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Itiscommonly believed that there are only two types of particle exchange statistics

in quantum mechanics, fermions and bosons, with the exception of anyons in two
dimensions'. In principle, a second exception known as parastatistics, which extends
outside two dimensions, has been considered® but was believed to be physically
equivalent to fermions and bosons’ . Here we show that non-trivial parastatistics
inequivalent to either fermions or bosons can exist in physical systems. These new
types of identical particle obey generalized exclusion principles, leading to exotic
free-particle thermodynamics distinct from any system of free fermions and bosons.
We formulate our theory by developing a second quantization of paraparticles that
naturally includes exactly solvable non-interacting theories and incorporates
physical constraints such as locality. We then construct a family of exactly solvable
quantum spin models in one and two dimensions, in which free paraparticles emerge
as quasiparticle excitations, and their exchange statistics can be physically observed
and are notably distinct from fermions and bosons. This demonstrates the possibility
of anew type of quasiparticle in condensed matter systems and—more speculatively—

the potential for previously unconsidered types of elementary particle.

It is commonly believed that there are only two types of particle
exchange statistics—fermions and bosons. The standard textbook
argument for this dichotomy is as follows. Each multiparticle quantum
stateis described by a wavefunction ¥(x;, x,,..., x,,), acomplex-valued
function of particle coordinates in a d-dimensional space
X, %y, ..., X, € RY. The particles are identical, meaning that, when we
exchange any two of them (say, x; and x,), the resulting wavefunction
W(x,, xi,..., X,) must represent the same physical state and therefore
can change by at most a constant factor

V(% X, - X)) =W 05, X, ...

,Xp)- 1

If we perform asecond exchange, we have

Y, %, o0 Xp) = W00, X, .00, X,)

(¥)]

=W, X, s X)),

leading to c*=1, as the wavefunction cannot be constantly zero. This
provides exactly two possibilities, bosons (¢ =1) and fermions (c = -1).

Despite being simple and convincing, there are two important
exceptions to the fermion/boson dichotomy. The first is anyons in
two spatial dimensions (2D)">'°. The second is parastatistics® 5, which
canbe consistently defined in any dimension. The way this evades the
above argument is that the wavefunction can carry extra indices that
transform non-trivially during an exchange. Consider an n-particle
wavefunction ¥/(x,, x,,..., X,), in which /is a collection of extra indices
corresponding to some internal degrees of freedom inaccessible to
local measurements. Under an exchange between particlesjand;j +1

(note that we only need to specify the behaviour of the wavefunction
under exchange of particles with adjacent labels, as non-adjacent
exchanges can always be decomposed into a sequence of adjacent
exchanges), the wavefunction may undergo a matrix transformation

VDo = 3 BV, 3)
forj=1,...,n -1, in which the summation is over all possible values

of J. Similar to the ¢ =1 constraint for equation (1), the matrices (Rj)j
have to satisfy some algebraic constraints to guarantee consistency

of equation (3):
J-1jj+1  j-1j j+1

j i+l
Rjzl, ijleRj71=RjRj71Rj

jj+1

andRR;=RR;for|i—j| 2. Thederivation of thefirst equation is similar
to equation (2), the second equation is because of the equivalence of
two different ways of swapping x;.;, X;, X;.; to X, X;, X;-; and the last equa-
tionis because of the commutativity of the swaps x; & x;,; and x; & x;,;
for |i —jl = 2. These constraints are equivalent to the requirement that
{R; ’};} generates a representation of the symmetric group S,, (ref. 16).
Ifthis representation is not one-dimensional (1D), we say equation (3)
defines a type of parastatistical particle, or paraparticles for short.
Notice that thefirstrelationin equation (4) is crucial for parastatistics
to be consistently defined in any dimension; anyons generally do not
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satisfy thisrelationand, consequently, they only formarepresentation
of the braid group B, (ref. 16) instead of the symmetric group S, and
are therefore limited to 2D (see Supplementary Information for a
comparison between parastatistics and other known types of particle
statistics).

Parastatistics, and their apparent absence in nature, has been dis-
cussed since the dawn of quantum mechanics. The first concrete
theory of parastatistics was proposed and investigated by Green in
1953 (ref. 6). This theory was subsequently studied in detail* ® and also
more generally and rigorously”**® within the framework of algebraic
quantum field theory?. These works did not rule out the existence
of paraparticlesin nature butled to the conclusion that, under certain
assumptions, any theory of paraparticles (in particular, Green’s theory)
is physically indistinguishable from theories of ordinary fermions and
bosons. This seemingly obviated the need to consider paraparticle
theories, asthey give exactly the same physical predictions as theories
of ordinary particles.

Inthis paper, we show that non-trivial paraparticles inequivalent to
either fermions or bosons exist in physical systems, inaway compatible
with spatial locality and hermiticity. This poses no contradiction with
earlier results, as the construction evades their restrictive assump-
tions. We demonstrate this by firstintroducing asecond quantization
formulation of parastatistics that is distinct from previous construc-
tions (see Supplementary Information for a comparison), which
includes exactly solvable theories of free paraparticles, and—in this
formulation—paraparticles can show non-abelian permutation statis-
tics (equation (3)) and generalized exclusion principles inequivalent
to free fermions and bosons. Then we show that these paraparticles
emerge as quasiparticle excitations in a family of exactly solvable
quantum spin models, explicitly demonstrating how to avoid the
aforementioned no-go theorems”, allowing non-trivial consequences
of parastatistics to be physically observed. Our second quantization
formulation of paraparticles is valid in any spatial dimension and can
be extended to incorporate special relativity, hinting at the potential
existence of elementary paraparticles in nature.

Basic formalism

Wefirst present our second quantization formulation of parastatistics.
This formulation only realizes a subfamily of the parastatistics defined
by the first quantization approach presented above, but the pay-offis
thatitautomatically guarantees the fundamental requirement of spa-
tiallocality, whichis not ensured by the first quantization formulation.
(See Section 3 in the Supplementary Information for the relation
betweenthefirstand second quantization formulation of parastatistics
inthis paper). Inthis formulation eachtype of parastatisticsis labelled
by afour-indextensor R b(inwhichl<a, b, c,d<m, me 7)satisfying

a b ¢ a c
:6 5, R| = |R , (5)
c d c d i i

inwhichR% = HE and, throughout this paper, we use tensor gra-
phical notation, in which open indices are identified on both sides
of the equation and contracted indices are summed over, and a line
segment represents a Kronecker 6 function. These two equations
are reminiscent of equation (4) and we describe their precise relation
in the Supplementary Information. The second equation in equa-
tion (5) isknowninthe literature as the constant Yang-Baxter equation
(YBE)*%*, whose solutions are called R matrices. In Table 1, we present
some basic examples of R matrices and we can check by straightforward
computation that they satisfy equation (5).

ForagivenR matrix, we define the paraparticle creation and anni-
hilation operators (p through the commutation relations (CRs)

Table 1| Examples of R matrices and their single-mode
partition functions zy(x)

Ex. 1 2 3 4
Rf,? ~G2Bbe 8,q0pc(~1 )%ab =03cObd Aab&cd=0acOpa
Zg(x) (1+x)" (1+x)" 1+mx 1+mx+x2

Here z(x) is defined in equation (12), with x=e™. The A and & in Ex. 4 are mxm constant
matrices satisfying AEATE = 1,,, and Tr[A&"]=2. (For example, we can take A=e™, E=-€", in
which M is an mxm antisymmetric matrix, M'=-M, with complex entries satisfying Tr[e *]=-2.
A small caveat here is that this example of R matrix is not unitary for m>3 and the correspond-
ing 1D spin model with emergent paraparticles defined later in the paper is not Hermitian but
PT-symmetric; see the discussion in Section 4A of the Supplementary Information).

(ﬁi.a‘ﬁ;b = Zd (I)j c‘ﬁx PREOT T
(l;l ‘ﬁ zd lﬁ+ (l;+ (6)
G Z Rif

inwhichiandjare mode indices (for example, position, momentum)
and a, b, cand d are internal indices. Notice that RY = +6,,6,, gives
back fermions (=) and bosons (+) with an internal degree of freedom.
Although our construction works for any R matrix satisfying equa-
tion (5), in this paper, we mainly focus on unitary R matrices for simplic-
ity, thatis, Y , RE(RS)* = 8,:6,, Whichiis true for Exs.1-3in Table 1
andtheR matrlx ofthe 2D solvable spin model (equations (29) and
(31)). With aunitary R, we have(/) = ((/) )Jr (see Supplementary Infor-
mation), which guarantees the hermmcnty of physical observables, as
we show later. (As we show in the Supplementary Information, even
with a non-unitary R matrix, such as Ex. 4 in Table 1, equation (6) is
still consistently defined and most of the main results of this paper
stillapply).

Acrucialstructureinour constructionis the Lie algebra of contracted
bilinear operators defined as

Z @)

We show that the space {¢, €iheijen 1S closed under the commutator
[A,B]1=AB- BA and the correspondmg Liealgebrais g, . First, using
equation (6), we have

&, lpli,b] = ‘Sjk‘ﬁi,i' ®)
[ y' (pk,b] == lsik(pj,b'

whichleadsto
(&), & = 61y — 6yyy- 9

(See Methods for detailed derivation). Equation (9) isthe CR between
the basis elements {¢;};; ;v of the gl Lie algebra, in which é; rep-
resents the matrix that has1in the zth row and jth column and (0]
everywhere else. We will see that this Lie algebra structure enables
straightforward construction of theories of paraparticles that obey
locality, hermiticity and free-particle solvability.

Inthe usual case of fermions, physical observables are composed of
even products of fermionic operators. This comes from the physical
requirement of locality—local observables supported on disjoint
regions (or space-like regionsinrelativisticquantum field theory) must
commute. We define an analogue for parastatistics and show that they
have analogous properties: for each local region of space S, we define
alocal observable on StobeaHermitian operator thatisasumofprod-

ucts of §;, inwhichi,je S. For example, Os= é;6; withi,je Sisalocal
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observablein S, as e =¢;. Then, equatlon (9) immediately implies
the aforementloned locality condition [051, 05 ]=0forS$;NnS,=4g.
Alocally interacting Hamiltonian H is deﬁned to be asum of local
observables H = Y ¢ hsOg, inwhich hg € R and the summation is over
local regions Swhose diameters are smaller than some constant cut-off.
This definition of local observables and Hamiltonians guarantees uni-
tarity (time evolutionU = e 'Htgenerated by a Hamiltonian operator
is unitary) and microcausality (no signal can travel faster than a finite
speed) in both relativistic quantum field theory and non-relativistic
lattice quantum systems. For the former, the commutativity of local
observables at space-like separations rules out faster-than-light travel
and communication; for the latter, ref. 24 proved that, as long as all of
the local Hamiltonian terms have uniformly bounded norms and their
algebra has alocal structure, then the Lieb-Robinson bound® holds,
which gives an effective light cone of causality.

Aparticularly important family of physical observables is the parti-
cle number operators fi; = é;. It follows from equation (9) that they
mutually commute[r, f;] = 0,so they havea complete set ofcommon
elgenstates Meanwhile, equatlon (8) gives|n;, z/z b] +6, ¢p b,meanmg
that(p (z/) ») increases (decreases) the elgenvalue ofn by land does
not change the eigenvalue of A; forj #i. ThlSJuStlflES the terminology
creation and annihilation operators, because (/) ((/; )creates (anni-
hilates) a particlei ln the modej. We also define the total particle num-
beroperatorri = Z -1, sowehave [, l[} AES: (p .These CRsinvolving
the number operators are the same asf’or fermjlons and bosons. How-
ever, we will see later that, owing to the generalized CRs between{(p o)
in equation (6), the spectrum of {Ai;} is different for paraparticles.

Generalized exclusion statistics

Paraparticles defined by the CRs in equation (6) exhibit generalized
exclusion statistics that is notably different from ordinary fermions
and bosons. We demonstrate this phenomenon for the paraparticles
defined by the R matrixin Ex.3in Table1and present the general case
inthe Supplementary Information.

Analogous to the Fock space of fermions and bosons, there is a
vacuum state |0) satlsfylngzp J0>=0Via,so the vacuum contains
no particles,|0) = 0. The secondline of equation (6) withR% = - §,.64
(Ex.3in Table1) reads

At At At At

ll)i,a(pj,b: - ‘pj,a‘pi,b Vij,a, b. (10)
Taking i =/ in equation (10), we get ‘ﬁ:a‘[’ifb: 0, which means that any
mode i cannot be occupied by two paraparticles even if they have dif-
ferent labels a # b, in contrast to fermions. Meanwhile, equation (10)
doesnotimply any exclusionbetween paraparticles in different modes
i#j,and thefirstlinein equation (6)implies thatthe one-particle states
(pl aIO) are orthonormal (OI(/) bll)l aIO) 64j6gp- The whole state space is
(m+1)"-dimensional, spanned by orthonormal basis states of the form

+

=g, b, o, an

ir,ay'” ln a
inwhichO<n<N,1<i,<i,<...<i,<Nandtheaction ofzp onthese
basis states is completely determined by the CRs in equatlon (6).

For a general R matrix, a single mode i can be occupled by several
particles and the space of n-particle states (,b (/)[ @ |O> isd,-
dimensional,inwhich{d,},.,arenon- negatlvemtegersthatdeﬁnethe
generalized exclusion statistics for the paraparticles associated with
R, as shownin Fig. 1. In the above example, we have d, =1, d,= m and
d,=0V n=2.Thisgeneralizes Fermi-Diracstatistics (inwhichd,=d; =1
andd, =0V n>2)andBose-Einsteinstatistics (inwhichd,=1v n = 0).
In the Supplementary Information, we show how to calculate {d,},. ¢
for ageneral R matrix.

The numbers {d,},.o allow us to compute the grand canonical
partition function for a single mode at temperature T. Suppose that
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Ex. 4 (m=23)

Fig.1| Generalized exclusion statistics and thermodynamics of free
paraparticles defined by the R matrices and comparison with fermions and
bosons. The Rmatricesaredefinedin Table1. Left, thelevel degeneracy {d,} ;-
Right, thermal expectation value of the single-mode occupation number (7).

each particle in this mode carries energy € (that is, the Hamiltonian is
H=en).Then

Z(€P)=Tr[eP]= Y d e,
n=0

12)

inwhich f=1/(k;T), kzis the Boltzmann constant and we have absorbed
the chemical potential i into €. The single-mode partition functions
zx(e7%) for the R matrices in Exs. 1-4 are given in Table 1. Multimode
partition functions factorize into products of single-mode partition
functions exactly as for fermions and bosons.

Thesingle-mode partition function zy(x) (inwhich x = € %) provides
astraightforward demonstration of the non-triviality (that s, distinct
from fermions and bosons) of the parastatistics for some R matrices.
If the paraparticle system defined by R can be transformed into a sys-
tem of p flavours of free fermions and g flavours of free bosons, then
Zx(x) = (1+x)P(1 - x) ™. Therefore the Rmatrix givenin Ex. 3 must define
anon-trivial type of parastatistics for m > 2, as z,(x) =1+ mxis notequal
to (1+x)”(1-x)“foranyintegersp, g. Example 4 is similarly non-trivial
form >3 (A caveat, however, is that z;(x) only gives a sufficient condition
for non-triviality and having a trivial z,(x) does not imply that the cor-
responding paraparticle theory is completely equivalent to fermions
orbosons. Forexample, the emergent paraparticlesin our 2D solvable
spinmodel are defined by the R matrix giveninequations (29) and (31),
whose partition function z;(x) = (1+ x)* is the same as free fermions
with anSU(4) symmetry, but the exchange statistics of these emergent
paraparticles are still physically distinct from fermions and boson, as
we show in Methods).

Particle exchange statistics

In addition to generalized exclusion statistics, paraparticles defined
by equation (6) also show exotic exchange statistics defined by the
R matrix that results from physically exchanging paraparticles.
Consider a state with two paraparticles at different positions i #:
|0; ia, jb) = (/)[ ax/) b|0) Let £ ; be a unitary operator that exchanges the
positions ofthe parapartlcles atiandj:

Ya. (13)

¢ aEy ll) aElj ta
Note that such an operator can always be constructed froma product
of local unitaries of the form e'z€*é® which exchanges 1pk W zp[ e
The exchange operator E actson the two particle states|0; ia, jb) as

Ja’

L L ooat afa at atfoa
E,-j|0;la,jb) = (E,,lll,,,ﬁj)(l:'yl/)jbl:'y )E,J|0>
At At

= j,a'/’i,b|0>

= Y RE¥|0;ib,jay,
a,b’

(14)



inwhichinthe second line we applied equation (13) and the invariance
of|0)under Ej andi in the thlrd line we used the fundamental CR (equa-
tion (6)) betweenzp andzp .Equation (14) defines the physical mean-
ing ofthe Rmatrix asthe umtary rotation of the two-particle state space
thatresults from physically exchanging paraparticles and, in the solv-
able spin models with emergent paraparticles we present later, the
effect of such a unitary rotation can be directly explored using local
operations and measurements, which shows a substantial difference
from ordinary fermions and bosons, as we show in Methods. The above
derivationisvalidinany spatial dimension and can be directly general-
ized to states with many paraparticles.

Exact solution of free paraparticles

Inour second quantization framework, the general bilinear Hamiltonian
describing free paraparticles,

Y
Il

lsi,_/sN sz @as)

<N
1<asm

canbe solved analogously to bosons and fermions. We outline this here
but further details canbe found in Methods. We requxreh = h;sothat
A =H. Usmga canonical transformation of{zp RE the Hamlltoman
becomes H=3Y}_, i, inwhich{e,}}_,are the elgenvalues ofthe coef-
ficient matrix hi;and {f,}}-, are mutually commuting occupation num-
ber operatorsfor each mode k. The partition function of the whole
system, Tr[e #"], factorizes as a product of single-mode partition func-
tions in equation (12), from which we obtain the average occupation
number of mode k

Tr [ﬁ ke_ﬁl:l]
Trle "]

Zé(e‘ﬁek)e_ﬁek

16
e ) (16)

<Nk>ﬂ =

Figure 1 plots<fi); as afunction of B¢, for the Rmatricesin Exs.3and
4 (Table1) with m =5, showing the distinct finite-temperature thermo-
dynamics of paraparticles compared with ordinary fermions and bos-
ons, characterizing anew type of ideal gas.

Emergent paraparticles in condensed matter systems

Finally, we discuss the potential impacts of paraparticles, including
routes to observe them in nature, starting with the promising setting
for paraparticles as quasiparticle excitations in condensed matter
systems. Substantial insight in this direction and a proof of principle
that such excitations can occur in physical systems are provided by a
family of exactly solvable quantum spin systems, in which free para-
particles emerge as quasiparticle excitations. Here we present the 1D
case for simplicity and we also discuss a 2D model whose details are
presented in Methods and the Supplementary Information. For each
R matrix, we define aHamiltonian

H= ij ()?i:z Ai:rl,a +

i,a

ﬁi,—a A,'+1,a) - Z ﬂiyi,aﬁi,_a ’ 17)
i,a

inwhich {£, a,y }™,arelocal spin operators (that is, operators on dif-
ferentsites commute) actingonthe ithsite, whose definition depends
on the R matrix. The index i runs from 1 to N, with N being the system
size,andweuseopenboundaryconditioan 0.The model hasatotal
conservedchargei = Zl ayl D whlchwﬂlbe mapped to the parapar-
ticlenumber operator,and %, a,y (%; 4 ), ) increase (decrease) fiby 1.
For example, with the R matrix i m Ex.3, thelocal Hilbert space U is
m +1-dimensional, with basis states|0),{|1, b)};~,, they aredeﬁned as
(omnttmgthesntelabel)y |0Y=11, @), 3, 1, b) = 6,,|0,3, 10 = J, “lL,bY=0
and xa y Thisisa SImple nearest- nelghbour spin model thatis

realized in three-level Rydberg atom or molecule systems®*?. For the
definition of £; and yingeneral, see the Supplementary Information.

This model can be solved using a substantial generalization of the
Jordan-Wigner transformation (JWT)* that we introduce here, inwhich
the products of operators (‘strings’) are replaced with MPOs?. Specifi-
cally, weintroduce operators

ira= 1 OO+

(18)

in which j;,= éand i a@b: 7[y;,, %7,] arelocalspinoper-
M y jar X,

ators acting on site j. Both (p jact non-trivially on sites 1, 2,.
and act as identity on the rest; ‘of the chain. For example, with the
R matrix in Ex. 3, Tab actas Tab|0) 86100, Tol1, €)==l b) and

T,5/1,¢) == 6|1, @). In the special case m=1,R=-1, Hin equation 17)
is the Hamiltonian for the spin-1/2 XY model, the operators zp qare
fermion creation and annihilation operators and the MPO JWT Slmp|l
fiesto the ordinaryJWT.

The (p constructed in equation (18) satisfy the parastatistical CRs
in equatlon (6), as we prove in the Supplementary Information using
tensor network manipulations. Moreover the Hamiltonian in equa-
tion (17) can be rewrittenin terms of{(p Jas

I:I: Z'II (‘ﬁi,a(ﬁizl,a*- (ﬁiﬂ,a(ﬁi,_a) - Z ﬂiﬁi 4 (19)

therefore zp create/anmhllate free emergent paraparticles. Using a
canonical transformatlon of{(p o thefree parapartlcle Hamiltonian
inequation (19) canbe dlagonallzed intotheform A=Y} _, ,fi,andall
energy eigenvalues can be exactly obtained for arbitrary coupling
constants {/;} (even with disorder).

Exactly solvable quantum spin models with free emergent parapar-
ticles canalsobe foundin2D. In Methods, we present the key features
ofthese models through a specific example with m = 4. These 2D mod-
elsrealize a special family of paraparticles that, despite having trivial
exclusion statistics (that is, the same partition function as m flavours
of fermions), have non-trivial exchange statistics that is physically
(observably) distinct from fermions and bosons. Similar tothe 1D case,
these models are mapped to free paraparticle Hamiltonians of the form
inequation (15), using a MPOJWT definedin equation (34) that gener-
alizes equation (18).In2D, zp arestillMPO string operators, with the
further notable property that their actions on the low- -energy sector
(forexample, the ground states) are independent of the paths on which
they are defined, whichis reminiscent of the pathindependence prop-
erty of the string (ribbon) operators that create anyons in Kitaev’s
quantum double model®.

Insummary, these resultsimply anew type of quasiparticle statistics,
which canbesearched forin condensed matter systems, and astarting
point is the exactly solvable quantum spin model defined in equa-
tion (17) and its 2D generalizations, defined in equation (32). Systems
with such excitations may show a wealth of new phenomena and the
exactly solvable models constructed above provide an efficient way to
study them. Depending on the resulting free paraparticle systems to
which the spin models are mapped, new phases of matter and phase
transitions canbe discovered. Forexample, in 2D, if the free paraparticle
system has anon-trivial topological band structure (having anon-zero
Chernnumber), thenthe spin model canbe inanew chiral topological
phase that is hard to study with previous techniques (The chiral topo-
logical phases of our 2D models are expected to lie beyond those found
in previous solvable models® *, as explained in Methods. The study of
chiraltopological order using tensor network techniquesis also known
tobehard®.).Ifthe free paraparticle system has agapless spectrum, the
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spinmodel canrealize a phase transition point or agapless topological
phase® ¥, which areinteresting and difficult areas of research, evenin
1D systems. Furthermore, allowing the tunnelling constants {/;} to be
spatially disordered may lead to new localized phases.

Speculations about elementary paraparticles

Inadditionto the possibility of emergent parastatistical excitationsin
interacting quantum matter, a natural, albeit highly speculative, ques-
tionis toask whether paraparticles may exist as elementary particlesin
nature. We have seen that our second quantized theory of paraparticles
satisfies the fundamental requirements of locality and hermiticity and
is consistently defined in all dimensions. It is also straightforward to
incorporate relativity to obtain a fully consistent relativistic quan-
tum field theory of elementary paraparticles, in which the canonical
quantization of field operators is defined by the CRs in equation (6).
Most fundamental field-theoretical concepts and tools® generalize
straightforwardly to parastatistics.

To consider paraparticles as elementary particles, itisimportant to
consider their superselection rules. We discuss this issue in Section 6
of the Supplementary Information, in which we explain how superse-
lection rules fundamentally constrain the observability of parastatis-
tics, which is reminiscent of the previous no-go theorems™. We then
discuss how our proposed realization of emergent paraparticles in
condensed matter systems breaks these superselection rules, which
motivates routes to construct theories of elementary paraparticles
observably distinct from fermions and bosons, evading the no-go
theorems™,

Online content

Anymethods, additional references, Nature Portfolio reporting summa-
ries, source data, extended data, supplementary information, acknowl-
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Methods

Derivations
Derivations for equations (8) and (9) were as follows. The commutator
between ¢;and ¢pk AN

Z 1 k,b (ﬁlrb‘ﬁz+a¢_a)

Y4,

a

&5, ‘pk =

[ Rpq l/’k+ C(ﬁj_'d + 6jk6ab]
% blpt a‘l)j a (20)
Z (R wl awk c ll)j at 6ka1 b

a,c,d

z "ﬁ;blﬁ1+a A_a

inwhichin the second (third) line we used the first (second) line of
equation (6). Similarly, we have

&, 9y 1=~ 6, 5 @1
Now we can compute the commutator
yrekl] - Z (& y' ‘pk b](l), b+ z wk b[ ijr wl,_b]
(22)

= % jk‘pi,b‘pt,b_ % ‘pk,b ”‘pj,b
= 6jkéil_ (Silékj ’
inwhichinthe second line we used equations (20) and (21).

Exact solution of free paraparticles

Here we present details for solving the general bilinear Hamiltonianin
equation (15). Analogous to usual freebosons and fermions, we consider
U(N) transformations of{zp s

N —
$o= 2 Uiy -

k=1
At N ~t (23)
(pta z Ukl k,a’

k=1

in Wthh Uy,isan N x Nunitary matrix and we use operators withatilde
(/)k to denote eigenmode operators. lnsertlng equation (23) into
equation (6) we see thatthe operators {zpk J satisfy exactly the same
CRsas {zp - Notice that most of our discussions on the second quan-
tization formulatlon andthestate space only assume the CRsin equa-
tion (6), so theresults obtained for {zp J(inparticular, the Liealgebra
of bilinear roperators and the structure of the state space) must also
apply to{wk i
Inserting equation (23) into equation (15), we obtain

_ Y
A= Y Wb Bpe= 2 higty
1<k,p<N 1<k,psN
1<asm

(24)

inwhich n),=y . UshyUy=[URU"],,. We can therefore choose
the unitary matrix [,/such that hy, = €,6;,,, inwhich {e,4_ are eigenval-
ues of hy;. With this choice, the Hamiltonian becomes diagonal

A=Y} €M, andits eigenstates can be taken as the common eigenstates

a a
oy’
mation) ofthe mutually commutlng operators {fi,}}_;, with energy
eigenvalues F = Y}, €1, inwhich {fi,}_ are independent non-negative
integersand1< a, < dy encodes the single-particle exclusion statistics.

We now calculate physical observables at temperature T. The partition
functionisaproduct of single-mode partition functionsinequation (12)

o > (defined in equation (S4) of the Supplementary Infor-

Z(B) =Trle =] ze(e ¥, 25)
k
sothefree energy is
F(B)=- lInZ(ﬁ) -1 Y Inzg(e#er). (26)
B B%

The partition function allows us to compute the thermal average of
observables ﬁ,ﬁ and g,

o Trile P (x0,) zp(0)
(fiy)g = = ,

Tr[e ] R 27)
<€kp>ﬂ = 5kp<ﬁk>ﬁ-

The thermal average for physical operators ;are obtained by trans-
forming creation and annihilation operators to the eigenmode basis
usingequation (23) and using the result for(ékp)ﬁgiven inequation (27),
whichyields

(é,_/)ﬁ = % UkiU[?jVNIk)ﬁ' (28)

The thermal average for other physical observables, including cor-
relation functionsinand out of equilibrium, can all be calculated exactly
inasimilar way.

R matrix for the 2D solvable spin model

In the following, we present a unitary R matrix with trivial exclusion
statistics but non-trivial exchange statistics, on which the 2D solvable
spinmodelis based. We define the R matrix with m = 4 in the following
way.LetS={1,2,3,4}andr: S xS > S x Sbeaninjective map defined as

43 12 24 31
21 34 42 13
14 41 33 22|’
32 23 11 44),

r(a,b)= (29)

inwhichwe use abasashorthandfor (a, b). Forexample, r(1,1) = (4, 3)
andr(3,2) = (4,1). Themap rin equation (29) satisfies the set-theoretical
YBE*

r’=idg.s, Nol3h2 = 3ol 23, (30)
inwhich in the second equation both sides are injective maps from

the set S xS x Stoitself, r,, =rxidsand r,; = idg x r. Now we define the
R matrix as

Rla,by=-|b",a’y Va,beS, 3D

inwhich (', @) =r(a, b). It then follows from equation (30) that R satis-
fies the YBE (equation (5)). The single-mode partition function z(x)
of this R matrix is zx(x) = (1+ x)* (see Supplementary Information),
meaning that the exclusion statistics of this type of paraparticles is
the same as four decoupled flavours of ordinary fermions. Despite
having trivial exclusion statistics, the permutation statistics defined
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by this R matrix is notably distinct from fermions, as is manifestin the
paraparticle exchange process in the 2D solvable spin model that we
demonstrate later.

Solvable 2D spin models with emergent free paraparticles

In the following, we present a solvable 2D quantum spin model with
emergent free paraparticles, based on the set-theoretical R matrix in
equation (29). Here we only sketch the key definitions and the main
results; the technical details are found in the Supplementary Informa-
tion. The modelis defined on asquare lattice with two types of lattice
site and open boundary condition, as shown in Extended Data Fig. 1.
The Hamiltonian consists of two parts, = H,+ H,,

A= YA+ 35,
v P
== hy- ;ﬂlﬁlfaﬁ[a’

<ij

(32)

inwhichvand p denote the shaded and white plaquettes, respectively,
[runs over all black dots and <ij) runs over all neighbouring pairs of
black dots (each pair appears only once). Hereﬁ,jisathree-bodyinter-
action between the vertices of the triangle containing the directed
edge (ij), defined as

kcﬂj :_/y +h.c.= ilg,
i ik
= aé and X7,

Jj J
appeared inthe 1D model, wis one of u,, u, v, or v,, depending on the

(33)

inwhich yﬁ, = [}a arethe same spin operators that

typeoftrianglein thelatticeand i, = « bisanoperatoracting

onanauxiliarysite (opencirclesin Extended DataFig.1),fora, b=1,..., 4.
The definition of the tensors u/f, uz, v and v; are given in the Sup-

plementary Information. The operators A, and B,inequation (32) are
eight-body interaction terms defined as

1

(If aloop term lies on the boundary, then one or more of its white
circles will be absent. In this case, the tensors u/f, ug, v;" and v; onthe
absent site is replaced by a § tensor, that is, i, = 8,5, for w=u,, ug, v,
and vg).

The loop terms A, and Bp are constructed such that they mutual}y
commute and commute with each individual three-body term in H,;
therefore, they are conserved quantities and eigenstates of A can be
labelled by their common eigenvalues. In this paper, we are mainly
interested in the subspace of statesinwhichall A, and B have minimal
eigenvalues (that is, the space of ground states of HI) henceforth
referred to as the zero-vortex sector @,. The Hilbert space dimension
of this sector is 16", in which Nis the total number of black dots in the
lattice.

To solve the spectrumin the zero-vortex sector, we define parapar-
ticle creation and annihilation operators by means of a generalized
MPO JWT, which generahzes the 1D case given in equation (18). Each
paraparticle operatorzp isdefined onastring Iconnectingthe lattice

origin to the site i, and (p isa MPO acting consecutively on all of the
black dotson f(mcludlng the startand end points) and all of the open
circlesadjacenttor; see Extended DataFig.1foranexample. The MPO
representation ofzp is similar to the 1D case given in equation (18),
but now with the tensors w* inserted between neighbouring 7*,in which
wisoneofu,, v, ug,or v, depending on the type of triangle between
the neighbouringblack dots. For example, for the string I"in Extended
Data Fig.1that starts at point O (lattice origin) and ends at point i, zﬁfa
actson all of the purple dots and is defined as

0000064
R A aaassa:

Paraparticle operators{(p Jconstructed this way have several i impor-
tant properties. First, they commute with all individual terms in Hl,
therefore, their actions leave the zero-vortex sector @, invariant. Sec-
ond,asshowninthe Supplementary Information, although each para-
particle operator (p is defined on a specific path, their actions in the
zero-vortex sector (DO do not depend on the choice of the path, only
onthe end points. This is because of the special topological property
ofthe zero-vortex sector and is reminiscent of the path independence
oftheaction of the string operators onthe toric code ground states®
Finally, in the zero-vortex sector, the operators {(p ) satisfy the para
statistical CRs in equation (6), justifying their name ‘paraparticle
operators’. These properties lead us to Theorem 1 (see also Supple-
mentary Information).

Theorem 1. In the zero-vortex sector, I-72 is mapped to the free para-
particle Hamiltonian

"72:_ Z

i), 1sasm

(34)

(jij wj.awi,a+ h.c.)- ; By (35)

We expect that our 2D solvable spin models exhibit new chiral and
gaplesstopological phases that are not exhibited by previous solvable
models. So far, the only family of solvable models for chiral topologi-
calorderin2DisKitaev'shoneycomb model* and its generalizations®*,
whose gapped phases are classified by the 16-fold way®', depending on
the Chernnumber (vmod 16) of the free fermion band. We expect that
the gapped phases of our model are similarly classified by the Chern
number of the free paraparticle band. When v= 0, both Kitaev’s hon-
eycomb model and our models are in non-chiral quantum double
phases, but the former only hosts Z,abelian anyons, whereas the latter
host non-abelian anyons already at v= 0. We expect that our models
host different chiral topological phases also at non-zero vand different
gaplesstopological phases when the free paraparticles have agapless
spectrum.

Particle exchange statistics in the 2D solvable model

Wenow llustrate the exchange statistics of the emergent paraparticles
in the 2D solvable spin model, which reveals a notable physical dif-
ference between the emergent paraparticles and ordinary fermions
and bosons.

Consider the paraparticle exchange process described in Extended
Data Fig. 2. For simplicity, we consider the case when -, is large, so
that the ground state |G) of the 2D system has no paraparticles, that
is,4;|GY)=0V [. At t=0, we can apply local unitary operators on the
ground state |G) to create a parapartlcle atsitesiandj, respectively,
and obtain the state|G; ia, jb) = ([1 (p ,|G) (see Supplementary Infor-
mation). Then we evolve the state IG la,jb) with £;, which moves the
paraparticles along the coloured paths shownin Extended Data Fig. 2
(E can be constructed from a product of local unitaries of the
form e'2C@u*éw inwhiché é,ismappedtoalocal three-body interaction



inthe 2D model). The result of this unitary exchange processis given
by equation (14), in which |0) is understood as the ground state |G).
With the set-theoretical R matrix in equations (29) and (31), the final
stateis —|G; ib’, ja’), in which (b’, a’) = r(a, b), and the labels @’ and b’
canbelocally measured at the two corners (See Supplementary Infor-
mation). For example, if we start with a=b =1, we end up measuring
b’=4and a’ =3.Thatis, the auxiliary space of the paraparticles under-
goes anon-trivial unitary rotation even though the two particles stay
arbitrarily far apart from each other throughout the whole process.
Thisisin contrast with fermions and bosons, in which case we would
measure a’=a and b’ = b, that s, the indices are simply carried with
the particles without any change.

In principle, the exchange process described above can alsobe done
inthe 1D spinmodelinequation (17).Inthis case, the paraparticles can
alsobe created and measured at the two ends of the open chain, equa-
tion (14) still holds and the measurement result is the same. The main
difference from the 2D case is that, in 1D, the two paraparticles inevi-
tably collide during the exchange and the exchange statistics results
fromtheinteractionbetween the two paraparticles, whichis sensitive
to the microscopic details of the exchange operator Eyand isnotrobust
against local perturbations. By contrast, in 2D, the paraparticles can
stay far away from each other throughout the exchange and their
exchange statistics hasatopological natureindependent of the detailed
shape of the space-time trajectory of the particles and is robust against
alllocal perturbations when the particles are far away from the bound-
aries and from each other.

Code availability

Mathematica codes for verifying some technical details of this
paper are available at https://github.com/lagrenge94/Mathematica-
codes-for-parastatistics. All of the algebraic data used in this paper are
provided in the same package.
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Extended DataFig.1| The 2D exactly solvable spinmodelona7 x 7 lattice
withopenboundary conditions. Eachblack dot represents al6-dimensional
quditonwhichthelocal operators;?fa and jfa actandeachopencirclerepresents
a64-dimensional auxiliary qudit on which thelocal operators u?j,, act,forw=u,,
ug, U, or vz. Each coloured triangle represents athree-body interaction between
quditsonitsthreevertices. Also, we have eight-body interactions around every
even plaquette (thatis, the white and grey plaquettes). Equation (34) gives an
example of aparaparticle operator z[::a defined onthestring /" (showninpurple),
whichisaMPO acting consecutively onall of the purple dots.



t=t, measure b’

t =0, create )
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with index a
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Extended DataFig. 2 |Illustration of paraparticle exchange inthe 2D
solvable spinmodel. The shaded square represents the 2D system with open
boundary conditions asshownin Extended DataFig.1.iandjlabel the black
sitesinthe upper-left and lower-right corners of the 2D lattice, respectively, in
which paraparticles canbelocally created and measured. The unitary exchange
operator Eymoves the paraparticlesalongthe two coloured paths and the
result of the exchangeis giveninequation (13).
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