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Abstract

The notion of bipolar fuzzy subalgebras and bipolar fuzzy ideals of a
BCK/BCl-algebra is introduced, and several properties are investigated.
Relations between a bipolar fuzzy subalgebra and a bipolar fuzzy ideal are
given. A condition for bipolar fuzzy subalgebra to be a bipolar fuzzy ideal is
provided, and the characterizations of a bipolar fuzzy ideal are stated. The
concept of equivalence relations on the family of all bipolar fuzzy ideals of a
BCK/BCl-algebra is considered, and some related properties are discussed.
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1. INTRODUCTION

In the traditional fuzzy sets, the membership degrees of elements range
over the interval [0, 1]. The membership degree expresses the degree of be-
longingness of elements to a fuzzy set. The membership degree 1 indicates
that an element completely belongs to its corresponding fuzzy set, and the
membership degree 0 indicates that an element does not belong to the fuzzy
set. The membership degrees on the interval (0, 1) indicate the partial mem-
bership to the fuzzy set. Sometimes, the membership degree means the sat-
isfaction degree of elements to some property or constraint corresponding
to a fuzzy set (see [1, 5]). In the viewpoint of satisfaction degree, the mem-
bership degree 0 is assigned to elements which do not satisfy some property.
The elements with membership degree 0 are usually regarded as having the
same characteristics in the fuzzy set representation. By the way, among such
elements, some have irrelevant characteristics to the property corresponding
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to a fuzzy set and the others have contrary characteristics to the property.
The traditional fuzzy set representation cannot tell apart contrary elements
from irrelevant elements. Consider a fuzzy set “young” defined on the age
domain [0,100] (see Fig. 1 in [3]). Now consider two ages 50 and 95 with
membership degree 0. Although both of them do not satisfy the property
“young’, we may say that age 95 is more apart from the property rather
than age 50 (see [3]).

age

0 50 100

Figure 1. A fuzzy set “young’

Only with the membership degrees ranged on the interval [0, 1], it is
difficult to express the difference of the irrelevant elements from the con-
trary elements in fuzzy sets. If a set representation could express this kind
of difference, it would be more informative than the traditional fuzzy set
representation. Based on these observations, Lee [3] introduced an exten-
sion of fuzzy sets named bipolar-valued fuzzy sets. He gave two kinds of
representations of the notion of bipolar-valued fuzzy sets.

In this paper, we apply the notion of bipolar-valued fuzzy set to BCK/BCI-
algebras. We introduce the concept of bipolar fuzzy subalgebras/ideals of
a BCK/BCI-algebra, and investigate several properties. We give relations
between a bipolar fuzzy subalgebra and a bipolar fuzzy ideal. We provide
a condition for a bipolar fuzzy subalgebra to be a bipolar fuzzy ideal. We
also give characterizations of a bipolar fuzzy ideal. We consider the con-
cept of equivalence relations on the family of all bipolar fuzzy ideals of a
BCK/BClI-algebra, and discuss some related properties.

2. PRELIMINARIES

2.1. Basic results on BCK/BCI-algebras. Let K(7) be the class of all
algebras of type 7 = (2,0). By a BCI-algebra we mean a system (X;x*,0) €
K(7) in which the following axioms hold:
(D) (Vz,y,2 € X) (((xxy) * (x5 2)) x (2 xy) = 0),

(I) (Va,y € X) ((z + (2 y)) xy = 0),

(III) (Vz € X) (x*x =0),

(IV) Vz,y e X) (zxy=0,yxx=0 = z=1y).
If a BClI-algebra X satisfies the following identity:

(V) (Vz e X) (0xx=0),
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then X is called a BCK-algebra. Any BCK/BCl-algebra X satisfies the
following axioms:

(al) (Vz € X) (x %0 =x),

(a2) (Vz,y,z€ X) (e <y = xxz<yx*xz, 2%y < z%x),

(a3) (Vo,y,z € X) ((xxy)x 2= (z*2)xy),

(ad) (Va,y,z€ X) ((x*x2)* (y*x2) <xzxy)

where z < y if and only if 2 x y = 0. A subset S of a BCK/BCl-algebra
X is called a subalgebra of X if x xy € S for all x,y € S. An ideal of a
BCK/BCl-algebra X is a subset I of X containing 0 such that if x xy € T
and y € I then « € I. Note that every ideal I of a BCK/BCl-algebra X has
the following property:

x<yandy el imply z € I.

A fuzzy set p in a BCK/BCl-algebra X is said to be a fuzzy subalgebra
of X if it satisfies:

(Vz,y € X) (u(z xy) > min{u(z), u(y)}). (2.1)

A fuzzy set p in a BCK/BCl-algebra X is said to be a fuzzy ideal of X if
it satisfies:

(Vo € X)(1(0) > p(z)); (2.2)
(Vz,y € X)(u(x) > min{u(x * y), p(y)}). (2.3)

Note that every fuzzy ideal p of a BCK/BCl-algebra X is order reversing,
ie., if x <y then u(x) > p(y).

2.2. Basic results on bipolar-valued fuzzy set. Fuzzy sets are a kind
of useful mathematical structure to represent a collection of objects whose
boundary is vague. There are several kinds of fuzzy set extensions in the
fuzzy set theory, for example, intuitionistic fuzzy sets, interval-valued fuzzy
sets, vague sets, etc. Bipolar-valued fuzzy sets are an extension of fuzzy sets
whose membership degree range is enlarged from the interval [0, 1] to [—1, 1].
Bipolar-valued fuzzy sets have membership degrees that represent the degree
of satisfaction to the property corresponding to a fuzzy set and its counter-
property. In a bipolar-valued fuzzy set, the membership degree 0 means
that elements are irrelevant to the corresponding property, the membership
degrees on (0, 1] indicate that elements somewhat satisfy the property, and
the membership degrees on [—1,0) indicate that elements somewhat satisfy
the implicit counter-property (see [3]). Figure 2 shows a bipolar-valued fuzzy
set redefined for the fuzzy set “young”’ of Figure 1. The negative membership
degrees indicate the satisfaction extent of elements to an implicit counter-
property (e.g., old against the property young). This kind of bipolar-valued
fuzzy set representation enables the elements with membership degree 0 in
traditional fuzzy sets, to be expressed into the elements with membership
degree 0 (irrelevant elements) and the elements with negative membership
degrees (contrary elements). The age elements 50 and 95, with membership
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degree 0 in the fuzzy sets of Figure 1, have 0 and a negative membership
degree in the bipolar-valued fuzzy set of Figure 2, respectively. Now it is
manifested that 50 is an irrelevant age to the property young and 95 is more
apart from the property young than 50, i.e., 95 is a contrary age to the

property young (see [3]).

age

0 50 100

Figure 2. A bipolar fuzzy set “young’

In the definition of bipolar-valued fuzzy sets, there are two kinds of rep-
resentations, so called canonical representation and reduced representation.
In this paper, we use the canonical representation of a bipolar-valued fuzzy
sets. Let X be the universe of discourse. A bipolar-valued fuzzy set ® in X
is an object having the form

® = {(z, pgy(z), pg () | x € X}

where ,ug : X — [0,1] and ,ug : X — [—1,0] are mappings. The pos-
itive membership degree ,ug (z) denoted the satisfaction degree of an ele-
ment x to the property corresponding to a bipolar-valued fuzzy set ® =
{(z,ph(z), uY ()) | € X}, and the negative membership degree pf (z)
denotes the satisfaction degree of x to some implicit counter-property of
O = {(z,pl(x),p¥ (2)) | 2 € X}. If pL(x) # 0 and p (x) = 0, it is the
situation that = is regarded as having only positive satisfaction for ® =
{(z, u (@), pd (2)) | z € X}. If pk (x) = 0 and pd () # 0, it is the situation
that = does not satisfy the property of ® = {(z, u (z), u& (z)) | * € X'} but
somewhat satisfies the counter-property of ® = {(z, uf (z), u (z)) | z € X}.
It is possible for an element x to be uk(z) # 0 and pf (z) # 0 when the
membership function of the property overlaps that of its counter-property
over some portion of the domain (see [4]). For the sake of simplicity, we
shall use the symbol ® = (X;ul, ul) for the bipolar-valued fuzzy set
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® = {(z, uL(x),pd (x)) | * € X}, and use the notion of bipolar fuzzy sets
instead of the notion of bipolar-valued fuzzy sets.

3. BIPOLAR FUZZY SUBALGEBRAS AND BIPOLAR FUZZY IDEALS

In what follows, let X denotes a BCK/BCI-algebra unless otherwise spec-
ified.

Definition 3.1. A bipolar fuzzy set ® = (X; uk, u2) in X is called a bipolar
fuzzy subalgebra of X if it satisfies:

pi (@ % y) > min{pg (z), ug (y) },

3.1
py (zx y) < max{pd (z), ng (y)} 31

for all x,y € X.

Example 3.2. Consider a BCK-algebra X = {0, a,b, c} with the following
Cayley table:

o Qe O ¥
o Qe OO0
o O o olc
O TR On

o 2 OO

Let ® = (X; uk, ud) be a bipolar fuzzy set in X defined by

0 a b c
pb | 06 06 03 0.6
pd | -07 -07 —-02 -0.7

Then ® = (X; uk, 1) is a bipolar fuzzy subalgebra of X.

Example 3.3. Consider a BCl-algebra X = {0, a, 1,2, 3} with the following
Cayley table:

N = O W W
— O W N NN
O WN = =W

W N~ Q O %
W= Q OO
W R OO

Let ® = (X; uk, u&) be a bipolar fuzzy set in X defined by

0 a 1 2 3
pb | 08 06 03 03 03
pd | -07 -05 —02 —-02 —0.2
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Then ® = (X;ub, u&) is a bipolar fuzzy subalgebra of X.

Proposition 3.4. If & = (X;uk, ud) is a bipolar fuzzy subalgebra of X,
then uk(0) > pk () and pf (0) < pf(x) for all x € X.

Proof. Let x € X. Then
1§ (0) = pf (@ * x) > min{ug (z), pg ()} = pg ()
and

pg (0) = pg (¢ x) < max{pg (), ug ()} = pg (2).
This completes the proof. [l

For a bipolar fuzzy set ® = (X;uk, pud) and (s,t) € [-1,0] x [0,1], we
define
of = {we X | ula) = 1),

Y = {r e X | py(2) < s

which are called the positive t-cut of ® = (X; ,u,g , ,u,g ) and the negative s-cut
of ® = (X;uk, ulY), respectively. For every k € [0,1], the set

Oy, := o) N OV,
is called the k-cut of ® = (X;uk, ud).

(3.2)

Theorem 3.5. Let & = (X;,ug,,ug) be a bipolar fuzzy subalgebra of X.
Then the following assertions are valid.

(i) (vt €10,1)) (®F #0 = ®F is a subalgebra of X).
(ii) (Vs € [-1,0]) (@Y # 0 = &V is a subalgebra of X).

Proof. (i) Let t € [0,1] be such that ®F = (. If z,y € ®F, then uk(z) > ¢
and pL (y) > t. It follows that

pi (2 xy) > minfug (2), pg (y)} > ¢
so that z * y € ®F. Therefore ®/ is a subalgebra of X. Now let s € [—1,0]
be such that ®Y # (). If z,y € ®Y, then

pa (x x y) < max{pg (2), pg (y)} < s
and so x * y € ®V. Hence ®Y is a subalgebra of X. g
Corollary 3.6. If & = (X; ,ug,,ug) 18 a bipolar fuzzy subalgebra of X, then
the sets ®Lp,  and ®Vy,  are subalgebras of X.

2% 0) He (0)

Proof. Straightforward. O

Definition 3.7. A bipolar fuzzy set ® = (X; uk, u2) in X is called a bipolar
fuzzy ideal of X if it satisfies:

HE(0) > i (@) & 1§ (0) < ) (a), (3.3)
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pi () = min{pg (z + ), 1 ()},

3.4
py () < max{py (z +y), pg (y)} B4

for all z,y € X.

Example 3.8. Consider a BCK-algebra X = {0, a, b, ¢, d} with the following
Cayley table:

QUL O e O *
QUL O TR OO
O 0O O O
QL O O O
L OO OO0
OO OO O

Let ® = (X;uk, pd) be a bipolar fuzzy set in X defined by

0 a b c d
ph | 07 02 07 02 02
py | -08 —0.7 —-08 —0.7 —0.7

Then ® = (X;ub, u) is a bipolar fuzzy ideal of X.

Proposition 3.9. Let ® = (X;uk, 1Y) be a bipolar fuzzy ideal of X. If the
inequality x xy < z holds in X, then

pk (x) > min{pd (y), pf (2)},
py (x) < max{pd (y), pf (2)}-

Proof. Let x,y,z € X be such that z xy < z. Then (z *y) x z = 0, and so

(3.5)

min{pd (z * y), uk (y)}

min{min{u§ ((z *y) * ), ph (2)}, 1k ()}
min{min{z% (0), u& (2)}, u& (v)}

min{ug (y), nh ()}

i ()

IV Iv

and

max{max{py ((z
masx{max{ s (0),
max{ug (), ng (2)}.

This completes the proof. O

[ IAIA

max{ug ( * y), gy
*
1

Proposition 3.10. Let & = (X;ug,ug) be a bipolar fuzzy ideal of X. If
the inequality x < y holds in X, then

ph(x) > pE () & pf (@) < pl ().
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Proof. Let x,y € X be such that x < y. Then

piy () > min{pg (z + y), uh (y)} = min{pk (0), uh (v)} = 1 (),
piy () < max{pd (z xy), p§ (y)} = max{ug (0), ug (v)} = pg (v).
This completes the proof. O

Theorem 3.11. In a BCK-algebra X, every bipolar fuzzy ideal of X is a
bipolar fuzzy subalgebra of X.

Proof. Let ® = (X;uk, ul) be a bipolar fuzzy ideal of a BCK-algebra X.

Since x xy < x for all x,y € X, it follows from Proposition 3.10 that
pa(zxy) 2 pg () and pg (z+y) < pg (),

so from (3.4) that

pis (x % y) > pg(x) > min{pug (z % y), pg (y)} > min{ug (), ug (y)}

and

pa (@ y) < pg (2) < max{pf (z * y), ug (y)} < max{ug (), 1§ (y)}-
Hence ® = (X; uL, %)) is a bipolar fuzzy subalgebra of X. O

The converse of Theorem 3.11 is not true in general. For example, the
bipolar fuzzy subalgebra ® = (X;ul, pd) in Example 3.2 is not a bipolar
fuzzy ideal of X since

pd (b) = —0.2 > —0.7 = max{ud (b * a), & (a)}.

We give a condition for a bipolar fuzzy subalgebra to be a bipolar fuzzy
ideal in a BCK-algebra.

Theorem 3.12. Let & = (X;ug,ug) be a bipolar fuzzy subalgebra of a
BCK-algebra X such that (3.5) holds for all x,y,z € X satisfying the in-
equality x xy < z. Then ® = (X; uk, uf)) is a bipolar fuzzy ideal of X.

Proof. Recall from Proposition 3.4 that pk (0) > pk (z) and pf (0) <
3.

5 (0) < g (2)
for all x € X. Since z* (xxy) <y for all z,y € X, it follows from (3.5) that
pi () = min{pg (z*y), pg (y)} and pg (z) < max{ug (z +y), pg (y)}-
Hence ® = (X; ,ug, ,ug) is a bipolar fuzzy ideal of X. U

Theorem 3.13. Let ® = (X;ub,pud) be a bipolar fuzzy set in X. Then
b = (X;,ug,,ug) 18 a bipolar fuzzy ideal of X if and only if it satisfies the
following assertions:

(vt € [0,1]))(®f # 0 = ®F is an ideal of X),

(Vs € [~1,0])(®Y # 0 = @Y is an ideal of X). (36)
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Proof. Assume that ® = (X;ul,pd) is a bipolar fuzzy ideal of X. Let
(s,t) € [~1,0] x [0,1] be such that ® # () and ®V # (. Obviously, 0 €
P N®YN. Let x,y € X be such that z+y € ® and y € ', and let a,b € X
be such that a «b € ®Y and b € ®Y. Then pk(z xy) > t, pb(y) > ¢,
pd(axb) < s and pd (b) < s. It follows from (3.4) that

pg (x) > min{pg (z + y), uy (y)} > 8
and
pg (@) < max{pf (axb), pg (b)} < s

so that ¥ € ® and a € ®Y. Therefore ® and ®V are ideals of X.
Conversely, suppose that the condition (3.6) is valid. For any =z € X,
let pb(r) =t and pd(z) = s. Then z € &' N @Y, and so ¢/ and <I>N
are non-empty. Since ® and ®Y are ideals of X, 0 € ®F' N <I>éV . Hence
ph(0) >t = pb(z) and pf(0) < s = pf(z) for all z € X. If there exists
2,y a’, b/ € X such that

ps(2') < min{pg (2" = o), up (')}
and

pa (@) > max{pg (@ + V'), g (')},
then by taking

to = 5 (pg (a’) +min{pg (2 *y'), pg (¥')}), 57)
so = 5(ug (@) + max{ug (a’ * V), ug (V)}),
we have
py () < to < min{pg (2’ *y'), g (y')}, (38
pd (@) > so > max{pd (o' « V'), u (V')}.
Hence 2/ ¢¢’th ' xy € <I>t0, y € CIJtO, a ¢ @é\g, axb e <I>£,VO, and V' € <I>N
This is a contradiction, and thus ® = (X qu u@) is a bipolar fuzzy ideal of
X. O

Corollary 3.14. If ® = (X; uk, u¥) is a bipolar fuzzy ideal of X, then the
intersection of a non-empty positive t-cut and a non-empty negative s-cut of
& = (X;ub, pd) is an ideal of X for all (s,t) € [—1,0] x [0, 1]. In particular,
the non-empty k-cut of ® = (X; uk, u%) is an ideal of X for all k € [0,1].

The following example shows that there exists (s,t) € [—1,0] x [0, 1] such
that if ® = (X;ug,ug) is a bipolar fuzzy ideal of X, then the union of a
non-empty positive t-cut and a non-empty negative s-cut of & = (X; ,uq> s Mg M
is not an ideal of X in general.
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Example 3.15. Consider a BCI-algebra X = {0, a, b, ¢} with the following
Cayley table:

QO Qe O %
o oUQ OO
S0 O QR
Q@ o0 oo
oQ oaolo

Let ® = (X; uk, ud) be a bipolar fuzzy set in X defined by

0 a b c
pb | 07 06 04 04
py 108 -03 —0.7 -0.3

Then
if 0.7 <t,
0} if 0.6 <t<0.7,
0,a} if 0.4 <t<0.6,
if 0<t<0.4,
and
) if —1<s<-0.8,
N {0} if —0.8<s<-0.7,
s {0,b} if —0.7<s<—0.3,
X if —0.3<s<0.

It follows from Theorem 3.13 that ® = (X; ,ug , ,ug ) is a bipolar fuzzy ideal
of X. But @' U@, s = {0,a} U{0,b} = {0,a,b} is not an ideal of X since
cxa=>b¢€{0,a,b}, but c ¢ {0,a,b}.

The following example shows that there exists k& € [0,1] such that if
® = (X; pk, p) is a bipolar fuzzy ideal of X, then the union of a non-empty
positive k-cut and a non-empty negative (—k)-cut of ® = (X; uL, &) is not
an ideal of X in general.

Example 3.16. Consider a BCI-algebra X = {0, 1,a,b, c} with the follow-
ing Cayley table:

*x10 1 a b ¢
0[{0 0 a b c
11 0 a b ¢
ala a 0 ¢ b
bbb b ¢ 0 «a
clec ¢ b a O

Let ® = (X; uk, p&) be a bipolar fuzzy set in X defined by
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0 1 a b c
pb | 08 06 05 03 03
py | -07 -07 -02 -05 —0.2

Then
0 if 0.8<t,
{0} if 0.6 <t<0.8,
o =< {0,1}  if 0.5 <t <0.6,
{0,1,a} if 0.3 <t<0.5,
X if 0<t<0.3,
and
0 if —1<s<-0.7,
oV — ) {01} if 07 <5< 05
s 7 {0,1,b} if —0.5<s<—0.2,
X if —0.2<s<0.

It follows from Theorem 3.13 that ® = (X; uk, u) is a bipolar fuzzy ideal
of X. But &', Uu®Y,, = {0,1,a} U {0,1,b} = {0,1,a,b} is not an ideal of
X since cxb=a € {0,1,a,b}, but ¢ ¢ {0,1,a,b}.

We provide a condition for the union of a non-empty positive k-cut and
a non-empty negative (—k)-cut of ® = (X; L, uf) to be an ideal of X.

Theorem 3.17. If ® = (X; uk, u) is a bipolar fuzzy ideal of X such that
(Ve € X) (ug (x) + pg () > 0), (3.9)

then the union of a non-empty positive k-cut and a non-empty negative

(—k)-cut of ® = (X; uk, p) is an ideal of X for all k € [0,1].

Proof. Let k € [0,1]. Since ®F = () and @V, # 0, they are ideals of X by

Theorem 3.13. Hence 0 € @f U @]fk. Let x,y € X be such that z xy €

CIDkP U @ivk and y € @f U CIDNk. We can consider the following four cases:

(i) zxy € ®F and y € ®7.

(ii) z+y € L and y € OV, .

(iii) z*xy € @Y, and y € OF.

(iv) zxy € @Y, and y € &V,

Case (i) implies that z € @ C @7 U Y, . Case (iv) implies that x € &V, C

®F U @Y, . For the case (ii), we have pl(z xy) > k and pd(y) < —k. It

follows from (3.4) and (3.9) that

pa () > min{pg (2 5 y), pg (y)} > min{pg ( + ), —pg (y)} > k,
so that € ®F C ®F U @Y, . Case (iii) implies that p (z * y) < —k and
pk (y) > k. It follows from (3.4) and (3.9) that

p () > min{pg (z x y), pg ()} > min{—pg (z * y), pg (y)} > k,
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so that x € <I>kP C @kp U <I>]fk. Hence <I>kP U <I>]fk is an ideal of X. O

Let A” and A" be non-empty subsets of [0, 1] and [—1, 0], respectively.

Theorem 3.18. Let {1 | k € AP UAN} be a finite collection of ideals of X
such that

(1) X = (U{L [t € APHU (U{Is | s € AY}),
(2) (Vm,ne APUAN) (m>n < I, C I,).

Then a bipolar fuzzy set ® = (X; uk, 1) in X defined by
pgy(x) =sup{t € A" |z € I},
pi(z) =inf{s € AN |z € I}

for all x € X is a bipolar fuzzy ideal of X.

(3.10)

Proof. Let (s,t) € [~1,0] x [0,1] be such that ® and ®Y are non-empty.
We claim that ®f and ®Y are ideals of X. We consider the following two
cases:

(i) t =sup{r € AT |r <t} and (ii) t #sup{r € AT |r < t}.
First case implies that
re®’ = xcl forall r <t <= zen{l |r<t} (3.11)

so that ® = N{I, | r < t}, which is an ideal of X. For the second case, we
claim that ®f = U{I, | r > t}. If z € U{I, | r > t}, then = € I, for some
r > t. It follows that pk(z) > r > ¢, so that z € ®F. If z ¢ U{L, | r > t},
then = ¢ I, for all » > ¢. Since ¢ # sup{r € AT | r < t}, there exists ¢ > 0
such that (t —e,t)NAY = (. Hence x ¢ I, for all r > ¢t —&, which means that
if # € I, then r <t —e. Thus ,ug(m) <t—e<t,and sox ¢ CIDf. Therefore
®F = U{I, | r > t} which is an ideal of X since {I;} forms a chain. Next
we show that ® is an ideal of X. We also consider the following two cases:

(iii) s = inf{g € A" | s < ¢} and (iv) s #inf{qg € A" | s < ¢}.
For the case (iii), we get
re® = zel, forall ¢>s < zen{l,|s<q}, (3.12)

and so ®Y = N{I, | s < ¢}, which is an ideal of X. For the case (iv),
we prove that ®Y = U{l, | ¢ < s}. If z € U{I, | ¢ < s}, then z € I,
for some ¢ < s. It follows that u% (z) < g < s, so that + € ®). Hence
U{l, | ¢ < s} C @Y. Conversely, if z ¢ U{I, | ¢ < s}, then = ¢ I, for
all ¢ < s. Since s # inf{qg € AN | s < ¢}, there exists ¢ > 0 such that
(s,5+&)NAYN = 0, which implies that x ¢ I, for all ¢ < s+¢. This says that
if ¥ € I, then ¢ > s +¢. Thus p (z) > s +¢& > s, and so z ¢ ®Y. Therefore
®N C U{l, | ¢ < s}, and consequently ®Y = U{I, | ¢ < s} which is an ideal
of X. This completes the proof. O
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Let BFI(X) be the collection of all bipolar fuzzy ideals of X and let
(s,t) € [=1,0] x [0,1]. Define binary relations P' and N® on BFI(X) as
follows:

(®,0) € P! = o = 0!,
(@, V) € N <= OV =¥
respectively, for all ® = (X;ub, ud), ¥ = (X;ul, pf) € BFI(X). Clearly
P! and N* are equivalence relations on BFI(X). For any ® = (X; ub, ud) €
BFI(X), let [®]pt (respectively, [®]ys) be the equivalence class of ® =
(X; ph, pd) modular P! (respectively, N¥). Denote by BFI(X)/P! (re-
spectively, BFI(X)/N?®) the system of all equivalence classes modular P*
(respectively, N¥), i.e.,
BFI(X)/P' = {[®]p | & = (X; u, 1) € BFI(X)},
BFI(X)/N* = {[®]x- | & = (X; uly, ) € BFI(X)}.
Now let Id(X) denote the family of all ideals of X. Define maps
fi: BFI(X) — Id(X) U {0}, ® — ®F

(3.13)

(3.14)

and
gs : BFI(X) — Id(X) U {0}, ® — &Y
for all ® = (X;pl, pul) € BFI(X). Then f; and g, are clearly well defined.

Theorem 3.19. For any (s,t) € [—1,0) x (0,1], the maps fi and gs are
surjective.

Proof. Obviously, a bipolar fuzzy set 0 := (X;ul, ud)) is a bipolar fuzzy
ideal of X where uf(z) = 0 = pl (z) for all x € X. We have
[1(0)=0f ={z € X | g (x) 2 t} =0
and
95(0) =0y = {w € X | g () < s} = 0.
For any non-empty G in Id(X), consider a bipolar fuzzy set ®(G) = (X;
,ug(G), :“g((;)) in X where

P . 1 if z € G,
Hoa) - X—=[01, =~ { 0 otherwise,
and
N ) —1 if z € G,
HoG) - X—=[-10, z~ { 0  otherwise.

Then ®(G) = (X; “g(G)’ ”g(G)) is a bipolar fuzzy ideal of X. Now we get
(®@(G)) =0(G) ={z € X | ugy(g)(z) >t}
={reX| Mg((;)(ﬂf) =1} =G

and
6:((@) = B(G)Y = {w € X | u () < s}

={z € X | py)(2) = -1} = G.
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Hence f; and g, are surjective. U

Theorem 3.20. The quotient sets BFI(X)/P! and BFI(X)/N* are equipo-
tent to Id(X)U {0} for every (s,t) € [—1,0) x (0, 1].
Proof. For (s,t) € [—1,0) x (0, 1], let
fi: BFI(X)/P" — Id(X) U {0}
and
gs : BFI(X)/N° — Id(X)U {0}
be defined by

fi([®]pr) = fi(®) and g ([®]ns) = g+(P)
for all ® = (X; ,Uq>>,U¢>) € BFI(X), respectively. For every ® = (X; uk, u)
and U = (X; pul, p) in BFI(X), if ®F = UF and &Y = U then (@, ¥) €
P! and (®, V) € N*, and hence [®]p: = [\Il]pt and [@] s = [\I!] . Therefore
[ and g} are injective. For any G(# 0)) € Id(X), consider the bipolar fuzzy
ideal ®(G) = (X; “g(G)’ '“g(G)) which is given in the proof of Theorem 3.19.
Then

FE(2(G)]pe) = [i(2(G) = 2(G) =G

and
95 ([2(G)]ns) = ( (@) =2(G) =G.
For the bipolar fuzzy ideal 0 := (X; uf, ud)) of X, we have
i ([0]pt) = fi(0) =0f =0
and
95([0]v+) = g5(0) = O = 0.
Thus f; and g7 are surjective. This completes the proof. O
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