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1 A Proof of Hilbert Basis Theorems and an Ex-
tension to Formal Power Series

The Hilbert Basis Theorem is enlisted in the extension of Wiedijk’s cata-
logue "Formalizing 100 Theorems" [4] , a well-known collection of challenge
problems for the formalisation of mathematics.

In this paper, we present a formal proof of several versions of this theo-
rem in Isabelle/HOL. Hilbert’s basis theorem asserts that every ideal of a
polynomial ring over a commutative ring has a finite generating family (a
finite basis in Hilbert’s terminology). A prominent alternative formulation
is: every polynomial ring over a Noetherian ring is also Noetherian.

In more detail, the statement and our generalization can be presented as
follows:

o Hilbert’s Basis Theorem. Let 2R[X]| denote the ring of polynomials
in the indeterminate X over the commutative ring S8. Then R[X] is
Noetherian iff R is.

o Corrollary. R[X,...,X,,] is Noetherian iff R is.

o Extension. If R is a Noetherian ring, then R[[X]] is a Noetherian
ring, where PR[[X]] denotes the formal power series over the ring .

We also provide isomorphisms between the three types of polynomial rings
defined in HOL-Algebra. Together with the fact that the noetherian prop-
erty is preserved by isomorphism, we get Hilbert’s Basis theorem for all three
models. We believe that this technique has a wider potential of applications
in the AFP library.



2 Ring Miscellaneous
theory Ring-Misc

imports

HOL—Algebra. RingHom

HOL— Algebra. QuotRing

HOL— Algebra. Embedded-Algebras
begin

Some lemmas that may be considered as useful, and that helps for the
Hilbert’s basis proof

lemma (in ring)carrier-quot: <ideal I R = carrier (R Quot I) = {{y®z | .
yel} |z. z€carrier R}
proof (safe)

fix z

assume h:<ideal I Ry <x € carrier (R Quot I)»

then have «Jzaccarrier R. z = ((Jz€l. {z ® za})

unfolding FactRing-def A-RCOSETS-def RCOSETS-def cgenideal-def r-coset-def

by (simp)
then obtain y where <z = (|Jz€l. {z ® y}) A y Ecarrier R) by blast
with h show Jza. z = {y @ za |y. y € I} A za € carrier R
by (blast)
next
fix = za
assume <ideal I R> <xa € carrier R»
then show ({y & za |y. y € I} € carrier (R Quot I)»
unfolding FactRing-def A-RCOSETS-def RCOSETS-def cgenideal-def r-coset-def

apply simp
apply(rule bezl[where z=za))
by auto

qed

context
fixes A B h
assumes ring-A: «ring A>
assumes ring-B: «ring B)
assumes hl:<h€ring-iso A B>
begin
interpretation ringA: ring A
using ring-A by auto
interpretation ringB: ring B
using ring-B by auto

interpretation rhar:ring-hom-ring A B h
apply (unfold-locales)



using h! unfolding ring-iso-def by auto

lemma inv-img-ezist:<~¥ xa€carrier B. 3y. y € carrier A N h y = za»
using h1 bij-betw-iff-bijections|of h <carrier Ay <carrier B)] unfolding ring-iso-def
by (auto)

lemma img-ideal-is-ideal:assumes j1:<ideal I A»
shows <ideal (h ‘I) B»
proof (intro ideall)
show «<ring B>
by(simp add: ringB.ring-azioms)
from jI show <subgroup (h ‘I) (add-monoid B)»
by (metis (no-types, lifting) additive-subgroup-def ideal-def rhr.img-is-add-subgroup)
fix a x
assume hyp:<a € h ‘I <z € carrier B»
with j1 show fst:xz ®gpa € h ‘D
by (smt (verit, ccfv-threshold) inv-img-exist h1 ideal.I-l-closed ideal.lcarr im-
age-iff ring-iso-memFE(2))
from jI show <a ®gz € h ‘D
using inv-img-exist fst hyp(2)
by (smt (verit, best) hyp(1) ideal.I-r-closed ideal.Icarr image-iff rhr.hom-mult)
qged
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lemma img-in-carrier-quot:<¥V € carrier (A Quot I). h
(hD))» if j:<ideal I Ay for I
proof (subst ringA.carrier-quot(1)[OF j],subst ringB.carrier-quot[of <h‘I}], safe)
show <ideal (h ‘1) B>
using img-ideal-is-ideal that by blast
next
fix z za
assume h:<xa € carrier A»
then show (3z. h ‘{y @y g za|ly. yc€ I} ={yDpgxly.y € h I} ANz € carrier
B>
apply(intro exl[where z=<h za)))
apply(safe)
using hl j ideal.Icarr ring-iso-memFE(3) that apply fastforce
using hl ideal.Icarr image-iff mem-Collect-eq ring-iso-memE(3) that apply
fastforce
by (meson hl1 ring-iso-memFE(1))
qed

z € carrier (B Quot

lemma f8:«zaccarrier B A zbel =>h(zb &4 inv-into (carrier A) h za) = h zb
@p zar if j:cideal I A for I zb za
proof —
assume za € carrier B A zb € I
then show ?thesis
using inv-img-ezist f-inv-into-f[of za h <carrier A] ideal.Icarr|OF that, of zb]
inv-into-into[of za h]



by (auto)
qed

lemma f9:<VY za€carrier B. Vzbccarrier A. 3y. hy = h zb ®g za»
using f8 ringA.oneideal by blast

lemma img-over-set-is-iso: <ideal I A = (() h) € ring-iso (A Quot I) (B Quot
(rD)) for I
proof(rule ring-iso-memlI)
fix z
assume k:<ideal I Ay «x € carrier (A Quot I)»
then show <k ‘ z € carrier (B Quot h ‘ I))
using hl1 ringA.ring-axioms ringB.ring-axioms
by (simp add:img-in-carrier-quot)
fix y
{
fix za xb xc
assume g:<za € > xb € Y «xc € Iy «ideal I Ay<x € a-rcosetsg Iy <y €
a-rcosets g I»
have za:<za € carrier A»
using abelian-subgroup.a-rcosets-carrier abelian-subgroupl3 g(1) g(5)
ideal-def k(1) ring-def by blast
have zb:«xb €carrier A>
using abelian-subgroup.a-rcosets-carrier abelian-subgroupl3 g(2) g(6)
ideal-def k(1) ring-def by blast
have zc:«xcecarrier A»
using ¢(3) k(1) ringA.ideal-is-subalgebra ringA.subalgebra-in-carrier by fast-
force
have <Jzex. Jzdey. Fzecl. h (zc B4 va ® 4 2b) = hve g hz Qg had>
apply (rule bezl[where z=za])
apply(rule bezl[where z=xb])
apply(rule bexl[where z=zc])
using g rhr.hom-add[OF zc | rhr.hom-mult|OF za xb|
using ringA.m-closed za zb by presburger+
Inote fst-prf=this
{fix za zb zc
assume g:<za € o xb € ¥ «xc € I) «ideal I A<z € a-rcosetsy Iy <y €
a-rcosets g I»
have za:<za € carrier A>
using abelian-subgroup.a-rcosets-carrier abelian-subgroupl3 g(1) g(5)
ideal-def k(1) ring-def by blast
have zb:<xb €carrier A»
using abelian-subgroup.a-rcosets-carrier abelian-subgroupl3 g(2) g(6)
ideal-def k(1) ring-def by blast
have zc:<zc€carrier A»
using ¢(3) k(1) ringA.ideal-is-subalgebra ringA.subalgebra-in-carrier by fast-
force
have <Jyacz. Jycy. Iybel. hxc ®gp hza Qg hxb=h (yb B4 ya @4 y)»
apply(rule bexI[where z=za])



apply(rule bexI[where z=xb])
apply(rule bexI[where z=uxc])
using ¢ rhr.hom-add[OF zc | rhr.hom-mult|OF za xb]
using ringA.m-closed xa zb by presburger+ }note snd-prf=this
assume kI:<y € carrier (A Quot I)»
with k£ show <h ‘(x@A Quot]y) =h‘z®p Quot h crh
by(auto simp:FactRing-def image-iff rcoset-mult-def r-coset-def a-r-coset-def
snd-prf fst-prf)
from k k1 show <h (2 &4 Quot 1Y) =" " SB Quoth 1M WP
apply(simp add:FactRing-def rcoset-mult-def r-coset-def a-r-coset-def)
using h1 ring-A ring-B unfolding ring-iso-def FactRing-def rcoset-mult-def
r-coset-def a-r-coset-def
by (metis (no-types, lifting) abelian-subgroup.a-rcosets-carrier abelian-subgroupl3
ideal.axioms(1) mem-Collect-eq ring-def set-add-hom)
next
assume k:<ideal I A»
have important:<za € carrier (B Quot h ‘1) = Jy€ccarrier (A Quot I). h ‘y
= za) for za
proof(rule bexl[where z=<inv-into (carrier A) h ‘ za])
assume g:<za € carrier (B Quot h ‘ I)»
then show <h ¢ inv-into (carrier A) h ‘ za = za»
by (metis Sup-le-iff bij-betw-def img-ideal-is-ideal h1 image-inv-into-cancel k
ringB.canonical-proj-vimage-in-carrier ring-iso-memE(5) subset-refl)
{fix z
assume gl :<z€carrier By < za = ((Jzacl. {h za &g z})
{fix zaa
assume ¢2:<xaa € >
with g1 have <3zacl. (SOME y. y € carrier AN hy = h zaa &g x) = 2a
@ 4 inv-into (carrier A) h
by (smt (verit, del-insts) bij-betw-def bij-betw-iff-bijections hl ideal.Icarr
inv-into-f-f k rhr.hom-add ringA.add.m-closed ring-iso-memFE(5)
some-equality)
}note 2=this
{fix zaa
assume <zaacl
with g1 have <zaa @ 4 inv-into (carrier A) h x = (SOME y. y € carrier A
A hy=hzaa &g )
using h! ring-A ring-B unfolding ring-iso-def
by (smt (verit, del-insts) bij-betw-def k inv-img-exist f8 h1 ideal. Icarr
inv-into-f-f mem-Collect-eq ringA.add.m-closed somel-ex)
}note 3=this
from g1 have <Jzaccarrier A. (Az. SOME y. y € carrier ANhy=1) *
(Uzael. {hza &g z}) = (Jzel. {z &4 za})
apply (intro bexl[where z=<inv-into (carrier A) h z»])
using inv-img-ezist image-eql inv-into-into[of © h <carrier A»]
by (auto simp: 2 3)
}note 1 =this
from ¢ show <inv-into (carrier A) h ‘ za € carrier (A Quot I)»
unfolding FactRing-def inv-into-def A-RCOSETS-def RCOSETS-def r-coset-def



by (auto simp:1)
qed
have imp2:<V JCcarrier A. VKCcarrier A.h ‘J =h ‘K — J = K>
unfolding image-def using h1 apply(safe)
using h! ring-A ring-B unfolding ring-iso-def
by (smt (verit, ccfo-SIG) bij-betw-iff-bijections in-mono mem-Collect-eq) +
with important have important3:<za € carrier (B Quot h ‘ I)
= Flyccarrier (A Quot I). h ‘' y = za> for za
apply (safe)
apply blast
apply (metis Sup-le-iff equalityE k ringA.canonical-proj-vimage-in-carrier)
by (metis Sup-le-iff dual-order.refl k ringA.canonical-proj-vimage-in-carrier)
have bij-inv:<bij-betw (inv-into (carrier A) h) (carrier B) (carrier A)»
by (simp add: bij-betw-inv-into h1 ring-iso-memFE(5))
with £ show «h ‘14 Quot I = 1p Quot h <D
apply (auto simp:image-def FactRing-def rcoset-mult-def r-coset-def a-r-coset-def)

7l
apply (smt (verit, ccfv-threshold) h1 ideal.Icarr insert-iff ringA.one-closed
ring-iso-memE(3) ring-iso-memE(4))
by (metis (full-types) h1 ideal.Icarr ringA.one-closed ring-iso-memE(3) ring-iso-memFE(4)
singletonl)
show <bij-betw (() h) (carrier (A Quot I)) (carrier (B Quot h ‘1))
proof (intro bij-betw-by Witness[where 2f' = () (inv-into (carrier A) h)])
from k show <V accarrier (A Quot I). inv-into (carrier A) h “h ‘a =
apply (intro balll)
apply (subst inv-into-image-cancel)
using bij-betw-def h1 ring-A ring-B unfolding ring-iso-def apply blast
apply (metis FactRing-def abelian-subgroup.a-rcosets-carrier
abelian-subgroupl3 ideal-def partial-object.select-convs(1) ring-def)
by (simp)
from k show «V a’€carrier (B Quot h “ I). h ‘ inv-into (carrier A) h ‘o’ = a”
using ring-A ring-B h1 unfolding ring-iso-def
by (metis (no-types, lifting) Sup-le-iff bij-betw-def img-ideal-is-ideal im-
age-inv-into-cancel
mem-Collect-eq ringB.canonical-proj-vimage-in-carrier subset-refl)
from k show «(°) h ¢ carrier (A Quot I) C carrier (B Quot h ‘ I)»
using img-in-carrier-quot by blast
from k show «(9) (inv-into (carrier A) h) ‘ carrier (B Quot h ‘I) C carrier
(A Quot I)
apply(subst (1) image-def)
apply (safe)
by (metis ¥ accarrier (A Quot I). inv-into (carrier A) h ‘h ‘a = @
important3)
qged
qed
end

lemma Quot-iso-cgen:<accarrier A N\ b:carrier B A cring A A cring B A h €
ring-iso A B A h(a) = b



= A Quot (cgenideal A a) ~ B Quot (cgenideal B b)»
unfolding is-ring-iso-def ring-iso-def
proof (subst ex-in-conv|symmetric))
assume hl:<a€carrier A A b:carrier B Acring A A cring B A h € {h € ring-hom
A B. bij-betw h (carrier A) (carrier B)} A ha = b
have h1'’:<h € ring-iso A B»
using h1 apply(fold ring-iso-def) by simp
interpret ringA: cring A
using hl by auto
interpret ringB: cring B
using i1 by simp
have f1:«Vxa€carrier B. 3y. y € carrier A AN h y = za»
by (metis (no-types, lifting) bij-betw-iff-bijections h1 mem-Collect-eq)
have f0:¢ideal (PIdl4 a) A A ideal (PIdlg b) B»
using ringA.cgenideal-ideal|of a] ringB.cgenideal-ideal[of b] h1 by(simp)
then have f2:«(carrier (A Quot PIdly a)) = {{y® 4z | y. yePIdly a} |z.
z€E€carrier A}
v «(carrier (B Quot PIdig b)) = {{y®pz | y. yePIdlg b} |z. x€carrier B}»
using ringA.carrier-quot ringB.carrier-quot by simp+
then have <h{(PIdly a) = (PIdlg b)
unfolding image-def cgenideal-def
proof (safe)
fix z za xb
assume h2:< carrier (A Quot {z ®4 a |z. v € carrier A}) = {{y @4z |y. y
€{z®y alz. € carrier A}} |z. x € carrier A}
<carrier (B Quot {x ®pg b |z. x € carrier B}) = {{y ®pz|y. y € {r @5 b
|z. © € carrier B}} |z. x € carrier B}»
<xh € carrier A»
then show «3z. h (¢b ® 4 a) = ®p b A © € carrier B>
using h1 ring-iso-def ring-iso-memE(1) ring-iso-memE(2) by fastforce
next
fix z za
assume h2:< carrier (A Quot {x @4 a |z. € carrier A}) = {{y ®4 z |y. y
€ {z®4 alz. x € carrier A}} |x. © € carrier A}»
<carrier (B Quot {x ®p b |z. x € carrier B}) = {{y ®pz|y. y € {zr @ b
|z. © € carrier B}} |z. x € carrier B}»
<za € carrier B)
show (Jze{z ®4 a |z. v € carrier A}. za ®g b=hz)
using f1 h1 h1' h2(3) ring-iso-memE(2) by fastforce
qed
then have «Vze(PIdig b). 3lye(PIdl4 a). h y = o
by (smt (verit) bij-betw-iff-bijections f0 h1 ideal.lcarr image-def mem-Collect-eq)
then have «zccarrier (A Quot {z ® 4 a |z. x € carrier A}) => 3y’ carrier A.
z={y®y' | y. yePIdly a}» for z
proof —
assume al: z € carrier (A Quot {z ®4 a |z. x € carrier A})
have f2: V Aa Ab. Ab ¢ carrier (A Quot Aa) V — ideal Aa A
V (Fa. Ab = {aa B4 a |aa. aa € Aa} A a € carrier A)
using ringA.carrier-quot by auto



have z € carrier (A Quot PIdl4 a)
using al by (simp add: cgenideal-def)
then show ?thesis
using f2 f0 by blast
qed
show (Jz. z € {h € ring-hom (A Quot PIdl4 a) (B Quot Pldlg b).
bij-betw h (carrier (A Quot PIdl4 a)) (carrier (B Quot PIdlg b))}
apply(fold ring-iso-def)
apply(intro exl[where z=«\z. hr)])
using <h ¢ (PIdl4 a) = PIdlg b f0 h1' img-over-set-is-iso ringA.ring-azioms
ringB.ring-axioms
by force
qed

end

3 Polynomials Ring Miscellaneous
theory Polynomials-Ring-Misc

imports HOL— Algebra. Polynomials

begin

Some lemmas that may be considered as useful, and that helps for the
Hilbert’s basis proof

definition(in ring) deg-poly-set:<deg-poly-set Sk = {a. a€S A degree a = k}U{[|}»

definition (in ring) lead-coeff-set::<'a list set= nat = 'a set»
where <lead-coeff-set S k = {coeff a (degree a) | a. a€deg-poly-set S k}»

lemma rule-union:«ze(|Jn<k. A ln) «— (In<k. z€A ln)
by (auto)

lemma (in ring) add-0-eq-0-is-0:<a€ carrier ((carrier R)[X]) = || D(carrier R) [X]
a=[=a=[p
proof —
assume hl:<a€carrier ((carrier R)[X])» and h2:¢]] S (carrier R) [X] ¢ = 1B
have <poly-add || a« = a»
apply (rule local.poly-add-zero(2)[of «(carrier R)»])
apply (simp add: carrier-is-subring)
by (simp add: h1 univ-poly-carrier)
then show ?thesis
using 72 unfolding univ-poly-add by presburger
qed
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lemma (in domain) inv-coeff-sum:<a€ carrier((carrier R)[X]) = aa€carrier((carrier
R)[X])
= @ D(cqrrier R)[X] 00 = [| «— (Vn. coeff a n = inv,q4-monocid R (coeff aa n))>
proof (safe, induct a)
case Nil
then have <aa = []»
by (simp add: Nil.prems(2) Nil.prems(3) add-0-eq-0-is-0)
then show ?case by(auto)
next
case (Cons al a2)
then show ?case
by (metis add.comm-inv-char coeff.simps(1) coeff-in-carrier local.add.m-comm
local.ring-axioms
poly-add-coeff polynomial-in-carrier ring.carrier-is-subring univ-poly-add
univ-poly-carrier)
next
interpret kzr: cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by blast
assume hi:<a € carrier ((carrier R) [X])» and h2:<aa € carrier ((carrier R)

(X1
and h3:<V n. local.coeff a n = NV ,q4-monoid R local.coeff aa n»
then show <a ®(.4prier p) [x] 30 = IE

by (metis (no-types, lifting) abelian-group-def abelian-monoid.a-monoid add. Units-eq

carrier-is-subring coeff-in-carrier kxr.add.m-closed kxr.add.m-comm lead-coeff-simp
local.ring-azxioms

mem-Collect-eq monoid. Units-r-inv monoid.select-convs(1) monoid.select-convs(2)
partial-object.select-convs(1)

poly-add-coeff polynomial-def polynomial-in-carrier ring-def univ-poly-add

univ-poly-def)
qged

lemma (in ring) coeffs-of-add-poly:<a€carrier((carrier R)[X]) = aa€ carrier((carrier
R)[X])
= coeff (a D(carrier R)[X] aa) n = coeff a n @ coeff aa n»
by (metis local.ring-azioms poly-add-coeff ring.polynomial-incl univ-poly-add univ-poly-carrier)

lemma (in ring) length-add:<a€carrier((carrier R)[X]) = aa€carrier((carrier
R)[X))
= coeff a (degree a) # iV q4-monoid R Coelf aa (degree aa)
= degree (a S (carrier R)[X] aa) = max (degree a) (degree aa)
proof —
assume hl:<a€carrier((carrier R)[X])»
and h2:<aa€carrier((carrier R)[X])
and hS3:<coeff a (degree a) # inv,44-monoid R Coelf aa (degree aa)»
have f0:<V n>(maz (degree a) (degree aa)). coeff (a D (carrier R)[X] aa) n = 0
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by (simp add: coeff-degree coeffs-of-add-poly h1 h2)
then have f1:«degree a = degree aa = coeff (a D (carrier R)[X] aa) (degree a)
= coeff a (degree a) @ coeff aa (degree aa))
using coeffs-of-add-poly h1 h2 by presburger
also have f2: (coeff a (degree a) @ coeff aa (degree aa) # 0> using h3
by (meson add.inv-comm add.inv-unique’ coeff-in-carrier h1 h2 local.ring-azioms

ring.polynomial-incl univ-poly-carrier)
then show ?thesis
apply(cases degree a = degree aa)
using f0 f1
apply (metis coeff-degree le-neg-implies-less max.idem poly-add-degree univ-poly-add)
apply(cases <degree a > degree aa))
by (metis carrier-is-subring h1 h2 local.ring-axioms
ring.poly-add-degree-eq univ-poly-add univ-poly-carrier)+
qed

lemma (in domain) inv-imp-zero:<a€ carrier((carrier R)[X]) = a D(carrier R) [X]

M 4 dd-monoid ((carrier R) [X]) @ = I

using local.add. Units-eq local.add. Units-r-inv univ-poly-zero

by (metis a-inv-def abelian-group.r-neg carrier-is-subring domain.univ-poly-is-abelian-group
domain-axioms)

lemma (in domain) R-subdom:<subdomain (carrier R) R»
by (simp add: carrier-is-subring subdomainl’)

lemma (in domain) lead-coeff-in-carrier:
<ideal I ((carrier R)[X]) = a€ I = coeff a (degree a) € (carrier R)» for I a
using poly-coeff-in-carrier|of <carrier Ry a)
by (simp add: carrier-is-subring ideal.Icarr univ-poly-carrier)

lemma (in domain) degree-of-inv:<pe carrier((carrier R)[X]) = degree (inv 444 monoid ((carrier R)[X])
p) = degree p» for p

using univ-poly-a-inv-degree|of <carrier Ry p]

by (simp add: a-inv-def carrier-is-subring)

lemma (in domain) inv-in-deg-poly-set:<ideal I ((carrier R)[X]) = a€ deg-poly-set
Ik
= M4 4d-monoid ((carrier R)[X]) @ € deg-poly-set I k» for Ik a
proof —
interpret kzr: cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by blast
assume hl:<ideal I ((carrier R)[X])> <a€ deg-poly-set I k»
then show ?thesis
unfolding deg-poly-set
apply (safe)
apply (meson additive-subgroup-def group.subgroupE(3) ideal-def kzr.add.is-group)

12



apply (meson degree-of-inv ideal.Icarr)

by (metis kxr.add.inv-one univ-poly-zero)—+
qed

lemma (in domain) ideal-lead-coeff-set:<ideal (lead-coeff-set I k) R»
if h':<ideal I ((carrier R)[X])» for Ik
proof (rule ideall)

show «(ring R»
by (simp add: local.ring-azioms)
next
interpret kzr: cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by blast
show <subgroup (lead-coeff-set I k) (add-monoid R)>

unfolding subgroup-def lead-coeff-set-def
proof (safe)
fix az
assume hl:<a € deg-poly-set I k»
show <local.coeff a (degree a) € carrier (add-monoid R)»
using lead-coeff-in-carrier h' hl
by (metis (no-types, lifting) Un-iff deg-poly-set empty-iff insert-iff

kxr.oneideal mem-Collect-eq partial-object.select-convs(1) univ-poly-zero-closed)
next

fix x y a aa

assume hl:<a € deg-poly-set I ky and h2:<aa € deg-poly-set I k>

then have imp:<a€carrier ((carrier R)[X]) A aa € carrier ((carrier R)[X])»
unfolding deg-poly-set using h’ unfolding ideal-def
by (auto simp:additive-subgroup.a-Hcarr)

then show <3 ab. local.coeff a (degree a) @ 4qd-monoid R local.coeff aa (degree
aa)

= local.coeff ab (degree ab) A ab € deg-poly-set I k»
apply(cases <a=[»)
using lead-coeff-in-carrier h2 kxr.oneideal apply auto[1]
apply(cases <aa=[]))
using lead-coeff-in-carrier h1 kxr.oneideal apply auto[!]
apply(cases <local.coeff aa (length aa — Suc 0)
# NV g dd-monoid R tocal.coeff a (length a — Suc 0)»)
apply(rule exl[where z=<a S (carrier R)[X] aa))
using imp length-add h1 h2 unfolding deg-poly-set apply(safe)

apply (metis One-nat-def coeffs-of-add-poly kxr.add.m-comm maz.idem
monoid.select-convs(1))

apply (meson additive-subgroup.a-closed ideal-def that)
apply (metis One-nat-def kxr.add.m-comm maz.idem)

by (metis (no-types, lifting) One-nat-def Un-iff add.comm-inv-char add.r-inv-ex
coeff .simps(1)

lead-coeff-in-carrier insert-iff monoid.select-convs(1) that)
next

show <3 a. 1,44-monoid B = local.coeff a (degree a) A a € deg-poly-set I k»

by (smt (verit, ccfv-threshold) Un-insert-right coeff.simps(1) deg-poly-set
insertl1 monoid.select-convs(2))
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next
fix a
assume <a € deg-poly-set I k»

obtain a’ where (a'= inv X)) @ ANaecl

add-monoid ((carrier R
using h’
by (metis (no-types, lifting) Un-iff <a € deg-poly-set I k) deg-poly-set empty-iff
insert-iff kxr.add.normal-invE(1)
kxr.ideal-is-normal mem-Collect-eq monoid.select-convs(2) subgroup-def
univ-poly-zero)
then show (Jaa. v, monoid R local.coeff a (degree a) = local.coeff aa
(degree aa) A aa € deg-poly-set I k»
apply (intro exl[where 1=<inv ;. .monoid ((carrier R)[X)) a])
apply (safe)
apply (metis (no-types, opaque-lifting) degree-of-inv ideal.Icarr kxr.add. Units-eq
kxr.add. Units-inv-closed
kxr.add. Units-l-inv inv-coeff-sum that univ-poly-zero)
using <a € deg-poly-set I k> inv-in-deg-poly-set that by blast
qed
next
interpret kxzr: cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by blast
fix ay
assume hi:¢ a € lead-coeff-set I k» and h2:<y € (carrier R))
then obtain [ where h3:¢<l€deg-poly-set I k N a = coeff | (degree 1)
using lead-coeff-set-def by auto
then have t0:«set | C (carrier R))
by (metis (no-types, lifting) Un-iff additive-subgroup.a-Hcarr deg-poly-set h'
ideal.axioms(1)
kzr.zeroideal mem-Collect-eq partial-object.select-convs(1) polynomial-incl
univ-poly-def
univ-poly-zero)
have t1:<l€carrier ((carrier R)[X])» using h3 h’ unfolding deg-poly-set ideal-def

by (auto simp:additive-subgroup.a-Hcarr)
have h{:«y#0 = [y] € carrier((carrier R)[X])
using h2 by (simp add: polynomial-def univ-poly-def)
have f/a:<subring (carrier R) R»
using carrier-is-subring by auto
have h5:<y£0 = [y]| € carrier ((carrier R) [X]) => | € carrier ((carrier R)[X])

= 4[] = [y] ®(carrier R) [X] l € deg-poly-set I k>
using A3 h4 unfolding deg-poly-set apply(safe)
apply (meson h' ideal-azioms-def ideal-def)
unfolding univ-poly-mult
using poly-mult-degree-eq[of (carrier R) «|y]> ]
using f/a univ-poly-carrier by auto
have t/:«y£0 = [y] € carrier ((carrier R) [X]) = | € carrier ((carrier R)[X])
= [#[] =y ® a = local.coeff ([y] ®(carrier R) [X] 1) (degree ([y] ®(carrier R) [X]

n)
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unfolding univ-poly-mult
by (metis fia h3 lead-coeff-simp list.sel(1) not-Cons-self poly-mult-integral
poly-mult-lead-coeff univ-poly-carrier)

have t6:<a£0 = I#[]»
using h3 by fastforce

show symet:<y ® a € lead-coeff-set I k>
unfolding lead-coeff-set-def deg-poly-set apply(safe)
apply(cases <a = 0»)
apply(rule exl[where z=¢[])])
apply (simp add: h2)
apply(cases <y=0))
apply(rule exI[where z=«[]])
using coeff.simps(1) coeff-in-carrier h2 h3 integral-iff t0 apply simp
apply(rule exl[where z=¢ [y] ®(carrier R) [X] D)
apply (safe)

apply (metis One-nat-def coeff.simps(1) h3 h4 t1 t4)

using h5 h4 t6 by(auto simp add: deg-poly-set t1)

show <a ® y € lead-coeff-set I k»
using h2 h3 m-comm symet t0 by auto

qed

lemma (in ring) deg-poly-set-0:<deg-poly-set ' 0 = {[a] | a. [a]€z'}U{[]}» for
x':c list sety
unfolding deg-poly-set
apply (safe)
apply (metis One-nat-def Suc-pred length-0-conv length-Suc-conv length-greater-0-conv)
by (auto)

lemma (in ring) lead-coeff-set-0:<lead-coeff-set &’ 0 = {a. [al€x'}U{0}» for z’
unfolding lead-coeff-set-def
proof (subst deg-poly-set-0, safe)
fix z a aa
assume hl:<local.coeff [aa] (degree [aal) ¢ {}> <local.coeff [aa] (degree [aa)) #
0
aa) € "
then show <[local.coeff [aa] (degree [aa))] €
by (simp)
next
fix za
assume hi:<local.coeff [| (degree []) ¢ {}> «local.coeff [] (degree []) # O
then show <[local.coeff || (degree [])] € x’s by simp
next
fix z
assume hil:«[z] €
then show «Ja. z = local.coeff a (degree a) A a € {[a] |a. [a] € '} U {[|P
apply (intro exl[where z=<[z])])
by (simp)
next
fix z
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show «Ja. 0 = local.coeff a (degree a) A a € {[a] |a. [a] € '} U {[]} »
apply(rule exI[where z=<[]])
by (simp)
qed

end

4 The weak Hilbert Basis theorem

theory Weak-Hilbert-Basis

imports
HOL— Algebra. Polynomials
HOL— Algebra.Indexed-Polynomials
Polynomials-Ring-Misc
Padic-Field. Cring-Multivariable- Poly
HOL— Algebra. Module
Ring-Misc

begin

In this section, we show what we called "weak" Hilbert basis theorem, mean-
ing Hilbert basis theorem for univariate polynomials The theorem is done
for all three (Polynomials, UP, IP with card = 1) models of polynomials
that exists in HOL-Algebra

4.1 Weak Hilbert Basis

lemma (in noetherian-domain) weak-Hilbert-basis:<noetherian-ring ((carrier R)[X])
proof(rule ring.trivial-ideal-chain-imp-noetherian)
show «ring ((carrier R) [X])»
using carrier-is-subring univ-poly-is-ring by blast
next
interpret kzr: cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by blast
fix C
assume F:«C # {}» <subset.chain {I. ideal I ((carrier R) [X])} C»
have f1:(J€C = ideal I (carrier R[X])) for I
using F unfolding subset.chain-def by(auto)
have f2:<accarrier((carrier R)[X])A aa€ carrier((carrier R)[X])
= coeff (a®(carrier R)[X] aa) k = coeff a k& coeff aa k »
for a aa k
unfolding univ-poly-add
apply (subst poly-add-coeff)
using polynomial-in-carrier|of <carrier Ry a] polynomial-in-carrier[of <carrier
Ry ad]
polynomial-def carrier-is-subring
by (simp add: univ-poly-carrier)—+
have f/a:<subring (carrier R) R»
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using carrier-is-subring by auto
have degree-of-inv:
<p€carrier((carrier R)[X]) = degree (10,34 monoid ((carrier R)[X]) p) = de-
gree p) for p
by (metis a-inv-def local.ring-azioms ring.carrier-is-subring univ-poly-a-inv-degree)
from f1 have «JeC' = a € I = coeff a (degree a)€ (carrier R)) for a I
using lead-coeff-in-carrier by blast
have emp-in-i:<ideal I ((carrier R)[X]) =[] € I» for I
by (simp add: additive-subgroup-def ideal-def subgroup-def univ-poly-zero)
have ¢g0:«ICI' = lead-coeff-set I k C lead-coeff-set I’ k»
for 11"k
unfolding lead-coeff-set-def deg-poly-set by (auto)
have g1:< ideal I ((carrier R)[X]) = {(X®(carm'er R)[X]l) | I.lel} C Iy for I
using f4a ideal.I-lI-closed var-closed(1) by fastforce
then have ¢2:
<ideal T ((carrier R)[X]) = lead-coeff-set {(X®(carm'er R)[X] |l lel} k C
lead-coeff-set I k>
for Ik
using g0 g1 by auto
have f7b:<ideal I ((carrier R)[X]) = lead-coeff-set I k C lead-coeff-set I (k+1)»
for Ik
unfolding lead-coeff-set-def deg-poly-set
proof (safe)
fix z a
assume y1:<ideal I (poly-ring R)» <a € Iy <k = degree a)
then show
«Faa. local.coeff a (degree a) = local.coeff aa (degree aa) A aa € {aa € I.
degree aa = degree a + 1} U {[|}»
apply(cases <a=[»)
apply(rule exl[where z=<[])])
apply blast
apply(rule exl[where T=4Q (cqrrier R)[X]X>])
apply (safe)
unfolding ideal-def univ-poly-mult
using poly-mult-var[of (carrier R) a for a)
apply (metis One-nat-def additive-subgroup.a-Hcarr
append-is-Nil-conv ffa hd-append?2 lead-coeff-simp univ-poly-mult)
apply (simp add: fla ideal-azioms-def univ-poly-mult var-closed(1))
using poly-mult-var[of «(carrier R)s a for a]
by (metis Suc-eq-plusl Suc-pred’ diff-Suc-Suc f4a ideal. Icarr length-append-singleton

length-greater-0-conv minus-nat.diff-0 univ-poly-mult y1(1))
next
assume y1:<ideal I (poly-ring R)»
then show
«Ja. local.coeff || (degree [|) = local.coeff a (degree a) A a € {a € I. degree a
—k+ 13U (b
by force
qed
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then have f7:«ye C = lead-coeff-set y k C lead-coeff-set y (k+1)» for k y
using fI by blast
then have f8:«k<k’ = yeC = lead-coeff-set y k C lead-coeff-set y k> for k
k' y
apply (induct k)
using le-Suc-eq by(auto)
have n:<noetherian-ring R»
by (simp add: noetherian-ring-axioms)
have c:«z€C = subset.chain {I. ideal I R} {lead-coeff-set x k | k. k€ UNIV }»
for z
apply(subst subset-chain-def)
apply (safe)
apply (simp add: f1 ideal-lead-coeff-set)
by (meson f8 nle-le subsetD)
have ¢’ subset.chain {I. ideal I R} {lead-coeff-set z k | z. z€C}» for k
proof (rule Zorn.subset.chainl)
show «{lead-coeff-set x k |z. v € C} C {I. ideal I R}>
using f1 ideal-lead-coeff-set by blast
next
fix za y
assume 1:<za € {lead-coeff-set x k |z. x € C}» < y € {lead-coeff-set x k |z. z €
Ch
obtain z z’ where g10:<za = lead-coeff-set z k N y =lead-coeff-set z' k N zeC
Az el
using 1(1) 1(2) by blast
then have 2:Cz' Vv 2/ C 2
using F unfolding subset.chain-def by(auto)
then show «((C)== za y V ()=~ y 2w
using g0 ¢g10 by blast+
qed
then have U0:«VzeC. (| {lead-coeff-set x k | k. ke UNIV}) € {lead-coeff-set x
k| k k€ UNIV}
proof (safe)
fix z
assume al: z € C
have V A. - subset.chain {A. ideal AR} AV ) Ae AV A={}
using ideal-chain-is-trivial by blast
then show «3k. |J {lead-coeff-set x k |k. k € UNIV} = lead-coeff-set x k A k
€ UNIV)»
using al ¢ by auto
qed
have t9:«z€C = ideal (lead-coeff-set x k) R for k x
using f1 ideal-lead-coeff-set by blast
then have degree-of-inv:«{lead-coeff-set © k | z. z€C} # {}» for z::<'a setr and
k
using F(1) by blast
then have UI:«Vk. (|J{lead-coeff-set z k |z. x € C}) € {lead-coeff-set z k | .
zeCh
using ideal-lead-coeff-set f1b n ¢’
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using ideal-chain-is-trivial|OF degree-of-inv ¢'] by(auto)
have ki0:«ze C N ye C=z=y <— (Vk. deg-poly-set x k = deg-poly-set y k) for
Ty
proof (safe)
fix za :: 'a list
assume al: y € C
assume a2: Vk. deg-poly-set x k = deg-poly-set y k
assume za € x
then have Jdn. za € deg-poly-set z n
using deg-poly-set noetherian-domain-azioms by fastforce
then show za € y
using a2 al
by (metis (no-types, lifting) UnE emp-in-i f1 local.ring-azioms
mem-Collect-eq ring.deg-poly-set singleton-iff)
next
fix za :: 'a list
assume al: ¢z € C
assume a2: Vk. deg-poly-set v k = deg-poly-set y k
assume za € y
then have dn. za € deg-poly-set y n
using deg-poly-set noetherian-domain-azioms by fastforce
then show za € z
using a2 al
by (metis (no-types, lifting) UnE emp-in-i f1 local.ring-azioms
mem-Collect-eq ring.deg-poly-set singleton-iff)
qged
have ki:«x’eC A yeC A 2'C y==(V k<n. lead-coeff-set ' k = lead-coeff-set y k)

+— (VEk<n. deg-poly-set z' k = deg-poly-set y k)»
for 2’ yn
apply (rule iffT)
subgoal
proof (induct n)
case z:0
from lead-coeff-set-0 have d2:<{a. [a] € 2’} = {a. [a] € y}P
using z(2)[rule-format, of 0] unfolding lead-coeff-set-def
using z.prems(1) f1 unfolding ideal-def
by (simp add:f1 ideal-def polynomial-def univ-poly-carrier additive-subgroup.a-Hcarr)
(metis (mono-tags, lifting) additive-subgroup.a-Hcarr insert-iff
list.sel(1) list.simps(83) mem-Collect-eq polynomial-def univ-poly-carrier)
show ?case
apply(insert z)
apply (simp)
apply(subst (asm) (1 2) lead-coeff-set-0)
apply(subst (1 2) deg-poly-set-0)
using d2 by(auto)
next
case (Suc n)
have t0:<V k<n. deg-poly-set ' k = deg-poly-set y k»
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using Suc.hyps Suc.prems(1) Suc.prems(2) le-Suc-eq by blast
have t":<ideal z' ((carrier R)[X])»
using Suc.prems(1) f1 by blast
have t:<deg-poly-set x’ (Suc n) = deg-poly-set y (Suc n) = ?case)
using Suc.hyps Suc.prems(1) Suc.prems(2) le-Suc-eq by presburger
have < Vk. 35. lead-coeff-set x’ k = genideal R (S k) A finite (S k)»
by (meson ideal-lead-coeff-set finetely-gen t’)
then have «3 5. Vk. lead-coeff-set ' k = genideal R (S k) A finite (S k)»
by moura
then obtain S where t1:<V k. lead-coeff-set x' k = genideal R (S k) A finite
(S k)
by (blast)
then have «V k<Suc n. lead-coeff-set y (k) = genideal R (S k)»
using Suc.prems(2) le-Suc-eq by presburger
show ?case
proof (rule t)
show <deg-poly-set ©' (Suc n) = deg-poly-set y (Suc n)>
unfolding deg-poly-set
proof (safe)
fix z
assume 2z ¢ {b @ # [ «x € z'» «degree x = Suc n»
then show <z € y»
using Suc.prems(1) by blast
next
fix z
assume 2z ¢ {P @ # [ <x € y» «degree x = Suc n»
{assume 1:«x # []» «x € y» dength x — Suc 0 = Suc n» <z ¢ ="
have <lead-coeff-set x' (Suc n) = lead-coeff-set y (Suc n)»
using Suc.prems(2) by auto
then have tp:«coeff z (degree x) € lead-coeff-set x’ (Suc n)»
by (metis (mono-tags, lifting) 1(2) 1(3) One-nat-def
Un-iff deg-poly-set lead-coeff-set-def mem-Collect-eq)
then have (322, 22#x A 22 € 2’ A coeff x2 (degree x2) = coeff x (degree
Z)A degree 2 = Suc n»
unfolding lead-coeff-set-def by (simp) (metis (mono-tags, lifting) 1(1)
1(2) 104)
One-nat-def Suc.prems(1) Un-iff coeff.simps(1) deg-poly-set f1
ideal.Icarr lead-coeff-simp
mem-Collect-eq partial-object.select-convs(1) polynomial-def singletonD
univ-poly-def)
then obtain 22 where g1:<coeff 22 (degree x2) € lead-coeff-set z' (Suc
n) A 22 # x Ndegree 12
= Suc nA\ z2€ z'A coeff x2 (degree x2) = coeff x (degree
x)»
using tp by force
then have ¢2:<z2 € y»
using Suc.prems(1) by blast

then have g3:x 69(carrz'er R)[X] MY 4 dd-monoid ((carrier R)[X]) 72 €Y
using t’
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by (meson 1(2) Suc.prems(1) additive-subgroup.a-closed addi-
tive-subgroup-def
f1 group.subgroupE(3) ideal-def kzr.add.group-l-invl kxr.add.l-inv-ex)
then have g4: 69(carrier R)[X] M g dd-monoid ((carrier R)[X]) 22 ¢z
using t’ g1 1(2) 1(4) f1 Suc.prems(1)
kzr.add.m-assoc kxr.add.r-inv-ex kxr.add.subgroupE(4) kxr.minus-unique
kxr.r-zero
unfolding additive-subgroup-def ideal-def
by (smt (verit, best) f1 ideal.Icarr kxr.add.comm-inv-char)
have <degree x = Suc n A degree 2 = Suc n»
using 1 g1 by auto

also have <coeff (inv X)) x2) (degree x2) =

add-monoid ((carrier R

NV 4 dd-monoid R (coeff x (degree x))»
by (smt (verit, best) a-inv-def diff-0-eq-0 fia g1 ideal.Icarr kxr.add.inv-closed

kxr.l-neg length-add list.size(3) maz.idem nat.discl t’ univ-poly-a-inv-degree
univ-poly-zero)
then have «coeff ((z D (carrier R)[X] MY 4 dd-monoid ((carrier R)[X]) 2))
(Suc n) =0
by (smt (verit, best) 1(2) Suc.prems(1) <degree x = Suc n A degree z2
= Suc n»
a-inv-def add. Units-eq add.Units-r-inv lead-coeff-in-carrier f1 f2 g1
ideal.Icarr kxr.add.inv-closed)
then have x:<V k> Suc n. coeff ((z D(carrier R)[X] MY 4 dd-monoid ((carrier R)[X])
z2)) (k) = 0>
by (smt (verit, best) 1(2) Suc.prems(1) a-inv-def calculation coeff-degree
f1 12 fha g2
ideal. Icarr kxr.add.inv-closed l-zero le-eq-less-or-eq univ-poly-a-inv-degree
zero-closed)

then have xx:(degree (z D (carrier R)[X] M 4 dd-monoid ((carrier R)[X])
x2) < Suc n
unfolding univ-poly-add
by (metis (no-types, lifting) a-inv-def calculation f4a g1 ideal.Icarr
maz.idem poly-add-degree t’ univ-poly-a-inv-degree univ-poly-add)
then have b0:<coeff ((z 69(carrier R)[X] M 4 dd-monoid ((carrier R)[X])
z2)) (Suc n) = 0>
using * by auto
have b1:<x€(carrier ((carrier R)[X])) = degree © < Suc n A coeff x
(Suc n) = 0 = degree x < n» for z
by (metis diff-0-eq-0 diff-Suc-1 le-SucE lead-coeff-simp list.size(8)
polynomial-def univ-poly-carrier)

- then have (degree (z D(carrier R)[X] M 4 dd-monoid ((carrier R)[X]) 2)
<m

using b0 b1 *x

by (meson Suc.prems(1) f1 g3 ideal.Icarr)

then obtain k& where n:<k<n A k = degree (z ©(carrier R)[X]

Y g dd-monoid ((carrier R)[X]) z2)>
by blast
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then have @(carrier R)[X] M4 dd-monoid ((carrier R)[X]) S
deg-poly-set y k A & D (cqrrier R)[X] ™add-monoid ((carrier R)[X]) ©2 ¢ deg-poly-set
z' k

unfolding deg-poly-set using g1 g2 g3 monoid.cases monoid.simps(1)
monoid.simps(2)
partial-object.select-convs(1) emp-in-i g4 t' by fastforce
then have Fulse using n t0 by blast
}note this-is-proof=this
then show (ze€z’
using this-is-proof 2(2) 2(3) 2(4) One-nat-def by argo
qged
qed
qed
using lead-coeff-set-def by presburger
have chain-is:«z’'eC AN yeC =z’ CyVvV y Cz's forz'y
using F unfolding subset.chain-def by (auto)
from kIl have imppp:<z'eC A yeC A z'C y
= (Vk. lead-coeff-set x’' k = lead-coeff-set y k) «— (Vk. deg-poly-set z' k =
deg-poly-set y k)»
for z’ y
by (meson dual-order.refl)
then have impp:«z’'e C N\ ye C=(V k. lead-coeff-set x' k = lead-coeff-set y k)
+— (Vk. deg-poly-set ©' k = deg-poly-set y k)»
for z’ y
by (metis chain-is)
then have suplxz’'eC A yeC = (2’ = y) «—(Vk. lead-coeff-set =’ k =
lead-coeff-set y k)» for z’ y
using kl0 by presburger
then have <3 Uz. Vk. Uz k = | {lead-coeff-set x k |z. z € C}»
by auto
then obtain Uz where U-z:<Vk. Uz k = |J{lead-coeff-set z k |x. x € C}» by
blast
then have 3 Uk. VzeC. ( Uk z = | {lead-coeff-set x k |k. ke UNIV})> using
U0 by auto
then obtain Uk where U-k:«VzeC. (Uk z = | {lead-coeff-set x k |k. ke UNIV})»
using U0 by(auto)
have (| {lead-coeff-set c k |z k. v € C AN ke UNIV}) = ([JzeC. (U k. lead-coeff-set
z k)
by auto
have «((JzeC. (Uk. lead-coeff-set x k)) € {lead-coeff-set x k|z k. z€C} >
proof —
have n0:<zeC A yeC N 2Cy = (J k. lead-coeff-set x k) C (J k. lead-coeff-set
y k) for z y
by (simp add: SUP-mono’ g0)
obtain s! where nl:«(VzeC. (k. lead-coeff-set x k) = lead-coeff-set x (sl
x))»
using U0
by (simp)(metis full-SetCompr-eq)
then have nj:«((JzeC. (Uk. lead-coeff-set x k)) = (|JzeC. lead-coeff-set x
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(s1 )
by auto
have (zeC N yeC = 2Cy V yCo for z y
using F unfolding subset.chain-def by (auto)
then have ni:«zeC A yeC = lead-coeff-set x (s1 x) C lead-coeff-set y (sl
y) vV
lead-coeff-set y (s1 y) C lead-coeff-set © (s1 z)»
for z y
apply(cases <xCy»)
apply (rule disjl1)
subgoal using n0 nl by auto[!]
by (metis n0 nl)
have n2:<subset.chain {I. ideal I R} {lead-coeff-set x (s1 ) |x. z€C}H
apply(rule subset.chainl)
using <Az k. ¢ € C = ideal (lead-coeff-set © k) R» apply force
using nl by auto
have n3:«{lead-coeff-set x (s1 z) |x. z€C} # {p
using F (1) by blast
have ((|Jz€C. lead-coeff-set z (s1 z)) = (U {lead-coeff-set x (s1 x) |z. z€C})»
by auto
then have «(|Jz€C. lead-coeff-set © (s1 x)) € {lead-coeff-set x (sl z) |z. z€C}>
using ideal-chain-is-trivial|[OF n3 n2]
by (auto)
then show «(|JzeC. |J (range (lead-coeff-set x))) € {lead-coeff-set x k |z k.
e C}h»
using n4 by auto
qed
then obtain z [ where n5:«(|J {lead-coeff-set x k |z k. z€C}) = lead-coeff-set
zl N zelh
using «|J {lead-coeff-set x k |x k. x € C ANk € UNIV} = (JzeC. |J (range
(lead-coeff-set x)))»
by auto
then have VyeC. 2Cy — (V n>I. (lead-coeff-set y n = lead-coeff-set x 1))
apply (safe)
subgoal using Unionl by blast
by (meson f8 g0 in-mono)
have «Vk. 3y’ | {lead-coeff-set x k |z. € C} = lead-coeff-set (y' k) k A y' k
e O
using U1 by fastforce
then have 3y’ Vk. | {lead-coeff-set x k |x. x € C} = lead-coeff-set (y' k) k A
y' ke O
by moura
then obtain y’ where n10:{J {lead-coeff-set x k |z. x € C} = lead-coeff-set (y’
EYEANy ke O
for k
by blast
have n8:«({y’ k|k. k<l}u{z}) C O
using «A\k. J {lead-coeff-set x k |z. © € C} = lead-coeff-set (y" k) k Ny’ k €
C» n5 by auto
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then have fin:«finite ({y’ k|k. k<IJu{z})»
by (auto)
have n9:<subset.chain C ({y’ klk. k<l}Uu{z})
apply (rule subset.chainl)
using n8 apply force
using F(2) n8 unfolding subset.chain-def
by (meson subset-eq)
then obtain M where n11:«MeC A (J{y' klk. k<I}U{z}) = M)
unfolding subset-chain-def
by (metis (no-types, lifting) Un-empty Union-in-chain n9 fin insert-not-empty
subsetD)
then have VyeC. MCy — (V n<l. (lead-coeff-set y n = lead-coeff-set (y’ n)
n))»
using n10 g0 apply(safe)
using Sup-le-iff mem-Collect-eq by blast+
then have nn:«VyeC. Vn<l. MCy — (lead-coeff-set (y) n = lead-coeff-set M
n)
using <M € C A ({y' k |k k <1} U{z}) = M by auto
then have «VyeC. Vn>I. MCy — (lead-coeff-set (y) n = lead-coeff-set M n)»
using M e CAY {y' k |k k<I1}U{z}) =M
using «VyeC. z C y — (Vn>l. lead-coeff-set y n = lead-coeff-set z 1)» by
auto
then have n-1:«VyeC. M Cy — M =y
by (metis n11 supl nn linorder-le-cases)
have «((JC = M>»
proof (rule ccontr)
assume h-1:J C # M>
then have f-0:«3zel C. z¢M>
by (meson Unionl <M € C AU ({y'k |k. k <1} U{z}) = M> subset-antisym
subset-iff)
then obtain z where f-1:<z€lJ C A z¢M> by blast
then have f-3«<3M’eC. zeM’
by blast
then obtain M’ where f-2:«<xe M’ by blast
then have <MCM' AN M#M"
using F unfolding subset-chain-def
by (metis f-1 f-8 n11 n-1 subsetD)
then show Fulse
using n-1 nl1 f-1 -3 F(2) unfolding subset-chain-def
by (metis subsetD)
qed
then show «(J C € O»
by (simp add: n11)
qed

4.2 Some properties of noetherian rings

Assuming I is an ideal of A and A is noetherian, then A/I is noetherian.

lemma noetherian-ring-imp-quot-noetherian-ring:
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assumes h1:<noetherian-ring A> and h2:<ideal I A»
showsnoetherian-ring (A Quot I))
proof —
interpret cr:ring A
using h! unfolding noetherian-ring-def by (auto)
interpret crl: ring (A Quot I)
by (simp add: h2 ideal.quotient-is-ring)
interpret rhr:ring-hom-ring A (A Quot I) ((+>4) I)
using h2 ideal.rcos-ring-hom-ring by blast
have rhr-p:<ring-hom-ring A (A Quot I) ((+>4) I)»
using h2 ideal.rcos-ring-hom-ring by blast
from hi show ?thesis
proof (intro ring.trivial-ideal-chain-imp-noetherian)
assume [:<noetherian-ring A»
show «<ring (A Quot I)»
by (simp add: crl.ring-axioms)
next
fix C
assume I:<noetherian-ring Ay «C # {}» <subset.chain {Ia. ideal Ia (A Quot
n} o
let ?f=c<the-inv-into ({J. ideal JA NI C J}) (Az. (+>4) I ‘z)
have inv-imp:«V Je{J. ideal JANIT C J}. of (4>4) 1 J) =D
using the-inv-into-onto[of Az. (+>4) I‘e> {J. ideal JA NI C J}]
apply (subst set-eg-iff)
by (metis (no-types, lifting) Collect-cong bij-betw-def cr.ring-azioms h2
ring. quot-ideal-correspondence the-inv-into-f-f)+
have rule-inv:i«z € the-inv-into {J. ideal JA NI C J} (() (+>4) 1)) J
=ideal J (A Quot I) = ideal J' (A Quot I) = J C J’
= x € the-inv-into {J. ideal JANIT C J} () (+>4) 1)) J>
for z J J’
by (smt (verit, best) Collect-cong additive-subgroup.a-subset bij-betw-imp-surj-on

cr.canonical-proj-vimage-mem-iff f-the-inv-into-f-bij-betw h2 ideal-def im-
age-eql
image-eql inj-onl mem-Collect-eq mem-Collect-eq ring.ideal-incl-iff
ring.quot-ideal-correspondence subsetD the-inv-into-onto)
have inv:<bij-betw 2f {J. ideal J (A Quot I} {J. ideal JA NI C J}
ANNIT {T,J}Y C{J. ideal J (A Quot N}y NJ CJ — 2fJ C 2fJ')»
using ring.quot-ideal-correspondence[of A I] the-inv-into-onto[of <A\z. (+> 4)
I'e»
AJ.ideal JA NI C JP]
unfolding bij-betw-def
using cr.ring-azioms h2 the-inv-into-onto inj-on-the-inv-into f-the-inv-into-f
inj-on-the-inv-into[of «<Az. (+>4) I‘c> «{J. ideal JA NI C J}]
additive-subgroup.a-subset cr.canonical-proj-vimage-mem-iff
f-the-inv-into-flof <« Az. (+>4) I “z)» {J. ideal JA NI C J}h)]
ideal-def image-eql mem-Collect-eq ring.ideal-incl-iff subsetD
by (auto simp: rule-inv)
then have «V ceC. ideal (7f c) A
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using 1(3%) inv unfolding subset.chain-def
using bij-betwE by fast
have inv-imp2:«¥V Je{J. ideal J (A Quot I)}. (+>4) I < 2fJ) =D
by (smt (verit, del-insts) Collect-cong bij-betw-def cr.ring-azioms
h2 imageFE inv-imp ring.quot-ideal-correspondence)
have Vcc'. ceCAc'€C A cCc — fcC ?ch
using inv using 1(8) unfolding subset-chain-def
by (meson empty-subsetl insert-subset subsetD)
then have subl:<subset.chain {Ia. ideal Ia (A)} (2fC)»
using 1(%) unfolding subset-chain-def image-def
using «V ceC. ideal (?f ¢) Ay apply(safe)
apply (simp add: image-def)
by (meson in-mono)
have sub2 «(?f‘C) # {}b
using 1(2) by blast
then have k0:«(J (2f‘C)) € (9fC)»
by (metis (no-types) hl noetherian-ring.ideal-chain-is-trivial subl sub2)
then have «(+>4) I ‘(U (?fC)) = (U C)
apply (safe)
apply (smt (verit, del-insts) 1(8) Unionl image-eql inv-imp2 subset.chain-def
subsetD)
by (smt (verit, best) 1(3) SUP-upper in-mono inv-imp2 subset-chain-def
subset-image-iff)
then show «J C € C»
by (smt (verit) 1(3) k0 image-iff inv-imp2 subset.chain-def subsetD)
qged
qged

If A is noetherian and A ~ B then B is noetherian.

lemma noetherian-isom-imp-noetherian:
assumes hl:<noetherian-ring A A ring BN\ A ~ B»
shows <noetherian-ring B>
proof (rule ring.trivial-ideal-chain-imp-noetherian)
show «ring B> using hl by(simp)
next
fix C
assume h2:<C#{}> and h3:¢<subset.chain {I. ideal I B} C)
obtain g where bij-g:<bij-betw g (carrier A) (carrier B) A g€ring-hom A B)
using h1 is-ring-iso-def ring-iso-def by fastforce
obtain h where bij-h:<bij-betw h (carrier B) (carrier A) A h€ring-hom B A A
h = the-inv-into (carrier A) ¢
using hl1 is-ring-iso-def ring-iso-def
by (smt (verit, ccfo-SIG) bij-betwE bij-betw-def bij-betw-the-inv-into bij-g f-the-inv-into-f

noetherian-ring.azioms(1) ring.ring-simprules(1) ring.ring-simprules(5)
ring.ring-simprules(6)
ring-hom-add ring-hom-meml ring-hom-mult ring-hom-one the-inv-into-f-f)
from bij-g have f0:<ideal I A = ideal (g ‘I) B» for I
using h1 img-ideal-is-ideal noetherian-ring-def ring-iso-def by fastforce
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from bij-h have f2:<ideal I B = ideal (h ‘ I) A for I
using hl1 img-ideal-is-ideal noetherian-ring-def ring-iso-def by fastforce
then obtain g’ where jjl:<g’ = the-inv-into (carrier A) (g)»
by blast
then have f1:<V accarrier A. Vb€carrier B. g (¢'b) = b A g' (ga) = o
by (meson bij-betw-def bij-g f-the-inv-into-f-bij-betw the-inv-into-f-f)
then have <3 f’. bij-betw f' {I. ideal I A} {I. ideal I B}»
apply (intro exl[where z=(*) ¢+])
apply (rule bij-betw-by Witness[where f'=«(¥) h])
unfolding image-def apply(safe)
using jj1 bij-h hi ideal.Icarr ring.ring-simprules(6) apply fastforce
using jj1 additive-subgroup.a-subset bij-h h1 ideal.axioms(1) ring.ring-simprules(6)
apply fastforce
apply (metis bij-betwE bij-h ideal.Icarr jj1)
using bij-g bij-h f-the-inv-into-f-bij-betw ideal.Icarr apply fastforce
apply(fold image-def)
using f0 apply presburger
using f2 by presburger
then have f5:«V Je{l. ideal I A}. h ‘g *J =J AN (VJe€{l. ideal I B}. g “h “J
=Jp
unfolding image-def apply(safe)
apply (metis bij-betw-def bij-g bij-h ideal.Icarr the-inv-into-f-f)
apply (smt (verit, best) bij-betwE bij-g bij-h f1 ideal.Icarr jj1 mem-Collect-eq)
apply (metis bij-g bij-h f-the-inv-into-f-bij-betw ideal.Icarr)
by (metis (mono-tags, lifting) bij-g bij-h f-the-inv-into-f-bij-betw ideal.Icarr
mem-Collect-eq)
then have <V ceC. ideal (h ‘¢c) A
unfolding subset.chain-def
by (metis f2 h3 mem-Collect-eq subset-chain-def subset-eq)
then have inv-imp2:«<v Je{J. ideal J (B)}. (¢ ‘h *J) = >
by (metis f5 f2 mem-Collect-eq)
then have subl:<subset.chain {la. ideal In (A)} ((Az. b ‘) ‘C)
unfolding subset-chain-def image-def apply(safe)
apply (metis <V ceC. ideal (h ‘ ¢) A image-def)
by (metis (no-types, lifting) h3 subsetD subset-chain-def)
have sub2 «((Az. h “z)‘C) # {}
using h2 by blast
then have f10:«(|J ((\z. h ‘z)‘C)) € ((Az. h “z)‘C)»
by (meson h1 noetherian-ring.ideal-chain-is-trivial subl)
then have f9:<g ‘ (U((Az. h ‘2)‘C)) = (J O)»
apply (safe)
apply (metis Unionl additive-subgroup.a-Hcarr bij-h f1 h1 h3 ideal.azioms(1)
jit
mem-Collect-eq noetherian-ring-def ring.ring-simprules(6) subset.chain-def
subsetD)
by (smt (verit, del-insts) UN-iff h3 image-def inv-imp2 mem-Collect-eq subsetD
subset-chain-def)
show «J C € C»
by (smt (verit, best) f10 f9 h3 image-iff in-mono inv-imp2 subset.chain-def)
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qed

lemma (in domain) subring:<subring (carrier R) R»
using carrier-is-subring by auto

4.3 Some properties of the polynomial rings regarding ideals
and quotients

lemma (in domain) gen-is-cgen:<(genideal ((carrier R)[X]) {X}) = cgenideal ((carrier
R)[X]) X

by (simp add: cring.cgenideal-eq-genideal domain.univ-poly-is-cring domain-axioms
subring var-closed(1))

lemma (in domain) principal-X:<principalideal (genideal ((carrier R)[X]) {X})
((carrier R)[X])

apply(subst gen-is-cgen)

by (simp add: cring.cgenideal-is-principalideal domain.univ-poly-is-cring domain-azioms
subring var-closed(1))

named-theorems poly

lemma (in ring) PIdI-X[poly]:
<(cgenideal ((carrier R)[X]) X) = {a®(car7“ier R) [X]X la. a€carrier((carrier

R)[X])p

unfolding cgenideal-def by(auto)

lemma (in domain) Idl-X[poly):

«(genideal ((carrier R)[X]) {X})= {a®(cmm-er R) [x]X la. a€carrier((carrier
RIX)b

using PIdIl-X gen-is-cgen by argo
lemma (in domain) Idl-X-is-X[poly]:

«p€(genideal ((carrier R)[ X)) {X}) = Jaccarrier((carrier R)[X]). p = D carrier R) [X]X
)

using gen-is-cgen Idl-X by auto

lemma (in ring) degree-of-nonempty-p[poly|:<a€ carrier((carrier R)[X]) A a#[] =
coeff a (degree a) # 0)

by (metis lead-coeff-simp polynomial-def univ-poly-carrier)

lemma (in domain)coeff-0-of-mult-X [poly|:<a€ carrier((carrier R)[X]) = coeff
(a®(carrier R) [X]X) 0=0

apply/(cases <a=[]»)

apply (simp add: domain.poly-mult-var domain-azioms subring univ-poly-zero-closed)

apply (induct a)

using coeff.simps(1) poly-mult.simps(1)

apply (simp add: univ-poly-mult)

by (simp add: append-coeff poly-mult-var subring)

lemma (in domain)zero-coeff-of-Idl-X [poly):<p€ genideal ((carrier R)[X]) {X} =
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coeff p 0 = 0»
using 1dl-X coeff-0-of-mult-X by auto

lemma (in domain) mult-X-append-0[poly:«p€ carrier((carrier R)[X]) = p#]]
= poly-mult p X = pQ[0]»

using poly-mult-var[of <(carrier R)) p]

by(auto simp add: poly-mult-var'(2) polynomial-incl subring univ-poly-carrier
univ-poly-mult)

lemma (in ring) polynomial-incl”:<p€ carrier((carrier R)[X]) = set p C(carrier
R)» for p

unfolding univ-poly-def

using polynomial-incl by auto

lemma (in ring) hd-in-carrier:p# [| = p€carrier((carrier R)[X]) = hd p
€(carrier R)» for p

using polynomial-incl’ unfolding univ-poly-def

using list.set-sel(1) by blast

lemma (in ring) inv-in-carrier:

«p#|] = pecarrier((carrier R)[X]) = (i 44d-monoid R (4 p)) €(carrier R)»
for p

using hd-in-carrier by simp

lemma (in ring) inv-ld-coeff:
«p#[] = pecarrier((carrier R)[X]) = (inv44d-monoid R ("d p)#replicate (degree
p) 0)€carrier((carrier R)[X])»
for p
using inv-in-carrier by (metis a-inv-def add.inv-eq-1-iff hd-in-carrier list.sel(1)
local.monom-def
monom-in-carrier polynomial-def univ-poly-carrier)

lemma (in ring) take-in-RX:<p€carrier((carrier R)[X]) = n<length p = (set
(take n p)) C(carrier R)» for p n
using set-take-subset[of n p] polynomial-incl’ by blast

lemma (in ring) normalize-take-is-poly:

<p€carrier((carrier R)[X]) = n<length p = normalize (take n p) € car-
rier((carrier R)[X])» for n p

using take-in-RX by (meson normalize-gives-polynomial univ-poly-carrier)

lemma (in ring) normalize-take-is-take:«p<carrier((carrier R)[X]) An<length p
= normalize (take n p) = take n p
by (metis bot-nat-0.not-eq-extremum degree-of-nonempty-p hd-take lead-coeff-simp

normalize.elims normalize.simps(1) take-eq-Nil)
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lemma (in ring) take-in-carrier:<pecarrier((carrier R)[X]) = n<length p =
(take n p) € carrier((carrier R)[X])»
using normalize-take-is-poly normalize-take-is-take by force

lemma (in domain) take-misc-poly:<p€ carrier((carrier R)[X]) = p#[] = coeff
p 0 = 0 = ((take (degree p) p))®(carm‘er R) [X]X = p for p

apply (unfold univ-poly-mult)

apply(cases <p=[]>)

subgoal by(simp)

apply(subst mult-X-append-0)

apply (simp add: normalize-take-is-poly univ-poly-carrier)

using normalize-take-is-poly normalize-take-is-take apply force

using degree-of-nonempty-p normalize-take-is-take apply force

by (metis One-nat-def Suc-pred coeff-nth diff-Suc-eq-diff-pred diff-less le-refl

length-greater-0-conv less-one take-Suc-conv-app-nth take-all)

lemma (in ring) length-geq-2:<normalize p#£[| A —(3 a. normalize p=[a]) = length
p > 2» for p::<'a lists

apply(induct p)

using not-less-eq-eq

by (auto split:if-splits)

lemma (in ring) norm-take-not-mt:<length (normalize p) > 2 = normalize (take
(degree p) p) # [ for p::<'a lists

using length-geq-2

apply(induct p rule:normalize.induct)

apply simp

using One-nat-def Suc-eq-plusl Suc-le-lessD list.sel(3) list.size(3)

list.size(4) nat-less-le normalize.elims numeral-2-eq-2 take-Cons' take-eq-Nil
by (smt (23) length-tl list.sel(1) normalize.simps(2))

lemma (in ring) normalize-take-invariant:<pecarrier((carrier R)[X]) = p#|]
= (normalize (take (degree p) p))Q[coeff p 0] = p»
for p
apply(subst normalize-take-is-take)
apply simp
by (metis One-nat-def Suc-pred coeff-nth diff-Suc-eq-diff-pred diff-less le-refl
length-greater-0-conv less-one take-Suc-conv-app-nth take-all)

lemma (in domain) lower-coeff-add:<p#£[] = p€E€carrier((carrier R)[X))A b €
(carrier R)
= coeff (((normalize p) @[0])@(carrier R) [X] [b]) = coeff ((normalize p) Q[b])»
for p b
unfolding univ-poly-add
apply(subst poly-add-coeff)
apply (metis local.ring-azioms mult- X-append-0 normalize-polynomial ring.poly-mult-in-carrier

ring.polynomial-in-carrier subring univ-poly-carrier var-closed(2))
by (auto simp add:fun-eq-iff append-coeff polynomial-incl’ normalize-polynomial
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univ-poly-carrier)

lemma (in ring) cons-in-RX:<a@Qp€ carrier((carrier R)[X]) = normalize p€ carrier((carrier
R)[X])»
proof —
assume hi:<a@péecarrier((carrier R)[X])
then have <set (a@p) C (carrier R)»
using polynomial-incl’ by presburger
then have <set p C (carrier R)»
by simp
then show ?thesis
using normalize-gives-polynomial univ-poly-carrier by blast
qed

lemma (in ring) p-in-norm:<p€carrier((carrier R)[X]) = normalize p = p»
by (simp add: normalize-polynomial univ-poly-carrier)

lemma (in domain) lower-coeff-add"«p#[] = pE€carrier((carrier R)[X])A b €
(carrier R) = (((normalize p) @[0])69(0(“%-67” R) [X] [b]) = ((normalize p) Q[b])>
for p b
proof —
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
assume hi:p#[]y <pEcarrier((carrier R)[X])A b € (carrier R)»
have f0:<b#£0 = polynomial (carrier R) p A polynomial (carrier R) [b]
by (metis h1(2) insert-subset polynomial-incl’ list.sel(1) list.simps(15) polyno-
mial-def univ-poly-carrier)
with h1 show ?thesis
apply(cases <b=0))
apply (metis append-self-conv2 domain.mult-X-append-0 domain-azioms ker.r-zero
ker.zero-closed
polynomial-incl’ p-in-norm poly-add-append-zero poly-mult-var’(2) univ-poly-add
univ-poly-zero)
unfolding univ-poly-add apply(subst coeff-iff-polynomial-cond|of <(carrier R))])
apply (metis polynomial-incl’ mult-X-append-0 normalize-polynomial poly-add-closed
poly-mult-is-polynomial subring var-closed(1))
apply (metis (mono-tags, lifting) Un-insert-right append-Nil2 hd-append2 in-
sert-subset
list.simps(15) normalize-polynomial polynomial-def set-append)
by (metis lower-coeff-add univ-poly-add)
qed

lemma (in domain) poly-invariant:<pe carrier((carrier R)[X]) = p#[] = ((normalize
(take (degree p) p))®(carrier R) [X]X ) D(carrier R) [X] [coeff p 0] = p>
for p
proof —
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
assume hil:<p € carrier (poly-ring R)) < p # [|»
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with h1 show %thesis
using take-misc-poly apply(cases <p=[]>) apply(simp)
apply(cases <3 a. p=|[a]»)
apply (metis One-nat-def diff-is-0-eq’ ker.l-zero le-refl lead-coeff-simp length-Cons

list.sel(1) list.size(3) normalize.simps(1) poly-mult.simps(1) take0 univ-poly-mult
univ-poly-zero)
unfolding univ-poly-mult
apply (subst mult-X-append-0)
using diff-le-self normalize-take-is-poly apply presburger
using length-geq-2[of p] norm-take-not-mt[of p]
apply (metis coeff-iff-length-cond degree-of-nonempty-p lead-coeff-simp nor-
malize-coeff normalize-length-eq)
by (metis (no-types, lifting) append.right-neutral append-self-conv?2 coeff-in-carrier

diff-le-self polynomial-incl’ normalize-take-invariant lower-coeff-add’ normal-
ize-take-is-poly local.normalize-idem)
qed

lemma (in domain) gen-ideal-X-iff :«p€(genideal ((carrier R)[X]) {X}) «— (pEcarrier
((carrier R)[X]) A coeff p 0 = 0)» for p::<a lists
using poly take-misc-poly apply (safe)
using domain.univ-poly-is-ring domain-axioms monoid.m-closed ring-def subring
var-closed(1)
apply (metis (no-types, lifting))
apply (meson domain.univ-poly-is-ring domain-azioms monoid.m-closed ring-def
subring var-closed(1))
by (smt (verit, ccfv-threshold) mem-Collect-eq nat-le-linear poly-mult.simps(1)
take-all
take-in-carrier univ-poly-mult)

lemma (in domain) gen-ideal-X-iff ":<(genideal ((carrier R)[X]) {X}) = {pEcarrier
((carrier R)[X]). coeff p 0 = 0}» for p::<’a lists
using gen-ideal-X-iff by auto

lemma (in domain) quot-X-is-R:<carrier (((carrier R)[X]) Quot (genideal ((carrier
R)[X]) {X}))
= {{ze€carrier((carrier R)[X]). coeff x 0 = a} |a. a€(carrier R)}»
proof (subst set-eq-subset, safe)
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
fix z
assume hi:x € carrier ((carrier R) [X] Quot (genideal ((carrier R)[X]) {X}))»
have [0:<as#[] = take (length as) (a#tas) = afttake (degree as) as) for a::'a
and as
by (simp add: take-Cons’)
have rule-U:<zaa € (Uz€ldlyopy ring R {X} {= Spoly-ring R ©a})
=(3 xe[dlpoly-ring R {X}. raa =z 69poly-ring R ra))
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for zaa za
by auto
from hi have Jza€carrier (poly-ring R). z = (Uz€ldlyopy ring r {X} {2
Dpoly-ring R a}))
unfolding FuactRing-def A-RCOSETS-def RCOSETS-def r-coset-def by simp
with h! show <Ja. z = {z € carrier (poly-ring R). local.coeff x 0 = a} A a €
carrier R»
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def
proof(safe, fold FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def )
fix za
assume hl:(Uz€ldlpopy ring R {X} {7 ©poty-ring R Ta})
€ carrier (poly-ring R Quot Idl,op_ring r {X})
«xa € carrier (poly-ring R)»
@ = (U z€ldlpopy ring R {X} A{ Dpoly-ring R za})
@ € carrier (poly-ring R Quot Idl,y ring g {X})
Jza€carrier (poly-ring R). z = (Uz€ldlyopy ring r {X} {% Spoty-ring R
za})
show Ja. (Uzeldlyoy ring r {X} {7 Spoty-ring R 0}) =
{z € carrier (poly-ring R). local.coeff x 0 = a} A
a € carrier R»
proof (rule exI[where z=<coeff za 0], safe)
fix z’ zaa
assume h2:<zaa € ]dlpoly-m'ng r {Xh
with hil show «zaa ®4py.ring R Ta € carrier (poly-ring R))
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def
using [dl-X subring var-closed(1) by auto[1]
show <local.coeff (zaa @ o1 ring R za) 0 = local.coeff za 0
apply (insert h1 h2)
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def
using IdI-X subring var-closed(1) apply(safe)
apply(frule coeff-0-of-mult-X)
apply(frule zero-coeff-of-Idl-X)
apply(subst coeffs-of-add-poly)
using gen-ideal-X-iff apply blast
apply blast
by (simp add: polynomial-incl univ-poly-carrier)
next
fix y
assume h2:<y € carrier (poly-ring R))
<local.coeff y 0 = local.coeff za 0>
with hi show «y € (Uz€ldlyopyring R {X} {2 Spoty-ring R Ta})
apply (subst rule-U)
apply(rule bexl[where x:<y@(carm'er R) [X](im}add-monoid ((carrier R)[X])
za)])
apply (metis a-inv-def ker.add.inv-solve-right’ ker.minus-closed ker.minus-eq)
by (metis a-inv-def coeff .simps(1) coeffs-of-add-poly gen-ideal-X-iff ker.add.inv-closed

ker.add.inv-solve-right ker.add.m-closed ker.add.m-lcomm
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kcr.r-zero ker.zero-closed univ-poly-zero)
next
from h1 show <local.coeff xa 0 € carrier R»
by (simp add: polynomial-incl univ-poly-carrier)
qed
qed
next
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
fix a
assume hl:<a € (carrier R)»
have p-h1:<a#0 = [a] € carrier ((carrier R)[X])
by (metis Diff-iff const-is-polynomial empty-iff h1 insert-iff univ-poly-carrier)
have rule-s:<{z € carrier (poly-ring R). local.coeff x 0 = a} € carrier (poly-ring
R Quot Idlyopy ring g {X}) =
(Fz€carrier (poly-ring R).
{z € carrier (poly-ring R). local.coeff x 0 = a} =
U va€ldlyopy ring R {X}. {za Spoly-ring R z}) )
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def by (auto)
show «{z € carrier (poly-ring R). local.coeff z 0 = a}
€ carrier (poly-ring R Quot Idl,yp, ring R {X})
apply (subst rule-s)
apply(cases <a=0»)
apply(rule bexI[where z=«[]])
apply(subst Idl-X) apply(safe)[1]
apply (metis (no-types, lifting) PIdl-X UN-iff gen-ideal-X-iff gen-is-cgen
insert-iff ker.r-zero univ-poly-zero)
using subring var-closed(1) apply force
apply (metis coeff-0-of-mult-X ker.m-closed ker.r-zero subring univ-poly-zero
var-closed(1))
apply blast
apply(rule bexI[where z=<[a]}])
apply(subst Idl-X)
apply(safe)
apply (simp)
apply (metis poly-invariant coeff.simps(1) diff-le-self normalize-take-is-poly)
using hl subring var-closed(1) p-h1 apply(auto)[!]
apply (metis coeffs-of-add-poly diff-Suc-1 domain.coeff-0-of-mult-X domain.poly-mult-var

domain-axioms kcr.l-zero ker.m-closed ker.zero-closed lead-coeff-simp length-Cons
list.distinct(1) list.sel(1) list.size(8) p-h1 subring univ-poly-zero var-closed(1))
using p-h1 by auto
qed

lemma (in domain) unig-a-quot:

«c€ carrier (((carrier R)[X]) Quot (genideal ((carrier R)[X]) {X})) = 3'lac(carrier
R). Vyec. coeff y 0 = a
proof (subst (asm) quot-X-is-R, safe)

fix a
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assume hl:<a € carrier Ry <¢ = {x € carrier (poly-ring R). local.coeff x 0 = a}»
then show «3aa. aa € carrier R A
(Vye{z € carrier (poly-ring R). local.coeff © 0 = a}. local.coeff y 0 =
aa)
apply (intro exl[where z=a))
by fastforce
next
fix a aa y
assume hl:<a € carrier Ry <c = {x € carrier (poly-ring R). local.coeff 0 = a}>
<aa € carrier R»
N ye{z € carrier (poly-ring R). local.coeff z 0 = a}. local.coeff y 0 = aa) <y €
carrier R»
N yac{x € carrier (poly-ring R). local.coeff x 0 = a}. local.coeff ya 0 = y»
have «{z |z. € carrier ((carrier R) [X]) A local.coeff z 0 = a} # {}
apply (subst ex-in-conv[symmetric]) apply(cases <a=0)
apply(rule exI[where z=<[]])
apply (fastforce)
apply(rule exI[where z=<[a]}])
using h1(1) apply(safe)
apply(rule exl[where z=<[a])])apply(simp)
by (metis empty-subsetl insert-subset list.sel(1)
list.simps(15) polynomiall set-empty univ-poly-carrier)
then show <aa = y»
using h1(4) h1(6) all-not-in-conv[of {z |z. © € carrier (poly-ring R) A
local.coeff © 0 = a}]
by (metis (no-types, lifting))
qged

lemma (in ring) append-in-carrier:<a€ carrier((carrier R)[X]) A becarrier((carrier
R)[X]) = aQb € carrier((carrier R)[X])
apply(induct b arbitrary:a)
by (metis append-self-conv2 hd-append2 le-sup-iff mem-Collect-eq
partial-object.select-convs(1) polynomial-def set-append univ-poly-def)+

lemma (in domain) The-a-is-a:<a€(carrier R) =
(THE aa.Vye{z |z. x € carrier ((carrier R) [X]) A local.coeff z 0 = a}. local.coeff
y 0 = aa) = @
proof —
assume hl:<a€(carrier R))
have (3¢ € carrier (((carrier R)[X]) Quot (genideal ((carrier R)[X]) {X})).
¢ ={z |z. x € carrier ((carrier R) [X]) A local.coeff z 0 = a}»
apply (subst quot-X-is-R)
using h! by auto
then obtain ¢ where f0:<c = {z |z. © € carrier ((carrier R) [X]) A local.coeff
z 0 = a}
A ¢ € carrier (((carrier R)[X]) Quot (genideal ((carrier
R)[X]) {X})
by blast
then have ((THE aa. V y€c. local.coeff y 0 = aa) = a
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by (smt (verit, best) coeff.simps(1) h1 mem-Collect-eq thel uniq-a-quot univ-poly-zero-closed
zero-closed)
then show ?thesis
by (simp add:f0)
qed

lemma (in ring) poly-mult-in-carrier?:

[ set p1 C carrier R; set p2 C carrier R | = poly-mult p1 p2 € carrier ((carrier
R)[X])

using poly-mult-is-polynomial polynomial-in-carrier carrier-is-subring

by (simp add: univ-poly-carrier)

lemma (in ring) normalize-equiv:<polynomial (carrier R) (normalize p) <— (coeff
(normalize p)) € carrier (UP R)»
proof(safe)
interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
assume <polynomial (carrier R) (normalize p)»
then show <coeff (normalize p) € carrier (UP R)»
by (meson carrier-is-subring coeff-degree poly-coeff-in-carrier UP-r.UP-car-meml)
next
interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
assume <coeff (normalize p) € carrier (UP R)»
then show <polynomial (carrier R) (normalize p)»
unfolding polynomial-def UP-r.P-def UP-def apply(safe)
using coeff-img-restrict[of «(normalize p)»] imageE[of - <coeff (normalize p)> ]
mem-upD|of <coeff (normalize p)y] partial-object.select-convs(1)
apply (metis (no-types, lifting))
by (meson ring-azioms polynomial-def ring.normalize-gives-polynomial subsetI)
qed

lemma (in ring) p-in-RX-imp-in-P:<p€carrier ((carrier R)[X]) = coeff p € up
R
by (meson bound.intro coeff-in-carrier coeff-length
linorder-not-less mem-upl nat-le-linear polynomial-incl’)

lemma (in ring) X-has-correp:<coeff X = (\i. if i = 1 then 1 else 0)»
unfolding var-def by(auto)

lemma (in ring) mult-is-mult:
{z,y}Clcarrier ((carrier R)[X]) = coeff (I®(carm‘er R)[X] y) = coeff t Qyp R

coeff y»
proof —

interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
assume al: {z,y}Ccarrier ((carrier R)[X])
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then have a2: y € carrier (poly-ring R) x € carrier (poly-ring R)
by auto
then have f3: coeff y € carrier (UP R)
by (metis p-in-norm normalize-equiv univ-poly-carrier)
have coeff z € carrier (UP R)
using a2 by (metis p-in-norm normalize-equiv univ-poly-carrier)
then show ?thesis
unfolding univ-poly-mult
apply (subst poly-mult-coeff)
apply (simp add: polynomial-incl’ a2)+
unfolding UP-r.P-def UP-def
using UP-r.p-in-RX-imp-in-P UP-r.UP-ring-azioms a2(1)
by (simp add: local.ring-azioms ring.p-in-RX-imp-in-P)
qed

lemma (in ring) add-is-add:<z € carrier (poly-ring R) =
y € carrier (poly-ring R)
= coeff (z Dpoly-ring R ¥) = coelf € Syp g coeff
proof —
interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
assume al: z € carrier (poly-ring R)
assume a2: y € carrier (poly-ring R)
then have f3: coeff y € carrier (UP R)
by (metis p-in-norm normalize-equiv univ-poly-carrier)
have coeff « € carrier (UP R)
using al by (metis p-in-norm normalize-equiv univ-poly-carrier)
then show ?thesis
using f3 a2 al UP-r.cfs-add|of <coeff x> <coeff y] coeffs-of-add-poly|of x y] by
presburger
qed

4.4 The isomorphisms between the different models of poly-
nomials

lemma (in ring) coeff-iso-RX-P:<coeff € ring-iso (poly-ring R) (UP R)»
proof —
interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
{
fix z
assume hl:«x € carrier (UP R))
then obtain n::nat where (bound 0 n z» using UP-r.P-def unfolding UP-def
by auto
then have (z#(A-. 0) = In’ . Vm>n". 2m=0A zn' # 0
by (metis UP-ring.coeff-simp UP-r.UP-ring-axioms UP-r.deg-gtE UP-r.deg-nzero-nzero
h1 UP-r.lcoeff-nonzero not-gr-zero)
then obtain n’:nat where f5:«x#(MA-. 0) = Vm>n. 2m=0A zn’ # 0
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by blast
define I::a list where l-is:<] = rev (map z [0..<Suc n'])»
then have <z#(\-. 0) = normalize | = I
using f5 by(auto)
from [-is have (=[]
by simp
then have f6:«k<length | — 1 = coeff l k = l!(length Il — 1 — k)» for k
apply (induct [ rule: coeff .induct)
using coeff-nth diff-diff-left le-neq-implies-less plus-1-eq-Suc by auto
have gen-ideal-X-iff :«<k<length ¢ — 1 = g'k = (rev g) ! (length ¢ —1 — k)»
for g::'a list and k::nat
apply (induct g)
apply force
by (metis One-nat-def diff-Suc-Suc length-Cons length-rev less-Suc-eq-le mi-
nus-nat.diff-0 rev-nth rev-rev-ident)
then have <ength | — 1 = n'y using l-is by(auto)
then have f9:«Vn<n’ xn = coeff | n»
using [-is f6
by (metis add-0 diff-Suc-Suc diff-diff-cancel diff-less-Suc diff-zero l-is length-map
length-upt nth-map-upt rev-nth)
then have Vn>n'. coeff I n = 0
using coeff-degree «Polynomials.degree | = n’y by blast
then have f8:<Vn>n'. z n = coeff | n
using f5 by(auto)
have f10:<Vn. x n = coeff | n»
using f8 f9
by (meson linorder-not-less)
then have 3 za€carrier (poly-ring R). x = coeff za>
apply(cases <z=(A-. 0)))
apply (rule bexl[where z=<[])])
apply simp
apply (simp add: univ-poly-zero-closed)
apply(rule bexI[where z=I])
apply blast
by (metis <z # (A-. 0) = normalize | = > ext h1 mem-Collect-eq
normalize-equiv partial-object.select-convs(1) univ-poly-def) }note subg=this
show ?thesis
unfolding is-ring-iso-def ring-iso-def
apply (safe)
subgoal unfolding ring-hom-def apply(safe)
apply(simp add: local.ring-azioms UP-def ring.p-in-RX-imp-in-P univ-poly-def)

apply (simp add: mult-is-mult)
apply (simp add: add-is-add)
using UP-r.P-def unfolding univ-poly-def UP-def by(simp add:fun-eq-iff)
unfolding bij-betw-def inj-on-def apply(safe)
apply (simp add: coeff-iff-polynomial-cond univ-poly-carrier)
apply (metis normalize-polynomial mem-Collect-eq normalize-equiv partial-object.select-convs(1)
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univ-poly-def)
apply(simp add:image-def)
by (simp add:subg)
qed

lemma (in ring) RX-iso-P:<(carrier R)[X] ~ (UP R)»
unfolding is-ring-iso-def
using coeff-iso-RX-P by force

lemma (in domain) R-isom-RX-X:«R ~ (((carrier R)[X]) Quot (genideal ((carrier
R)X)) {X})
proof (unfold is-ring-iso-def, subst ex-in-conv[symmetric])
show <Jz. x € ring-iso R ((carrier R) [X] Quot 14l carrier R) [X] {X})
proof(rule exI[where z=<\z. {y. yecarrier((carrier R)[X]) A coeff y 0 = x}],
rule ring-iso-meml)
fix x
assume hl:«x€(carrier R)»
then show <{y € carrier ((carrier R) [X]). local.coeff y 0 = z} € carrier
((carrier R) [X] Quot Idl(carm‘er R) [X] {X})
using quot-X-is-R by auto
next
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
fix z y
assume hl:«x€(carrier R)> and h2::y€(carrier R))
interpret RcR: cring R
by (simp add: is-cring)
interpret QcR: cring «(carrier R) [X] Quot Idl(carrier R) [X] {X}P
by (simp add: ideal.quotient-is-cring kcr.genideal-ideal kcr.is-cring subring
var-closed(1))
have left:«xe(carrier R) A ye(carrier R) = z = 0 =
{ya € carrier ((carrier R) [X]). local.coeff ya 0 = z ® y} =
{y € carrier ((carrier R) [X]). local.coeff y 0 = z}

®(carrier R) [X] Quot 14 carrier ) ] 4X} {ya € carrier ((carrier R) [X]). lo-

cal.coeff ya 0 = y}p
if h&:«xe(carrier R) A y€(carrier R)» for z y
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def r-coset-def
a-r-coset-def
apply(simp, safe, simp)
apply (metis Diff-iff One-nat-def coeff .simps(1) const-is-polynomial diff-self-eq-0
empty-iff
gen-ideal-X-iff insert-iff ker.l-null kcr.r-zero lead-coeff-simp length-Cons
list.distinct(1) list.sel(1)
list.size(3)  univ-poly-carrier univ-poly-zero univ-poly-zero-closed )
using gen-ideal-X-iff apply blast
unfolding univ-poly-mult univ-poly-add
apply(frule zero-coeff-of-1dl-X)
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apply(subst (asm) Idl-X)
using h3
by (metis (no-types, lifting) PIdl-X coeffs-of-add-poly gen-ideal-X-iff gen-is-cgen
ideal.I-l-closed
ker.cgenideal-ideal ker.m-comm l-zero subring univ-poly-add univ-poly-mult
var-closed(1))
have right :«<y = 0 = {ya € carrier ((carrier R) [X]). local.coeff ya 0 = z ®
y} =
{y € carrier ((carrier R) [X]). local.coeff y 0 = z} ®(carrier R) [X] Quot 1 garrier R (X] (X}
{ya € carrier ((carrier R) [X]). local.coeff ya 0 = y}>
apply (subst m-comm[OF h1 h2])
apply (subst QcR.m-comm)
using h1 quot-X-is-R left h1 by auto
have poly-mult-a-b:<a€(carrier R) A b€(carrier R) A a#0 A b0 = poly-mult
([a]) ([b]) = [a®b]> for a b
using integral-iff by force
have poly-mult-0:<a€ carrier((carrier R)[X]) A becarrier((carrier R)[X]) =
coeff (poly-mult a b) 0 = coeff a 0 @ coeff b 0>
for a b
apply (subst poly-mult-coeff)
by (simp add: polynomial-incl’)+
have j0:<za € carrier (poly-ring R) = local.coeff za 0 = 2 ® y = x # 0
=y #0
= Juzb. xb € carrier (poly-ring R) A local.coeff b 0 = x A (3x. € carrier
(poly-ring R) A
local.coeff x 0 =y N (Jzc€ldl, oy ring R {X}- 20 = 2¢ poly-ring R T Dpoly-ring R
z))»
for za
apply(rule exl[where z=«[z])])
apply (safe)
subgoal by (metis Diff-iff const-is-polynomial empty-iff h1 insert-iff univ-poly-carrier)
subgoal by simp
apply(rule exl[where z=«[y]])
apply (safe)
subgoal by (metis Diff-iff const-is-polynomial empty-iff h2 insert-iff univ-poly-carrier)
subgoal by simp
apply(rule bezl[where z=<normalize (take (degree za) za @Q[0])])
unfolding univ-poly-add univ-poly-mult
apply (subst poly-mult-a-b)
subgoal using h1 h2 by(simp)
subgoal by (metis (no-types, lifting) diff-le-self
domain. coeff-0-of-mult-X domain.m-lcancel domain.poly-mult-var do-
main-axioms hl h2
poly-invariant take-in-RX normalize-take-is-take poly-mult-var'(2) r-null
subring univ-poly-add
univ-poly-mult zero-closed)
apply(subst Idl-X)
by (metis (no-types, lifting) PIdI-X coeff-0-of-mult-X diff-le-self gen-ideal-X-iff
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gen-is-cgen
ker.m-closed take-in-RX poly-mult-var'(2) subring take-in-carrier univ-poly-mult
var-closed(1))
show fst:«{ya € carrier ((carrier R) [X]). local.coeff ya 0 = z @ y} =

{y € carrier ((carrier R) [X]). local.coeff y 0 = z} R (carrier R) [X] Quot 14l garrier R) (X] (X}

{ya € carrier ((carrier R) [X]). local.coeff ya 0 = y}»
proof (safe)
fix za
assume hl:<xa € carrier (poly-ring R)y <local.coeff za 0 = z @ y»

then show <za € {y € carrier (poly-ring R). local.coeff y 0 = z} ®poly-ring R Quot Il popyring R X}

{ya € carrier (poly-ring R). local.coeff ya 0 = y}»
apply(cases <z=0 V y=0»)
using h2 left right apply blast
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
using j0 by(auto) [1]
next
fix za

assume hi’<za € {y € carrier (poly-ring R). local.coeff y 0 = z} ®poly-ring R Quot Idlpolyring R 15}

{ya € carrier (poly-ring R). local.coeff ya 0 = y}»
then show <za € carrier (poly-ring R)>
unfolding FuactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
by simp (metis gen-ideal-X-iff ker.add.m-closed ker.m-closed univ-poly-add
univ-poly-mult)
from hi1’ show <local.coeff za 0 = z ® 1>
unfolding FuactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
apply(simp, safe)
apply(frule zero-coeff-of-Idl-X)
apply (simp add: polynomial-incl’ domain-azioms gen-ideal-X-iff)
using polynomial-incl’ poly-mult-in-carrier
by (metis coeffs-of-add-poly h1 h2 ker.m-closed I-distr l-null I-zero poly-mult-0
univ-poly-mult zero-closed)
qed
have poly-add-a-b:<a€(carrier R) N be(carrier R) A a#0 A b#£0 = poly-add
([a]) ([8]) = normalize [a®b]> for a b
by (auto)
have is-inv-0:<local.normalize [inv,q4-monoid R ¥ © Y] = [
by (simp add: h2)
have poly-add-comm: «{z,y,2}Ccarrier ((carrier R)[X]) =>poly-add (poly-add
y z) & = poly-add y (poly-add z x) » for z y 2
by (metis insert-subset ker.add.m-assoc univ-poly-add)
show ({ya € carrier ((carrier R) [X]). local.coeff ya 0 = x @ y} =

{y € carrier ((carrier R) [X]). local.coeff y 0 = z} D(carrier R) [X] Quot 14 arrier R) (X] (X}

{ya € carrier ((carrier R) [X]). local.coeff ya 0 = y}»
proof (safe)
fix za
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assume hl'<xa € carrier (poly-ring R)><local.coeff za 0 = x ® y»

then show <za € {y € carrier (poly-ring R). local.coeff y 0 = x} ®@poly-ring R Quot Idlpopyring R (X}

{ya € carrier (poly-ring R). local.coeff ya 0 = y}>
apply(cases <z=0 V y=0»)
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
set-add-def set-mult-def apply(simp, safe)[1]
apply (metis coeff.simps(1) h2 kcr.l-zero l-zero univ-poly-zero univ-poly-zero-closed)
apply (metis coeff.simps(1) h1 ker.r-zero r-zero univ-poly-zero univ-poly-zero-closed)
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
set-add-def set-mult-def apply(simp)
apply(rule exI[where z=<za O (carrier R) [X] [0 4 g d-monoid R Y)'])
apply (safe)
apply (metis a-inv-def add.Units-eq add. Units-inv-closed add.inv-eq-1-iff
h2 insert-subset
ker.add.m-closed list.sel(1) list.simps(15) polynomial-def polynomial-incl
univ-poly-carrier)
apply (metis (no-types, lifting) a-assoc add.Units-eq add.Units-inv-closed
add. Units-r-inv
coeffs-of-add-poly diff-Suc-1 h1 h2 insert-subset polynomial-incl’ lead-coeff-simp
length-Cons list.distinct(1) list.sel(1) list.simps(15) list.size(3) mem-Collect-eq par-
tial-object.select-convs(1) polynomial-def r-zero univ-poly-def)
apply(rule exzl[where z=<[y]}])
apply(safe) apply(simp add:h2 univ-poly-def polynomial-def)
apply (simp)
apply(cases za)
unfolding univ-poly-add
using add. Units-eq add.inv-eq-one-eq add.Units-inv-closed add.Units-l-inv
h2 r-zero apply(auto)[1]
apply(subst poly-add-comm)
apply (metis Diff-iff One-nat-def append.right-neutral const-is-polynomial
diff-self-eq-0
empty-iff empty-subsetl h2 insert-iff insert-subset inv-ld-coeff length-Cons
list.distinct(1) list.sel(1)
list.size(3) normalize.simps(1) normalize-trick univ-poly-carrier)
apply(subst poly-add-a-b)
apply(simp add:h2 add.inv-eq-one-eq)
apply(subst is-inv-0)
by (metis polynomial-incl’ p-in-norm poly-add-zero'(1))
next
fix za

assume hi'<za € {y € carrier (poly-ring R). local.coeff y 0 = x} D poly-ring R Quot Idlopyring R (X}

{ya € carrier (poly-ring R). local.coeff ya 0 = y} >
then show «za € carrier (poly-ring R)»
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
set-add-def set-mult-def by (auto)
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from h1’ show <local.coeff za 0 = x & y»
unfolding FactRing-def A-RCOSETS-def RCOSETS-def rcoset-mult-def
r-coset-def a-r-coset-def
set-add-def set-mult-def using polynomial-incl’ poly-add-coeff coeffs-of-add-poly
by auto
qed
next
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
show {y € carrier ((carrier R) [X]). local.coeff y 0 =1} = L carrier R) [X] Quot 1dy

unfolding FactRing-def a-r-coset-def r-coset-def
using gen-ideal-X-iff apply(simp, safe, simp)
apply (metis (no-types, lifting) diff-le-self domain.coeff-0-of-mult-X
domain.poly-mult-var domain-azioms gen-ideal-X-iff kcr.m-closed poly-invariant
normalize-take-is-poly monoid.simps(2) subring univ-poly-def
var-closed(1) zero-not-one)
apply force
by (metis One-nat-def coeff .simps(1) coeffs-of-add-poly diff-self-eq-0 ker.l-zero
kcr.one-closed
lead-coeff-simp length-Cons list.distinct(1) list.sel(1) list.size(3) univ-poly-one
univ-poly-zero
univ-poly-zero-closed)
next
interpret kcr:cring (carrier R)[X]
using carrier-is-subring univ-poly-is-cring by auto
have rule-1:«{y € carrier (poly-ring R). local.coeff y 0 = za} € carrier (poly-ring
R Quot Idlpoly—ring r{X}) =
(Fz€carrier (poly-ring R). {y € carrier (poly-ring R). local.coeff y 0 = za} =
U za€ldlpopy ring R {X}. {za Dpoly-ring R x})) for za
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def by(auto)

carrier R) [X] {xy’

have rule-2:<(\z. z € carrier (poly-ring R Quot Idl,op_ring r {X}) =
z € (Az. {y € carrier (poly-ring R). local.coeff y 0 = z}) * carrier R)
= (Aza. za € carrier (poly-ring R) =
(Uzeldlyolyring R {X}- {2 ®poty-ring g za}) € (Az. {y € carrier (poly-ring
R). local.coeff y 0 = z}) ‘ carrier R)»
unfolding FuactRing-def A-RCOSETS-def RCOSETS-def r-coset-def
using UN-singleton by auto
have rule-2"< (A\za. za € carrier (poly-ring R) —>
(Uzeldlyoly-ring R {X} {2 ©poty-ring g za}) € (Az. {y € carrier (poly-ring
R). local.coeff y 0 = z}) ‘ carrier R)
= (A=z. z € carrier (poly-ring R Quot Idly,py ring g {X}) =
z € (Az. {y € carrier (poly-ring R). local.coeff y 0 = x})  carrier R)»
unfolding FactRing-def A-RCOSETS-def RCOSETS-def r-coset-def
using UN-singleton by auto
show <bij-betw (Az. {y € carrier ((carrier R) [X]). local.coeff y 0 = z}) (carrier
R) (carrier ((carrier R) [X] Quot [dl(carrier R) [X] {X})

unfolding bij-betw-def
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apply (safe)
apply(rule inj-onl)
subgoal proof —
fixz:'aand y:: 'a
assume al: z € (carrier R)
assume a2: y € (carrier R)
assume {y € carrier ((carrier R) [X]). local.coeff y 0 = x} = {ya € carrier
((carrier R) [X]). local.coeff ya 0 = y}
then have y = (THE a. YV as. as € {as € carrier ((carrier R) [X]). local.coeff
as 0 = z} — local.coeff as 0 = a)
using a2 The-a-is-a by force
then show z = y
using al The-a-is-a by auto
qed
proof (subst rule-1)
fix = za
have rule-1:<z’ € ({|Jza€{p € carrier (poly-ring R). local.coeff p 0 = 0}. {za
@©poly-ring R [local.coeff =’ 0]}) =
(3za. za € carrier (poly-ring R) A local.coeff za 0 = 0 N z' = za ®poly-ring R
[local.coeff z’ 0])» for z’
by simp
assume hl'<za € carrier R»
then show <3 z€carrier (poly-ring R).
{y € carrier (poly-ring R). local.coeff y 0 = za} = (U za€ldlyopy ring R
{X} {za Dpoly-ring R z}))
apply/(cases <za=0)
apply(rule bexI[where z=«[]])
using gen-ideal-X-iff kcr.r-zero univ-poly-zero apply(safe)[1]
apply (simp add: univ-poly-zero)+
apply (simp add: univ-poly-zero-closed)
apply(rule bexl[where z=¢[za]}])
apply(subst gen-ideal-X-iff’)
apply (safe)
apply (subst rule-1)
apply (metis coeff.simps(1) coeff-0-of-mult-X diff-le-self ker.m-closed
normalize-take-is-poly poly-invariant subring var-closed(1))
apply (metis bot-least insert-subset list.simps(15) poly-add-is-polynomial
polynomial-incl’
set-empty2 subring univ-poly-add univ-poly-carrier)
apply (metis diff-Suc-1 insert-subset kcr.zero-closed l-zero lead-coeff-simp
length-Cons
list.distinct(1) list.sel(1) list.simps(15) list.size(3) poly-add-coeff poly-
nomial-incl’ univ-poly-add univ-poly-zero)
by (metis Diff-iff const-is-polynomial emptyE insertE univ-poly-carrier)
next
show «Az. z € carrier (poly-ring R Quot Idl, oy ring R {X})
= z € (Az. {y € carrier (poly-ring R). local.coeff y 0 = z}) * carrier R»
proof (rule rule-2")
fix = za
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assume hl:x € carrier (poly-ring R Quot Idl {X})» «xa € carrier
(poly-ring R)»
then show «(Uz€ldlyypy ring r {X} {2 Spoly-ring R za})
€ (Az. {y € carrier (poly-ring R). local.coeff y 0 = x}) * carrier R»
apply(simp only:image-def, safe)
apply(rule bexI[where z=<coeff za 0)])
apply (safe)
by (auto simp:gen-ideal-X-iff coeffs-of-add-poly domain-axioms polyno-
mial-incl’)
(metis coeff .simps(1) coeffs-of-add-poly gen-ideal-X-iff insertll kcr.add.inv-closed

poly-ring R

ker.add.inv-solve-right kcr.add.m-comm ker.l-neg ker.minus-closed
ker.minus-eq univ-poly-zero)+
qed
qed
qed
qged

lemma (in domain) RX-imp-RX-over-X:
<noetherian-ring (carrier R[X]) = noetherian-ring (carrier R[X] Quot genideal
(carrier R[X]) {X})
by (meson domain.var-closed(1) domain-axioms empty-subsetl insert-subset noethe-
rian-ring-def
noetherian-ring-imp-quot-noetherian-ring ring.genideal-ideal subring)

lemma (in domain) noetherian-RX-imp-noetherian-R:
<noetherian-ring ((carrier R)[X]) = noetherian-ring R)
proof —
assume hi:<noetherian-ring ((carrier R)[X])»
have (noetherian-ring (((carrier R)[X]) Quot (genideal ((carrier R)[X]) {X}))
using RX-imp-RX-over-X h1 by auto
moreover have ¢(((carrier R)[X]) Quot (genideal ((carrier R)[X]) {X})) ~ R»
using R-isom-RX-X local.ring-axioms ring-iso-sym by blast
ultimately show ?thesis
using local.ring-axioms noetherian-isom-imp-noetherian by blast
qed

lemma principal-imp-noetherian:<principal-domain R =—> noetherian-ring R»
proof —
assume hl:<principal-domain R)»
then show ?thesis
apply (intro ring.noetherian-ringl)
using cring.azioms(1) domain-def principal-domain.axioms(1) apply blast
by (metis cring.cgenideal-eq-genideal domain-def empty-subset] finite.emptyl
finite.insert]
insert-subset principal-domain.azioms(1) principal-domain.exists-gen)
qed
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lemma (in ring) coeff-iff-poly-carrier:«x € carrier (poly-ring R) —>
y € carrier (poly-ring R) = (z=y) <— coeff © = coeff y»
by (auto simp add: coeff-iff-polynomial-cond univ-poly-carrier)

lemma zero-is-zero:«B = B(zero := 0p))»
unfolding ring-def monoid-def ring-axioms-def abelian-group-def abelian-group-azrioms-def
abelian-monoid-def comm-monoid-def by (auto)

lemma ring-iso-imp-iso:«A~B — AX=B)
unfolding is-ring-iso-def is-iso-def ring-iso-def iso-def
ring-hom-def hom-def by (auto)

lemma (in ring) iso-imp-exist-0:«R~B = Jz. ring (B(zero:=z)))»
proof —
assume hil:(R~DB)
have <ring R»
by (simp add: local.ring-azioms)
with h1 obtain h where f0:<h € ring-hom R B A bij-betw h (carrier R) (carrier
B)»
unfolding is-ring-iso-def ring-iso-def by auto
then have f1:ring (B ( carrier := h ‘ (carrier R), zero := h Op )
using ring-hom-imp-img-ringlof | h1 unfolding ring-iso-def
using ring.ring-hom-imp-img-ring by blast
moreover have f2:h ‘ (carrier R) = carrier B
using h1 unfolding ring-iso-def bij-betw-def
by (simp add: f0 bij-betw-imp-surj-on)
then show ?thesis using f1 f2 by(auto)
qed

lemma (in domain) noetherian-R-imp-noetherian- UP-R:
assumes hl:<noetherian-ring R»
shows <noetherian-ring (UP R)»
proof —
interpret UPring: UP-ring R UP R
by (simp add: UP-ring-def local.ring-azioms)+
have <noetherian-ring ((carrier R)[X])
using noetherian-domain.weak-Hilbert-basis h1
using domain-azioms noetherian-domain.intro by auto
with h1 show ?thesis
unfolding noetherian-domain-def
using <noetherian-ring (poly-ring R)» noetherian-isom-imp-noetherian h1 UP-
ring. UP-ring RX-iso-P
by blast
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qed

lemma (in domain) noetheriandom-R-imp-noetheriandom-UP-R:
assumes hl:<noetherian-domain R»
shows <noetherian-domain (UP R)»
proof —
interpret UP-dom: UP-domain R UP R
by (simp add: UP-domain.intro domain-axioms)+
have <noetherian-ring ((carrier R)[X])
using noetherian-domain.weak-Hilbert-basis h1
by (auto)
with h1 show %thesis
unfolding noetherian-domain-def
using UP-dom.domain-azxioms noetherian-R-imp-noetherian-UP-R by blast
qed

lemma (in cring) Pring-one-indez-isom-P:<«(Pring R {N}) ~ UP R»
proof —
interpret UPcring: UP-cring R UP R
by (simp add: UP-cring-def is-cring)+
have «IP-to-UP N € ring-hom (Pring R {N}) (UP R)»
by (simp add: UPcring.IP-to-UP-ring-hom ring-hom-ring.homh)
then show ?thesis unfolding is-ring-iso-def ring-iso-def
apply (subst ex-in-conv|[symmetric])
apply(rule exl[where z=<IP-to-UP N)])
unfolding bij-betw-def apply(safe)
apply (simp add: UPcring.IP-to- UP-ring-hom-inj)
apply (simp add: IP-to-UP-closed is-cring)
by (metis UPcring.IP-to-UP-inv UPcring. UP-to-IP-closed image-eql)
qed

lemma (in cring) P-isom-Pring-one-index: <UP R ~ (Pring R {N})»
proof —
interpret UPcring: UP-cring R UP R
by (simp add: UP-cring-def is-cring)+
interpret crR:cring Pring R {N}
by (simp add: Pring-is-cring is-cring)
show ?thesis
using cring. Pring-one-index-isom-P crR.ring-axioms ring-iso-sym is-cring by
fastforce
qged

lemma (in domain) P-iso-RX:« UP R ~ ((carrier R)[X])
proof —
interpret d: domain (carrier R)[X]
by (simp add: subring univ-poly-is-domain)
have ((carrier R)[X] ~ UP R»
using RX-iso-P UP-ring-def local.ring-axioms by blast
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then show ?thesis
using d.ring-axioms ring-iso-sym by blast
qed

lemma (in domain) IP-noeth-imp-R-noeth:<noetherian-ring (Pring R {a}) =
noetherian-ring R»
proof —

assume hl:<noetherian-ring (Pring R {a})»

have «(Pring R {a}) ~ ((carrier R)[X])

by (meson Pring-one-index-isom-P domain.P-iso-RX domain-axioms ring-iso-trans)

then have <noetherian-ring ((carrier R)[X])»
using domain.univ-poly-is-ring domain-axioms h1 noetherian-isom-imp-noetherian
subring by blast
then show ?thesis
using noetherian-RX-imp-noetherian-R by fastforce
qed

lemma (in domain) R-iso-UPR-quot-X:<R ~ (UP R) Quot (cgenideal (UP R) (\i.
if i=1 then 1 else 0))»
proof —
interpret UP-r: UP-ring R UP R
by (simp add: UP-ring-def local.ring-axioms)+
have f0:<coeff € ring-iso (poly-ring R) (UP R)»
using coeff-iso-RX-P by blast
have <X € carrier (poly-ring R)» «(Mi. if i = 1 then 1 else 0) € carrier (UP R)»
<ering (poly-ring R)» <cring (UP R)»
apply (simp add: subring var-closed(1))
apply (force simp: UP-def up-def)
apply (simp add: subring univ-poly-is-cring)
by (simp add: UP-cring. UP-cring UP-cring.intro is-cring)
then have «((carrier R[X]) Quot (cgenideal (poly-ring R) X) ~(UP R) Quot
(cgenideal (UP R) (Xi. if i=1 then 1 else 0))»
using Quot-iso-cgen|[of X «poly-ring Ry «(\i. if i=1 then 1 else 0)» «(UP R)»
coeff] X-has-correp
f0 by fastforce
then show ?thesis
using domain.R-isom-RX-X domain-axioms gen-is-cgen ring-iso-trans by force
qed

end

5 The Hilbert Basis theorem for Indexed Polyno-
mials Rings

theory Hilbert-Basis
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imports Weak-Hilbert-Basis

begin

5.1 The isomorphism between A[X,..X,] and A[Xy..X,,_1][X,]

This part until varractor;so is due to Aaron Crighton

lemma ring-iso-meml "
assumes f € ring-hom R S
assumes g € ring-hom S R
assumes A z. z € carrier R = g (f z)
assumes A z. z € carrier S = f (g )
shows f € ring-iso R S
g € ring-iso S R
proof—
show 0: f € ring-iso R S
unfolding ring-iso-def mem-Collect-eq
apply(rule conjl, rule assms(1), rule bij-betwl|of - - - g])
using assms ring-hom-memFE by auto
show ¢ € ring-iso S R
unfolding ring-iso-def mem-Collect-eq
apply(rule conjl, rule assms(2), rule bij-betwl|of - - - f])
using assms ring-hom-memFE by auto
qed

T
x

lemmal(in cring) var-factor-inverse:
assumes [ = J0 U J1
assumes JI C [
assumes JI N J0 = {}
assumes 1 = (var-factor-inv I JO J1)
assumes 0 = (var-factor I JO J1)
assumes P € carrier (Pring (Pring R J0) J1)
shows 0 (1 P) = P
proof (induct rule: ring. Pring-car-induct’’[of Pring R JO - J1])
case I
then show ?case
using Pring-is-ring by blast
next
case 2
then show ?case
using assms(6) by force
next
case (3 ¢)
interpret pring-cring: cring Pring R JO
using Pring-is-cring is-cring by auto
interpret Rcring: cring R
using is-cring by auto
have 0: ring-hom-ring (Pring (Pring R J0) J1) (Pring R I) 11
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by (simp add: assms(1) assms(8) assms(4) var-factor-inv-morphism(1))
have 1: ring-hom-ring (Pring R I) (Pring (Pring R J0) J1) %0

by (simp add: assms(1) assms(3) assms(5) var-factor-morphism’(1))
have 2: ©0 o ¢ 1 € ring-hom (Pring (Pring R J0) J1) (Pring (Pring R J0) J1)

using 0 1 ring-hom-trans[of ¥1 Pring (Pring R J0) J1 Pring R I ¥0 Pring
(Pring R JO) J1]
ring-hom-ring.homh[of Pring R I Pring (Pring R J0) J1 0]
ring-hom-ring.homh[of Pring (Pring R J0) J1 Pring R I ¢1]
by blast
then show ?case using assms
by (simp add: 3 var-factor-inv-morphism(8) var-factor-morphism’(3))
next
case (4 p q)
interpret pring-cring: cring Pring R JO
using Pring-is-cring is-cring by auto
interpret Rcring: cring R
using is-cring by auto
have 0: ring-hom-ring (Pring (Pring R J0) J1) (Pring R I) 1
by (simp add: assms(1) assms(3) assms(4) var-factor-inv-morphism(1))
have 1: ring-hom-ring (Pring R I) (Pring (Pring R J0) J1) %0
by (simp add: assms(1) assms(3) assms(5) var-factor-morphism’(1))
have 2: 0 o 1 € ring-hom (Pring (Pring R J0) J1) (Pring (Pring R J0) JI1)

using 0 1 ring-hom-trans[of 11 Pring (Pring R J0) JI1 Pring R I %0 Pring
(Pring R JO) J1]
ring-hom-ring.homh[of Pring R I Pring (Pring R J0) J1 0]
ring-hom-ring.homh[of Pring (Pring R J0) J1 Pring R I ¢ 1]
by blast
from 4 show ?Zcase
proof—
fix pgq
assume A: p € carrier (Pring (Pring R J0) J1)
q € carrier (Pring (Pring R JO) J1)
w0 ($1p) = p
v0 (1 q) =g
show ¢0 (Y1 (p EBPm’ng (Pring R J0O) J1 q9) =7p @Pring (Pring R J0) J1 4
using A 2 ring-hom-add[of 10 o 1 Pring (Pring R J0) J1 Pring (Pring R
J0) J1 p q|
comp-applylof ¥ 0 1]
by (simp add: pring-cring. Pring-add pring-cring.Pring-car)
qed
next
case (J p 1)
interpret pring-cring: cring Pring R JO
using Pring-is-cring is-cring by auto
interpret Rcring: cring R
using is-cring by auto
have 0: ring-hom-ring (Pring (Pring R J0) J1) (Pring R I) ¢1
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by (simp add: assms(1) assms(8) assms(4) var-factor-inv-morphism(1))
have 1: ring-hom-ring (Pring R I) (Pring (Pring R J0) J1) %0

by (simp add: assms(1) assms(3) assms(5) var-factor-morphism’(1))
have 2: ©0 o ¢ 1 € ring-hom (Pring (Pring R J0) J1) (Pring (Pring R J0) J1)

using 0 1 ring-hom-trans[of ¥1 Pring (Pring R J0) J1 Pring R I ¥0 Pring
(Pring R JO) J1]
ring-hom-ring.homh[of Pring R I Pring (Pring R J0) J1 0]
ring-hom-ring.homh[of Pring (Pring R J0) J1 Pring R I ¢1]

by blast
from 5 show Zcase
proof—
fix p ¢ assume A: p € carrier (Pring (Pring R J0) J1)
$0 (W1 p) = p
i€ J1

show 0 (1 (p ® Pring (Pring R J0) J1 PVar (Pring R J0) 7)) =
P ®Ppring (Pring R J0) J1 Pvar (Pring R JO) i
proof—
have A1: ¢0 (¢ (pvar (Pring R J0) 7)) = pvar (Pring R JO) i
by (metis A(3) assms(1) assms(2) assms(3) assms(4) assms(5H)
var-factor-inv-morphism(2) var-factor-morphism’(2))
then show ?thesis
using 2 A ring-hom-mult[of %0 o 1 (Pring (Pring R J0) J1)] 2
Pring-car comp-apply|of 0 1]
by (metis pring-cring. Pring-car pring-cring. Pring-var-closed)
qed
qed
qed

lemmal(in cring) var-factor-iso:
assumes [ = J0 U J1
assumes JI C [
assumes JI N J0 = {}
assumes 1 = (var-factor-inv I JO J1)
assumes Y0 = (var-factor I J0O J1)
shows 10 € ring-iso (Pring R I) (Pring (Pring R J0) J1)
Y1 € ring-iso (Pring (Pring R J0O) J1)(Pring R I)
proof—
have 1: Y0 € ring-hom (Pring R I) (Pring (Pring R J0) J1)
Y1 € ring-hom (Pring (Pring R JO) J1) (Pring R I)
Nz. z € carrier (Pring R I) = ¢1 (0 z) =«
Nz. © € carrier (Pring (Pring R J0) J1) = ¢0 (1) =z
using assms var-factor-inv-inverselof I JO J1 1] var-factor-inverse[of I JO
J1 1]
by (auto simp add: var-factor-inv-morphism(1) cring.var-factor-morphism’(1)
is-cring
ring-hom-ring.homh)
show ¥ 0 € ring-iso (Pring R I) (Pring (Pring R J0) J1)
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Y1 € ring-iso (Pring (Pring R J0) J1) (Pring R I)
using 1 ring-iso-meml’[of ¥ 0 Pring R I Pring (Pring R JO) J1 1 ]
by auto

qed

lemma (in cring) is-iso-Prings:
assumes h1:I = JO U JI
assumes h2:J1 C [
assumes h3:J1 N JO = {}
shows (Pring (Pring R J0) J1) ~ (Pring R I) and (Pring R I) ~ (Pring (Pring
R J0O) J1)
proof —
show «(Pring (Pring R J0) J1) ~ (Pring R I)»
unfolding is-ring-iso-def
using h2 var-factor-isolof I JO J1 «wvar-factor-inv I JO J1» <wvar-factor I JO J1)]
using i1 h3 by auto
show «(Pring R I) ~ (Pring (Pring R J0O) J1)»
unfolding is-ring-iso-def
using h2 var-factor-isolof I JO J1 <wvar-factor-inv I JO J1» <var-factor I JO J1)]
using i1 h3 by auto
qed

5.2 Preliminaries lemmas

lemma (in cring) poly-no-var:
assumes <z € ((carrier R) [X{}]) A za # {#}
shows «x za = 0
apply(rule ring. Pring-car-induct'of R z «{}>])
apply (simp add: local.ring-azioms)
apply (simp add: Pring-car assms)
unfolding indexed-const-def using assms
by (auto simp add: Pring-add indexed-padd-def)

lemma (in cring) R-isom-P-mt:«R ~ Pring R {}»
proof —
interpret cringP: cring Pring R {}
by (simp add: Pring-is-cring is-cring)
have f0:<bij-betw indexed-const (carrier R) (carrier (Pring R {}))»
proof (unfold bij-betw-def inj-on-def, safe)
fix z y
assume hl:<x € carrier Ry«y € carrier R)<indexed-const x = indexed-const y»
show <indexed-const x = indexed-const y =—> = = y»
by (metis indexed-const-def)
next
fix z za
assume hl:<za € carrier R»
show <indezed-const za € carrier (Pring R {})»
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by (simp add: h1 indezxed-const-closed)
next
fix z:¢'f multiset = 'a»
assume hl:x € carrier (Pring R {})»
then show «x € indexed-const ‘ carrier R»
unfolding image-def apply(safe)
apply(rule bexI[where z=<«x {#}])
unfolding indexed-const-def
by (auto simp:fun-eq-iff Pring-def poly-no-var)
qged
show ?thesis
unfolding is-ring-iso-def ring-iso-def
apply(subst ez-in-conv[symmetric])
unfolding ring-hom-def
apply(rule exl[where xz=indezed-const])
apply (safe)
apply (simp add: indezxed-const-closed)
apply (simp add: indezxed-const-mult)
using cringP.indezxed-padd-const
apply (simp add: Pring-add indexed-padd-const)
apply (simp add: Pring-one)
by (simp add:f0)
qed

5.3 Hilbert Basis theorem

We show after this Hilbert basis theorem, based on Indexed Polynomials in
HOL-Algebra and its extension in Padicgields

theorem (in domain) Hilbert-basis:
assumes hl:<noetherian-ring R> and h2:<finite I»
shows (noetherian-ring (Pring R I)»
proof (induct rule :finite.induct| OF h2])
case I
interpret cringP: cring Pring R {}
by (simp add: Pring-is-cring is-cring)
show ?Zcase
using R-isom-P-mt cringP.ring-axioms h1 noetherian-isom-imp-noetherian by
auto
next
case (2 A a)
have f0:<noetherian-ring (Pring R A)»
using 2 by blast
have f1:<cring (Pring R A)»
using Pring-is-cring is-cring by auto
interpret UPcring: UP-cring Pring R A UP (Pring R A)
by (simp add: UP-cring.intro f1)+
have f2:<Pring (Pring R A) {a} ~ UP (Pring R A)»
using cring. Pring-one-index-isom-P UP-cring-def f1
by (simp add: UPcring.R.Pring-one-indez-isom-P)

93



then have f3:(noetherian-ring (UP (Pring R A))»
using Pring-is-domain domain.noetherian-R-imp-noetherian-UP-R f0 by blast
have f7:<cring (Pring (Pring R A) {a})
by (simp add: UPcring.R.Pring-is-cring f1)
then have <UP (Pring R A) ~ Pring (Pring R A) {a}»
by (simp add: cring-def f2 ring-iso-sym)
have f6:<noetherian-ring (Pring (Pring R A) {a})
using «UP (Pring R A) ~ Pring (Pring R A) {a}» cring.axioms(1) f3
f7 noetherian-isom-imp-noetherian by auto
have f10:<a¢ A = Pring (Pring R A) {a} ~ (Pring R (insert a A))»
apply(rule cring.is-iso-Prings(1))
by (simp add: is-cring)+
have f11:<ring (Pring R (insert a A))»
by (simp add: Pring-is-ring)
then show ?case
apply(cases <a€A)
using f0
apply (simp add: insert-absorb)
using noetherian-isom-imp-noetherian[of «Pring (Pring R A) {a}
«(Pring R (insert a A))] f10 f11 f6 by(simp)
qed

lemma (in domain) R-noetherian-implies-IP-noetherian:
assumes hl:<noetherian-ring R»
shows (noetherian-ring (Pring R {0..N::nat})
using Hilbert-basis h1 by blast

lemma (in domain) IP-noetherian-implies- R-noetherian:
assumes hl:<noetherian-ring (Pring R I)y and h2:finite I
shows <noetherian-ring R»
proof (insert h1, induct rule:finite.induct| OF h2])
case I
interpret cringP: cring Pring R {}
by (simp add: Pring-is-cring is-cring)
have «Pring R {} ~ R»
using local.ring-axioms R-isom-P-mt ring-iso-sym by blast
then show ?case
using 1 local.ring-azioms noetherian-isom-imp-noetherian by blast
next
case (2 A a)
have fI:<cring (Pring R A)»
using Pring-is-cring is-cring by auto
interpret UPcring: UP-cring Pring R A UP (Pring R A)
by (simp add: UP-cring.intro f1)+
interpret dom: domain (Pring R (A))
using Pring-is-domain by blast
have f2:<Pring (Pring R A) {a} ~ UP (Pring R A)»
using cring. Pring-one-index-isom-P UP-cring-def f1
by (simp add: UPcring.R.Pring-one-indez-isom-P)
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{assume h2:<a¢ A>
then have < (Pring (Pring R (A)) {a}) ~ (Pring R (insert a A))»
by (simp add: cring.is-iso-Prings(1) is-cring)
then have <noetherian-ring (Pring (Pring R (A)) {a})
using 2.prems UPcring.R. Pring-is-ring
noetherian-isom-imp-noetherian ring-iso-sym by blast
then have <noetherian-ring (Pring R (A))»
by (simp add: dom.IP-noeth-imp-R-noeth)
then have <noetherian-ring R»
using 2.hyps(2) by blast}note a-not-in=this
then show Zcase apply(cases <acA»)
using 2
apply (simp add: insert-absorb)
using a-not-in by blast
qed

end

6 The Hilbert Basis theorem for Formal Power Se-
ries
theory Formal-Power-Series-Ring

imports
HOL— Library. Extended-Nat
HOL— Computational-Algebra. Formal- Power-Series
HOL— Algebra. Module
HOL— Algebra. Ring-Divisibility
begin

We define the ring of formal power series over a domain (idom) as a record
to match HOL-Algebra definitions. We then show that it is a domain for
addition and multiplication. This is immediate with the existing theory
from HOL-Analysis.

We then proceed to show the theorem similar to Hilbert’s basis theorem but
for the ring of Formal power series.

6.1 Preliminaries definition and lemmas

context
fixes R::<'a::{idom} ring> (structure)
defines R:«R = (carrier = UNIV, monoid.mult = (x), one = 1, zero = 0, add

= (1)

begin

95



lemma ring-R:<ring R>
apply(unfold-locales)
using add.right-inverse
by (auto simp add: R mult.assoc ab-semigroup-add-class.add-ac(1)
add.left-commute Units-def add.commute ring-class.ring-distribs(2)
ring-class.ring-distribs(1) exI[of - — z for z])

lemma domain-R:«domain R)»
apply(rule domain)
apply(rule cringl)
apply (simp add: ring.is-abelian-group ring-R)
apply (metis Groups.mult-ac(2) R monoid.monoid-comm-monoidl
monoid.simps(1) ring.is-monoid ring-R)
apply (simp add: ring.ring-simprules(13) ring-R)
apply (simp add: R)
by (simp add: R)

definition

FPS-ring :: 'a::{idom} fps ring

where FPS-ring = (carrier = UNIV, monoid.mult = (x), one = 1, zero = 0,
add = (+)))

lemma ring-FPS:<ring FPS-ring>

apply (rule ringl)

apply (rule abelian-groupl)
apply (simp-all add: FPS-ring-def ab-semigroup-add-class.add-ac(1)
add.left-commute add.commute)

apply (metis ab-group-add-class.ab-left-minus add.commute)
apply(rule monoidI)

by (simp-all add: FPS-ring-def mult.assoc ab-semigroup-add-class.add-ac(1)
add.left-commute add.commute ring-class.ring-distribs(2) ring-class.ring-distribs(1))

lemma cring-FPS:<cring FPS-ring>
apply(rule cringl)
apply (simp add: ring.is-abelian-group ring-FPS)
apply(rule comm-monoidl)
apply (simp add: ring.ring-simprules(5) ring-FPS)
apply (simp add: ring.ring-simprules(6) ring-FPS)
apply (simp add: ring.ring-simprules(11) ring-FPS)
apply (simp add: ring.ring-simprules(12) ring-FPS)
apply (simp add: FPS-ring-def)
by (simp add: ring.ring-simprules(13) ring-FPS)

lemma domain-FPS:«domain FPS-ring)
apply(rule domainI)
apply (simp add: cring-FPS)
apply (simp add: FPS-ring-def)
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by (simp add: FPS-ring-def)

valuation over F'PS,ing

definition v-subdegree :: (‘a::{idom}) fps = enat where
v-subdegree f = (if f = 0 then oo else subdegree f)

definition valuation::<'a::{idom} fps = enat)> (v)where
«w z = Sup {enat k |k. z€ cgenideal FPS-ring (fps-X"k)}

lemma fps-X-pow-k-ideal-iff :<cgenideal FPS-ring (fps-X k) = {x. v-subdegree x >
kp
proof (induct k)
case (
then show ?case unfolding cgenideal-def
using enat-def zero-enat-def
by (simp add: FPS-ring-def)
next
case (Suc k)
have (z€carrier FPS-ring = v-subdegree (xxfps-X"r) > r) for r x
apply(cases <z=0»)
unfolding v-subdegree-def by(auto)
then show ?case unfolding cgenideal-def v-subdegree-def FPS-ring-def
apply (safe)
apply (auto simp: FPS-ring-def) [1]
by (metis (mono-tags, opaque-lifting) UNIV-I enat-ord-simps(1) fps-shift-times-fps-X-power
monoid.select-convs(1) mult-zero-left partial-object.select-convs(1))
qed

lemma valuation-miscs-1:assumes hi:<f €carrier FPS-ring»
shows ¢(valuation f) = (co:enat) «— f = 0»
apply (safe)
unfolding valuation-def apply(subst (asm) fps-X-pow-k-ideal-iff)
apply (smt (verit, best) Sup-least infinity-ileE mem-Collect-eq v-subdegree-def)
apply (subst fps-X-pow-k-ideal-iff)
unfolding v-subdegree-def
unfolding enat-def apply(clarsimp)
by (smt (verit, ccfo-threshold) Suc-ile-eq Sup-le-iff enat.exhaust enat-def enat-ord-simps(2)

mem-Collect-eq nat-less-le order.refl)

lemma valuation-miscs-0:
shows <valuation f = Inf {enat n |n. fps-nth fn # 0}
proof(cases <f=0»)
case 1:True
have f1:«valuation f = oco»
using 1 valuation-miscs-1
by (simp add: FPS-ring-def)
have f0:{enat n |n. fps-nth fn # 0} = {}p
by (simp add: 1)
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show ?thesis
apply(subst f0)
unfolding Inf-enat-def using f1 by(auto)
next
case 2:Fulse
have f0:<fps-nth f n # 0 = f ¢ cgenideal FPS-ring (fps-X (Suc n))» for n
apply(subst fps-X-pow-k-ideal-iff)
unfolding v-subdegree-def
using not-less-eq-eq subdegree-lel by auto
then have <f ¢ cgenideal FPS-ring (fps-X(n)) = Vi>n. f ¢ cgenideal FPS-ring
(fps-X (1))
for n
by (simp add: 2 fps-X-pow-k-ideal-iff v-subdegree-def)
with f0 have f2:<fps-nth f n # 0 = wvaluation f < n» for n
unfolding valuation-def
by (smt (verit, del-insts) Sup-le-iff enat-ord-simps(1) mem-Collect-eq not-less-eq-eq)
then have <valuation f = wv-subdegree f>
by (smt (verit, best) 2 Orderings.order-eq-iff Sup-le-iff fps-X-pow-k-ideal-iff
mem-Collect-eq v-subdegree-def valuation-def)
then show “thesis unfolding v-subdegree-def subdegree-def
using 2 enat-def
by (smt (23) 2 LeastI-ex cInf-eq-minimum enat-def f2 fps-nonzero-nth mem-Collect-eq)

qed

lemma valuation-miscs-3:<valuation f = v-subdegree f»
proof(cases <f=0»)
case 1:True
have f1:«valuation f = co»
using 1 valuation-miscs-1
by (simp add: FPS-ring-def)
show ?thesis
by (metis 1 Formal-Power-Series-Ring.v-subdegree-def f1)
next
case 2:Fualse
have f0:<fps-nth fn # 0 = f ¢ cgenideal FPS-ring (fps-X (Suc n))» for n
apply (subst fps-X-pow-k-ideal-iff)
unfolding v-subdegree-def
using not-less-eq-eq subdegree-lel by auto
then have «f ¢ cgenideal FPS-ring (fps-X (n)) = Vi>n. f ¢ cgenideal FPS-ring
(fps-X (1))
for n
by (simp add: 2 fps-X-pow-k-ideal-iff v-subdegree-def)
with f0 have f2:<fps-nth f n # 0 = wvaluation f < n» for n
unfolding valuation-def
by (smt (verit, del-insts) Sup-le-iff enat-ord-simps(1) mem-Collect-eq not-less-eq-eq)
then show <valuation f = wv-subdegree f>»
by (smt (verit, best) 2 Orderings.order-eq-iff Sup-le-iff fps-X-pow-k-ideal-iff
mem-Collect-eq v-subdegree-def valuation-def)
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qed

lemma triangular-ineg-v:<valuation (f + g) > min (valuation f) (valuation g)»
apply(subst (1 2 3) valuation-miscs-3)
unfolding v-subdegree-def
by (simp add: subdegree-add-ge')

lemma triang-eq-v:assumes hl:<valuation f# valuation g»
shows <waluation (f+g) = min (valuation f) (valuation g)»
proof —
have f0:<valuation (f+g) > min (valuation f) (valuation g)»
by (simp add:triangular-ineq-v FPS-ring-def)
have (wvaluation (f+g) < min (valuation f) (valuation g)»
apply(subst (1 2 3) valuation-miscs-3) unfolding min-def v-subdegree-def
by (smt (verit, ccfv-threshold) Suc-le-eq add-cancel-right-left add-diff-cancel-right’

add-eq-0-iff2 diff-zero enat-ord-simps(2) enat-ord-simps(8) hl not-less-eq-eq
order-le-less
subdegree-add-eql subdegree-add-eq2 subdegree-uminus v-subdegree-def valua-
tion-miscs-3)
then show ?thesis using f0
by order
qed

lemma prod-triang-v:<valuation (f*xg) = valuation f + valuation g»
apply(subst (1 2 3) valuation-miscs-3)
unfolding v-subdegree-def by (auto)

6.2 Premisses for noetherian ring proof

definition subdeg-poly-set:<subdeg-poly-set S k = {a. a€S A subdegree a = k}U{0}>

definition sublead-coeff-set::<'b::{ zero} fps set= nat = 'b set»
where (sublead-coeff-set S k = { fps-nth a (subdegree a) | a. a€ subdeg-poly-set
Sk}

lemma ideal-nonempty:<ideal I FPS-ring =— I # {}
by (metis FPS-ring-def UNIV-I empty-iff ideal.azxioms(2)
partial-object.select-convs(1) ring.quotient-eq-iff-same-a-r-cos)

lemma mult-X-in-ideal:<ideal I FPS-ring =—> Vz€l. fps-X *x ¢ € I»
unfolding ideal-def ideal-axioms-def
by (simp add: FPS-ring-def)

lemma non-empty-sublead:<ideal I FPS-ring = sublead-coeff-set I k # {}»
unfolding sublead-coeff-set-def subdeg-poly-set by (auto)

lemma inv-unique:<¥ € carrier FPS-ring. 3ly. © + y = 0»
by (metis add.right-inverse add-diff-cancel-left’)
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lemma inv-same-degree:assumes h:<z€ carrier FPS-ring»
shows«subdegree (inv,qd-monoid FPS-ring ©) = subdegree >
by (metis FPS-ring-def ring-FPS abelian-group.a-group add-eq-0-iff2 group.l-inv
h
monoid.select-convs(1) monoid.select-convs(2) partial-object.select-convs(1)
ring-def
ring-record-simps(11) ring-record-simps(12) subdegree-uminus)

lemma inv-subdegree-is-inv: assumes h:z€ carrier FPS-ring
shows «fps-nth (inv,44-monoid FPS-ring ©) (subdegree ) =
(170 4 dd-monoid R (fps-nth x (subdegree x)))»

unfolding a-inv-def

by (metis FPS-ring-def ring-FPS R UNIV-I a-inv-def
fps-add-nth partial-object.select-convs(1)
ring.ring-simprules(17) ring.ring-simprules(9) ring-R
ring-record-simps(12))

lemma subdeg-inv-in-sublead:
assumes hl:<ideal I FPS-ring> and h2:<a € sublead-coeff-set I k>
shows <inv,44-monoid R @ € sublead-coeff-set I k»
proof —
have f0:«<zc€] = V340 monoid FPS-ring © € I) for z
by (meson additive-subgroup-def h1 ideal.azioms(1) subgroup.m-inv-closed)
then have f1:z€l = M40 monoid FPS-ring © € subdeg-poly-set I (subdegree
z)» for x
unfolding subdeg-poly-set using UnCI L1 ideal.Icarr|of I FPS-ring x| inv-same-degree[of
z]
mem-Collect-eq by (auto)
have f2:«z€l = (inv434-monoid R (fps-nth = (subdegree x)))
€ sublead-coeff-set I (subdegree x)»
for z
unfolding sublead-coeff-set-def
using f1[of x| h1 ideal.Icarr|of I FPS-ring z] inv-same-degree|of ]
inv-subdegree-is-inv|of ] mem-Collect-eq
by force
have <«0el»
by (metis FPS-ring-def additive-subgroup.zero-closed h1 ideal.azioms(1) ring.simps(1))
then have f3:<a#0 = Jz€l. a = fps-nth x (subdegree ) N subdegree x = k»
using 72 unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
then obtain z where <a #0 = z€I A a = fps-nth © (subdegree x)\ subdegree
z = k> by blast
then have f5:<a7é0 = Znvadd—monoz’d R @@= fps-nth (mvadd—monoid FPS-ring
z) (subdegree x)»
by (metis FPS-ring-def UNIV-I inv-subdegree-is-inv partial-object.select-convs(1))
then have f6:<«a#0 = fps-nth (inv,qd-monoid FPS-ring ©) (subdegree z) € sub-
lead-coeff-set I k»
using <a # 0 = z € I A\ a = fps-nth z (subdegree z) N subdegree x = ky f2
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by force
then show ?thesis
apply(cases <a=0»)
apply (metis R a-inv-def h2 ring.minus-zero ring-R ring-record-simps(11))
using f5 by presburger
qed

lemma mult-stable-sublead:
assumes h1:<ideal I FPS-ring)
and h2:<a € sublead-coeff-set I k>
and h3:<b € sublead-coeff-set I k>
shows <a ®@p b € sublead-coeff-set I k»
proof —
have <0el»
by (metis FPS-ring-def additive-subgroup.zero-closed h1 ideal.axioms(1) ring.simps(1))
{assume h4:<a#£0» and h5:<b#0>
then have f3:«3z€l. a = fps-nth x (subdegree x) A subdegree © = k»
using h2 unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
then obtain z where f0:« €I A a = fps-nth x (subdegree z)A\ subdegree © =
k> by blast
then have (fps-const b €carrier FPS-ring»
by (simp add: FPS-ring-def)
then have <fps-const bxx € I»
by (metis FPS-ring-def f0 h1 ideal-axioms-def ideal-def monoid.simps(1))
then have «fps-nth (fps-const b * z) k = axb
by (simp add: f0)
then have <subdegree (fps-const b x ) = k>
using f0 h4 h5 by force
then have <a @p b € sublead-coeff-set I k»
unfolding sublead-coeff-set-def subdeg-poly-set FPS-ring-def
using R <fps-const b x x € I» <fps-nth (fps-const b x x) k = a x b> by force
}note proof-2=this
then show ?thesis
apply(cases <a=0 V b=0»)
using R h2 h3 by auto
qed

lemma add-stable-sublead:
assumes hl1:<ideal I FPS-ring)
and h2:<a € sublead-coeff-set I k>
and h3:<b € sublead-coeff-set I k>
shows <a ®,qd-monoid R b € sublead-coeff-set I k»
proof —
have f0:<0€1l)
by (metis FPS-ring-def additive-subgroup.zero-closed h1 ideal.azioms(1) ring.simps(1))
have p2:<a=—b = a + b € sublead-coeff-set I k>
unfolding sublead-coeff-set-def subdeg-poly-set by (auto)
{assume h4:<a#0> and h5:<b£0> and h6:ca£— b
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then have f3:«3z€l. a = fps-nth x (subdegree x) A subdegree © = k»
using h2 unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
then obtain z where f2:< €] A a = fps-nth x (subdegree z)A subdegree © =
k> by blast
have fj:«3z€l. b = fps-nth x (subdegree x) A subdegree z = k>
using f0 h3 h4 h5 unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
then obtain y where fl:«yel A b = fps-nth y (subdegree y)A subdegree y =
k> by blast
then have «x + y € ) using hl unfolding ideal-def
using f2 additive-subgroup.a-closed[of I FPS-ring x y]
by (simp add: FPS-ring-def)
have f}:<fps-nth (z+y) k = a + b
by (simp add: f1 f2)
have (Vi<k. fps-nth (z+y) i = 0>
by (simp add: f1 f2 nth-less-subdegree-zero)
then have f5:(subdegree (z + y) = k»
by (metis <fps-nth (x + y) k = a + b eg-neg-iff-add-eq-0 h6 subdegreel)
then have <a+b € sublead-coeff-set I k>
using f4 f5 unfolding sublead-coeff-set-def subdeg-poly-set
using «x + y € I» by force
}note proof-1=this
then show ?thesis
apply(cases <a=0V b=0V a=—b)
using R h2 h3 p2 proof-1 by auto
qged

lemma outer-stable-sublead:
assumes hl:<ideal I FPS-ringyand h2:<a € sublead-coeff-set I k> and h3:<b €
carrier R»
shows (b ® a € sublead-coeff-set I k>
proof —
have <0€el)
by (metis FPS-ring-def additive-subgroup.zero-closed h1 ideal.azioms(1) ring.simps(1))
then have p2:<0€sublead-coeff-set I ky unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
{assume h4:<a#0> and hd:<b£0»
then have f3:«3z€l. a = fps-nth x (subdegree x) A subdegree © = k»
using h2 unfolding sublead-coeff-set-def subdeg-poly-set
by (auto)
then obtain z where f0:« €I A a = fps-nth x (subdegree x)A\ subdegree © =
k> by blast
then have «fps-const b €carrier FPS-ring»
by (simp add: FPS-ring-def)
then have <fps-const bxx € I»
by (metis FPS-ring-def f0 h1 ideal-axioms-def ideal-def monoid.simps(1))
then have <fps-nth (fps-const b x x) k = axb
by (simp add: f0)
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then have <subdegree (fps-const b x ) = k>
using f0 h4 h5 by force
then have <b ®p a € sublead-coeff-set I k»
unfolding sublead-coeff-set-def subdeg-poly-set FPS-ring-def
using R <fps-const b x x € I» <fps-nth (fps-const b x x) k = a x b> by force
}note proof-2=this
then show ?thesis
apply(cases <a=0 V b=0»)
using R h2 h8 proof-2 p2 by auto
qed

lemma sublead-ideal:<ideal I FPS-ring = ideal (sublead-coeff-set I k) R»
apply(rule ideall)
apply(simp add:ring-R)
apply (rule group.subgroupl)
using abelian-group.a-group ring.is-abelian-group ring-R apply fastforce
apply (simp add: R)
apply(simp add:non-empty-sublead)
using subdeg-inv-in-sublead apply blast
using add-stable-sublead apply force
apply (simp add: outer-stable-sublead mult.commute)
by (metis Groups.mult-ac(2) R monoid.simps(1) outer-stable-sublead)

lemma order-sublead:
assumes hi1:<J1 C J2> and h2:<ideal J1 FPS-ring> and h3:<ideal J2 FPS-ring>
shows (sublead-coeff-set J1 k C sublead-coeff-set J2 k>
unfolding sublead-coeff-set-def subdeg-poly-set
using h1 by blast

lemma sup-sublead-stable-add:<ideal I FPS-ring =
a € |J (range (sublead-coeff-set I)) =
b e |J (range (sublead-coeff-set I))
= a ®udd-monoid R 0 € U (range (sublead-coeff-set I))»
proof —
have f2:«x#0 N xz€subdeg-poly-set I k = subdegree x = k> for = k
unfolding subdeg-poly-set by auto
then have f1:«z#0 N z€subdeg-poly-set I k = fps-nth x k € sublead-coeff-set I
k» for z k
unfolding sublead-coeff-set-def by blast
assume hli:<ideal I FPS-ring> <a € |J (range (sublead-coeff-set I))»
<b € |J (range (sublead-coeff-set I))»
then obtain = z’ k k’
where f0:<a = fps-nth x k N z€subdeg-poly-set I k N b = fps-nth ' k' A
x'esubdeg-poly-set I k's
unfolding sublead-coeff-set-def apply(safe)
by (metis (mono-tags, lifting) Un-def mem-Collect-eq subdeg-poly-set)
have pl:«k=k'=—>a#0 = b#0 = acsublead-coeff-set [ k N\ b € sublead-coeff-set
Ik
using h1 f0 f1 fps-nonzero-nth by blast
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have f3:«k<k’ = a#£0 = b£0 = fps-X (k'—k)xx € D
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def UNIV-I
Un-iff
additive-subgroup. zero-closed f0 h1(1) ideal-axioms-def ideal-def mem-Collect-eq
monoid.simps(1)
partial-object.select-convs(1) ring.simps(1) singletonD subdeg-poly-set)
then have f}:«k<k’ = a#0 = b#0 = subdegree (fps-X (k'—k)xz) = k"
by (metis f2 add-diff-inverse-nat f0 fps-nonzero-nth fps-subdegree-mult-fps-X-power(1)

less-numeral-extra(3) nat-diff-split-asm zero-less-diff)
then have f5:«<k<k'— a#0 = b# 0 = (fps-X (k'—k)xx) € subdeg-poly-set
kY
unfolding subdeg-poly-set using f3 by auto
then have f6:<k<k’ = a#£0 = b#£0
= fps-nth ((fps-X(k'=k)*z) + z') k' € |J (range (sublead-coeff-set I))»
by (metis R UNIV-I UN-iff add-stable-sublead f0 f1 fps-add-nth fps-mult-fps-X-power-nonzero(1)

fps-zero-nth h1(1) monoid.simps(1) ring-record-simps(12))
have f7:«<b # 0 = k < k'=— a = — b= 3r. 0 € sublead-coeff-set I r»
by (metis R additive-subgroup.zero-closed h1(1) ideal-def ring.simps(1) sub-
lead-ideal)
have f8«xa # 0 = b4 0 = k< k' = a# — b= 3r. a + b € sub-
lead-coeff-set I 1>
by (metis UN-E add-diff-cancel-left’ add-less-same-cancel? diff-add-inverse2 f0
16
fos-X-power-mult-nth fps-add-nth less-imp-add-positive not-less-zero)
then have p2:«<a # 0 = b # 0 = k< k' = 3Ir. a ® b € sublead-coeff-set
Ir
apply(cases <a=—b»)
by (auto simp:R FPS-ring-def f7)
have f3'«k'<k = a#0 = b£0 = fps-X (k—k")xz’ € D>
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def UNIV-I
Un-iff
additive-subgroup.zero-closed f0 h1(1) ideal-azioms-def ideal-def mem-Collect-eq
monoid.simps(1)
partial-object.select-convs(1) ring.simps(1) singletonD subdeg-poly-set)
then have f/«k'<k = a#0 = b#0 = subdegree (fps-X (k—k")xz') = k>
by (metis f2 add-diff-inverse-nat f0 fps-nonzero-nth fps-subdegree-mult-fps-X-power (1)

less-numeral-extra(3) nat-diff-split-asm zero-less-diff)
then have f5'«k'<k=— a£0 = b# 0 = (fps-X (k—k')xx’) € subdeg-poly-set
Ik
unfolding subdeg-poly-set using f3’ by auto
then have f6':«k'<k = a#£0 = b#£0
= fps-nth ((fps-X (k—k")xz’) + z) k € |J (range (sublead-coeff-set I))»
by (metis R UNIV-I UN-iff add-stable-sublead f0 f1 fps-add-nth fps-mult-fps-X-power-nonzero(1)

fps-zero-nth h1(1) monoid.simps(1) ring-record-simps(12))
have f7'«b # 0 = k' < k = a = — b = 3r. 0 € sublead-coeff-set I r »
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by (metis R additive-subgroup.zero-closed hi1(1) ideal-def ring.simps(1) sub-
lead-ideal)
have f8'«a # 0 = b # 0 = k' <k = a # — b= 3r. a + b € sub-
lead-coeff-set I r»
by (metis (no-types, lifting) UN-iff f8 add.commute add-diff-cancel-right’ add-diff-inverse-nat

10 f4' 16" fps-X-power-mult-nth fps-add-nth not-less-zero nth-subdegree-zero-iff
subdegree-0)
then have p3:<a # 0 = b # 0 = k' < k = 3r. a ® b € sublead-coeff-set
Inr
apply(cases <a=—b»)
by(auto simp:R FPS-ring-def f77)
have cases:<k=k' Vv k<k’V k'<k
by auto
then show ?thesis
apply(cases <a=0 V b= 0))
using R h1(2) h1(3) apply force
using Formal-Power-Series-Ring.add-stable-sublead R h1(1) p1 p2 p3 by(force)

qed

lemma sup-sublead-ideal:<ideal I FPS-ring => ideal (|J k. sublead-coeff-set I k)
R
apply(rule ideall)
apply (simp add: ring-R)
apply (rule group.subgroupl)
using abelian-group.a-group ring.is-abelian-group ring-R apply blast
apply (simp add: R)
using non-empty-sublead apply force
using subdeg-inv-in-sublead apply force
using sup-sublead-stable-add apply force
apply (metis UN-iff outer-stable-sublead)
by (metis UN-iff ideal.I-r-closed sublead-ideal)

lemma Sub-subdeg-eq-ideal:<ideal J FPS-ring = (|J k. subdeg-poly-set J k) = J»
unfolding subdeg-poly-set apply(safe)
apply (metis Formal-Power-Series-Ring.FPS-ring-def
additive-subgroup.zero-closed ideal.axioms(1) ring.simps(1))
by auto

lemma eg-subdeg:
assumes h1l:<J1 C J2»
and hS3:¢ ideal J1 FPS-ring> and h4:<ideal J2 FPS-ring»
shows «J1 = J2 «— (Vk. subdeg-poly-set J1 k = subdeg-poly-set J2 k)»
proof —
have «V k. subdeg-poly-set J1 k = subdeg-poly-set J2 k
= (U k. subdeg-poly-set J1 k) = (|J k. subdeg-poly-set J2 k)

65



by auto
then have f0:«<V k. subdeg-poly-set J1 k = subdeg-poly-set J2 k = J1 = J2»
by (metis Sub-subdeg-eq-ideal h3 h4)
have f1:«J1 = J2 = V k. subdeg-poly-set J1 k = subdeg-poly-set J2 k>
unfolding subdeg-poly-set by auto
then show ?thesis using f0 f1 by auto
qed

lemma inculded-sublead:<ideal I FPS-ring = sublead-coeff-set I k C sublead-coeff-set
I (k+1)
unfolding sublead-coeff-set-def subdeg-poly-set
proof (safe)
fix z a
assume <ideal I local. FPS-ring>
<a €D
<k = subdegree a »
show (Jaa. fps-nth a (subdegree a) = fps-nth aa (subdegree aa)
A aa € {aa € I. subdegree aa = subdegree a + 1} U {0}
apply(rule exl[where z=«fps-X * a)])
by (simp add:subdegree-eq-0-iff <a € I <ideal I local. FPS-ring> mult-X-in-ideal)+
next
show Ja. fps-nth 0 (subdegree 0) = fps-nth a (subdegree a)
Aa € {a€l subdegree a =k + 1} U {0}
by auto
qed

lemma included-sublead-gen:assumes <ideal I FPS-ring> <k<k’s
shows <sublead-coeff-set I k C sublead-coeff-set I (k')
using assms
apply (induct <k'—k>)
apply simp
by (metis Suc-eq-plusl inculded-sublead lift-Suc-mono-le)

lemma sup-sublead:
assumes h1:<ideal I FPS-ring)
and h2: <noetherian-ring R»
shows «(|J {sublead-coeff-set I k|k. ke UNIV'}) € {sublead-coeff-set I k|k. ke UNIV }»
apply(rule noetherian-ring.ideal-chain-is-trivial|[OF h2, of «{sublead-coeff-set I
k|lk. ke UNIV 1))
apply blast
unfolding subset-chain-def using included-sublead-gen
by (auto simp add: h1 sublead-ideal)(meson h1 in-mono linorder-linear)

lemma subdeg-inf-imp-s-tendsto-zero:
fixes s::(nat = ‘a::{idom} fps»
assumes ¢2:¢strict-mono (An. subdegree (s n))»
shows (s —— (»
proof —
have g1:«(Az. 1/2) —— O»
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using lim-1-over-n by force
have «Vn. k. n < subdegree (s k)»
by (metis dual-order.strict-trans g2 gt-ex linorder-not-le
nat-neg-iff strict-mono-imp-increasing)
have r1:r>0 = (nunat) > log 2 (1/r) = (1/2n<7r)+— 2"n> 1/r for
nr
by (auto simp:field-simps)
have r2:<r>0 = (n:nat) > log 2 (1/r) = 2"n > 2 powr (log 2 (1/r))> for
nr
by (simp add: log-less-iff powr-realpow)
then have r3:«<r>0 = (n:nat) > log 2 (1/r) = 2 powr (log 2 (1/r)) =
1/rm for rn
by auto
then have r{:«r>0 = (nunat) > log 2 (1/r) = 2" n> 1/r for rn
using «Arn. [0 < r;log 2 (1 / r) < real n] = 2 powrlog 2 (1 [/ r) < 2
ny by force
then have r5:«r>0 = (n:nat) > log 2 (1/r) = 1/2"n < r for rn
using (Arn. [0 <r;log2 (1 /r)<realn] = (1 /2 " n<r)=(1/r<
2 7 n)» by blast
have «ceiling (r:real) > 1 for r
by simp
then have r6:«r>0 = (ceiling (log 2 (1/7))) > log 2 (1/r)> for r
by auto
then have r7:<r>0 = (n:nat) > (ceiling (log 2 (1/r))) = 1/2"n < r for
rn
by (metis <Arn. [0 <r;log 2 (1 /r)<realn] = 1/2 " n<mr
ceiling-less-cancel ceiling-of-nat)
have r8:<r>0 = In:nat. n> (log 2 (1/r))> for r
by (simp add: reals-Archimedean?2)
have r9:<V (r::real)>0. In0. ¥Yn>n0. 1/27n <
proof (safe)
fix r::real
assume <r>0)»
then obtain n::nat where (n> (log 2 (1/r))> using r8 by blast
show (3n0.Vn>n0.1 /2 "n<mr
apply(rule exl[where z=n)])
using <0 < r <log 2 (1 / r) < real ny r5 by auto
qed
show t2:<s —— O
proof (rule metric-LIMSEQ-I)
fix r::real
assume <0<7»
then obtain n where <n>0 A 1/27n < r) using r9
by (metis grol less-or-eq-imp-le zero-less-numeral)
then have Vk>n. inverse (27k) < m
by (smt (verit, ccfu-threshold) inverse-eq-divide
inverse-less-iff-less power-increasing-iff zero-less-power)
then obtain n! where <1 /2 (subdegree (s n1)) < r A n1>0)
by (metis <VYn. 3k. n < subdegree (s k)» bot-nat-0.not-eq-extremum di-

o~
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vide-inverse
mult-1 nle-le not-less-iff-gr-or-eq order-less-le-trans)
then have «dist (s nl) 0 < m
by (simp add: <0 < r dist-fps-def inverse-eq-divide)
then show I no. Vn>no. dist (s n) 0 <
apply (intro exl[where r=n1])
apply(safe) using g2
unfolding dist-fps-def strict-mono-def
using power-strict-increasing-iff [of 2 <«subdegree (s nl1)y] inverse-eq-divide
inverse-le-iff-le
by (smt (verit) <0 < r <1 / 2 ~ subdegree (s n1) < r A 0 < nl»
diff-zero le-eq-less-or-eq power-less1-D)
qed
qed

lemma idl-sum::finite A = ideal {z. Is. 2=(>_ i€{0..<card A}. s i * from-nat-into
A i)} R for A
proof (rule ideall)
assume (finite A»
show <ring R»
using ring-R by(simp)
show <subgroup {z. 3s. z = (> i = 0..<card A. s i * from-nat-into A i)}
(add-monoid R)»
proof(rule group.subgroupl)
show (Group.group (add-monoid R)»
using abelian-group.a-group ring.is-abelian-group ring-R by blast
show «({z. 3s. 2 = (D¢ = 0..<card A. s { * from-nat-into A i)} C carrier
(add-monoid R)»
by (simp add: R)
show ({z. 3s. z = (D i = 0..<card A. s i x from-nat-into A 0)} # {p
by blast
next
fix a assume <a € {z. 3s. 2 = (> i = 0..<card A. s i x from-nat-into A i)}
then show <inv,q4.monoid B @ € {z. 3s. 2 = (37 = 0..<card A. 5 i *
from-nat-into A i)}
proof (safe)
fix s
have p6:«(THE y. (3. i = 0..<card A. s i x from-nat-into A i) + y=0 Ay
+
3oi=0.<card A. s i % from-nat-into A i) = 0)
=0 i=0.<card A. — (s i x from-nat-into A 7)) for A::<'a set> and s
using thel [of <A\y. (O i = 0..<card A. s i x from-nat-into A i) + y =0 A
Yy +
>Ci=0.<card A. s i * from-nat-into A i) = 0]
by (smt (verit, best) add.commute add.right-inverse add-left-imp-eq sum.cong
sum-negf)
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assume <a = (> i = 0..<card A. s i * from-nat-into A 7))
then show < 3sa. V47 monoid B (O ¢ = 0..<card A. s i *
from-nat-into A i) = (> i = 0..<card A. sa i * from-nat-into A i)

apply(intro exl[where xz=(—s))
by (auto simp add:m-inv-def p6 R)
qed
next
fix ad

assume <a¢ € {z. 3s. z = (D i = 0..<card A. s i * from-nat-into A i)}
we{zr.ds.x=(>i=0.<card A. s i x from-nat-into A i)}
then show <« ®,00-monvid R 0 € {z. 3s. 2 = (3.1 = 0..<card A. s i *
from-nat-into A 0)}>
proof (safe)
fix s sa
assume <a = (> i = 0..<card A. s i * from-nat-into A 7))
b= 0"i=0.<card A. sa i * from-nat-into A 7))
then show « 3sb. (3¢ = 0..<card A. s i * from-nat-into A 1) @ 4qd-monoid R
Ooi = 0.<card A. sa i x from-nat-into A i) = (>_i = 0..<card A. sb i *
from-nat-into A 7))
apply (intro exl[where z=«\i. s i + sa ©)])
by (simp add:R comm-semiring-class.distrib sum.distrib)
qed
qed
next
fixaz
assume <finite A» <a € {x. Is. . = (Y. i = 0..<card A. s i x from-nat-into A
i)}y «x € carrier R»
then show <z ® a € {z. Is. z = (3 i = 0..<card A. s i % from-nat-into A i)}
e @z €{r.I3s. o= (D 1= 0.<card A. s i * from-nat-into A i)}
proof (safe)
fix s
assume <a = (> i = 0..<card A. s i * from-nat-into A 7))
then show
Tsa. z @ (D i = 0.<card A. s i * from-nat-into A i) = (>_ i = 0..<card A.
sa i * from-nat-into A i)
apply(intro exI[where x=<«(\i. x x s i)])
by (simp add:R comm-semiring-class.distrib sum.distrib mult.assoc sum-distrib-left)

show

«Jsa. (> i = 0..<card A. s i * from-nat-into A i) @ z = (> i = 0..<card A.
sa i * from-nat-into A 7))

apply(intro exI[where x=<«(\i. x x s i)])

by (simp add:R comm-semiring-class.distrib sum.distrib mult.assoc

sum-distrib-left mult.left-commute mult.commaute)
qed

qed

lemma genideal-sum-rep:
finite A = genideal R A = {z. Is. z=(>_i€{0..<card A}. s i * from-nat-into
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A} for A
proof (subst set-eq-subset, rule conjl)
assume hr:<finite A»
then have ung:«x€ A = 3i. i<card A N from-nat-into A i = x> for z
using bij-betw-from-nat-into-finite[of A, OF «finite A»)
unfolding bij-betw-def inj-on-def
by (smt (verit, ccfv-threshold) <bij-betw (from-nat-into A) {..<card A} A»
bij-betw-iff-bijections less Than-iff)
have (A#{}—= (card ({0..<card A} N {i. from-nat-into A i = z})) = 1» if
hh:xzeA> for x
proof (rule ccontr)
assume hhh:<card ({0..<card A} N {i. from-nat-into A i = x}) # 1> (A#{}
then have jm:
<card ({0..<card A} N {i. from-nat-into A i = z}) > 1 = il i2. i1#i2 A
i1 <card A
A i2<card AN from-nat-into A il = from-nat-into A i2 N from-nat-into A il =
x>
by (smt (verit, ccfv-SIG) Int-Collect One-nat-def atLeastLess Than-iff card-le-SucO-iff-eq
finite-Int finite-atLeastLessThan linorder-not-less n-not-Suc-n)
then have <card ({0..<card A} N {i. from-nat-into A i = z}) > 1> using hhh
hr
by (metis (mono-tags, lifting) Int-def atLeastLess Than-iff card-eq-0-iff emptyE
finite-Int
finite-atLeastLessThan le0 less-one linorder-neqE-nat mem-Collect-eq that
unq)
then show False using jm ung[OF hh] by(auto)
qed
then have <AC{z. 3s. z = (3. i = 0..<card A. s i * from-nat-into A ) }»
proof (safe)
fix z
assume hhhh:«(A\z. x € A = A # {} = card ({0..<card A} N {i. from-nat-into
Ai=z})=1)
e
then have <of-nat (card ({0..<card A} N {za. from-nat-into A za = z})) = 1»
by (metis One-nat-def card.empty less-nat-zero-code of-nat-1 ung)
with hhhh show Is. 2 = (3 i = 0..<card A. s i % from-nat-into A ©)»
apply(cases <x=0)
apply(rule exl[where z=«\i. 0)])
apply(simp)
apply(rule exl[where z=<\i. if from-nat-into A i = z then 1 else 0)))
apply (subst if-distrib[where f=<\z. x*a) for a))
apply (subst sum.If-cases)
by (simp)+
qed
then show (Jdl A C {z. 3s. x = (D i = 0..<card A. s i * from-nat-into A 7)}»
unfolding genideal-def using idl-sum[OF hr] by(auto)
show ({z. 3s. z = (D i = 0..<card A. s i x from-nat-into A ©)} C Idl A »
proof (safe)
fix z and s:<nat="a>
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have a:«Vi<card A. from-nat-into A i € A»
by (metis card.empty from-nat-into less-nat-zero-code)
then have b:«<V1i. s i € carrier R»
using R by auto
then have «Vi<card A. s i x from-nat-into A i € genideal R A»
using ring.genideal-ideal]| OF ring-R, of A] ideal.I-l-closed[of - R ]
by (metis R a ideal-def monoid.simps(1) partial-object.select-convs(1)
ring.genideal-self subsetD subset-UNIV)
have ff:<AC carrier R> by (simp add:R)
then have Vi<n. g i € genideal R A = (> i€{0..<n}. g i) € genideal R
A
for g::<nat = ‘a» and n
apply (induct n)
apply (metis R additive-subgroup.zero-closed atLeastLessThan-iff
ideal-def not-less-zero ring.genideal-ideal ring.simps(1) ring-R sum.neutral)
using ring.genideal-ideal| OF ring-R, of A, OF (AC carrier R)]
additive-subgroup.a-closed[of <genideal R A> R - -] unfolding ideal-def
by (auto simp:R)
then show «(> i = 0..<card A. s i x from-nat-into A i) € Idl A>
using «Vi<card A. s i x from-nat-into A i € Idl Ay by presburger
qged
qged

lemma fps-sum-rep-nth'’:
fos-nth (sum (Ai. fps-const(a i)xfps-X %) {0..m}) n = (if n < m then a n else 0)
by (simp add: fps-sum-nth if-distrib cong del: if-weak-cong)

lemma abs-tndsto: shows <(An. (> i<n. fps-const (s i) * fps-X"%)::"a fps) ——
Abs-fps s>
(is «?s —— )
proof —
have 3n0.Vn > n0. dist (s n) %a < rif r > 0 for r
proof —
obtain n0 where n0: (1/2) ™n0 < rn0 > 0
using reals-power-lt-ex[OF <r > 0y, of 2] by auto
show ?thesis
proof —
have dist (?s n) ?a < r if nn0: n > n0 for n
proof —
from that have thnn0: (1/2)™n < (1/2 :: real) "n0
by (simp add: field-split-simps)
show ?thesis
proof (cases s n = %a)
case True
then show ?thesis
unfolding metric-space.dist-eq-0-iff
using «r > 0» by (simp del: dist-eq-0-iff)
next
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case Fulse

from Fulse have dth: dist (?s n) %a = (1/2) subdegree (?s n — ?a)
by (simp add: dist-fps-def field-simps)

from False have kn: subdegree (s n — %a) > n
apply (intro subdegree-greaterl) apply(simp-all add: fps-sum-rep-nth’)
by (metis (full-types) atLeastOAtMost fps-sum-rep-nth’)

then have dist (?s n) %a < (1/2)™n
by (simp add: field-simps dist-fps-def)

also have ... < (1/2)™n0
using nn0 by (simp add: field-split-simps)

also have ... < r
using n0 by simp

finally show ?thesis .

qed
qed
then show ?thesis by blast
qed
qed
then show ?thesis
unfolding lim-sequentially by blast
qed

lemma add-stable-FPS-ring:<ideal I FPS-ring —> a€l —> bel — a+b € I»
unfolding FPS-ring-def
by (metis additive-subgroup.a-closed ideal.azxioms(1) ring-record-simps(12))

lemma abs-tndsto-le: shows «(An. (D i<n. fps-const (s ©) * fps-X"%):'a fps)
—— Abs-fps s»
using LIMSEQ-lessThan-iff-atMost abs-tndsto by blast

lemma bij-betw-strict-mono:
assumes <strict-mono (f::nat=-nat)
shows <bij-betw f UNIV (f‘UNIV)»
by (simp add: assms bij-betw-imagel strict-mono-on-imp-ing-on)

lemma no-i-inf-0:¢strict-mono (f::nat=nat) = i<f 0 = —~(3j. fj = 1)
by (auto simp add: strict-mono-less)

lemma inter-mt:<strict-mono (f::nat=nat) = {..<f 0} N range f = {p
by (metis Int-emptyl lessThan-iff no-i-inf-0 rangeE)

lemma range-inter-f:<strict-mono (f::nat=nat) = {..<fn} N range f = f{0..<n}p>
apply(induct n)
apply (simp add: inter-mt)

by (auto simp:strict-mono-less strict-monoD)

lemma simp-rule-sum:<strict-mono (f::nat=nat) = (> ie{..<f (Suc n)}. (if
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€ range f
then (s ((inv-into UNIV f) ©)) xfps-X "% else 0)) = (> ie{..<f n}. (if i € range
f then
(s ((inv-into UNIV f) 1)) xfps-X "% else 0)) + (s ((inv-into UNIV f) (fn))) *fps-X (f
n)»
proof —
assume hl:strict-mono f»
have f0:«Vie{f n<..<f (Suc n)}. (if i € range f then (s ((inv-into UNIV f) 7))
xfps-X"i else 0) = 0>
by (metis greater ThanLessThan-iff h1 not-less-eq rangeE strict-mono-less)
then have s:<{..<f (Suc n)} = {..f n} U {f n<..<f (Suc n)p
by (metis h1 wl-disj-un-one(1) strict-mono-Suc-iff)
show ?thesis
apply(subst s)
apply (subst sum.union-disjoint)
apply(auto)[3]
using f0 apply(simp)
by (smt (verit, ccfv-SIG) lessThan-Suc-atMost rangel sum.lessThan-Suc)
qed

lemma rewriting-sum: assumes <strict-mono (f::nat=-nat))
shows (> i<n. fps-const (s i) * fps-X(f 7))
= (> ie{..<f n}. (if i € range f then fps-const (s (inv-into UNIV f 1)) xfps-X i
else 0))»
proof (induct n)
case 0
then show Zcase
by (simp add: assms inter-mt sum.If-cases )
next
case (Suc n)
then show ?case
apply(subst simp-rule-sum)
by (auto simp:assms strict-mono-on-imp-inj-on)
qed

lemma exists-seq:<strict-mono (f::nat=nat) =
Is. O ie{..<fn}. (if { € range f then fps-const (s" (inv-into UNIV f 1)) xfps-X "%
else 0))

= (Yo ie{..<f n}. fps-const (s i) *fps-X"%)»

apply(rule exI[where z=«\i. (if i € range f then (s’ ((inv-into UNIV f) 7)) else
0)))

using rewriting-sum

by (smt (verit, best) fps-const-0-eq-0 lambda-zero sum.cong)

lemma exists-seq’:<strict-mono (f::nat=nat) =

Is. (O i<n. fps-const (s’ i) x (fps-X::'a fps) (f 7)) =
(> ie{..<f n}. fps-const (s i) xfps-X ")
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apply(subst rewriting-sum])
using exists-seq[of [ «Ai. (s’ i)3]
by (auto)

lemma exists-seg-all:<strict-mono (f::nat=nat) =
Is. Vn. Ooie{..<f n}. (if i € range f then fps-const (s’ (inv-into UNIV f 7))
xfps-X "% else 0))

= (Yo ie{..<fn}. fps-const (s i) *fps-X"%)»

apply(rule exI[where z=«\i. (if i € range f then (s’ ((inv-into UNIV f) i)) else
0))

using rewriting-sum

by (smt (verit, best) fps-const-0-eq-0 lambda-zero sum.cong)

lemma exists-seq-all’:<strict-mono (f::nat=-nat) =
Is. Vn. (3 i<n. fps-const (s' i) * fps-X (f 1)) =
(> ie{..<f n}. fps-const (s i) *fps-X i)
apply(subst rewriting-sum)
using exists-seq-all[of f «\i. (s i)»]
by (auto)

lemma tendsto-f-seq:assumes <strict-mono (f::nat=-nat)
shows «(An. (- ie{..<fn}. fps-const (s i) xfps-X"%)::'a fps) ——— Abs-fps (\i.
s Q)
using fps-notation LIMSEQ-subseq-LIMSEQ[OF abs-tndsto-le[of s|, of f] assms
by (auto simp:o-def)

lemma LIMSEQ-add-fps:
fixes z y :: 'a::idom fps
assumes f[:f —— z and g:(¢9 —— y)
shows ((\z. fz + g2) —— = + y)
proof —
from f have Ve>0. 3In. Vji>n. dist (fj) = < /2>
using lim-sequentially
using half-gt-zero by blast
from g have f0:<Ve>0. In. Vji>n. dist (¢ ) y < e/2»
using lim-sequentially half-gt-zero by blast
have f/:«dist (fj — z) 0 = dist (fj) x> for j
unfolding dist-fps-def by(auto)
have f5:«dist (9 j — y) 0 = dist (g j) y» for j
by (metis diff-0-right dist-fps-def eq-iff-diff-eq-0)
then have f0':«dist (fj+ gj) (z +y) =dist (fj —z+ gj— y) 0 for j
unfolding dist-fps-def
by (auto simp add: add.commute add-diff-eq diff-diff-eq2)
have fl:«dist (fj— x4+ gj — y) 0 < mazx (dist (fj — x) 0) (dist (95 — y) O)»
for j
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unfolding dist-fps-def apply(auto simp:le-maz-iff-disj field-simps)[1]
by (metis (no-types, lifting) add-diff-add eq-iff-diff-eq-0 min-le-iff-disj subde-
gree-add-ge’)
then have f2:«dist (fj—z+gj—y) 0 < dist (fj—x) 0+ dist (95— y) 0
» for j
by (smt (verit) zero-le-dist)
from f0 have f3:<Ve>0. An. Vj>n. dist (fj) x + dist (97) y < e/2 + e/2»
by (metis <V e>0. In. ¥Vj>n. dist (fj) © < e / 2> add-strict-mono le-trans
linorder-le-cases)
then show ?thesis
unfolding LIMSEQ-def
by (metis f0' 2 f4 f5 field-sum-of-halves order-le-less-trans)
qed

lemma LIMSEQ-cmult-fps:
fixes x y :: 'a::idom fps
assumes f.f ——
shows ((Az. ¢ x fz) —— cx*x)
proof —
from f have Ve>0. In. Vji>n. dist (fj) z < e
using lim-sequentially
using half-gt-zero by blast
have «dist (¢xfj — cxx) 0 = dist (¢x(f 7)) (exx) » for j
unfolding dist-fps-def by auto
have Vi<n . fps-nth (fj) i = fps-nth ¢ i =
5o i = 0..n. fps-nth ¢ i x fps-nth (f§) (n — 0)) = O i = 0..n. fps-nth ¢ i *
fos-nth z (n — )
for j n
using diff-le-self by presburger
have (c#£0 = dist (fj) © > dist (c¢xf j) (cxz) for j
proof(cases <x = f )
case True
then show ?thesis
unfolding dist-fps-def subdegree-def
by (auto)
next
case Fulse
then have rule-su:«(LEAST n. fps-nth (fj) n # fps-nth z n) <
(LEAST n. fps-nth (¢ * fj) n # fps-nth (¢ * z) n)
= c£0 = dist (¢ x []) (¢ x z) < dist (fj) »
unfolding dist-fps-def subdegree-def by(auto)
have f0:«n < (LEAST n. fps-nth (f j) n # fps-nth x n) =
O2i = 0..n. fps-nth ¢ i x fps-nth (fj) (n — 1)) = O_i = 0..n. fps-nth ¢ i *
fos-nth z (n — )
for n
by (metis (mono-tags, lifting) less-imp-diff-less not-less-Least)
have f1:<Vn. (>_i = 0..n. fps-nth ¢ i x fps-nth (f §) (n — 7))
= (i = 0.n. fps-nth ¢ i x fps-nth z (n — 7)) =
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x# fj= ¢# 0 = (LEAST n. fps-nth (f j) n # fps-nth z n) < (LEAST n.
False)»
(is «<?P = ?R1 = ?R2 = ?R3»)
proof —
assume al: ¢ # 0
assume a2: ¢ # fj
assume Vn. (> ¢ = 0..n. fps-nth ¢ ¢ % fps-nth (fj) (n — 7)) =
(3> = 0..n. fps-nth c i * fps-nth z (n — i)) (is ?P)
then show (LEAST n. fps-nth (f j) n # fps-nth z n) < (LEAST n. False)
using a2 al by (metis (no-types) fps-ext fps-mult-nth mult-cancel-left)
qed
have f2:«x # fj = ¢ # 0 = (LEAST n. fps-nth (f j) n # fps-nth x n)
< (LEAST n. (3 i = 0..n. fps-nth ¢ i * fps-nth (fj) (n — 7)) #
(3>i = 0..n. fps-nth ¢ i * fps-nth z (n — 7)) (is «?R1=—?R2=—>7P1»)
proof (cases <?P»)
case True
assume <z#f jr <c#£0»
then show ?thesis using True f1 by(auto)
next
case Fulse
assume al: ¢ # 0
assume a2: ¢ # fj
show ?thesis
proof (insert False al a2, rule ccontr)
fix n
assume *x:(— ?P)
assume *:<— ?P1)
(is <= %a < 2b)
then have <fps-nth (fj) ?b = fps-nth (fj) b
by blast
also have «(>_ i = 0..7b. fps-nth c i * fps-nth (fj) (?b — 1))
# (D00 = 0..2b. fps-nth ¢ i % fps-nth x (b — ©))»
using *
by (smt (verit, best) *x Least] sum.cong)
thus Fulse
using * f0 linorder-not-le by blast
qed
qed
from False show ?thesis
unfolding dist-fps-def subdegree-def
by (simp add: f2 fps-mult-nth)
qed
then show ?thesis
unfolding LIMSEQ-def
by (metis Ve>0. In. Vji>n. dist (f j) ¢ < e dist-self lambda-zero or-
der-le-less-trans)
qed
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6.3 The Hilbert Basis theorem

theorem Hilbert-basis-FPS:
assumes h2:<noetherian-ring R»
shows <noetherian-ring FPS-ring»
proof (rule ring.noetherian-ringl )
show fst:«<ring FPS-ring>
by (simp add: ring-FPS)
fix
assume hi:<ideal I FPS-ring
show <3 ACcarrier FPS-ring. finite A N I = Idlppg.
proof(cases <I={0} vV I = carrier FPS-ring>)
case True
then show %thesis apply(safe)
apply(rule exl[where z={0})])
apply(simp add:genideal-def)
using hl ideal.Icarr apply fastforce
apply(rule exl[where z=«{1}])
using ideal.I-l-closed by (fastforce simp:FPS-ring-def genideal-def)
next
case False
have f0:<subset.chain {I. ideal I R} {(sublead-coeff-set I k)|k. k€ UNIV'} »
unfolding subset-chain-def using included-sublead-gen[OF h1] sublead-ideal| OF
h1]

Ay

ring

by (smt (verit, ccfv-threshold) mem-Collect-eq nle-le subsetl)
have f2:<{(sublead-coeff-set I k)|k. ke UNIV} # {}
using h1 by(auto)
have «genideal R S = genideal R (SU{0})» for S
unfolding genideal-def
by (metis R Un-insert-right additive-subgroup.zero-closed
ideal.azioms(1) insert-subset ring.simps(1) sup-bot-right)
have « (k. sublead-coeff-set 1 k) € { sublead-coeff-set I m|m. me UNIV}»
by (smt (verit, best) Collect-cong full-SetCompr-eq h1 h2 image-iff mem-Collect-eq
sup-sublead)
then have <3m. (|Jk. sublead-coeff-set I k) = sublead-coeff-set I m) by auto
then obtain m where f60:< (|Jk. sublead-coeff-set I k) = sublead-coeff-set I
m A m>0)>
by (metis Formal-Power-Series-Ring.included-sublead-gen UNIV-I UN-upper
bot-nat-0.extremum dual-order.eq-iff h1 less-SucO neq0-conv)
have ¥V k>m. sublead-coeff-set I m = sublead-coeff-set I k>
using Formal-Power-Series-Ring.included-sublead-gen f60 h1 by auto
from f2 have «35. Vk. finite (S k) A (sublead-coeff-set I k) = genideal R (S
k)»
using h2 hi sublead-ideal|OF h1] unfolding noetherian-ring-def noethe-
rian-ring-axioms-def
by meson
then obtain S where f/:«Vk. finite (S k) A (sublead-coeff-set I k) = genideal
R (S k)» by blast
then have
(38. VEk. finite (S k)N 0¢S k A (sublead-coeff-set I k) = genideal R (S k) A
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(Vk>m. Sk =.58m)
apply (intro exl[where = «(Ak. if k<m then Sk — {0} else S m — {0})»])
by (smt (verit, ccfv-threshold) Diff-iff Un-Diff-cancel Un-commute <\S. Idl
S =1Idl (Su{o})p
<~V k>m. sublead-coeff-set I m = sublead-coeff-set I k> finite-Diff nle-le
singletonl)
then obtain S’ where f5:
N k. finite (S" k)N 0 ¢ S’k A (sublead-coeff-set I k) = genideal R (S’ k) A
(Vk>m. S"k=8"m)
by blast
have x:«Vze(S’j). yel. subdegree y = j N\ fps-nth y j = o> for j
proof (safe)
fix z
assume h3:<zeS’ j
then have (x€sublead-coeff-set I j»
using f5 unfolding genideal-def by(auto)
then show «Jyel. subdegree y = j N fps-nth y j = =
unfolding sublead-coeff-set-def subdeg-poly-set using f5
using h3 by auto
qed
define f where <f = (A\jz. (SOME y. yeI A subdegree y = j A fps-nth y j =
z))»
define B where <B = (\j. {fj z|z. z€S' j})
have <bij-betw (f k) (S’ k) (B k) for k
apply (rule bij-betwl[where g=«Az. fps-nth x k»])
using B-def apply blast
using f5 B-def image-def f-def Pi-def apply(safe)
apply (smt (verit, del-insts) x somel-ex)
apply (smt (verit, del-insts) x f-def somel-ex)
unfolding f-def B-def image-def
apply (safe)
by (smt (verit, ccfo-threshold) * Eps-cong somel-ex)
then have f6:<card (B j) = card (S’ j)» for j
by (metis bij-betw-same-card)
have f7:¢bij-betw (from-nat-into (B k)) ({0..<card (B k)}) (B k)» for k
by (simp add: B-def atLeastOLess Than bij-betw-from-nat-into-finite f5)
have f8:<bij-betw (from-nat-into (S’ k)) ({0..<card (S' k)}) (S’ k) for k
by (simp add: B-def atLeastOLessThan bij-betw-from-nat-into-finite f5)
have Vze S’ k. 3yeB k. x = fps-nth y k> for k
using f5 unfolding B-def f-def sublead-coeff-set-def subdeg-poly-set
apply (safe)
by (smt (verit, ccfv-threshold) x mem-Collect-eq somel-ex)
have f30:«Vz€ B k. JyeS’' k. y = fps-nth = k> for k
using f5 unfolding B-def f-def sublead-coeff-set-def subdeg-poly-set
apply (safe)
by (smt (verit, ccfu-threshold) * mem-Collect-eq somel-ex)
have «Vi<card (B k). 3!n. n<card (B k) A fps-nth (from-nat-into (B k) n) k
= from-nat-into (S’ k) O
for k&
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proof (safe)
fix ¢
assume <i<card (B k)»
then have <from-nat-into (S' k) i € S" k>
by (metis card.empty f6 from-nat-into less-nat-zero-code)
then show (I n<card (B k). fps-nth (from-nat-into (B k) n) k = from-nat-into
(S"k) D
by (smt (verit, ccfv-threshold) <\k.Vz€S’ k. yeB k. x = fps-nth y k»
atLeastLess Than-iff bij-betw-iff-bijections f7)
next
have f9:<heB k N g¢ Bk = h # g <— fps-nth h k # fps-nth g k» for k h g
using f5 unfolding B-def f-def sublead-coeff-set-def subdeg-poly-set ap-
ply(safe)
by (smt (verit) x somel-ex)+
fixiny
assume i < card (B k) «<n < card (B k)»
fps-nth (from-nat-into (B k) n) k = from-nat-into (S' k) ©» <y < card (B
k)»
fps-nth (from-nat-into (B k) y) k = from-nat-into (S’ k) i»
then have «(from-nat-into (B k) n) = (from-nat-into (B k) y)»
using f9
by (metis card.empty from-nat-into less-nat-zero-code)
then show «n = y» using f7 unfolding bij-betw-def inj-on-def
by (metis (no-types, opaque-lifting) <n < card (B k)» <y < card (B k)»
atLeastLess Than-iff bij-betw-iff-bijections f7 zero-le)
qged
then have (3p. (Vi<card (S’ k). fps-nth (from-nat-into (B k) (p ©)) k =
from-nat-into (S’ k) i)»
for k
apply (intro exzl[where z=¢\i. THE n. n<card (B k)
A fps-nth (from-nat-into (B k) (n)) k = from-nat-into (S k) ©])
apply(safe)
by (smt (23) f6 thel’)
then obtain p
where f11:«(Vi<card (S’ k). fps-nth (from-nat-into (B k) (p k @) k =
from-nat-into (S’ k) i)»
for k
by metis
have «z#£y = 285’ j A yeS’ j=— (SOME y. yel A subdegree y = j A fps-nth
yj=ux)
# (SOME y'. y'el A subdegree y' = j N fps-nth y' j = y)» for x y j
using *
apply (safe)
by (smt (verit, best) somel-ex)
then have Vz y. 2z€S'j A yeS’'j A z#y — fjz # fjy for j
unfolding f-def by (auto)
have f10:«finite (B j)» for j
using f6 f5 B-def
using «Ak. bij-betw (f k) (S" k) (B k)» bij-betw-finite by blast
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from idl-sum
have <V zesublead-coeff-set I m. (3s. © = (D ie{0..<card (S m)}. s i *
from-nat-into (S m) 7))
using f4 genideal-sum-rep by blast
have «genideal R {} = {0}
unfolding genideal-def
proof (safe)
fix z
assume I« x € () {I. ideal IRAN{} C I}z ¢ {h
have <ideal ({0}) R»
using R ring.zeroideal ring-R by fastforce
then have «z€{0}> using 1 by auto
then show (x=0) by auto
next
fix X
assume 2:¢ideal X Ry {}CX»
then show 0 X)
using R additive-subgroup.zero-closed ideal.azioms(1) by fastforce
qed
have (sublead-coeff-set I m # {0} = Sm # {}
using «Idl {} = {0}» f4 by force
define I’ where I’ = genideal FPS-ring (|Jk<m. B k)»
have f62:«(Uk<m. B k) C I A finite ({(Jk<m. B k)
apply(rule conjl)
using B-def f-def f10 apply(auto simp:image-def x some-eq-ex)[1]
apply (smt (verit, del-insts) * some-eq-ex)
using f10 apply(induct m) by (auto)
then have <I' C I»
unfolding I'-def
by (meson Formal-Power-Series-Ring.ring-FPS h1 ring.genideal-minimal)
have Vk>m. S'm = S"k»
using f5 by blast
have eq-fps-S":«{fps-nth f k|f. feB k} = S' k> for k
unfolding B-def f-def apply(safe)
using B-def f30 f-def apply blast
using B-def «<A\k.Vz€S' k. 3yeB k. © = fps-nth y k> f-def by blast
{
fix fm’
assume h9:«f £ 0y «felr <subdegree f < my <f¢&I"y <subdegree f = m”
with h9 have <fps-nth f m’ € sublead-coeff-set I m"
unfolding sublead-coeff-set-def subdeg-poly-set
by blast
then have 3s. fps-nth fm' = (O] k=0..<card (S’ m’). (s k)xfrom-nat-into
(8" m’) k)
using f5
using genideal-sum-rep by blast
then obtain s where f12:<fps-nth f m' = (3 k=0..<card (S’ m’). (s
k)xfrom-nat-into (S’ m’) k)»
by blast
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then have f21:<(} k=0..<card (S’ m'). (s k)xfrom-nat-into (S’ m’) k)

= fps-nth (3 k=0..<card (B m’). (fps-const (s k))xfrom-nat-into (B m’) (p m’
k)) m”

using f11
apply(subst fps-sum-nth)
apply(subst fps-mult-left-const-nth)
using f6 by fastforce

then have f14:

fps-nth fm' = fps-nth (3 k=0..<card (B m’). (fps-const (s k))*from-nat-into
(B m') (pm'k)) m"
using f11 f12 by auto
then have

fps-nth ((f — Q- k=0..<card (B m'). (fps-const (s k))*xfrom-nat-into (B
m’) (p m"k)))) m' = 0
by auto

have f22:<(from-nat-into (B m’) (p m’ ka)) € B m" for ka
by (metis atLeastLessThan0 card.empty f12 f6 from-nat-into h9(1)
h9(5) nth-subdegree-zero-iff sum.empty)
then have f13:<Vk<m'. fps-nth (from-nat-into (B m’) (p m' ka)) k = 0»
for ka
unfolding B-def f-def using f5 unfolding sublead-coeff-set-def sub-
deg-poly-set
by (smt (verit, best) * h9 mem-Collect-eq nth-less-subdegree-zero somel-ex)
then have
N ka<m'. fps-nth (3. k=0..<card (B m'). (fps-const (s k))*from-nat-into (B
m”) (p m’ k)) ka = 0>
apply(subst fps-sum-nth)
apply(subst fps-mult-left-const-nth) apply(safe)
apply(subst f13) by(auto)
then have f18:<ka<m’ = (fps-nth (f—(>_ k=0..<card (B m’).
(fps-const (s k))xfrom-nat-into (B m") (p m’ k))) ka = 0)> for ka
apply(cases <ka=m")
using f14 apply fastforce
using nth-less-subdegree-zero
using h9(5) by force
have <from-nat-into (B m’) (p m’ k) € I"» for k
using f22 unfolding I'-def genideal-def
using h9(3) h9(5) by blast
then have f23:«(fps-const (s k))xfrom-nat-into (B m') (p m' k) € I"» for k
by (metis FPS-ring-def I'-def UNIV-I ideal.I-I-closed monoid.select-convs(1)

partial-object.select-convs(1) ring.genideal-ideal ring-FPS subset-UNIV)

have f24:«(>_ k=0..<r. (fps-const (s k))*from-nat-into (B m') (p m’ k)) €
I’y for r using f22

apply(induct 1)
apply (metis (full-types) Formal-Power-Series-Ring. FPS-ring-def I'-def
additive-subgroup. zero-closed atLeastLess Than0 ideal-def partial-object.select-convs(1)

ring.genideal-ideal ring.simps(1) ring-FPS sum.empty top-greatest)
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apply(subst sum.atLeast0-less Than-Suc)

unfolding I'-def

by (metis (no-types, lifting) Formal-Power-Series-Ring. FPS-ring-def I'-def
additive-subgroup.a-closed f23 ideal.axioms(1) partial-object.select-convs(1)

ring.genideal-ideal ring-FPS ring-record-simps(12) subset-UNIV)
then have f26:
«(f = O°k=0..<card (B m’). (fps-const (s k))*from-nat-into (B m') (p m’
k))) = 0 = Fulse
using h9 by auto
have (subdegree (f — (> k=0..<card (B m'). (fps-const (s k))*from-nat-into
(Bm') (p m" K))) > m
using f26
by (smt (verit, ccfv-SIG)f18 enat-ord-code(4) enat-ord-simps(1)
linorder-not-less nth-subdegree-zero-iff )
then have <3 gel’. subdegree (f + g) > m'A (f + g) # O»
using f26
apply (intro bexI[where z=«— (> k=0..<card (B m’). (fps-const (s k))x*
from-nat-into (B m’) (p m' k))»])
using f26 2/ apply(safe)
apply (auto)(2]
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def
Formal-Power-Series-Ring.ring-FPS I'-def UNIV-I ideal.I-l-closed
monoid.select-convs(1)
mult-15(8) partial-object.select-convs(1) ring.genideal-ideal subset-UNIV)
} note first = this
{
fix f
assume h10:<f#£0) <fe€l> «f¢I’ (subdegree f < m»
have 3 gel’. subdegree (f + g) > subdegree f A f+g #0 >
using first[OF h10(1) h10(2) - h10(3)]
using h10(4) nat-less-le
by blast
have 3 gel’. subdegree (f + g) > m' A f+g #0» if hh:«m'<m) for m’
using hh h10 proof (induct m’ arbitrary:f)
case ()
then show ?case
using first less-or-eq-imp-le by blast
next
case (Suc m’)
then obtain g where gI:<gel’ A subdegree (f + g) > m’ A f+g #0>
using first order-less-imp-le
by (metis less-Suc-eq-le nle-le)
{assume hh1:subdegree (f+g) < Suc m’
with g1 have ¢2:<subdegree (f+g) = m”
by auto
have g3:<f+g € D
by (metis Formal-Power-Series-Ring.FPS-ring-def Suc.prems(3)
I’ C Iy additive-subgroup.a-closed g1 h1 ideal.azioms(1)
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in-mono ring-record-simps(12))
have g4:«f+g ¢ I’
proof(rule ccontr)
assume <—f+g ¢ I
have <(—g € I
using ¢! unfolding I'-def
by (metis (no-types, lifting) FPS-ring-def Formal-Power-Series-Ring.genideal-sum-rep
Formal-Power-Series-Ring.idl-sum UNIV-I f62 ideal.I-l-closed
monoid.select-convs(1)
mult-15(8) partial-object.select-convs(1))
then have (f+g—g € I’
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def
Formal-Power-Series-Ring.genideal-sum-rep Formal-Power-Series-Ring.idl-sum
I'-def
Suc.prems(4) f62 <—f+g ¢ Iy add.commute additive-subgroup.a-closed
ideal.azioms(1)
minus-add-cancel ring-record-simps(12))
then have <f€l’y by auto
then show Fulse
using Suc.prems(4) by auto
qed
have ¢5: <subdegree (f+g)<m>
by (simp add: Suc.prems(1) Suc-leD g2)
then obtain g’ where «g'c€l’ A subdegree (f + g +g¢") > subdegree (f+9)
A f+g+g' #0>
using first[OF - g3 g5 g4, of m/]
using g1 g2 by blast
then have <subdegree (f+g+g’) > Suc m”
using Suc-le-eq g2 by blast
then have <3 g’el’. subdegree (f + g +¢") > Suc m’ A f+g+g’ #0»
using «g’ € I’ A subdegree (f + g) < subdegree (f + g+ g ) N f+ g+
g’ # 0> by blast
}note proofi1=this
then obtain g’ where ttt:<subdegree (f+g) <Suc m’' = ¢’ € I' A
subdegree (f + g) < subdegree (f + g+ g\ Nf+g+ g # O
using order-less-le-trans by blast
show ?case apply(cases (subdegree (f+g) >Suc m”)
using g1 apply blast
using proofl
apply (intro bexl[where z=:g +¢"])
apply (metis Suc-lel ab-semigroup-add-class.add-ac(1)
g1 le-less-Suc-eq linorder-not-less ttt)
unfolding I'-def
by (metis (no-types, lifting) FPS-ring-def Formal-Power-Series-Ring.genideal-sum-rep

Formal-Power-Series-Ring.idl-sum I'-def «(J (B ‘{..m}) C I A finite
U (B “{.m}h)

additive-subgroup.a-closed g1 ideal.axioms(1) linorder-not-less ring-record-simps(12)
ttt)
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qed
} note snd=this
{
fix fm’
assume h9:<f # 0> <fel> «subdegree f > m» <subdegree f = m”y <f¢&I"
then have <fps-nth f m’ € sublead-coeff-set I m’
unfolding sublead-coeff-set-def subdeg-poly-set by auto
then have f28:«fps-nth f m' € sublead-coeff-set I m>
<sublead-coeff-set I m' = genideal R (S’ m)»
using <V k>m. sublead-coeff-set I m = sublead-coeff-set I k>
h9 less-or-eq-imp-le apply blast
using f5 by (metis h9(3—4))
then have 3s. fps-nth f m’ = (O] k=0..<card (S’ m). (s k)xfrom-nat-into
(8" m) k)
using genideal-sum-rep f5 by blast
then obtain s where f12:<fps-nth f m’ = (> k=0..<card (S’ m). (s
k)xfrom-nat-into (S" m) k)»
by blast
then have f21:<(>" k=0..<card (S’ m). (s k)xfrom-nat-into (S’ m) k)
=fps-nth (3 k=0..<card (B m). (fps-const (s k))xfrom-nat-into (B m) (p m k))
m»
using f11
apply(subst fps-sum-nth)
apply(subst fps-mult-left-const-nth)
using f6 by fastforce
then have f1/:
fps-nth fm’ = fps-nth (3 k=0..<card (B m). (fps-const (s k))*from-nat-into
(Bm) (pm k) m
using f11 f12 by auto
have f22:<(from-nat-into (B m) (p m ka)) € B m» for ka
by (metis atLeastLessThan0 card.empty f12 f6 from-nat-into h9(1) h9(4)
nth-subdegree-zero-iff sum.empty)
then have <subdegree (from-nat-into (B m) (p m k)) = m» for k
unfolding B-def f-def sublead-coeff-set-def subdeg-poly-set
by (smt (verit, best) * h9 mem-Collect-eq nth-less-subdegree-zero somel-ex)
then have f32:<subdegree ((fps-X (m’—m))xfrom-nat-into (B m) (p m k)) =
m’y for k
using fps-subdegree-mult-fps-X-power(1)
by (metis f30 f22 f5 h9(3) h9(4) le-add-diff-inverse nth-subdegree-zero-iff)
have f31:
<fps-nth ((fps-X (m'—m))*from-nat-into (B m) (p m k)) m’' = fps-nth
(from-nat-into (B m) (p m k)) m»
for k
by (metis diff-diff-cancel diff-le-self fps-X-power-mult-nth h9(3) h9(4)
linorder-not-less)
then have f31b:<fps-nth (fps-const (s k)x(fps-X(m’'—m))*from-nat-into (B
m) (p mk)) m"=
fos-nth (fps-const (s k)*from-nat-into (B m) (p m k)) m» for k
by (simp add: mult.assoc)
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then have f33:fps-nth f m’ = fps-nth (3. k=0..<card (B m). (fps-const (s
)+ (fps-X (m'—m))»
from-nat-into (B m) (p m k)) m”
apply (subst fps-sum-nth)
apply (subst f31b)
apply(subst fps-mult-left-const-nth)
by (simp add: f14 fps-sum-nth)
then have f36:<fps-nth ((f — (3] k=0..<card (B m). (fps-const (s k))*(fps-X "(m'—m))x*
from-nat-into (B m) (p m k)))) m' = 0»
by auto
have «from-nat-into (B m) (p m k) € I’y for k
using /22 unfolding I'-def genideal-def
using h9 by blast
then have f23:¢(fps-const (s k))*from-nat-into (B m) (p m k) € I for k
by (metis FPS-ring-def I'-def UNIV-I ideal.I-I-closed monoid.select-convs(1)

partial-object.select-convs(1) ring.genideal-ideal ring-FPS subset-UNIV)
then have f23:¢(fps-const (s k))xfps-X {m'—m)xfrom-nat-into (B m) (p m
k) € Iy for k
by (metis (no-types, lifting) FPS-ring-def Formal-Power-Series-Ring.genideal-sum-rep

Formal-Power-Series-Ring.idl-sum I'-def UNIV-I «\k. from-nat-into (B
m) (p mk) eI’
162 ideal.I-I-closed monoid.select-convs(1) partial-object.select-convs(1))
have f24:«(>_ k=0..<r. (fps-const (s k))xfps-X{m'—m)x*from-nat-into (B m)
(p mk)) el
for r
using f22
apply(induct 1)
apply(simp)
apply (metis (full-types) Formal-Power-Series-Ring. FPS-ring-def I'-def
additive-subgroup.zero-closed
ideal-def partial-object.select-convs(1) ring.genideal-ideal ring.simps(1)
ring-FPS top-greatest)
apply(subst sum.atLeast0-less Than-Suc)
unfolding I’-def
by (metis (no-types, lifting) Formal-Power-Series-Ring. FPS-ring-def I'-def
additive-subgroup.a-closed f23 ideal.axioms(1) partial-object.select-convs(1)

ring.genideal-ideal ring-FPS ring-record-simps(12) subset-UNIV)
then have f26:
(f = Q- k=0..<card (B m). (fps-const (s k))*fps-X(m'—m)*from-nat-into
(Bm) (p mk))) =0 = Falsey
(is «f — ?A = 0= Fulse>) using h9 by auto
have Vi<m'. fps-nth ((fps-const (s k))*(fps-X"(m'—m))*from-nat-into (B
m) (p mk))i= 0
for k
using f52
by (metis ab-semigroup-mult-class.mult-ac(1) fps-mult-nth-outside-subdegrees(2))
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then have f3/:«Vi<m'. fps-nth (?A) i = O»
apply(subst fps-sum-nth)
by (auto)
then have f35:<subdegree A = m’s
by (metis (no-types, lifting) f33 h9(1) h9(4) nth-subdegree-nonzero subde-
greel )
have «z€l’ = —zel’y for z
unfolding I’-def FPS-ring-def
by (metis (no-types, lifting) Formal-Power-Series-Ring.genideal-sum-rep
Formal-Power-Series-Ring.idl-sum UNIV-I f62
ideal.I-I-closed monoid.select-convs(1) mult-1s(3) partial-object.select-convs(1))

have f39:<subdegree (— ?A) > m»
using subdegree-uminus|of ?A] 35 h9 by argo
have <subdegree (f — (> k=0..<card (B m).
(fps-const (s k))*(fps-X " (m'—m))x*from-nat-into (B m) (p m k))) > m”"
using h9 f33
by (metis (no-types, lifting) f36 {35 diff-zero f26 fps-sub-nth le-neg-implies-less

nth-subdegree-nonzero subdegree-lel)
then have <3 ¢. 3s. g=— (D" k=0..<card (B m). (fps-const (s k))*(fps-X (m'—m))x*
from-nat-into (B m) (p m k)) A subdegree (f + g) > m'A(f +9) Z0ANgel A
subdegree (g) > m»
using 26 f2/ «Nz.z€l'= —x eI 59
by (metis (no-types, lifting) add-uminus-conv-diff)
}note thrd=this
have in-I"«zel’ = —zel’s for z
unfolding I’-def FPS-ring-def
by (metis (no-types, lifting) Formal-Power-Series-Ring.genideal-sum-rep
Formal-Power-Series-Ring.idl-sum UNIV-I «J (B “{..m}) C I A finite
U (B {om})

ideal.I-lI-closed monoid.select-convs(1) mult-1s(3) partial-object.select-convs(1))

have (ICI"
proof (safe, rule ccontr)
fix f
assume h10:fely «f¢Ih
then have f40:<f#0>
by (metis FPS-ring-def I'-def additive-subgroup.zero-closed ideal.axioms(1)
partial-object.select-convs(1) ring.genideal-ideal ring.simps(1) ring-FPS
subset-UNIV)
have « I gel’. subdegree (f + g) > m A f+g#0»
using snd[OF f40 h10 ]
by (metis Formal-Power-Series-Ring. FPS-ring-def Formal-Power-Series-Ring.ring-FPS
I'-def
add.right-neutral additive-subgroup.zero-closed f40 ideal.azioms(1)
linorder-not-less
order-refl partial-object.select-convs(1) ring.genideal-ideal ring.simps(1)
subset-UNIV)
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then obtain g where f/1:<gel’ A subdegree (f + g) > m A f+g#0> by blast

then have hyps:<f+9#£0> <f+g € I» <subdegree(f+g)>m» «(f+g)¢I"
proof —
show «f + g # 0» <m < subdegree (f + g)» using f/1 by auto
have «gel»
using I’ C I f/1 by blast
then show «f + g € I»
by (metis FPS-ring-def additive-subgroup.a-closed h1 h10(1) ideal-def
ring-record-simps(12))
show «f + g ¢ I
proof(rule ccontr)
assume <—f+g ¢ I’
have <—g € I
unfolding I’-def FPS-ring-def
by (metis Formal-Power-Series-Ring. FPS-ring-def Formal-Power-Series-Ring.ring-R

I'-def
f41 ideal. I-l-closed iso-tuple-UNIV-I monoid.select-convs(1) mult-minusl
partial-object.select-convs(1) ring.genideal-ideal subset-UNIV')
then have «f+g—g € I
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def
Formal-Power-Series-Ring.genideal-sum-rep Formal-Power-Series-Ring.idl-sum
I'-def
f62 <= f + g ¢ Iy add-stable-FPS-ring uminus-add-conv-diff)
then have (fel’» by auto
then show Fulse
using h10(2) by blast
qed
qed

define the-s where (the-s = rec-nat (f+g)
(An sn. sn+ (SOME g. 3s. g = —(>_ k=0..<card (B m). (fps-const (s k))*(fps-X (subdegree
sn — m))
xfrom-nat-into (B m) (p m k))
A subdegree (sn + g) > subdegree sn A (sn +g) # 0 A geI’ A subdegree g >m))»
have subst-rec:< the-s (Suc n) = the-sn + (SOME ¢g. 3s. g = — (3. k=0..<card
(B m).
(fps-const (s k))x(fps-X (subdegree (the-s (n)) — m))xfrom-nat-into (B m) (p m
)
A subdegree ((the-s (n)) + g) > subdegree (the-s (n)) A ((the-s (n)) + g) # 0
A gel’Asubdegree g >m)» for n
unfolding the-s-def
apply (induct n)
by (meson old.nat.simps(7))+
have hyps-thes:(the-s n # 0Athe-s n € IAsubdegree(the-s n)>mA(the-s n)¢I"
for n
proof (induct n)
case (
then show ?case unfolding the-s-def using hyps by auto
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next
case (Suc n)
then have yI:<the-s n # 0» and y2: <the-s n € Iy and y3:«<m < subdegree

(the-s n)»
and y4:<the-sn ¢ I
by auto
have f50:< 3¢. 3s. g = — .k = 0..<card (B m). fps-const (s k) * fps-X

-~

(subdegree (the-s n) — m) * from-nat-into (B m) (p m k)) A subdegree (the-s n)
<
subdegree (the-s n + ¢) A the-s n + g # 0 N gel’Asubdegree g >m)»
using thrd[OF y1 y2 y3 - y4, of <subdegree (the-s n))] by auto
let g = <«(SOME g. 3s. g=— (O_k = 0..<card (B m). fps-const (s k) *
fps-X 7~
(subdegree (the-s n) — m) * from-nat-into (B m) (p m k)) A subdegree (the-s n)
<
subdegree (the-s n + g) Athe-sn + g # 0 N geI'Asubdegree g >m)»
have <the-s (Suc n) ¢ I"
proof (subst subst-rec, rule ccontr)
assume h100: «—~the-s n+%g ¢ I
have ¢ ?%gel’
by (smt somel-ex f50)
then have (—%g € I
using in-I’ by auto
then have (the-s n+%g—%g € I’
by (metis (no-types, lifting) Formal-Power-Series-Ring.FPS-ring-def

Formal-Power-Series-Ring.genideal-sum-rep Formal-Power-Series-Ring.idl-sum

I'-def
f62 h100 add-stable-FPS-ring add-uminus-conv-diff)
then have (the-s nel’y by auto
then show False
using y4 by blast
qed
have (the-s (Suc n) € I»
proof (subst subst-rec)
have < ?%gel’
by (smt somel-ex f50)
then show <(the-s n + %9 € I
using </’ C Iy add-stable-FPS-ring h1 y2 by blast
qed
have f51:<the-s (Suc n) # 0»
apply (subst subst-rec)
by (smt somel-ex f50)
have «m < subdegree (the-s (Suc n))»
proof (subst subst-rec)
have <subdegree ?g >m»
by (smt somel-ex f50)
then show (m<subdegree (the-s n + ?g)»
using f51 apply(subst (asm) subst-rec)

88



by (smt (verit) add-diff-cancel-left’ dual-order.trans f50 linorder-le-less-linear
subdegree-diff-eql subdegree-diff-eq2 y1)
qed
then show “case
using <the-s (Suc n) € Iy <the-s (Suc n) ¢ Iy f51 by blast
qed
have f53:<¥Vn. 3¢. 3s. g = — O_k=0..<card (B m). (fps-const (s k))*
(fps-X (subdegree (the-s (n)) — m))xfrom-nat-into (B m) (p m k))
N subdegree ((the-s (n)) + g) > subdegree (the-s (n))
A ((the-s (n)) + g) # 0 A g€I’Asubdegree g >m)»
using thrd hyps-thes by blast
then have f53"«V n. 3g. Is. the-s (Suc n) = thesn + g A g = —
(>_k=0..<card (B m).
(fps-const (s k))*(fps-X (subdegree (the-s (n)) — m))*from-nat-into (B m) (p m
k) A
subdegree ((the-s (n)) + g) > subdegree (the-s (n)) A ((the-s (n)) + g) # 0 A
geI’'Asubdegree g >m>
apply(subst subst-rec)
by (smt (23) tfl-some)
from f53 have (subdegree (the-s n) < subdegree (the-s (Suc n))» for n
apply (subst subst-rec)
by (smt somel-ex f53 sum.cong)
then have f56:¢strict-mono (An. subdegree (the-s n))»
using strict-mono-Suc-iff by blast
have f70:<strict-mono (Ak. subdegree(the-s k) — m)»
using f56 unfolding strict-mono-def
using diff-less-mono hyps-thes by presburger
let 2f =«\k. subdegree (the-s k) — m»
have <bij-betw ?f UNIV (range ?f)»
by (simp add: <strict-mono ?f) bij-betw-imagel strict-mono-on-imp-inj-on)
from f56 have f80:<the-s —— 0>
using subdeg-inf-imp-s-tendsto-zero by blast
have f5/:<3 g’ s’ ¥Yn. g’ n = =3 k=0..<card (B m). (fps-const (s’ n k))*
(fps-X (subdegree (the-s n) — m))xfrom-nat-into (B m) (p m k))
A subdegree ((the-s n) + (g’ n)) > subdegree (the-s n) A ((the-s n) +¢' n) # 0 A
g’ nel’
A subdegree (g’ n) >m»
using f53 by meson
have (3¢’ s". Vn. the-s (Suc n) = the-sn + g'n A g'n= —_k=0..<card
(B m).
(fps-const (s' n k))*(fps-X (subdegree (the-s n) — m))xfrom-nat-into (B m) (p m
k)
A subdegree ((the-s n) + (g’ n)) > subdegree (the-s n) A ((the-s n) +¢' n) # 0 A
g nel’
A subdegree (g’ n) >m»
using f53' by meson
then obtain g’ s’ where f55:<V n. the-s (Suc n) = the-sn + g'n A ¢’ n =
—(3_k=0..<card (B m).
(fps-const (s' n k))x(fps-X (subdegree (the-s n) — m))xfrom-nat-into (B m) (p m
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)
A subdegree ((the-s n) + (g’ n)) > subdegree (the-s n) A ((the-s n) +¢' n) # 0 A
g' nel’
A subdegree (g’ n) >m»
by blast
then have Vn. 3s. Vk. s’ nk = s (subdegree (the-s n) — m) k»
by force
have <the-s n = f+g + (3 k<n. (the-s (Suc k) — the-s k))» for n
apply (induct n)
apply (subst subst-rec[rule-format])
apply (simp add: the-s-def)
by simp
then have t1:<f+g = the-s n — (>  k<n. (the-s (Suc k) — the-s k))> for n
by (metis (no-types, lifting) add-diff-cancel-right’)
then have «f+g = the-s n — (>_ k<n. ¢’ k)» for n
by (simp add: f55)
then have (f+g = the-sn — (3 k<n. —(3_ i=0..<card (B m). (fps-const (s’
(fps-X (subdegree (the-s k) — m))xfrom-nat-into (B m) (p m i)))for n
by (simp add:f55)
then have f87:«f+g = the-s n + (3] k<n. (3. i=0..<card (B m). (fps-const
(s" k0))*
(fps-X (subdegree (the-s k) — m))xfrom-nat-into (B m) (p m 1))
for n
by (simp add: sum-negf)
then have (f+g = the-s n + (3. i=0..<card (B m). >_ k<n. (fps-const (s’
(fps-X (subdegree (the-s k) — m))xfrom-nat-into (B m) (p m 1)))» for n
proof —
assume An. f + g = the-sn + (3 k<n. >, i = 0..<card (B m). fps-const
(s" ki) * fps-X ~ (subdegree (the-s k) — m) * from-nat-into (B m) (p m )
then have f + g = the-sn + (D n = 0..<n. > na = 0..<card (B m).
fos-const (s’ n na) * fps-X ~ (subdegree (the-s n) — m) * from-nat-into (B m) (p
m na))
using atLeastOLessThan by moura
then show ?thesis
using atLeastOLess Than sum.swap by force
qed
then have f57:«f+g = the-s n + ((3_ i=0..<card (B m). (3_ k<n. (fps-const
(8" k1))
(fps-X (subdegree (the-s k) — m)))xfrom-nat-into (B m) (p m ©)))»
for n
by (auto simp:sum-distrib-right)
have «(An. (f+g)) — the-s = (An. (f+g) + (—the-s n))»
by (auto simp: fun-eq-iff)
have «(— the-s —— 0»
apply (rule metric-LIMSEQ-I)
using f80
apply(drule metric-LIMSEQ-D)
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unfolding dist-fps-def
by fastforce
then have f58:«(An. (f+g)) — the-s —— [ + ¢
proof —
have Vn. f + g + (— the-s) n = (An. f + g) — the-s) n
by auto
then show ?thesis
by (metis (no-types) «<— the-s — 0> LIMSEQ-add-fps[of «(An. f +
g) «f+g» <—the-s» 0]
add.right-neutral lim-sequentially tendsto-const)
qed
then have «f+¢g = lim (An. the-s n + ((D_i=0..<card (B m). (3 k<n.
(fps-const (s' k i))x(fps-X (subdegree (the-s k) — m)))xfrom-nat-into (B m) (p m
D)
using f57 by auto
have «(An. f+g) — the-s = (An. (3] i=0..<card (B m). (3 k<n. (fps-const
(s" k ©))x(fps-X (subdegree (the-s k) — m)))xfrom-nat-into (B m) (p m 7)))
using f57 apply(subst fun-eq-iff, safe)
by (smt (verit, best) add-diff-cancel-left’ minus-apply)
then have «(An. (3 i=0..<card (Bm). (3_ k<n. (fps-const (s’ k i))*(fps-X (subdegree
(the-s k)
— m)))xfrom-nat-into (B m) (p m i))) —— f+¢
(is «?S —— f+¢) using f58 by presburger
then have f84:«f+g = lim %5
by (simp add: limlI)
have f63: «finite (J (B ‘{..m}))»
using f62 by fastforce
have «strict-mono (Ak. subdegree ((3° i=0..<card (B m). (fps-const (s' k 7))
(fps-X (subdegree (the-s k) — m))xfrom-nat-into (B m) (p m i))))
apply(rule monotone-onl)
apply (insert {55 f56 hyps-thes)
by (smt (verit, ccfv-threshold) f87 add.commute add-left-cancel diff-add-cancel

strict-monoD subdeg-inf-imp-s-tendsto-zero subdegree-diff-eq2 subde-
gree-uminus sum-negf)
then have <(Ak. (D> i=0..<card (B m). (fps-const (s’ k i))*x(fps-X (subdegree
(the-s k) — m))x*
from-nat-into (B m) (p m i))) —— 0>
using subdeg-inf-imp-s-tendsto-zero by presburger
define fct where «fct =7f)
then have f71:(strict-mono fcty using f70 by auto
have Vk. 3s. Vn. (3 i<n. (fps-const (s’ i k))x(fps-X {fet ©))) =
(> i<fet n. (fps-const (s i))*(fps-X(4)))»
using exists-seq-all'|OF f71, of «\i. s’ i k> for k]
by meson
then obtain s where f72:<Vn k. (3" i<n. (fps-const (s’ i k))*(fps-X (fet 7)))

(>~ i<fet n. (fps-const (s i k))*(fps-X (7))

by meson
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then have f85: «(An. > i<fct n. (fps-const (s i k))*(fps-X(i))) ——
Abs-fps (Mi. s i k) for k
by (simp add: Formal-Power-Series-Ring.tendsto-f-seq f71)
then have f86: «(An. (3 i<n. (fps-const (s’ i k))*(fps-X (subdegree (the-s i)
— m))))
= (An. Y i<fet n. (fps-const (s i k))*(fps-X (7))
for k
using [72 fct-def by (auto simp:fun-eq-iff)
then have «(An. (3] k<n. (fps-const (s’ k ©))*(fps-X (subdegree (the-s k) —

m))))
—— Abs-fps (Ak. s k i) for i
using f85 by presburger
then have f82:<(An. (3" i=0..<r. (3_ k<n. (fps-const (s’ k i))*(fps-X (subdegree
(the-s k) — m)))
xfrom-nat-into (B m) (p m1i))) —— (O i=0..<r. Abs-fps (Ak. s k ©)xfrom-nat-into
(B m) (pmi))
for r
proof (induct )
case (
then show ?case by simp
next
case I:(Suc r)
have «((An. (3_ k<n. fps-const (s" k r) * fps-X ~ (subdegree (the-s k) — m))
*
from-nat-into (B m) (p m r)) ——— Abs-fps (Ak. s k r) x from-nat-into (B m) (p
mr)
proof —
have (An. from-nat-into (B m) (p m r) * (> n<n. fps-const (s’ n r) *
fps-X ~ (subdegree (the-s n) — m))) —— from-nat-into (B m) (p m r) = Abs-fps
(An.snr)
using LIMSEQ-cmult-fps f85 f86 by presburger
then show “thesis
by (simp add: mult.commute)
qed
then show “case
apply (subst atLeastO-less Than-Suc)
by (simp add: 1 LIMSEQ-add-fps add.commute)
qed
have f83:«(>"i=0..<r. Abs-fps (Ak. s k ©)xfrom-nat-into (B m) (p m 7)) €
I for r
proof (induct r)
case (
then show Zcase
by (metis (full-types) FPS-ring-def I’-def add-stable-FPS-ring atLeast-
LessThan0 diff-0
diff-add-cancel f53 in-1' partial-object.select-convs(1) ring.genideal-ideal
ring-FPS subset-UNIV sum.empty)
next
case I:(Suc r)
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have ¢ from-nat-into (B m) (p mr) € I"
unfolding I’-def genideal-def apply/(clarify)

by (metis (no-types, lifting) UN-subset-iff ab-group-add-class.ab-diff-conv-add-uminus

add.right-neutral
add-diff-cancel-left’ atLeastLessThan0 atMost-iff card.empty f53

from-nat-into in-mono less-irrefl-nat order-refl sum.empty)

with 7 show fcase apply(clarsimp)

by (metis (no-types, lifting) 1 FPS-ring-def Formal-Power-Series-Ring.genideal-sum-rep

Formal-Power-Series-Ring.idl-sum I'-def UNIV-I
add-stable-FPS-ring f62 ideal.I-l-closed monoid.select-convs(1) par-
tial-object.select-convs(1))
qed
then have <f+g € I
proof —
have An. lim (Ana. Y. n = 0..<n. (3 na<na. fps-const (s’ na n) * fps-X
~ (subdegree (the-s na) — m))
* from-nat-into (B m) (p m n)) = O_n = 0..<n. Abs-fps (Ana. s na n) x*
from-nat-into (B m) (p m n))
by (smt (23) f82 limI)
then show ?%thesis
using f83 f84 by presburger
qed
then show Fulse
using hyps(4) by force
qged
then have I = I
using I’ C I) by fastforce
then show 3 ACcarrier local. FPS-ring. finite A N I = Idljocq) ppS-ring A2
by (metis FPS-ring-def I'-def {62 partial-object.select-convs(1) subset-UNIV)
qed
qed

end

end

7 The Real Ring definition
theory Real-Ring-Definition

imports

HOL— Algebra. Module

HOL— Algebra.RingHom

HOL.Real

HOL—- Computational-Algebra. Formal- Power-Series
begin

Defining real ring for examples on Noetherian Rings.
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definition
REAL :: real ring
where REAL = (carrier = UNIV, monoid.mult = (x), one = 1, zero = 0, add

=)

lemma RFEAL-ring:<ring REAL)
apply(rule ringl)
apply(rule abelian-groupl)
by (auto simp:REAL-def monoidl ab-group-add-class.ab-left-minus distrib-right
distrib-left
intro: exI[of - — z for x])

lemma REAL-cring:<cring REAL
unfolding cring-def apply(safe)
apply (simp add: REAL-ring)
apply(rule comm-monoidl)
by (auto simp:REAL-def)

lemma RFEAL-field: «field REAL
unfolding field-def domain-def field-axioms-def
apply (safe)
apply(simp add:REAL-cring)
unfolding domain-azioms-def
by (auto simp:REAL-def Units-def mult.commute nonzero-divide-eq-eq)
(metis mult.commute nonzero-divide-eq-eq)

end

8 Examples

theory Fzamples-Noetherian-Rings

imports
Hilbert-Basis
Real-Ring-Definition
begin

8.1 Examples of noetherian rings with Z and Z[X]

lemma INTEG-euclidean-domain:<euclidean-domain INTEG (Az. nat (abs x))»
apply(rule domain.euclidean-domainl)
unfolding domain-def domain-azioms-def using INTEG-cring apply(simp add:INTEG-def)
unfolding INTEG-def
using abs-mod-less div-mod-decomp-int mult.commute
by (metis Diff-iff INTEG.R.r-null INTEG-def INTEG-mult UNIV-I abs-ge-zero
insert-iff
mult-zero-left nat-less-eq-zless partial-object.select-convs(1) ring-record-simps(12))
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lemma principal-ideal-INTEG:ideal I INTEG — principalideal I INTEG)
proof (rule principalideall)
assume h:<ideal I INTEG)
then show <ideal I INTEG» by(simp)
{assume h1:<I # {0}
define E where imp:«E={nat (abs z)|z. z€I N z£0}>
then have (E4{}>
using h h1 additive-subgroup.zero-closed unfolding ideal-def
by fastforce
then have (dneF. VzeE. n<z A n>0>
using abs-ge-zero imp zero-less-abs-iff
by (smt (verit) all-not-in-conv exists-least-iff gr-zerol lel mem-Collect-eq
nat-0-iff)
define E’' where imp2:«E'={(abs z)|z. z€I N 2#£0}>
then have (bij-betw nat E' E>»
unfolding bij-betw-def
apply (safe)
using inj-on-def apply force
using imp apply blast
using imp by blast
then have <Inck’. VzcE' n<z A n>0>
by (smt (verit, best) «<IncE.VzeE. n <x A0 < m
bij-betw-iff-bijections le-nat-iff nat-eq-iff2 nat-le-iff zero-less-nat-eq)
then obtain n where f1:«<VzeE’ n<z A n>0 A neE" by blast
then have <da€l. absa = n»
using «(I3neE’ . VzeE' n <z A 0 < n» imp2 by blast
then obtain a where f0:<ac€l N abs a = n» by blast
then have V. Iq r. x = axq+r A abs r < abs a»
using INTEG-euclidean-domain unfolding euclidean-domain-def
by (metis <I3neL’ . VzeE . n <z A0 <m ~Vz€E. n<zA0<nAné€
E%
abs-mod-less div-mod-decomp-int mult.commute zero-less-abs-iff)
then have f2:«<x€IA r =z — axq = rel) for qrx
using h unfolding ideal-def INTEG-def additive-subgroup-def subgroup-def
ideal-axioms-def
ring-def apply(safe, simp)
by (metis <a € I A |a| = n> integer-group-def inv-integer-group uminus-add-conv-diff )
have f3:«x€IAN r =2 — axq = absr < absa = r = 0> for rq z
apply (frule f2)
using imp2 f1 f0
by fastforce
have (z€IA r =z — axq = abs r < abs a = z € Idl;yTpa {a}
for zrq
apply (frule f3)
apply blast
unfolding genideal-def ideal-def INTEG-def additive-subgroup-def
subgroup-def ideal-axioms-def by (auto)
then have «ze€l = z € Idl;yrpq {a}p for z
by (metis ~Vz. Igr.x =ax*x ¢+ r A |r| < |a]p add-diff-cancel-left’)
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then have <ideal I INTEG = Jiccarrier INTEG. I = IdlijyTRq {i}
using INTEG.R.cgenideal-eq-genideal INTEG.R.cgenideal-minimal fO by blast
}Inote non-trivial-ideal=this
show «Jiecarrier INTEG. I = IdljnTEq {ib
apply(cases <I={0}>)
apply (metis INTEG.R.genideal-self
INTEG.R.ring-axioms INTEG-closed h ring.Idl-subset-ideal subsetl sub-
set-antisym)
using non-trivial-ideal h by auto
qed

lemma INTEG-noetherian-ring:<noetherian-ring INTEG>
apply(rule ring.noetherian-ringl)
apply (simp add: INTEG.R.ring-axioms)
using principal-ideal-INTEG unfolding principalideal-def
by (meson INTEG-closed finite.emptyl finite-insert principalideal-azioms-def sub-
setl)

lemma INTEG-noetherian-domain:<noetherian-domain INTEG)

unfolding noetherian-domain-def

using INTEG-noetherian-ring INTEG-euclidean-domain euclidean-domain.azioms(1)
by blast

lemma Polynomials-INTEG-noetherian-ring:<noetherian-ring (univ-poly INTEG
(carrier INTEG))»
by (simp add: INTEG-noetherian-domain noetherian-domain.weak-Hilbert-basis)

lemma Polynomials-INTEG-noetherian-domain: <noetherian-domain (univ-poly IN-
TEG (carrier INTEG))»
using INTEG.R.ring-axioms INTEG-noetherian-domain Polynomials-INTEG-noetherian-ring

domain.univ-poly-is-domain noetherian-domain.azioms(2) noetherian-domain.intro
ring.carrier-is-subring by blast

8.2 Another example with R and R[X]

lemma RFEAL-noetherian-domain:<noetherian-domain REAL>
unfolding noetherian-domain-def
by (simp add: REAL-field domain.noetherian-RX-imp-noetherian-R domain.univ-poly-is-principal

field.azioms(1) field.carrier-is-subfield principal-imp-noetherian)
lemma PolyREA L-noetherian-domain:<noetherian-domain (univ-poly REAL (carrier
REAL))»

unfolding noetherian-domain-def
by (simp add: REAL-field REAL-noetherian-domain REAL-ring domain.univ-poly-is-domain
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field.azioms(1) noetherian-domain.weak-Hilbert-basis ring.carrier-is-subring)

end
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