ i

2
. . . 0
Since Proof. Since {5,} is nondecreasing, we have ’;—‘Zk < 1. Moreover,

t

, , 5 sincea =1— g € (0, 1), we obtain

Mo
[Tt =T1a6
phe ple ;

= !0~ D’ ) lﬂ] 1»

t 2

., 2
Zt—zakSZakSE (21)
k=0



T. T. Phuong and L. T. Phong / International Journal of Computational Intelligence Systems 14(1) 1373-1387 1383

and

Replacing (21) and (22) to Theorem 2, we have the result stated in
Corollary 1. O

5. CORRECTING THE CONVERGENCE
THEOREM OF ZHENG ET AL. [1]

Because the error bound plays a crucial role in the proof of the
convergence theorem of dis-EF-SGD, fixing [1, Lemma 2] as in
Theorem 2 leads to the consequence that the convergence theorem
need to be fixed as well.

Proof. (Proof of Theorem 1) Following [1], we consider the iter-
ation
L M
q=x—m | &+ — i |

where x,, & and e, are generated from Algorithm 1. Then, by [,
Lemma 1],

- - 1
Xep1 = X — ’lt]\_/[ zgt,i' (22)
i=1

Since f is L-smooth, by (3), we have Moreover, we have

E, [f(’?m)]
+ <Vf(5‘t) ’Et [xt+1 - xt]>

+ 2B, [ - 5]

(23)
=f(5ct)—nt<Vf xt [ th:]>
L’I: Ef|: L thl }’
Moreover, we have
M 2
Et[ Al,[;gt,i ]
(24)

which follows from the fact that E [|| X - E[X] ||2] =
E [|| X ||2] — || E[X] ||*. Substituting (24) to (23), we obtain

E, [f(xwl)]
< f(®) =n V(%) V(%))

ot @

2
Lr]f

Following [1], we assume that {gt, Vf (%, }1< < are indepen-

ﬁ th,i - Vf<xz)

dent random vectors. Then the assumption E, [g[,,] = Vf(x,) of
Assumption 2 implies that g,; — V f (x,) are random vectors with 0
means. Therefore

]

g

and hence we have

of £

< ¥-

Substituting the above bound to (25) gives us

E [f(%)] < f(&)—n(VF(%).Vf(x))

(26)
ol + 5
Moreover, we have
- (Vf (%), Vf (%))
=n(Vf (%) = Vf (%), Vf () ) = m (Vf (%) . Vf (%))
= (Vf (%) = Vf (%) . VF (x) ) = e[| VF ()| (27)

<2 ot + 2 forte) - srts|f

Vi)

-,
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S—m( )”Vf %, “ + ||xt—xt|| (28)

where (27) is by the fact that (a,b) < (p/2) ||a|| 2 + (p7'/2)||b]|* for all
a,b and real number p > 0, and (28) is by Assumption 1. Replacing
(28) to (26) gives us

E, [f ()] < £(5) = (1= 222 ) | V7 ()|

2 Lr]tZ o2
2M

Taking p = %, we have

%>||w<xt>1|2

Lr[t

E, [f(iCrﬂ)] < f(fct) -1, <% _

+n,L? ||,

(29)

M
Since x, — %, = n,_; (ét + ]%4 21—1 e[’i) by (22), after rearranging
the terms and taking total expectation, we obtain

n(i-%)e (vl ]

< E[f(%) = f (%) + Ln,

M 2
~ 1
€t+ M Zen
i=1

+nm;_ L’E

Applying Theorem 2 gives us

3
m(;

2)E[[r)

] (30)

SE[f(%) = f(%e)] + 22

=1 2

s 20-6)1-6)G212 O Mook
Y/ 5 Z a

k=0 M1
-1

2 4(1-5)2-56)°G2L? Z

2
-
+’7tnt 1 52

o g

=0 k=0

k o
—a,
t—1

wherea =1 — g. Since #, < iL,Vt, we have

n
sz(3—2Lnk)>0

Taking summation and dividing by 2:;; %(3 —2Lny), (30) yields
]

-1 7, (3 —2Ln,) E [“Vf(x,)
= (-

< 4(fx0) ")
S Q11
Zk:o i (3 = 2Lny)

T-1 2
2o ;

M S 21:; e (3 - 2L11k)

-1 t—1 2

Z oty Y, nt‘; ok

T-1
é 2[(:0 nk (3 - 2L’7k =0 k=0 nt—l

+

8(2—5)(1-5)G*L?

+

16(1-56)(2—6)>G2L?

+ T X
azzko « (3—2Ly;)

—1 i n?

Mk
Z ;- Z oy ——at
k=0 M1
Following Zheng et al. [1], let 0 € {0,...,T — 1} be an index such that
Pr(o = k) = ——m b2
1
Zt—o M (3 - 2Lnt)
Then
2
E[[[vf(x)]]
=5 Z"t (3 =200 B [ ()]
PN (3 2Lny)
and we obtain the result stated in Theorem 1 O

The following corollary establishes the convergence rate O <;WT>
of Algorithm 1 when the learning rate is decreasing.

Corollary 2. (Convergence rate with decreasing learning rate)
Under the assumptions of Theorem 1, if {’h} is a decreasing sequence
such that

1
% + T1/3

n =

with sufficiently large T. Then

E [[[vf(x,)

sz(\/;m+ T%/) [f (x0) = f* + Lo?

_ _s\G272
L4 5)(;2&)GL <1+i>] ’

which yields E [“Vf(x

<o)
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Proof. Following [1], assume that T > 16L*M?, we have Substituting (32), (33), and (34) to (31) gives us

| VM

2
S e[l
Ny M+T1/3 ] @+ 1)T)1/4 f(-xo)
m
A /M -1
S (t+ DYAasLAMR) A < B, Lo Zﬂf
1 1 Zt:O e MZ My 1=0
= —1/4 < i - T-1 t—1
(t+ )21 4 1-9e-HGL 5)(2 6)GL 2 Z"tnm ka (35)

Y, AA

Therefore 7, < 2—3LVt > 0, which satisfies the assumption of 8(1-5)(2—5)° Gszx

+

T—1
Theorem 1 on {r/t}. Recall that by Theorem 1, we have 82 Zt—O n,
T-1 t-1
2 .
s Jotef] DR NS
t=0 j=
(10x0) ") S
4(f(xo)— 2Lc? 2
+ Z n
= T-1 T-1 t Because
D M (3-2Lny) MZk J M (3—2Lny) i
2L 5 nn o <
81625GL Tk ok M1k 1k
( )(2=6) Z”tnz 12 (31) t—1 t—1
Zk 0 '1k 3 2L'Ik =0 = 1
L - (((:—kml“ + Tl/a)3 (36)
52 Zk: g (3 _2L’7k) - . VM
= j ”lzk = (7“1/3)3 T
Z ﬂt”t 1 Z o=l Z o~
j=0 k=0 "Mi—1
and
wherea =1 — g and o € {0, ..., T — 1} is an index such that 1
Zak< o = 1 =%, (37)
l-a ¢
i (3 = 2Ly k=0 k>0
Pr(o = k) = — ,Vk=0,...,T—1.
i e (3=2Ln,) .
we obtain
Since T-1 t-1 T-1 t-1
2 k 1 k
32y 23— —1 >0 ZZ%-I-W <?ZZ“
t 1/4 t=0 k=0 =0 k=0
(t+1) —
2 2
<iY 2z
we have ST z;‘ 1)
1
T-1 = T-1 (32) . 2 1
2k=0 n, (32L’7r) 2 Zk:o n By the same reason as in (36) and (37), we have Moy, < )
t-1 o <
Zj o and Z o = Therefore
Moreover, we have
12 -1 T-1 t-1
—1—-k 1—j
g, Z %ak = Z ni gt (33) o Z ”f
k=0 M1 k=0 =0 j=0
T—1 t-1
<= Z o Z a
and T
t=0 j=0
j ,72 L T-1 t-1 5
—-1- J o 1 t—1-j
’It'hlzatljznz <?Z. * ]<5)
r—1 k 0 M—1 (34) rT:_oljzo
=Y Y pp? ok <1y 4_ 4
_k =
]Z;t % J ST 52 82

~
Il
o
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Moreover, we have
T-1 T-1

Y=y —!

2
=0 =0 ( (+HD' T1/3 )
( VM +

T-1

1
< 2
=0 (((Hlml“)
VM
T-1
_ M
= 1+ 1)
T
My
Vi
<2M,
where the last inequality is by the fact that ZtT_l L < Zﬁ .
- t
Therefore
n_2(flx) —f) | 216?
[t ] <

+
T-1 T-1
Zt=0 (i Zt:O M
+8(1 —8)(2 - 8)G*L?
T-1
2
6 Zt:O N
+32(1 —8)(2 - 8)°G*12

5 X

Furthermore, becauce

T-1 T-1

T-1
1
ny = =
; Z @D |y ;.‘ VT s
VM

=)

1

\/m +T-2/3 ’
we obtain
1 1 +
-1 Y T2/3
Zt:O e MT
Therefore
2
E[[v/()| ]
1 1
< 2 (\/T—T + m) [f(xo) —f* + Lo?
4(1-5)2-8)G2L 4
)
and hence Corollary 2 follows. O

6. CONCLUSION

We show that the convergence proof of dist-EF-SGD of Zheng
et al. [1] is problematic when the sequence of learning rate is

decreasing. We explicitly provide counter-examples with certain
decreasing sequences of learning rate to show the issue in the proof
of Zheng et al. [1]. We fix the issue by providing a new error bound
and a new convergence theorem for the dist-EF-SGD algorithm,
which helps recover its mathematical foundation.
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